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CENTRAL LIMIT THEOREM FOR LINEAR PROCESSES

BY MAGDA PELIGRAD! AND SERGEY UTEV

University of Cincinnati and Institute of Mathematics—Novosibirsk
In this paper we study the CLT for partial sums of a generalized
linear process X, = LI, a,; &, where sup, X, a2; < o, max; _; nlanl
— 0 as n— o and §'s are in turn, pairwise mixing martingale differ-
ences, mixing sequences or associated sequences. The results are impor-
tant in analyzing the asymptotical properties of some estimators as well
as of linear processes.

1. Introduction. Let {£,} be a centered sequence of random variables
and let {a,;, 1 < i < n} be a triangular array of numbers. Many statistical
procedures produce estimators of the type

(1.1) S, = Y ant.
i=1

To give an example let us consider the nonlinear regression model

y(x) =9(x) + &(x),
where g(x) is an unknown function and £(x) is the noise. Now we fix the
design points x,; and we get

Yai = 9(Xni) T €(Xni) = 9(Xni) + &,

where {¢,} is a centered sequence of random variables. The nonparametric
estimator of g(x) is defined to be §,(x) = X ; w,;(xX)y,; where

Xpi — X n Xpi — X
W,i(x) = K| — K{————|.
m( ) ( hn ) igl ( hn )
where K is a kernel function. It is obvious that §,(x) — E§,(x) is of the type
(1.0.
We shall see later on that the asymptotic behavior of the sums of variables
of the form

(1.2) X = 2 a;§, where ) af <

j: — j: —
can be obtained by the study of the sums of the form (1.1), and our results
improve on some known results about CLT for sums of the form (1.2). Our
paper is organized in the following way: Section 2 contains the definitions
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444 M. PELIGRAD AND S. UTEV

and the results, Section 3 contains the proofs and the Appendix contains the
statements of some known results used in the proofs.

2. Results. Our first theorem solves the problem described in the intro-
duction for some sequences of martingale differences.

DeriniTioN 2.1, We call {X,} a pairwise mixing sequence if for every x
real,

sup | cov(1( X < x), I(Xg n <X))| >0 asn— .
k

THEOREM 2.1. Let {£,) be a pairwise mixing martingale differences se-
guence of random variables, and let {a,,,; 1 < k < n} be a triangular array of
real numbers such that

n

(2.1) sup Y, a?, <« and max |a,/—>0 asn - =,
n k=1 1<k<n
Assume
n
(2.2) {¢&?} is an uniformly integrable family and var( ). ankgk) =1.
k=1
Then
n
(2.3) Y anék —2p N(0,1) asn — o,

k=1
As a corollary of the above theorem we prove the following.

CoRoOLLARY 2.1. Let {gj; j € Z} be a pairwise mixing martingale difference
sequence of random variables which is uniformly integrable in L,. Let {a;;
j €27} be a sequence of real numbers such that ¥;af <. Let X, =
Y. _.a;§ and S, =X, X;. Assume g7 = var(S,) - % as n - < and

inf; var(¢) = b > 0. Then

Sh
— —p N(0,1) asn — o,
O-n

This result is an extension of Theorem 18.6.5 in Ibragimov and Linnik
(1971) from i.i.d. to be the pairwise mixing martingale case.

It should be noted that the ergodicity cannot replace the condition of
pairwise mixing in Theorem 2.1. We have the following example.

ExampLE 2.1. There is a sequence, {£,} of martingale differences which is
strictly stationary and ergodic, having finite second moments and there are
numbers {a,,, 1 < k < n} satisfying (2.1) and (2.2) and such that X;_; a, &
does not converge to a normal distribution.
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We shall introduce now some measures of dependence between two o-
algebras.

DerFiNITION 2.2. Let A and B be two o-algebras of events and define

¢(A, B) = sup |P(BIA) — P(B)],
Ace A,Be B,P(A)#0

p(A, B) = sup |corr(f, g)|
feL,(A),geLy(B)
and
a(A, B) = sup |P(AB) - P(A)P(B)|
A A,Be B

DeriNITION 2.3. Let {&} be a stochastic sequence and let F" = o(¢;,
n<i<m).

(a) We call the sequence ¢-mixing if ¢(n) — 0 where
e(n) = SL:peo(Flk, Fin)-

(b) We call the sequence p-mixing if p(n) - 0 where
p(n) = Slipp(Flk, Fin)-

(c) We call the sequence strongly mixing if a(n) — 0 where
a(n) = Sll,(lp a(Ff R,

It is well known that the ¢-mixing condition is the most restrictive and the
strong mixing is the weakest among all. [See Bradley (1986) for a survey.]
The next theorem solves the same problem as Theorem 2.1 for these three
classes of dependent random variables. The conditions imposed to the mo-
ments and mixing rates are the same sufficient conditions, in some sense
minimal, required for the validity of CLT for strictly stationary sequences.
[See Peligrad (1986) for a survey, and Doukhan, Massart and Rio (1994) for a
recent result on strong mixing sequences.] Therefore, the next theorem
extends the known results for strictly stationary mixing sequences from
equal weights to general weights, weakening at the same time the assump-
tion of stationarity.

THEOREM 2.2. Let {a,;} be a triangular array of real numbers satisfying
(2.1) and let {£,} be a centered stochastic sequence satisfying (2.2). Assume
that one of the following three conditions is satisfied:

(@ {&,) is ¢-mixing.

(b) {&) is p-mixing and X; p(21) < .

(c) For a certain &> 0, {£.) is strongly mixing, {| &l
integrable, inf, var ¢ > 0 and £, n? %(n) < o,

Then (2.3) holds.

2*%} is uniformly
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ReEMARK 2.1. In Theorem 2.2(c) the condition inf, var £, > 0 can be re-
moved but this requires further additional work and it will be considered
elsewhere.

Our last theorem refers to associated sequences of random variables.

DeriniTION 2.4. We call the family (X,,..., X,)) associated if for any
coordinatewise nonincreasing functions f(x,,..., x,) and g(x,,..., X,) we
have

cov(f( Xy, ..., X,), 9(Xy,.... X)) =0
whenever this is defined.

A sequence {X;} is called associated if every finite family of variables is
associated.

The next theorem extends the well known CLT of Newman and Wright
(1981) to general weights while keeping the same conditions as in the
classical case.

THEOREM 2.3. Assume {a,;} are nonnegative numbers satisfying (2.1). Let
{£,} be an associated sequence of random variables which is centered, satisfies
(2.2) and

(2.4) Y. cov(&, &) >0 asu— wuniformlyink > 1.
jrlk=jl=u
Then (2.3) holds.

3. Proofs.

3.1. Proof of Theorem 2.1. In order to prove Theorem 2.1 we shall apply
Theorem 3.2 from Hall and Heyde (1980) which is stated in the Appendix for
convenience (Theorem A). It is easy to see that under (2.1) and (2.2) for every
e >0,

n
(3.1) Y aZE&fI(layi &1 > e) >0 asn— .
i=1
and therefore, for every £ > 0,
ElTia'<Xnar21i§i2|(|ani§i| >¢g)—>0 asn— o,
which proves (a) and (c) of Theorem A. In order to verify (b) we shall prove
the following lemma which will conclude the proof of Theorem 2.1.

Lemma 3.1. Suppose that f is a continuous function such that { X, = f(£)}
is a uniformly integrable family in L,. Let {t,,; 1 < k < n} be a triangular
array of real numbers such that

n
(3.2) sup Y It /=T <
n k=1
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and
(3.3) lim max [t,]=0.

n—-x l1<k<n

Then Xp_ (X, — EX )t —»p 0 asn — o,

Proor. Let M > 1 and 0 < £ < 1 be two real numbers and define
M,=[M/e]+1, &(&) = sup [f(t) — f(s)].

[t Isl<2M;|t—sl<e

For 1 <k <n, denote by Y¢=1YM_, f(je)l(je < & <(j+ 1e). From
the definition of Y we deduce that for every k > 1,

[ X I(—M,e < & <M, e+ &)] — Y| <8(e) as,

whence, by Jensen inequality and (3.2),

E

(kil(Xk - Ylf)tnk) - (kil(EXk - EY{)tnk)

n
Z (Xk - Ylf)tnk
k=1

< 2TsupE[IX, [1(1&]> M)] + 2T8(¢),
k

<2E

< 2TSupE|X, — Y/
Kk

whence the facts that {X,} is a uniformly integrable family in L,, {£.} is
bounded in probability and f is continuous show that it is enough to prove
the validity of the lemma for Y2 with M and ¢ fixed.

Denote by X1 = 1(£, < je). We have

n Ms n
L(YE-EYO)ty = X f(ie)| X (X&t = EXS TNt
k=1 j=—M, k=1

n
- X (X0 EXE )ty
k=1

and therefore it remains to establish the lemma for X1 with & and j fixed.
Denote by T; = sup,|cov( X¢'§, Xg:1)| and by the condition of pairwise
mixing

(3.4) I[—-0 asi— «.
With the above notation we have the following estimate:
n ) n L n-1 n-i
(3.5) var( > tn|<Xk€’J) < ) th E(le’J) +23) 0 Y [taktn, kil
k=1 k=1 i=1 k=1

Obviously we have

n
(3.6) Y2 E(XET) < T max [t
k=1

1<k<n
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To estimate the second term in (3.5) we split the sum in two, one up to h and
another after h, where h is an integer:

n—-1 n—i n—i
IRYDY [taktn koil < max 2 It | S
i=1 k=1 l1<i<h_,
-1 n-—i
3.7 "
(3.7) +max 1Y Yty 1ty
h<i<n i=1 k=1

< hT max |t, |+ T2 max |[}l.

l1<k<n h<i<n

By (3.5), (3.6) and (3.7),

n
var( Y tnkX{f’j) <T(2h + 1) max |t |+ 2T? max [T}
l<k<n i

k=1 h<i<n

and the result follows by (3.3) and (3.4) by letting first, n — o, and after,
h—o O

3.2. Proof of Corollary 2.1. Without restricting the generality, we can
assume sup, E£2 = 1. We have

[’

Sp= X Xe= X ( by a‘k+j)§j'
k=1 k=1

jzfoo

In order to apply Theorem 2.1, we fix W, such that ;. v, aj2 < n~3 and take
k, =W, + n. Then

n n

S,/on= 2 ( Zak+j)§j/0n+ P ( Zak+j)§j/0'n:Tn+Un
ljl<k, \k=1 lil>k, k=1

and we have the following estimate

var(Un) < Z ( i ak+j/0-n)

ljl>k, Vk=1

n
(3.8) ne,? )} Y at,; <n%? ) &

[jI>k, k=1 [jlI>k,—n

IA

<n%,;? ) a<nlg?—>0 asn—x»
[il1>w,
Therefore we have only to prove that T, -, N(0,1) as n — «. According
to Theorem 2.1 it is sufficient to show that

Sup_.. « k<oo|z?:1 ak+j|

On

Let us suppose on the contrary that for some ¢ > 0 there exist a subsequence
(j’,n’), n” - « such that

—- 0 asn — oo,

n'
Z Aij| > €0y
k=1
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Denote by A = sup_.. . ...la,l and notice that for r > j’,

n’
Z ak+ r

k=1

> g0y, — 2A(r —j').

Hence

0,2 j+wW n' 2
n’ 2 2
5 = Y| X a,| =We%?—4A0,¢
i=j” \k=1

i'+w

)

i=j
> We%,? — 4A0, eW?2,

Taking W to be the least integer greater than or equal to 3/be? and because

o, — %, we obtain for n’ sufficiently large,

2 302 36A 2072
>

b b% " b

CT|:>q

which is a contradiction. O

3.3. Construction of Example 2.1. Let {Z;} and {Y;} be two independent
sequences of random variables such that P(Z, =0 =P(Z, =1 =1/2,
Zi.,=1-2 forall i >1and{Y;}is an i.i.d. sequence of standard normal
variables. Define & == Z,Y; for i > 1. It is easy to verify that {£;} is a strictly
stationary sequence of martingale differences with var(¢;) = 1/2. We shall
prove that { £} is ergodic by verifying [cf. Shiryayev (1984), chapter V] that for
every measurable bounded function f and every k > 1 positive integer we
have

1 n
- Yof(&arr- o &) D Ef(E, .., &) as.
i=1
as n - o,
Denote by X, =f(&.,1,..., &) If we fix Z,, say Z, = 1, then the se-
guence {¢;} becomes Y,,0,Y,,0,.... If Z, =0, the sequence {&} consists of
0,Y,,0,Y,,....

Therefore for Z; fixed, the sequence {X;} becomes stationary and k-
dependent, therefore ergodic, and we have
1 n 1
(Z,=1)— Y X,—»1(Z,=1)-Ef(Y;,0,Y5,...) as,
n i=1,i:even 2
1 n 1
I(z,=1)— Y X,—-1(Z,=1)=Ef(0,Y,,0,...) as,
i=1,i:o0dd 2
1 n 1
I(Zl=0)ﬁ ) Xi—>I(Zl=0)§Ef(O,Y2,O,...) as.,

i=1,i:even

1 n 1
1(Z,=0)= Y X, - 1(Z, =0)=Ef(Y,,0,Y,,...) as.
N1 odd 2
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Now we add all these relations, and by stationarity and construction we have:

1 n 1
;_Zl S[EF(Y1,0,Y;,..) + EF(0,Y,,0,Y,,...)]

= Ef(X;) as.

Let us now consider the numbers {a,;} satisfying (2.1), (2.2) and in addition
YN L iogq@ii=1/3forall n>2. Set S, ==X ,a,¢ and let Y be a stan-
dard normal random variable independent of {Z;}. By the construction S, has
the same distribution as Y/ XL, a2.Z,.Because Z;,, = Z; forevery i > 1 we
have

n n

n
Y. a2z, =2z, )Y ait+2z, )Y ait=3iz,+37,=3-
i=1

i=1,i:o0dd i=1,i:even

[A1EN

Z,.
Therefore S,, has a fixed nongaussian distribution for all n > 2.

3.4. Proof of Theorem 2.2(a), (b). In order to prove Theorem 2.3 under the
assumptions (a) and (b), according to Theorem 2.1 and Theorem 4.1, respec-
tively, in Utev (1990) we have only to verify the Lindeberg's condition

n
Y Ea% &%1(layi &1 > &) > 0 asn — «foreverye>0
i=1
and this follows exactly as (3.1) by (2.1) and (2.2). O

3.5. Proof of Theorem 2.2(c). In order to prove this part of Theorem 2.2,
we shall first use a truncation argument and after that we shall apply
Theorem B from the Appendix. The proof requires the following auxiliary

lemma.

LEMMA 3.2.  Assume {X;} satisfies the conditions of Theorem 2.2(c) then
b

r Z ay; X;
I=a

where C = sup, EX? + c(8)XX, % %(n))?/@+dsup, |IX,]15.5, and c(8) is a
numerical constant depending on 4.

b
<C ) a3

i=a

Proor. We have

b b b—1
var( YoauX | < Y avar X, +2 ) Z anian;, cov( X;, X;)
i=a i=a j=ai=j+1
b b
< Za var X; +22anl ) |cov(Xi,XJ—)|

II
o

i=a j=a, j#i

whence the result follows by Lemma B from the Appendix.
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In order to prove Theorem 2.2(c), we shall truncate first the variables at
the level A > 0 and denote

& =616l < A) - EGI(1&61 < A)
and
& =&1(1&1 > A) — EEI(E] > A).

By Lemma 3.2 there is a positive constant C such that

var( ) anifi") < C[SUP(Eszl(Ekl > A)) + sup(E|§k|2+5|(|§k| S A))Z/(2+a)
K

i=1 k

and notice that by the uniform integrability of {| £, |*" °}

(3.9) lim sup var( Y anigi”) =0.

A== n i=1

By (2.2) and (3.9) we obtain

n
(3.10) lim var( b anifi’) =1 uniformlyin n.
i=1

A—> o

By (3.9), (3.10) and Theorem 4.2 in Billingsley (1968), in order to prove the
theorem it is enough to show that for every fixed positive A we have

Y an
StdevV(Zi, an &)

—-p N(0,1) asn — o,

To prove this we shall verify the conditions of Theorem B given in the
Appendix. The condition (a) requires a uniform bound on the variance of
partial sums which follows by Lemma 3.2. The Lindeberg condition (d) is
satisfied by (2.1), (2.2) and (3.10). Condition (b) is a consequence of (2.1), (2.2)
and (3.10). We have only to verify condition (c). Let £ = 1/(2 + 26).

Notice that by Lemma A in the Appendix, we can find a constant K, such

that
cov([exp{itzbl anjgj’}],[exp{it Xc: ank-fé}})‘

b c
(3.11) = |cov exp{it Y anjg;} -1, [exp{it > ankfll(} - 1}
j=a k=b+u
b c
< K, t%®/@*+2)(u) _Z an; & _ Y ayf
j=a 2+25llj=b+u 2428
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Notice now that by Lemma 3.2 and the Holder inequality, we find a constant
K, such that

b 2+268 b 2 b 268
E| Y an & =< (ZA)ZEE( > anigi’) ( ) |ani|)
b b 5
< K,(2A)*° Zaﬁi)( aﬁi) (b—a+1)°

b 1+95)
K2(2A)25( Y aﬁi) (b—a+1)°.
i=a
Therefore the right-hand side of (3.11) is bounded above by

o3
Kot?[a(u)(c — )] ¥ &,
i=a
where u = (¢ — a)*~ ¢ and K, is a constant.
Due to our condition on a(n) and the selection of &, we have

. . L . 5/(1+6)
Y (a(2)2//0-) ¥ <, ¥ ([21] P aivase)
i

1
< KSZ(Zl/(HzB))’i < oo,
i

where K, and Ky are constants, which completes the proof of Theorem 2.2
under (c). O

3.6. Proof of Theorem 2.3. Without loss of generality we assume that
a,j=0forall i>n Foreveryl<a<b<nandl<ux<b-a we have,
after simple manipulations,

b—u b
0< (_Z Ay Y an; cov(§, 51))
i=a j=i+u

(3.12) .
cunf £ s L)
kK \jilk=jl=u i=a
In particular by (2.4), there exists a constant C such that for every 1 < a <
b<n,

b b
Var( > anifi) <CY aj.
I=a I=a
We shall construct now a triangular array of random variables {Z;,
1 < i < n} for which we shall make use of Theorem C in the Appendix. Fix a
small positive ¢ and find a positive integer u = u, such that

n-u b
Os( Y oan X anjcov(fi,gj)) <& foreveryn>u+ 1.
i=1

j=i+u
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This is possible because of (3.12) and (2.4). Denote by [ x] the integer part of x
and define

<[}

u(j+1)
Ynj= Z anigir j=o,1,...,

i=uj+1
2 2Kj+K

A = {i:Zsti<2Kj+K,COV(Yni,Yn,i+1)SE Y var(Yo) |-
i=2Kj

Since 2cov(Y,;, Y, i,) < var(Y,;) + var(Y, ;,,), we get that for every j the
set A; is not empty. Now we define the integers m;, m,,..., m, recurrently
by m, = 0:

m;,; = min{m; m > m;, m € A;}

and define
an=_ Z Yni* j=0,l,...,

A

;= f{u(m; +1) +1,...,u(m;,, +1)}.

We observe that

Zy= X anX, §i=0,1,....
keA;

It is easy to see that every set A. contains no more than 3Ku elements.
Hence, for every fixed positive ¢ by (2.1) and (2.2) the array {Z,,;: i = 1,..., n;
n > 1} satisfies the Lindeberg's condition. It remains to observe that by
Theorem C and construction

n n
Eexp(it Y an) — [T Eexp(itz,;)
-1

i=1

n n
<ct? var( Y an) — Y var(Z,;)
j=1 i=1
n n-2 n
< ct? 2( COV(Zpis Znisa| 2| X 2 cov(Zyi, Zy)
i=1 i=1 j=i+2

n—u

4 Z ani i anj COV(fi, g]) + 2 i COV(Ynmj!Yn,ijrl))

A

Q

—+
N

i=1 j=i+u j=1
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8 n
de + — Y var(Y,;)
KT

1+ var( i_il an §i))

ct?

IA

IA

c(t)e

IA

cy(t)e.

Now the proof is complete by Theorem 4.2 in Billingsley (1968). O

APPENDIX

This section contains some of the theorems which were used in the proofs
of the results of Section 3.

The following lemma is a variant of Theorem 17.2.2 in lbragimov and
Linnik (1971). The constant comes from Theorema 1.1 in Bradley and Bryc
(1985).

LEMMA A. Let &, n be two complex-valued random variables measurable
with respect to A = o(¢) and B = o(n). Let 8 > 0 and assume E|&[*"° <
and E|n|*"° < «; then

|E(én) — E(&)E(n)| < 2ma® @ (A, B)l[€ll2+slnllz 5.

By the application of Theorem 1.2 in Rio (1993), followed by the
Cauchy-Schwarz inequality, we formulate the following result.

Lemma B. Let {X,} be a strongly mixing sequence of random variables
such that E[X,|*"® < « for a certain 6 > 0 and every k > 1. Then there is a
numerical constant c¢(8) depending only on & such that for every k > 1 we
have

K+m

L [eov( Xy, Xn)ISC(ﬁ)( g: n*/ % (n)
n=1

8/(2+8)
n>k )

2
supll X;llz+ 5.
j

The following theorem is a simplified version of Theorem 3.2 from Hall and
Heyde (1980).

THeorRem A. Let {X,;, 1 <i <k, be a square integrable martingale
difference sequence under the natural filtrations.
Suppose that:

(@ max;| Xl =p 0;
(b) X¥ny X5 —p L
(c) Emax; X2 is bounded in n.

Then S, >, N(0,1) asn —> = where S, = Ykn, X, ..
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A careful analysis of the proof of Theorem 4.1 in Utev (1990) gives the
following statement.

THEOREM B. Let {X,;, 1 < k,} be a triangular array of random vari-
ables such that the following hold.

(a) var(Z)_, X,;) < CX®_, var(X,;) forevery 0 <a <b <k, where Cisa
universal constant;

] i ine VAT(EIZ1 Xn) var(Xk», n,)
(b) min Tk var(X,,) n)

(c) < hy(u) Z var X,;
for every 1 <a <b <c <k, where h(u) >0, £h,(2") <« and u is of the
form u = [(c — @)~ ] for a certain 0 < & < 1;

(d) 02Xk, EXA (Xl > €0,) > 0 as n - = for every & > 0, where g2
denotes var(Xkr, X.,). Then S, /g, =, N(0,1) as n - .

b
cov(exp(it 2 Xnj

j=a

exp(lt Y an)

j=b+u

The next theorem is taken from Newman and Wright (1981).

THEoReM C. Let{Z;, 1 <i < k} be an associated family of random vari-
ables. Then

Eexp(itizj) ]_[Eexp(ltz)

j=1 i=1

< ctz(var( i Zj) - i var(Z;)|.

j=1 j=1
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