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SPECTRAL GAP FOR KAC’S MODEL OF
BOLTZMANN EQUATION

BY ELISE JANVRESSE

Université de Rouen

We consider a random walk on S”~!, the standard sphere of dimen-
sion n — 1, generated by random rotations on randomly selected coordinate
planes i, j with 1 < i < j < n. This dynamic was used by Marc Kac as a
model for the spatially homogeneous Boltzmann equation. We prove that
the spectral gap on S” 1 is n~! up to a constant independent of 7.

1. Introduction. We consider a random walk on the standard sphere
Sn-1 generated by random rotations on randomly selected coordinate planes
i, j with 1 <i < j < n. This dynamics was used by Kac ([5], [6]) as a model
for the spatially homogeneous Boltzmann equation. Kac’s idea was developed
later on by, for example, [8], [3], [9] and [1]. The same walk was used by
Hastings on the orthogonal group ([4]).

More precisely, let Rf’ ; be a clockwise rotation by 6 € [0, 27) in the coordi-

nate plane i, j. Explicitly, Rf’ ; 1s given by

i J
10 - 0
0
C S l
[ —
RL,J_

where all the diagonal entries are 1 except for the (i, i) and (j, j) entries that
are ¢ = cos(0), and all the off-diagonal entries are 0 except for the (i, j) and
(J, i) entries that are equal to s = sin(#) and —s, respectively.

We consider the random walk on S"71(1), the (n — 1)-dimensional sphere
of radius 1, generated by repeatedly multiplying by Rf, jforl<i<j<n
chosen uniformly and 6 chosen uniformly in [0, 27). Then the generator of the
dynamics is defined by

L@ = X[ (AR - @)

(;)11‘ n”0

Received March 2000.
AMS 2000 subject classification. Primary 60K35.
Key words and phrases. Spectral gap, Kac’s model, Boltzmann equation.

288



SPECTRAL GAP FOR KAC'S MODEL 289

for x € S"~1(1). Let P, denote the corresponding semigroup. Let S, _; denote
the uniform probability measure on S”7!(1). One can check that S,_; is in-
variant and reversible with respect to the generator _#,. The Dirichlet form is
given by
1
()= [4fdS,a=1 X Dijf),

2)
2/ 1<i<j<n

where
D=5 [ [(F(REx)-F) a8, 5.

With the generator 7,, we define a Markov process in the standard way. Let
fo(x) be the initial density on the sphere. Then the density f,(x) = P,fy(x)
of the process at time ¢ satisfies Kac’s master equation: d,f,(x) = £, f(x). If
we assume that the initial distribution fy(x) is of product form, Kac proved
that this property is approximately preserved in the limit n — co. In modern
terminology, Kac proved the “propagation of chaos.” Once propagation of chaos
is proved, it is straightforward to show that the marginal density of a particle
satisfies the following analog of a Boltzmann equation:

g (x) _ 2m . _
11y ot Cffo (gt(x cos 0 + y sin 0) g,(—x sin 6 + y cos 0)

—g.(x)g,(y)) dody.

Clearly, the spectral properties of the collision operator on the right hand
side of (1.1) is of critical importance to understand this equation. Since this
collision operator is generated by the process with generator .7, a very basic
property is the size of the spectral gap for 7,. It turns out this is very difficult
and Kac conjectured it to be of order 1/n.

Since Kac conjectured it more than four decades ago, the only result is the
recent work of Diaconis and Saloff-Coste [2]. Using comparisons techniques,
they proved that the spectral gap of Z, is bounded below by c¢/n® where c is
a constant independent of n. Using a test function [e.g., f(x) = x;], one gets
an upper bound of the form C/n.

The goal of this paper is to prove Kac’s conjecture by supplying a lower
bound of the form ¢/n to the spectral gap of .Z,.

The paper is organized as follows. In Section 2, we state our main result
(Theorem 2.1) and outline its proof. We use the martingale method developed
by Lu and Yau [7] to reduce our problem to estimating the variance of a
function conditioned on one coordinate (Proposition 2.1). The rest of the paper
is devoted to estimate this term. As in [7], a critical step of this approach
is an estimate of a covariance term (cf. Lemma 3.1). We follow [7] by using a
substitution lemma (see Section 5, Case 2), which has its origin from the study
of interacting particle systems. Our major difficulties in using this approach,
however, is in certain region of rare events (Section 5, Case 1). For this region,
we need new arguments for performing various cut-offs. Since this part of the
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arguments is complicated, we recommend the reader to focus on the so-called
“normal case” in the first reading, although the estimates of rare events are
technically the key part of this paper.

Notice that the standard logarithmic Sobolev inequality does not hold for
this model.

For any & > 0, one can find a set A, of probability e. Choosing f = 1.4,
the indicator function of A,, we get that the entropy of f is equal to

[ f1og %dsn_1 — _cloge

and that Qn(\/ 7) < &. Hence, the logarithmic Sobolev inequality is wrong for
this model.

2. Main result.

THEOREM 2.1 (Spectral gap on the sphere). There exists a constant C > 0
such that for all function f € L2(S,,_;)

Es, [f;f1=Cn2,(f).

Eg- [f; g] denotes the covariance of / and g with respect to S;,_;, the uniform
measure on the (n — 1)-dimensional sphere of radius r. When r = 1, we omit
to mention the radius.

This result means that the spectral gap is bounded below by 1/Cn. Hence,
this identifies the order in n of the spectral gap on S* 1.

This also implies that the rate of convergence to equilibrium of our process
in L? with respect to the uniform measure on S”! is of order exp(—¢/Cn).

PrOOF OF THEOREM 2.1. For all integer [ > 2, let a; be the smallest con-
stant such that
(2.1) Eg, [hh] < a;l 2 (h)

for all function & € L?(S;_;). We will use this induction hypothesis to set up
a recursive equation for a, and to prove that a, is bounded by a constant
independent of n.

STEP 1. Martingale decomposition. Let x = (x,...,x,)’ € S"1(1). For
1< j<mn,let f;_;be the expectation of f conditioned on x;,...,x;: f1 ;
(x1,...,%;)=Eg_ [flxq1,..., x;]. For any integer M < n fixed, we have

Eg [f;f1=Es,  [Es [f;f|x1,-.., xy]]
(2.2) M-1

+ Y Es [Es [f1. .iv13f1 iv1]%1 -0 %]
i=0

where Eg | [ f; g|9“ ] denotes the covariance of f and g with respect to the
measure S,_; conditioned on 7 :

Esn—l [f’ g|9\] = Esn—l [fg|9\] - Ean [f‘y] Ean [g|9\] :
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STEP 2. Induction. Notice that S,_; conditioned on x, ..., x;,; is the uni-
form measure on S"*M’l(\/l - Zﬁil x‘?), the (n — M — 1)-dimensional sphere

of radius \/ 1-— Zi‘-’[:l x% Hence, we can use (2.1) to bound the first term on the
right-hand side of (2.2) by

an_y(n— M)AV} ,_y 1 Dji(f),
where Av’;,leH denotes the average over j,l e {M +1,...,n}.

STEP 3. Variance on one coordinate. All the terms of the sum on the right-

..........

the variance, with respect to the uniform measure

1-Y% x2
m= Sr\z/fiflj ' Y
of E,[f]x;:1], where x4, ..., x; are fixed.

We will use the following proposition to control these terms.

PROPOSITION 2.1.  For all k > F > 0 large enough, there exist a finite
constant C > 0, ep > 0 and Cy > 0, two finite constants depending only on
F, &, > 0 a finite constant depending only on k and n and Cj, p > 0, a finite
constant depending only on k and F, such that

Ek,n
Es  [f1:f1]1=Cp Z Eg [Es, [f: flxi]] + Chr Zu(f)
(23) + CAU?:ZDl,j(f) + ER AU;]::Z Esn—l [Esnfl[flvj; fl’j|x1]] ,
I}im ep =0 and lgim lim g, , =0,

where Av’;_, denotes the average over 2 < j < n.

STEP 4. Conclusion. Suppose we have ¢p/n instead of €5 in (2.3). By the
Schwarz inequality, Eg [f1 j;f1,jl*1] < Eg,_ [f;f]x1]. Choosing M = 1 in
(2.2) and using the results of Steps 2 and 3, we obtain that

Crep,+e "
Bs, [ f1= (14 52508 Yoy 0= DAV, Do)

+Ch.r Z,(f) + CAU;:le,j(f)-

Since we can do the same replacing x; by x; in (2.2) and average over i €
{1,...,n}, we get that

Es [f:f]= ((1 I M)

an(n—1)+ C;,F) 9,(F).

From the definition (2.1) of a,,, this proves that a, is less than a,_; — %[(1 -
Crepn — ep)a,_1 — C}, ], which is enough to conclude that a, is bounded by
a constant independent of n.
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In our case, we do not have a factor n~! in front of ez. However, since in
the last term on the right-hand side of (2.3) we have the variance of f'; j (and
not f), we will see that it is enough.

By Proposition 2.1, we know that

ES,L,I [ESn,l[fl ..... i+15 fl ,,,,, l+1|x1’ ) xl]]
<CAV_;,,D; (f) + Cpr AV}, 1D ;i(f)

Epn—i
bl By [Es [f3f1%10 - %]

n—i
+ep AUJ i+2 Esn_1 [Esn_l[f1 ,,,,, i+1, J»fl ,,,,, i+1, ]|x17""xi+1]]
forany0<i< M — 1.

Since we could have chosen in (2.2) any other set of size M instead of
X1, ..., %y and since we will average over all possible choices, we can simply
assume that j = i + 2 in the last term of the above expression. But this is
exactly Eg I[Esn Af1,ivos F1ive|%1 -+ %i41]]. Thus,

,,,,,,,,,,

+Cpr

Z Es,l_1 [Esn_l[f1 ,,,,, i1, z+1|x1a -~-axi]]
i=0

el 8knl
ZCFn—L nl[ nl[ff|x1,...,xl-+1]]
=0
M-1
+ 2 C AV 1D j(F) + Crp AV} i1 Dji(f)
=0

M
+ep ). Eg | [Esn,l[f1 ..... v F1, z+1|x17 cees xi]]-
i=1
Notice that the sum in the last term of the above expression is the same than
the one we need to estimate except that it is over i € {1, ..., M} and that it
is multiplied by ¢z which is very small. Hence, instead of having one term for
each i, we have only one boundary term:

M-1
(1 - 8F) Z ESn,l [ESn,l[fl ,,,,, i+1 fl ..... l+1|x1’ RS xl]]

1=0

Ek,n—i
<Cp ¥ 7 Bs, [Bs, lf flo o xiall]

M-1

+ 2 CAV_ 1D i(f) + Chp AV} ;i1 Dji(f)
i=0

+ SFESn_l [ESn_l[fl ..... M+ f1, M+1|x1, cee xM]]-

Therefore, we “gained” a factor M. Using the Schwarz inequality to replace
f1.. m+1 by f in the above formula and using induction (2.1) for each variance,

.....
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we get from (2.2) that Eg  [f; f] is bounded by

> C AV 1 D; j(F)+ Crp AV ;1 D j(F)

M-1
Cr

]_—SF i=0
1

1—8F

Ekn—i An—i-1 AU’},z:iJrz D; (1)

+

ap_y (n—M) AV _y1 Dji(f).

As we mentioned before, we could have chosen in (2.2) any other set of size
M instead of x4, ..., x3;. Averaging over all possible choices, we obtain that
Eg .[f;[]is bounded above by

1 M-1
— ((cp > et (- M)) Avat MC;,F) %(f)

i=0

where A,_; =Sup(a,...,a,_1). Hence, from the definition (2.1) of a,,, choos-
ing M = | 5], the integer part of 5, we get

1 cp et 3 1
a, = <<_F Z Ehon—i + 5 Anfl + Qc/k,F .

1—8F n i—0

This is enough to conclude the proof of the theorem. O

3. Proof of Proposition 2.1. It is well known that the first marginal
v,_1 of S,_; has density

dv, 1(x1) = C, (1 x3) 7 dx;

where

1 n—1\" I'(n/2
¢ _a(ln _ (n/2)
2" 2 ra/2)r((n —1)/2)
is a normalizing constant (notice it is of order /n). We have

E,  [fifl= [ [(Fi@) = F1(010)" Laoyy dvuoa(x1) dv, oy (91).

Lemma 3.1 below gives us a formula for f(x;) — f1(y1)- Instead of using
it directly, it is more convenient to use it to compute f;(x;) — f1(w;) and
f1(wy) — f1(y1) and then average over w; € [|x1]/2, |x1]]-

LEMMA 3.1.  Fix x2 > w?. Let w'") (resp., w/>7) ) be obtained from x by

changing values at 1 and j: w(lj’+) = w; and w(jj’+) = \/x3 + x% — w% (resp.,
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wi"” = w; and w{"? =~ [x%+ 23— w} ). We have
fi(ay) = f1(wr) = 3Es, |:AU’]L'2 (f(x) = F(w"1)) xl}
(3.1) +3Es | [Av';2 (f(x) = fF(w)) x1:|
+Es, | [f(w);Avﬁ_szl,wl(w i) wl}
where

|w ;| 1-— w% oz
3.2) Gy (W) = 1{w§-zx2{—w§} — 5 3 2 .
7

2 2
+wj—x1

From now on, all the bounds are made up to a multiplicative constant.
E, . [f1;f1]1s bounded by

|1 d

a3 [[] <f1<x1>—fl(wl)flx—“ﬁl{ﬁzmdvn_1<x1>dvn_1<y1>
d

CRV | / (1) = [ T sty D (e ()

Since x7 > w?, we use Lemma 3.1 to bound (3.3) by

dwl

[AviLEs  [£(x) - F0)]x] b, (), 1)

(3.5) +/AU'}=2ES,L_1 [f(x) - f(w(j”))lxl] % EN dv,_1(y1)dv,_1(xq)
—l—ffEs 1[lc(w) AVT_5G,,, wl(wj)lwl] dx—ui| Vp-1(%1),

where the integration in x; and w; is only for |x;| > wy > |x1]/2.

Let us now turn to (3.4). We apply Lemma 3 1 agam Notice that we will

not get the same formula whether w? > y2 or w? < y2. (3.4) is bounded by

[AviEs [ @) - £, ] Te ] P EDd ()

36+ [AVLEs  [F(w) - FV >>)w] (), (1)

+/Es . [f(y) AvJ 26w, yl(y])lyl] an 1(x1)dv,_1(y1)
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where the integration is above 2w; > |x;| > w; > |y;/|, plus

A 2 d
[ AvioaBs,, [F) = P ] S di ()
. 2 d
BD + [ALEs | [f0) ~ F@O| ] T Gedra ()

2
%dvn_l(xl)an—l(yl)
|2

+ [ Bs, [} Av_,Gy, (w01
where the integration is above |x;| > |y{]| > wy > |x1]/2.

CLAIM 1. The first and the second terms of (3.5), (3.6) and (3.7) are
bounded by CAv?zzDL ;(f), where C is a constant independent of n.

CLAM 2. The third terms of (3.5), (3.6) and (3.7) are bounded by
Crr Av} 5 D; (f)+ep AV 5 Eg | [Es,l,l[ij; fl,j|x1]]
(3.8) Ehn
2 Es,, [Es, [f: flal],

+Cr
where the constants C,, p, e, Cr and ¢, , are like in Proposition 2.1.
Claim 1 (resp., Claim 2) is proved in Section 4 (resp., Sections 5 and 6).
This concludes the proof of the proposition. O

n

4. Proof of Claim 1. Let’s look at the first term of (3.5).
Since Eg | [\/x% +x2 — w%ixl] < \/xi —w? + O(1/y/n), by the Schwarz

) 2
inequality, £ f(x) = f(w D) x;| is bounded by
Sn—l

Jxi—wi+0(1/vm)
Jad+a? - ul
Moreover, since C,,_; is of order /n, we have
\/x% —w?+0(1/yn) (=l
|21

Thus, the first term of (3.5) is bounded by

Es, .| (£(x) - Fwti))”

X1

dv,_1(y1) = O(D).

lel dw1

>2
\/ x% + x? - w%
Let’s make the following change of variable: w; = x;cos 6 + x;sin 6. Since

dw; = (—xysinf + x;jcos 0)do = :t\/x% +x3- — w?d6, we get that the first

Avi_Es | [
A K

(Fx) = FQt)
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term of (3.5) is bounded by

Av'_,Eg [ ]0 7 (F) - (RY, jx))2 da} — 47 Av'_,D, ;(f).

Using the same argument, we prove that the first term of (3.6) is bounded
by

w

avL,Bs | [ (F@) - F9) A, )

1 dy,
Jwdw? - 3
where A(w;, ;) is equal to

wq X1 1- w%

IA

= ) /lewdvnl(xmom

1—w? w; X1

IA
5|~

o -1 [P
(1 - w1) / xlan—l(xl)l{wlzl/ﬁ}

wy

2w,
+Co [ dxa L, 1y gm + OQ),
Wy
which is of order 1. In the same way, since

/ Joh—wl+ oy
EAEEAETN |24
the first term of (3.7) is bounded by

anfl(xl) = 0(1)7

311 dw,

aviLEs | [7 (£ - Fwt))

[y1l/2 2

yi+ Y- wi
Making a change of variable, we conclude that the first term of (3.5), (3.6) and
(3.7) are bounded by CAv’}_o D ;(f).

We deal with the second term of (3.5), (3.6) and (3.7) in the same way.

5. Proof of Claim 2. We first deal with the third term of (3.5). The terms
of (3.6) and (3.7) are treated in section 6.
Let us fix F' > 0. We divide the proof into two cases:

Case 1. x?> Fn™L.
Case 2. x% < Fn™L.

Notice that if x? is too large (as in Case 1), G,, v, is very large and it may
be difficult to control the third term of (3.5). However, since we integrate x;
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with respect to v, 1, x; is typically of order n~! and thus Case 1 is unlikely
to happen if F is large. Case 2 is the “normal” case.

Case 1*. x%> Fn~'.

We will prove that in this case the third term of (3.5) is bounded above by
(5.1)

er AV, Eg  [Eg,  [f1.3f1jlwi]],

where f j(w;, w;)=Eg  [f(w)lw;,w;] and &5 goes to 0 as F goes to oco.
Recall definition (3.2) of G, ,,, and the one of v,_;. We can rewrite the third
term of (3.5) as

2
|
0 . |w,l I
A, [ [ Es, , | f(w);
wy=|x1|<2w,

e e | W
wi+w; — Xy

n—3
1-w?\ * dx
12 p a1y | ——2 ka9
X Lat>Fn-1} < 1— x?) N Vy_1(wy)

and replace f by f; ; in the above covariance. Using the Schwarz inequality,
one can bound the covariance term by

1
E L 2 1222 0w
S,_1 |:(f1,J fl) |wJ|7(w% + w3 — x%)3/4 {wj_oc1 wi} 1j|
5 |wj|2+7 1
X 25,221 | W
S,1 (w% + w? _ x%)1/4 {wj_xl wi} 1

2, we obtain that

n-3
1-a%) "’

x .

1](1—w%>

Choosing y = 1/2, we bound the third term of (3.5) by

for any y. Making the change of variable x% = w? + w? —x
the second expectation is equal to

20 .2 2 24 1r
Es, | [|xj|1/ (x7 + x5 —wy) 2

1 (xf = w4 O
—-1/4 n 2 - !
n 1/ Avj:2 ESn1|: ES,,1|: (fl,j - fl) |wj|1/2 /

(W} +w’ — x7)3/4
dx
L w1j|j| .

x 1{w§+w§zx§zw%}1{x%an*1}m

We need to estimate

/J wited (a2 — w4 O(n~3/t)

wy x%

X1
2 2 _ . 2\34 125 pa-1y d2y.
(w] + w5 — x7)
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Since x? > Fn1, the above integral is less than

nAlA pfwie? X VA
<_) / 57 e = (_) Jw |2
F w (wi + wj — x7)% F

Hence, the third term of (3.5) is bounded above by (5.1) with e = O(F~1/4). O

Case 2* (“normal” case) x% < Fn~!l. Let us introduce some notation. Fix
a positive integer k independent of n (£ will be chosen larger than F).

Divide {2, ...,n} into L sets A, of size k. If & does not divide n — 1, then
the set A; hassizel € {1,...,k—1}.

For je A,, we consider the expectation of G, ,, (w;) conditioned on (w;);44. -

Notice this depends only on w2 =1 — YigA, w? =Y. A, w?. Let’s denote it by

Gy (82) = B, [ Gy, ()| (w0)iga, ]
The third term of (3.5) is bounded above by

2
dw;
wi | T dv,_1(xq)
x1|/2 |x1|

|1] N
[],,.Es.. [f;AvaAvjeAanl,wxw,-)—le,%(wi)

2
dw
w1i| —1an71(951)

[21] ~
. L -2
+f ] Fs [f(w»Ava_lle,wl(wa) =

x1|/2

:BI+BQ.

LEMMA 5.1.
B, <Cr AU£:1AUi,jeAaDi,j(f),

where C),  is a constant depending only on k and F.

LEMMA 5.2.
Ep

By, <Cp

2 Es | [Es, [f; flwi]],

n
where Cy and ¢y, , are as in Proposition 2.1.

Therefore, assuming Lemma 5.1 and 5.2 and recalling the result (5.1) ob-
tained in Case 1, we proved that the third term of (3.5) is bounded above
by

Er

Crr AU§:1AUi,jeAnDi,j(f) +Cp

n’n Eg  [Es, [f;flwi]]

+ep AV, Eg  [Eg, [f1)if1 %]

Since the choice of the sets A, is arbitrary, we average over all possible choices
and we get (3.8). O
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PrOOF OF LEMMA 5.1. We can bound the square of the covariance in B; by

2
w1:| .

By definition of le,wl’ the expectation of G, ,, (w;)— bewl(u';i) conditioned
on (w,)iea, is equal to 0. Hence, by the Schwarz inequality, the above expres-
sion is bounded above by
2
w1 |-

Using the Schwarz inequality again, the above covariance term is less than

AU§=1ES,Z_1 |:f(w)7 AUjeAanl,wl(wj) - le,wl(wz)

Al Es, |:Esn1 [£(@); AV e, Gy, ()| (0 )i,

| 2 |
Es, [(f(w) — Bs,, [, ]) Avjea,Grpin, ()| (@)esa,
|

|
xEg | [le,wl(wj)l(wz)zma] .

The expectation on the right-hand side is éxl’wl(wi). Let’s compute it. We

2

need w? > x? — w?. (Otherwise, it is equal to 0.) G, , (2) is equal to

[ Gy (@) S ()

= /le’un(u_}az) dkal(z)

n—3

1- w% 2 |w, 2|
= (2] [t D (2),
1—x - 2 2

Making the change of variable w2z% + w? — x% = (w2 + w] — x%) a?, we obtain

n-3

ko2
A ) 1—w?\ * w2 — (22 —w?)\ *
62 G = (124) e (B D)

02
1—x7 Wy

Since x% < Fn™1, this term is bounded by a constant C depending only on
F. Hence, B, is bounded above by C times

Avvies, [[7 o, [ B, [(F@-Es, [rw)]@orea,])

x1]/2

dw
Xle,wl(wj)l(wk)lwéAa] w1] |x—1|1an—1(x1)-
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Let’s first integrate in x;. Recall the definition of G, , (w;). Since

n-3 1/2

/2w1 1- w% ’ 1 + x% - w% 1 an—l(xl)
—_—_— 2.2 gy —— =

o \1m2) \Mamesg) teeta T

wy X1 wy \/w% + w2 — x%

n—. w2
<Cpy(1—w?)? [log2+2 24 | |14+ =L -
|wj wy

is O(1)C,,_1(1 — w%)"T_E', we proved that B; is bounded above by
Cravt, [Es , [Es,, [Fi Fl(woia, | [w2] dvas(n)

= Cravl B, [Es ,[F3f|@oea,]]
Using induction (2.1) in order to bound the variance of f, we obtain
B, <Chp AUaL=1AUi,jeAaEsn,1 [Di,j (fl(wz)zgma)]
< Cjp AvL_Av; ;s D; i(f),

where C,, y is a constant depending only on & and F. O

ne 2w1 dx wi-+wf dx
<0ty [ [ 1

PrOOF OF LEMMA 5.2. Recalling (5.2), we can rewrite B, as

n-3

2w, 2 (1-w?\ *° dx
c AL -9 1 1
//wl Eg, | [faAUa:1h(wa) wl:l (1 — x%) o dv,_1(wy)

(5.3) ' k-2
a—(¥i-wh) "

wh ha)=| ————= Lo o

ere (a) < a {a=x{—w?}

Let r2 = Eg  [w2|w;] = Iﬁﬂ‘(l — w?). Since this is a constant with respect to

the uniform measure conditioned on w;, we can replace h(w?2) by h(w?)—h(r?)
in (5.3).

Assume that "T_l € N. Thus, r2 = n—fl(l — w?) does not depend on «. Let’s
denote it by 2. We will use the Taylor expansion to estimate A(w?) — h(r?)
when |02 — r?| < 2= Moreover, since Y2 (w2 — r2) = 0,

Aviy (@) — h(r?))

1 & : -
(5.4) = 7 2 (h(@2) = h(r®) = B (r)(@% = 1) Ly sy
a=1
12z 2 212
@ = Yoy,

where c, € [r?, w?].
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We split the covariance appearing in (5.3) into two parts, considering each
of the above terms separately.
Let’s look at the part corresponding to the first term of (5.4):
2
wl] .
w1:|
B [F:flm].

We need to estimate the expectation on the left-hand side. Developing the
square and using Chebyshev’s inequality, we get that it is bounded by

1 n—1\2 , n—1\2 _
Z(nhni( ) +h(r2>2>( e ) Es. [l =]
n—1\2 , n—1 , n—1)\2
+ (nhni (%) + 1o (G ) + <r2>2) (%)

xEg | [(u’;i — r2)2(u")23 — r2)2‘w1] .
An easy but wearisome computation shows that

-9 2\2,-2  2\2 _ | O(R*/n%), if a#B,
(6.5 Es,, [(w“ ) (@ —r7) lwl] B {O(kz/n4), otherwise.

Since ||A],, < 1 and #'(r?) < O (£2) (because x? < F/n), we obtain that the
above formula is of order F2£*~1/n. We now have to multiply by

n-3

1wt 1 Cp

1—x2 EZTRmES
and to integrate in x; and w; for w; < |x;| < 2w;. Thus, the part of (5.3)
corresponding to the first term of (5.4) is bounded by

ﬁESH [Es, . [£3 F]wi]]-

Let’s turn to the part corresponding to the second term of (5.4): By the
Schwarz inequality,
2
w1i|
is bounded above by

Es [fif|w] Bs, [(Avah”(caxwi L))

Es, | [f; Av, (R(2) — h(r®) = K ()@ — ) Lo s

From the Schwarz inequality, it is bounded by

Eg | |:<Ava (h(u_)i) — h(r®) — W (r*) (w2 - r2)) 1{\w§—r2|>’;1%f})2

(5.6)

1L i}
E'S,l_1 |:f(w)> Z Z h (Ca)(wz - r2)21{|w£,r2 5%}
a=1
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Since |w? — r?| < %, we have ¢, > O(k/n). Hence, we get that h”(c,) is of

1
w1:|

order F2n?/k? and thus, using (5.5),
: Cr

2
ES,[,I |:<Avg—lh”(ca)(w§z - r2)21{|w3_r2‘5L})
n _ 2|
< CFﬁESH [(Avﬁzl(wg —r??) le] =0 <kn)

—e
n—1
|

where Cy depends only on F.

Thus, we proved that the part of (5.3) corresponding to the last term of (5.4)
is bounded by

C

(5.7) “LEs,,[Bs_ [fif]w]]-

Recall the bounds (5.6) and (5.7) we obtained. This proves Lemma 5.2 when
21 e N with ¢, , = k1 + k**~1, which go to 0 as k goes to oo for & < 1/4.

If "T‘l ¢ N, we treat the terms corresponding to the set A; separately. Since
we have a factor L2 = O (k?/n?) in front of them, we prove Lemma 5.2 with
epn =kt +E* 1+ k0. D

6. Proof of the third terms of (3.6) and (3.7). Let’s turn to the third
term of (3.6). It is equal to twice

fESn_l I:f(y);AU,}:QGwl,yl(yj)’yl]z /QWI dyn;—ll(xl)dwld’/n—l(yl)

wy

where the integration in w; is over w; > |y;|. Since
n—3

/2“’1 dvp_1(*1) _ C(l —wi)'®

—_— b

wy X1 Wy
we can bound the third term of (3.6) by

| 2
n | W
[ [ Es |5 AV Gy, ()51 | =2y, 1)
w1>|y1] | wq

in Case 1. Notice that in this case, we did not use the fact that |x;| < 2w,
when treating the third term of (3.5). Hence, we can conclude in the same way.

In Case 2, we used that |x;| < 2w;, so we have to be careful. But it works
in the same way because we can use in Lemma 5.1 that

— 1/2
\/y%-&-y% 2w, an—l(xl) 1 w% B y% d

/ / R R E— W1
|71l w; Xy yit+y;—wi

< f o dwldv”fl(xl) n f\/m dw,
x1/2 %1 Il \/y‘f‘ + 32— w?
is of order 1, and in Lemma 5.2 that
//:"1 d”";—ll(xl)dwl — 0(1).
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We claim that the third term of (3.7) is bounded by the third term of (3.5).
Notice that it can be rewritten as
1 dv,_1(x)

2 [ Bs, , [w) Av)_sGy, (o pfior] [ S22

where the integration in w; is over |y;| > w; > |y1|/2. The above expression
is bounded by

//llyll Es [f(w) Av'_,G, wl(w])‘uﬁ] 7 |dvn 1(y1),

11/2
which is equal to the third term of (3.5). O

dwdv,_1(y1)

7. Proof of Lemma 3.1. We can rewrite f,(x;) — f1(w;) as
LB, [(F() = F@O) [y ] + 3 Es, [(£F(2) = F@0) [x]

+3Es, [ F@O)|a ]+ 3B [F@0)|a] - £1(w0).
Let’s compute Eg _ [f(w""")|x,]. It is equal to

(7.1)

—x2 - )%

/J_ /i

In the above formula, we first integrate in (x;);.;, ; and then in x ;. This means
we integrate (x;);.; ; with respect to the uniform measure on the (n — 3)-

dimensional sphere of radius \/ 1—x2 - x? and then integrate in x ;. Making

the change of variable w; = \/ x% + x% — w?, we obtain that the above integral

is equal to
n—4

w; (1—w% 2)
2[E s lf@] ot duw
/ N \/w1+w2—x% ’ (1—x1)

where the integration in w; is from \/x% —w? to \/1 — w?. Hence, it is equal
to

2B, , [ ()G, () Lm0y |101]
where G, ,, is given by (3.2). Let’s turn to Eg _ [f(w(j"))lxl]. Making the
change of variable w; = —\/ x] + x — w?, we easily prove that
Es, ,[F@ )| ]| =2Es [ F(0)Ge (@)L 0|01
Eventually, we obtain that

LEs,, [f@li)|a | + 1Bs | [Fwi)]x]

=Eg | [f(w)le,w(wj)lwl] '
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Choosing f = 1, we deduce Eg [G, , (w;)|lw;] = 1, and thus the above
expression is equal to

Es, | [Fw):Gep, (w))|wr] + Fr(01).

Recalling (7.1) and averaging over 2 < j < n, we get (3.1). O
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