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QUASI-STATIONARY MEASURES FOR CONSERVATIVE
DYNAMICS IN THE INFINITE LATTICE

BY AMINE ASSELAH AND PAOLO DAI PrRA

C.M.I., Université de Provence and Politecnico di Milano

We study quasi-stationary measures for conservative particle systems
in the infinite lattice. Existence of quasi-stationary measures is established
for a fairly general class of reversible systems. For the special cases of a
system of independent random walks and the symmetric simple exclusion
process, it is shown that qualitative features of quasi-stationary measures
change drastically with dimension.

1. Introduction. In this article we establish existence and qualitative
properties of quasi-stationary measures for stochastic systems of particles
moving in the infinite lattice Z¢. To illustrate the notion of quasi-stationarity,
consider particles moving in a large but finite subset A of Z¢, that are subject
to exclusion (at most one particle can occupy a site i € Z%), to a sufficiently
strong attractive potential and some stochastic exchange dynamics, in such a
way that typical configurations in the stationary measure consist of a single
cluster of particles. Suppose that at time ¢ = 0 particles are uniformly dis-
tributed in A with a very low density. The density will remain nearly homoge-
neous until the formation of a sufficiently large droplet (the critical droplet),
which in a relatively short time grows to the single cluster.

A relevant problem in this context is to describe how typical configurations
look like before the critical droplet forms, that is, in the metastable regime.

More generally, let (1,),-o be a Markov process taking values in some mea-
surable space (E, &), and A C E be such that

To=1inf{t >0:n, € A}

is a stopping time. Also, for a given probability measure u on E, let P, be the
law of n, with initial measure u, and E, the corresponding expectation.
The phenomenon described above motivates the following definition.

DEFINITION 1. A probability measure p on (E, &) is a quasi-stationary
measure if P, (74 > 0) > 0 and if for every ¢ > 0 and every f: E — R
measurable and bounded

(1.1 E(f(n)lra > )= [ fdp.

We denote the set of quasi-stationary measures by 2.
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We remark that, in the context of Markov chains with countable state space,
quasi-stationary measures are usually defined for absorbing sets A; no such
assumption on A is made here.

The aim of this paper is to establish existence and various properties of
quasi-stationary measures for a class of conservative particle systems with
configuration space ¢ C SZ*, with S = {0,1} or S = N.

After showing that, for u € 2, there exists a nonnegative A(w) such that

P(14>1)= e MWt

we prove for a fairly general class of reversible dynamics that 2 is nonempty,
and that A(w) = A4, where A, is the bottom of the spectrum of the generator
of the process “stopped” when entering A.

The identification of A(u) with A, is particularly relevant: we will see that
for some examples of conservative particle systems, A, = 0 is equivalent to
2 = {6y}, where §, is the Dirac measure on 0 the configuration with no
particles.

There are, at least, two natural approaches. Let L be the generator of the
process and v be a reversible measure for the dynamics. Consider the eigen-
value problem

Lf+Af=0

in the Hilbert space H , = {f € L%(v): f(n) = 0 for v-almost every n € A}. Itis
not hard to show that if we can find an eigenvalue A with a nonnegative eigen-
vector then the probability measure du = fdv/ [ f dv is quasi-stationary. This
approach is certainly suitable in the context of finite Markov chains (see, e.g.,
[7]), where one can rely on the Perron—Frobenius theorem. In more general
cases, however, it seems hard to obtain existence of quasi-stationary measures
from purely functional analytic considerations.

Another approach is based on the remark that any u € 2 is a fixed point
for the maps T',, ¢ > 0, acting on probability measures on E, defined by

[ fA(T.w) = E(F(n)l7a > 8).

For a given probability v, define v, = T,v. If the limit u = lim,_, , v, exists,
then it is called the Yaglom limit. Since T, has the semigroup property, u is a
natural candidate for being in 2. In general, the existence of the Yaglom limit
is a nontrivial matter. Our approach in this paper consists in showing that
any limit point of the Cesaro’s means of the v, belongs to 2, provided v, = v
is a reversible measure for the system. For a class of nonreversible systems
with countable state space and discrete time, the existence of quasi-stationary
measures has been established in [6].

The paper is organized as follows. In Section 2, we introduce the class of
conservative dynamics which we consider. Section 3 contains existence results
and characterization of the parameter of the exponential time 7,, when initial
configurations are drawn from u € 2; these results are very general. Indeed, it
is only in the second part of Theorem 2 that the actual form of the generator
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appears, and it is clear that even that part can be modified to cover many
other dynamics, including Glauber dynamics and various classes of infinite
dimensional diffusions. However, for simplicity, we restrict ourselves to a class
of conservative particle dynamics in the infinite lattice.

Systems of independent random walks are studied in Section 4. We show
that, for a suitable class of sets A, there is a trichotomy. In dimensions 1
and 2, we show that starting from v, a reversible measure for the dynamics,
the Yaglom limit exists and is equal to the trivial measure §,. In dimensions
d > 3, for every v extremal and reversible, we obtain different nontrivial limit
points of the Cesaro means. For d > 5, we show that the Yaglom limit exists
and that it is absolutely continuous with respect to the initial measure v. In
dimensions 3 and 4, we give an example in which the Yaglom limit exists but
is singular with respect to ». Some open problems are listed in Section 6.

2. Models and notations. Let S = {0,1} or S = N. We denote by ¢
the configuration space; for S = {0, 1}, we choose ¢ = SZ* provided with the
product topology, while, for S = N, we choose

¢={nest = T ne < +oc]
iezd

with the topology induced by the norm |-|. For n € € and A c Z¢, we denote
by n(A) the element of S* obtained by restricting  to the components in A.
For every finite subset A of Z¢ (we write A € Z%), let ®,: S* — R be bounded
maps satisfying ®,; = ®, 0 6, for all A € 7%, i € 7¢, where 0; is the shift
map on S2°: (6,1)(j) = n(i + j). We assume

2.1 > Al @4 o < +oo.

A30

After letting, for X € 7%,y e ¢,

Hx(n)= ) ®Pa(n),
ANX#D

we denote by ,(®) the set of probability measures (Gibbs measures) u on ¢
whose conditional measures u(n(X)|n(X¢)), X € Z¢, are given by

T ()
- v, (n(1)),
ZX(n(XC)) ieX P
where v, is the Bernoulli measure of density p € [0, 1) in the case S = {0, 1},
and the Poisson measure of density p € [0, +00) in the case S =N, and Z x is
the normalization factor.

For i, j € 7%, we write i ~ j if |i — j| = 1. When S = {0, 1}, we define
Ti-in(j) = n(i), T (i) = n(j) and for & # i, j T"in(k) = n(k). Also, when
S =N, we define T"/n(j) = n(j) + 1, T"/n(i) = n(i) — 1 and for k # i, j
T"n(k) = n(k). For every pair i ~ j, we introduce the rates of jump

(2.2) c; j(n)=exp[—(H; ;(T"/m)— H; j(n))/2].

w(n(X)|n(X)) =
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For each i ~ j, ¢; ;: € —]0, +00) is a bounded continuous function which

satisfies ¢; ; =c;; = cg j_; o 0;, and the detailed balance property

Ci j(n)eiH{"’j}(n) =c; j(Ti’j’f))efH{i,j}(TW'n).

Finally, let L be the operator acting on functions from ¢ to R formally defined
by

(2.3) Lf(m) =Y Y (@), ;(m)[f(T"7(n)) - f(n)].

iezd j~i

For the case S = {0, 1}, it is an easy computation, which we omit, to check
that the rates satisfy Liggett’s condition [formula (3.8) of [10], page 26] (with
the notation n*(i) = n(i) for i # k and n*(k) = 1 — n(k)),

(2.4) sup > > sup |Ci,j(”flk) —¢;, j(n)| < oo.

U pezd j~i M

Condition (2.4) guarantees that the restriction of L to local functions (functions
depending on a finite number of components) has a graph closure in the space
of continuous functions on ¢ which is the infinitesimal generator of a Feller
process on the Skorokhod space of right continuous functions with left limits
(Theorem 3.9 of [10]).

For the case S = N, the process can be constructed following step by step
Liggett’s construction in [9]. For a large class of such processes, the zero range
processes, the associated semigroups map local functions into continuous ones
in the norm topology on ¢ (see proof of Lemma 2.2 of [1]).

Both for S = {0,1} and S = N, given u € &,(®), the restriction of L to
bounded local functions has a graph closure in L%(u) that is a self-adjoint
operator (see [11], Chapter 1). It follows that P, = [ P,u(dn) is the law of a
stationary reversible process.

We finally remark that the special case ®, =0, ¢; ; =1 corresponds to the
symmetric simple exclusion process (SSEP) when S = {0, 1} and to a system
of independent random walks (IRW) when S = N.

3. General results. Let v be a fixed element of £,(®). For a given A € 74,
let .7, be the o-algebra generated by {n(i): i € A}. The elements of U, ¢ 747,
are called local. In what follows, we fix A € &, and we write 7 for 74,. We
recall

[ fdv, = B, (f(n))l7 > t)

and define

1 t
ﬁt:?_/o Vsds.

We remark that the conditional expectation E,(f(7,)|7 > ¢) makes sense since
P,(m > t) > 0 for every ¢ > 0. Indeed, by locality of A and the fact that, for
S = {0, 1}, we assume p < 1, it is easy to see that P, (7 > s) > 0 for s small
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enough. Moreover, by reversibility, P, (7 > 2s) = fv(dn)P%]('r > s) > 0, and by
iteration, we get P, (7 > t) > 0 for all ¢ > 0.

A relevant object is the stopped process 7,,,. By S;f(n) = E,(f(m;,,)) we
define a sub-Markovian semigroup on the Hilbert space H, = {f € L%2(v): f =
0 on A}, with the scalar product induced by L?(v). Let Z be the domain
obtained by closing, on L?(v) x L2(v), the graph of L restricted to bounded
local functions; we still denote by L the extended self-adjoint operator in 2.
Let 2, = 2 N H,. The following rather elementary fact will be repeatedly
used in the paper.

LEMMA 1. The operator L defined on 9, by
Lf(n) = La(m)Lf(m)

is self-adjoint on H 4, and §t —e'L,

PROOF. Self-adjointness of L on 9, is elementary. In order to show that

§t = etz, it is enough to show that, for every local bounded function f, such
that f =0 on A, we have

(3.1) E(f(no) ~ f(0) = B, [ Lf(n,..)ds,

where E, denotes expectation with respect to P, . To see (3.1), observe that the
process f(n,) — f(n) — fg Lf(ns)ds is a P, -martingale. Thus, by the optional
sampling theorem, the process f(n;.,) — f(n) — é“ Lf(n,)ds is also a P,-

martingale. This, and the fact that n, € A P, -a.s. (since ¢ — 1, is a right con-
tinuous path), yields

E,(f(u) ~ f =B, [ Lf)ds=E, [ 1u(no)Lf(n,,)ds

t~
=B, [ Lf(n,.)ds. -

In Theorem 1 below, the Feller property of the stopped semigroup §t is
crucial. For S = {0, 1}, the arguments of [10], Theorem 3.9, yield that Lisa
sub-Markovian generator on the Banach space of continuous functions so that
§t is Feller.

For S = N, this property is more delicate. We will in general assume that
for each bounded local function f, §t f is continuous with respect to the norm
topology. In Section 4, we show that it holds for independent random walks.

3.1. Existence. Henceforth, A will be a local event. Also, when S =N, we
assume here that for each bounded local function f, S,f is continuous with
respect to the norm topology.

As in the case of stationary measures (see, e.g., [10], Proposition I.1.8), limit
points of the Cesaro’s mean are more convenient than limit points of v,.
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THEOREM 1. Suppose that the Cesaro’s means (v;);~¢ have a limit point u
in the weak topology. Then u is a quasi-stationary measure.

For S = {0, 1}, Theorem 1 implies that the weak limit points of v, ;, belong
to 2. For S =N, tightness of Cesaro’s means has to be shown.

The key step consists in determining the long-time behavior of the proba-
bility of the conditioning event {7 > ¢}.

LEMMA 2. There exists A € [0, +o0] such that for every s > 0,
P(r>t+s) o
totoo P (r>1t)

PrOOF. First note that

PV(T - t+s) B EV[e(H_S)Z].Ac] B f0+oo e_(t+s)xp(dx)
P,(1>1) E [etl1,,] o e=tx P(dx)

where P is the spectral measure associated to —L and to the function f =
W. Since P is a probability measure, we may consider a positive random
variable X with law P. We have

P(r>t+s) E(e*¥e'¥)

(3.2) P(r>t) E(e'X)

Convexity of the logarithmic moment generating function log Ee*X immedi-

ately implies that the expressions in (3.2) are nondecreasing in ¢, and there-
fore they have a limit in [0, 1] that we denote by a(s). It is easily seen that
a(t + s) = a(t)a(s) for all s, ¢ > 0, and this completes the proof. O

PROOF OF THEOREM 1. Suppose
1
/.L:lim—/ v, ds.
n t,Jo

We first note that v,(A¢) = 1, and, as 14. is a bounded continuous function,
u(A°) = 1. This, together with locality of A, implies P, (7 > 0) > 0.
We first show that, for f bounded and local,

(3.3) B[] =™ [ fdp,

where A is the constant introduced in Lemma 2. _
Indeed, using Lemma 2 and the assumed Feller property of S

Ev[f(ns t)17>s t]
P,,(:> s) T ds

. 1 (i Ev[f(ns+t)1 > +t] p (’T > s+ t)
1 _ T>8 v
1m t, /0 P,(r>s+1) P,(r>s)

.1
Elf(m)1. ] = hTILnZ/O
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»y i B [f(ns)1556]
*lim _/ P, (7> 5) ds

7)\1‘1 _/t E [f(ns)17>s]

At
“P(r-s 7€ /fd“’

where we have used the fact that

/”‘f” E L)l o /tn E,[f(n)1,.]
£ 0

P (7> s) P(r>s) °°

< 2t -

In particular, if we set f = 1 in (3.3) we obtain
(3.4) P (r>1t)= e M

(which actually implies A < +o0 since, as shown above, P,(7 > 0) > 0) so that

E,(f(n)lr> )= [ fdu.

The extension of the last equality to all bounded measurable function follows
from Dynkin class theorem (see, e.g., [4], Theorem 3, page 16). O

REMARK 1. Property (3.4) is shared also by all limit points of (v,). Indeed,
if w =1lim, », , then

PV(T > t+tn) _ ef)\t

P, (r>1)= llgn P.(r=>1t)

by Lemma 2.

3.2. Characterization of A. In this section we characterize the constant
A € [0, 4+00) as the bottom of the spectrum of —L in H ,, given by

L (LD
reza.t20  (f, f), feza.t20  (f, f),

where (-, ), is the scalar product in (H 4, v).
We first note that Lemma 2 yields

(3.5) A(v, A) =

>

lim [log P,(7 > ¢t +1) —log P,(7 > t)] = —

t——+o00
and therefore
1
—A = lim —log P,(7 > t).
t—oo t
THEOREM 2.

A=A, A).
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ProoF. Upper bound. Let f = 1,./(v(A°)). We have

~ +00 ~
P(r>¢t)=E,[elflv(A°) = /A o) e " P(dx)v(A°) < e A,

where P is the spectral measure associated to —L and f.

Lower bound. Let g: € — [0, +00] be a local function such that g(n) = +oo
for n € A, and g is bounded on A€. In other words, e~¢ is any bounded local
function with value 0 on A and strictly positive on A¢. Consider the generator

LEf(n) = 3 3 m(i)e; j(m)efM T D[£(THIm) — £ ().
iezdi~j
Since g is local, the Markov family P§ associated to L& may be obtained by
the Girsanov transformation
P~
dp,

= exp[gm) —g(n) = 2 X [ malie, j(mo)[esn e 1] dS},

i i

where .7, = o{n,: s < t}. L® has been built to satisfy detailed balance for the
probability measure v, supported on A, given by

%( )_ e_Zg("])
dv VT [e28my(dn)
In particular, P& = [ P?vg(df) is the law of a stationary, reversible Markov

process.
Now, since the event {7 > ¢} is Z;-measurable, using Jensen’s inequality,

dpe| \!
log P,(r > t) = log / 17>t<d_PV y) dpe
dv . o
(3.6) = | log<d—j>dvg+tzz [ ntides S04 1, ()
i j~i
dv (e ¢, —Le ¢)
— 8 _ > v
_/log< T )dvg t—(e—g,e—g),, .
It follows that
(3.7 lim ~log P,(7 > t) > — -~ ——-2
A los BT = 0= =700,

for every function f vanishing on A and strictly positive on A¢. Inequality (3.7)
is easily extended to all nonnegative bounded local functions f vanishing on
A and with (f, f), > 0, by applying (3.7) to f, = f + €l,., and observing
that (fe? _Lfe)u g (f? _Lf)v and (fa? fe)v d (f7 f)y as e \l’ 0. Moreover, one
checks directly that if f is a bounded and local function, then

(3.8) (f, =Lf), =z (If], =LIfDs-
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By (3.7) and (3.8), we have that

_(fﬂ _Lf)u
(., )

for every bounded local f vanishing on A. Since bounded local functions
are a core for the Dirichlet form (f, —Lf), the conclusion follows from [11],
Lemma 1.2.12. O

1
tlim Elog P(r>t)>

4. Results for independent random walks. In the language of
Section 2, we are considering the system with S =N, ®)y =0andc¢; ;=1 In
this case 4,(P) has a unique element v, that is the infinite product of Poisson
measures of density p. For simplicity, we write v, , (resp. v, ,) instead of (v,),
[resp. (v,),].

In what follows the natural partial order on ¢ will be useful. For 7, ¢ € €,
we say that n < & if n(i) < (i) for all i € Z¢. Monotonicity of functions from
¢ to R will be meant with this partial order; in particular, we will say that
A C ¢ is increasing if its indicator function is increasing. Finally, for given
probability measures v, u on ¢, we say that v < u if [ fdv < [ f du for every
increasing function f.

THEOREM 3. Suppose that A # € is a local, increasing subset of €. Then,
for each p > 0 we have:

(a) When f is bounded and local, §t f is continuous. Moreover, the Cesaro
means (v, ;)i as well as the measures (v, ;). form tight families of proba-
bility measures.

(b) For d = 1 and d = 2 the Yaglom limit exists and equals 8, the Dirac
measure concentrated on the configuration with no particles.

(¢c) For d > 5 the Yaglom limit p, exists. Moreover, u, < v, and % €

3
LP(v,) forall 1 < p < co.

(d) For d > 3, limit points of the Cesaro means corresponding to distinct

values of p > 0 are distinct.

p

REMARK 2. We conjecture that the Yaglom limit exists also for d = 3, 4.

4.1. Proof of Theorem 3(a). Let C be the support of f, A4 the support of
14 and {n,, &, t > 0} two systems of independent random walks coupled as in
[3]. In this coupling, n and &-particles at given site occupy different levels: one
ladder for the 7 particles and one for the £-particles. When an n-particle and
a &-particle happen to be at the same level of the same site, they are matched
and evolve from that point on as one random walk independent of all other 7
and ¢ particles. Unmatched particles evolve as random walks independent of
all other n and ¢ particles. If P, . denotes the law of these coupled systems
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with initial configurations n and ¢, then we have

|En(f(nt)17>t) - Eg(f(‘ft)]'7>t)|
< 2[fllooPre(Fi € CUA,, 3s <t my(i) # £5(0)).

It is easy to see that if there is i € C UA, and s < ¢ such that n,(i) # £,(7),
then one unmatched particle has entered C U A, within time ¢. On the other
hand, unmatched particles at time 0 are located on V := {i € Z%: n(i) # £(i)}.
Since the probability that a simple random walk travels a distance d within
time ¢ is bounded above by t¢/d! ([5], page. 12), we have if d(i) = dist(i, C U

As),

ngmeCUmbs<tn40#&OD<2]MUVﬂﬁb(y
ieV

< [l v €11 X e S —
Zaor
Now, as A, and C are fixed, the right-hand side converges to 0 when
[n — €|l — 0. The continuity of E,(f(n,)1,.,) follows.

We show now that {v, ;,, ¢ > 0} is a tight family (the proof for {¥
follows then easily). Note that, for a bounded measurable g,

[gdv,.=E,[e(n)1,..)/P, (7 > b)

t >0}

b, t2

By reversibility,

E, (1)1 = E, [8(no)1,-] = [ ()P, (7 > v, (dn).

Thus,
P, (t>1)
P, (t> )

4.1) fin)= ”7)

Using increasingness of A, it easily seen from (4.1) that f, is a decreasing
function of n. By using FKG inequalities for the product measure v,, we have
that for every increasing function g

/gd%szgﬂd%S/gd%

and, therefore, v, , < v,. In particular, for every i € 74, v, (i) > k;) <
v,(n(i) > k;). Now, we choose k; = L(|i| + 1). Given & > 0, we can find L > 0
such that

L(\i|+1)
sup v nizki>fv< nizki) —58
i <Lﬁ{ )=r\ Utz ki) = 2 g gy

The set K = (;cze{m; < k;} is compact in the norm topology. Indeed, let {n,}
be a sequence in K. As K is obviously compact in the product topology, let
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{n,,} be a further subsequence converging to n € K in the product topology.
For any & > 0, there is n such that

> @) = m,,(Dle M < Y 2k <6
li|=n li|>n

On the other hand, for %k large enough, n and 7, coincide on {i: |i| < n}.
Thus, for £ large enough [[n,, —n|| < &. Tightness follows then from Prohorov’s
theorem. O

4.2. Proof of Theorem 3(b). Let A be a finite subset of Z¢ such that 1,
depends only on {n(i): i € A}. Since A # ¢ and A is increasing, it follows
that

AcB:{n: Zn(i)>0}

ieA
and, therefore, 75 < 7. Define VtB by
[ Fave =E, [f(n)lms > 1]

Consider now a finite set U c Z%\A and, for i € U, let f;: N — R be bounded.
We have

[ T £inGiywbdn) =

ieU

Evp[l_[iEU fi(n()(i))173>t]
P, (15 > 1)
_ [ SR iWIPX (G 9) ¢ A Vs [0, Tt vy
v Tl P(X(i,8) ¢ A Vs e [0, e)]rer

where X(i, -) is a simple random walk starting at i. It follows that

vP(dn) = [® 80(dn(i) | Q[ @ vaqs,n(dn(@) ],

ieA 1eA¢

where v,; ; is the Poisson measure of density
a(i,t)= P(X(i, s) ¢ AVse]0,1]),

and the operator “®” denotes product of probability measures. For d = 1 and
d = 2, recurrence of the simple random walk implies that lim,_  «(i,f) = 0
for every i € A, so we get the Yaglom limit

. B _
fim o = 20
By the results in Section 3, this implies that
1
lim —log P, (75 > t) = 0.
t—oo P
Since 7 > 75, we have

1
(4.2) tlim n log PVP(T >1)=0.
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Thus, using Remark 1, if u is a limit point of (v, ,), (4.2) implies
(4.3) P (r>t)=1

Define now [ € N to be the minimum number of particles of an element of A.
The dynamics of independent random walks induce a natural dynamics on the
family of unordered sequences of length / with elements in Z¢: if the sequence
X, denotes the positions of / particles in Z¢, then X, denotes the positions
at time ¢ of the [ particles that have evolved as independent simple random
walks. The resulting Markov process of the positions of the given [ particles is
irreducible, so that every state is reachable within a given time ¢ with positive
probability.

Let now 1 € ¢ be a configuration with at least [ particles and ¢ > 0 be
fixed. We label [ particles of n and disregard the others. By the argument
above, there is a positive probability that, within time ¢, the configuration
consisting of those [ particles, evolving as independent random walks, belongs
to A. Since A is increasing, the same holds if we consider the evolution of the
whole configuration 7. In other words,

P (r>t)<1

for every m such that }°; n(i) > [. Comparing this fact with (4.3), we deduce
that u is concentrated on configurations with less than [ particles. Note, also,
that (4.3) and the fact that u € 2 imply that u is actually a stationary measure
for IRW. Now, if U is a finite subset of Z¢ and 7 is a configuration with finitely
many particles, then let X(iy,-), ..., X(i3, -) be independent simple random
walks starting fromi;, j =1,..., k, and such that (i) = [{j: i; = i}| for every
i € 7¢. Thus

Pn(z n,(i) > o) —P,3Jj=1,....k X,(i;, t) e U)
ieU

k
<Y P(X,(i; t)eU),

j=1

which, by standard Gaussian estimates for random walks, yield

k
(4.4) lim Pn(g n,(i) > o) - thlirgo P(X;(i; t)eU)=0.
ie j=

It follows that

w2000 = 0) = Jim [ P, £ i) 0) di =0,

ieU ieU

Thus, u = §,. O
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4.3. Proof of Theorem 3(c). Let, as above,
_ de,t _ Pn(r > t)
dv P, (7> t)

p

f

We begin by showing that

(4.5) sup | f{ dv, < +o0
t>0

for every 1 < p < +o0. First, define
a, =pP(X(i,s) ¢ AVs=>0)
and let v, be the Poisson measure of density «;. Consider the product measure
oo (dn) = @ v, (dn(i)).
iezd
Let £, be the o-field in ¢ generated by the projection n — 7(i) for |i| < n,

dvy,
d

Yo

and denote by |-, the Radon—Nykodim derivative between the restrictions

of v,y and v, to &£,. A simple explicit computation shows that, for each p €

[1, 4+00) there is a C > 0 such that
dv p dv p \2
a() p o
(4.6) max|:f< av, ./n> dvp’/(dva(_) j) dva(,)] < exp[ClgA <1 _p> j|

Standard estimates on random walks show that [8]

a; B
@ (1-%) =

Thus, the series

a; 2
=0-3)
converges for d > 5. By (4.6), for d > 5,
() @)
dv, ls,) " \dvy,ls,
are uniformly integrable submartingales under v, and v,), respectively. Then,
by the martingale convergence theorem, for d > 5, v,(,) and v, are equivalent

measures, and % € LP(v,) for every p € [1, +00).
Now, for n € ¢, let B;n be defined by B;n(j) = n(j)+3§;;, and, for f: ¢ — R,
let B;f(n) = f(B;7n). Increasingness of A and a simple coupling argument

yield
0<P,(1>t)— P, (1>1t)<P,(7>t)P(Vt, X(i,t)N A # D),
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so that
(4.8) Bifi(n) = %ft(n)-

dVa(-) _ %—d’}“(') (in particular d;“(’) is decreasing).
Yp ﬂ
Thus, (4.8) implies that Bld oz gv

Since v, as any product measure, satlsﬁes FKG 1nequaht1es we deduce that
V, + > Vo(y. In particular, for i > 1 and j > 0 (recalling that f, and dv,.,/dv,
are decreasing),

fﬂ( a()) d, —/f < VV:)) dvt</f (dvai))) dve
= [ ( )ﬁldvp.

So, by induction, for each n > 1,

dv,
(4.9) [rran, ( Vy”) dv,.

p

or, equivalently,

Since the r.h.s. of (4.9) is bounded for d > 5, (4.5) follows.

The uniform bound (4.5) implies that any limit point of the family (v, ;);~¢,
as well as (v, ;);~0, has a density with respect to v, that belongs to L?(v,) for
all p € [1, +00). It remains to show that there is a unique limit point.

Let u be a limit point of (¥, ;);-o. As shown in Section 3, u € 2, and

P y P, (1>t+5s)
M7= =Im s

Suppose that v, ; — u weakly as n — +oo. Note that
dv,
SN YL
Since [ ( . t") dv, is uniformly bounded, it is not restrictive to assume that

dZ‘L’” - :11_ weakly in L2(vp) In particular,

2 trlP
/(d—“) dv, = lim —/ fd“dy ds— tim L ["Eulm>9) 40

dv, n—teot, Joo P, (7> s)

Since

P,(1>5) ) P, (1>1t+5s)
P,(r>5) ‘>t~ P, (1> 9P, (1> 1)
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P, (r>t+s) .

P, (s 1B increasing in s, it follows that Py(r>9)

PV» (t>s)

and, as seen in Lemma 2,
is increasing in s. Thus

2
(4.10) /(d“) dv — lim Lx(T=9) _

v,
Let now @ be a limit point of (v, ;),»¢. As before, we find a sequence ¢, such

that f, — 2 weakly in L%(v,). Thus

dp di . du
(4.11) ——dv,= lim | —f, dv,=a.

de de p n—-+oo v by P
Finally,

din \ o
/ d_l/p de - m1—1>I-I&-loo n1—1>1-1&-loo./.ft"ftm de
P t,)P ¢

(4.12) C tim tim [Pl > 8 Py(T > 1)

m—+00 n—+00 PVP(T > tn)PVp(T >t,)

1. 1. PV[,(T > tn + tm)
= 1im 1mm =a,
m—>+00 n—+00 PVP(T > tn)P,,p(T >t,)

where in the one but last equality we used reversibility. By (4.10), (4.11) and

(4.12), we obtain
du di\* ,
/(d_vp — d_l/p> de = 0

and so u = 4. O

REMARK 3. The last part of the previous proof does not use the fact that we
are considering a system of IRW’s. Thus, with the assumptions of Section 2, if

(dvp t>2
sup : dv < +o00,
t>0 dv

then the Yaglom limit exists and belongs to 2.

4.4. Proof of Theorem 3(d). Let u be a weak limit point of the Cesaro
means. We have seen that

(4.13) P (1>t)=e 0,
We prove that for p;, py > 0 and p = p; + po,
(4.14) Ap) = A(p1) + A(py):

Inequality (4.14) implies that A(-) is strictly increasing, and therefore proves
Theorem 3(d), once we recall that for d > 3, A(p) > 0 (see [3] where the proof
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was given for a special choice of A, but only increasingness and locality were
used).
The initial condition n drawn from v, can be decomposed as n = nt + n?

where 5! and 5? are independently drawn from v . and v, , respectively. If we

K p
denote by n;, i = 1,2, the configuration at time ¢ of a system of IRW starting
from 7', we define

m, =inf{t > 0: o\ € A}.
Noting that, by increasingness of A,
{n. ¢ A} C {ni ¢ A} {n} ¢ A},
we have
(4.15) P, (r>t)<P, ({r1>t}N{ry > ¢}) = p, (1>t)P, (7>1),
which, together with (4.13), implies (4.14). O

4.5. An example for d = 3 and d = 4. In Theorem 3 no statement about
regularity in d = 3 and d = 4 is made. We show here a case in which we can
compute explicitly the Yaglom limit, and show that it is singular with respect

to V-

As we noticed in Section 4.3, the measure v, , can be explicitly computed in
the case

A= {n: (i) > 0}.

ieA

For simplicity we take here A = {0}. Recall that
Vp,i(dn) = @) Ve, (n(dn(D)),

iezd
where o((¢) =0, a;(¢) = pP(X (i, s) # 0Vs € [0, ¢]). It follows that the Yaglom
limit is

m(dn) = @ v,,(dn(i)),

iezd

where ay =0, a; = pP(X(i,s) #0 Vs > 0).
Denote by
& = P(X(i,s) =0 for some s > 0).

Using the notations of Section 4.3, we get

dup

dv

p

= exp< > Yi) with Y; = pe; + n(i) log(1 — &;),
Q;fl

ieA,
where A, = {i € Z?: |i| < n}. Our aim is to show that u-a.s.,

(4.16) Y Y, — foo

i€,
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as n — +oo. We first recall classical asymptotics estimates for d > 2 (see,
e.g., [8]),

(4.17) lllim g |i|*72=¢, > 0.
Also, we define X; =Y, — E,[Y;] and
Z,=> X,

li|=n
Note that due to our cubic lattice, there is y; > 0 such that

o Gl =1}

n—o0o n,d_1
Therefore
d-1 2
n P CqVYa
(4.18) E,L[Z?l] ~ P2cd7d—n2d_4 = Tpds

If d = 3 we have that E,[Z2] ~ p®cyy3, whereas if d = 4, E [Z2] ~ p®cyy4/n.

We will recall now two classical results: Kolmogorov’s theorem and
Kronecker’s lemma (see [4], Theorem 1 and Lemma 2, pages 110 and 111).
Kolmogorov: if X, are independent, E[X,] = 0 and }" E[X?%] < oo, then
X, + -+ X, converges almost surely; Kronecker: if a,, b, > 0 are real
numbers, b, increases to infinity and

aj; 12

> b—‘ converges, then — > a; — 0.

i=1 n =1
CASE d = 3. We choose b, = n; then there is a constant C such that
Z " C

n \2
9 Srf(Z)]£S e
i=1

i i=1

Thus, by Kolmogorov’s theorem and Kronecker’s lemma,

1 n
=Y Z,— 0, p-as.
i=1

Recalling that

n
i=

zi- (T vi- ¥ BV

1 1€, ieA,

and after noticing that



1750 A. ASSELAH AND P. DAI PRA

We conclude that
(4.20) lim Y Y, =00, p-as.

n—-+4o0o .
i€\,

CASE d =4. We choose b,, = log(n). There is a constant C such that

Thus,
1 Xn:Z — 0 a.s
logn &= ; p-as.
On the other hand,
. E Y.
limianLEA”—“[L]>C>O

n— 00 log(n)
implies that
lim ) Y, =00, p-as.

n—oo |
i€,

Finally, in both cases we have

lim 22 = 400, p-a.s.,
n—00 de A,

which implies that u is singular with respect to v,. O
5. Results for the symmetric simple exclusion process. In this sec-

tion, S = {0,1}, and », is the product of Bernoulli measures of density
p€[0,1).

p

THEOREM 4. Let A C € be local and increasing, and A # €. Then:

(a) For d =1 and d = 2 the Yaglom limit exists, and equals §.
(b) For d > 3 limit points of the Cesaro means are different from §,, and
they are distinct for distinct values of p € (0, 1).

As before, let
1
(5.1) Ap) = — tlhfl . log PVP(T > t).

We show that:

1. For d =1 and d = 2 we have A(p) =0.
2. For d > 3, AM(p) > 0 for p > 0 and, for p;, ps > 0,

(5.2) A(p1 + p2) = A(p1) + A(p2)
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The derivation from these results of (a) and (b) is identical to the IRW case,
observing that (4.4) can be proved for SSEP by replacing independent random
walks by the stirring process [10] and noting that independence of particles
was not used in deriving (4.4).

We begin with d = 1 and d = 2. As for IRW we assume 1,(7) depends on
{n(i): i € A} only, and let

B= {n: iXe/:Xn(i) > 1}.

By increasingness of A we have A C B, and thus
1
(5.3) AMp) < —tligrn ;log P, (13 > t).

Following Arratia [2], we decompose our SSEP {7(¢), ¢ > 0} as a Stirring
process {&é(x,t), t >0, x € Z?} and an initial condition n drawn from v,. We
define H, to be the set of sites whose “marks” end up touching A,

H,={x € 7% &(x,s) € A for some s < t}.
Thus, by reversibility,
E|H, = ) P(&(x,s) e A for some s < t)

xeZ4

> P(&(i, s) = x for some i € A for some s < ¢)

xez4

= ER,,
where R, is the range of the Stirring particles which started on A,

R, =) 1(£(i, s) = y for some i € A for some s < t).
y

Now,
/PW(TB > t)dv, = /P(n(i) =0 for all i € H,)dv, = E[(1 — )]
= (1—p)PHd = (1 - p)P.
Now,

E[R,] <Y Y P(&(i,s) =y for some s <t) =Y E[R!],

ieN ¥y ieA

where R! is the range of the Stirring particle which started on i. We use now
the classical estimates for large ¢, for d =1,

q~af
(5.4) E[R}] 4\/27T,
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whereas in d = 2,

. Tt
. E[R!] ~ ——
(5.5) [R;] Tog(?)
to conclude that in both cases
1
(5.6) tlim 7 log(P" (75 > t)) =0,

which, by (5.3), concludes the case d =1, 2.

We now consider d > 3. The fact that A(p) > O follows from the same
argument as in [3], using the original inequality of Varadhan ([12]).

The proof of (5.2) given for IRW does not apply here. Instead we rely on the
variational representation for A(p),

21(p)=int] ¥ 3 [ ),/ Toe(n) = o) v, (o)

(5.7) iezd j~i
¢local, >0, ¢ =01in A, fqodvp: 1}.

Identity (5.7) follows from (3.5) with ,/¢ in place of f, after having observed
that (i) due to (3.8) the infimum in (3.5) may be taken over positive functions;
(ii) local functions in 2, form a core of Z,.

Now, we think of dv, as the law of n = { + §, where the joint distribution
of { and ¢ is a product measure v = ®;.74v;, and

vi({@) =1, &G)=0)=p1, »({(E) =0, §E)=0)=1-p,
vi({(1) =0, &@)=1)=py,

with p; + ps = p. So that 7 has marginals v
with the notation n = ¢ + ¢ as

(5.8)

,, and v, . We rewrite now (5.7),

- 2
21()=int{ & [0+ ),/ T90e. - iz 9) s, o
(5.9) ert
§20 UG H=0if (rEeA, [ydr=1}
When acting on a function (¢, &) the operator T% acts on both variables ¢
and £. We will use now three simple facts. 1. The convexity of the Dirichlet

form, which we write for any nonnegative measurable functions f, g and
o-algebra I,

(510 E[(V7 - v&) Ir] = (VB - Elar)”

2. The identity E[TY|o({)] = TYE[¢|o({)], which is shown by direct
inspection.
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3. As 7 is a homogeneous product measure,
dT7v
dv
Now, for a function (¢, &), combining (1), (2) and (3) we have

(5.11) = 1.

> X [+ eon(yTiue o - Jue o) die. o)

1ez4 j~i
(5.12) > ¥ % [ i) (yTiEWI - | Blyig)) dv, 0)
iezd j~i
+ Y% [ ey TIEWIE - EWwle) v, ().

ie7d j~i

We recall the key constraint on ¢: (£, £) = 0if {+¢& € A. As A is an increasing
event, { € A implies that { + ¢ € A, for any &. Thus,

(5.13) E[¥|](0) =0 if € A.

To conclude the proof, it is enough to take the infimum in inequality (5.12)
over the function ¢ satisfying the constraints of (5.9). O

6. Open problems. There are basically three directions where problems
look interesting.

1. For SSEP can one establish regularity of some elements of 2, say u, in
high dimension (d > 5)? A first step would be to estimate the density of
particles far away from the origin under pu.

2. What if we draw initial configurations from a nonstationary measure »?
For instance, if dv/dv, € Lz(vp), do the Cesaro means obtained starting
from v have the same limit points as the ones starting from v,?

3. When we know that A = 0, what are the correct asymptotics for P, x
(7 > t)? This problem goes back to Arratia [2], which establishes that
there exist constants 0 < ¢; < ¢y such that for all ¢ > 0:

1
ford=1, —P, (1t >t) €[cy, c9),
\/Z ,,( ) [1 2]
1
ford=2, —P, (1 >t)€[cy, cq)-
TP > D elen el

The problem is to show existence of the limit as ¢ — 400 of the expressions
above and estimate it.
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