THE SIMULTANEOUS DISTRIBUTION OF MEAN
AND STANDARD DEVIATION IN
SMALL SAMPLES

By ALLEN T. CRAIG

1. Introduction. If samples of 77 items are selected at
random from a normal universe, it is well known that the arith-
metic mean X and staidara deviation s computed from samples
are independent in the probability sense and that the simultane-
ous frequency distribution is

. -nsfrnz”®
F(e,s)=Cs7%e 2O

1f, however, the parent population is other than the normal type.
there appears to be little known regarding the form of </ 2, 5).
In the present paper, we propose to determine the simultaneous
frequency function of the arithmetic mean and standard deviation
in samples of small numbers of items selected at random from a
rather arbitrary universe. For convenience, we shall classify
frequency distributions according as the range of the independent
variable is (-00, o0 (O ) or(D glal We shall further
assume that the total area under the distribution function is unity.

2. The simultaneous distriBution of £ and s in samples
of 77¢£. Let f(x), -00<x < oo be the fiequency unction of
the variable x  Let x, and x, be two independentl erved
values of x . write

Xy +X,=R%

x?+x2=2s%s 227
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We seek the function 4 ( %, s) such that F'(X, s)dEds is,
to within infinitesimals of higher order, the probability of the
simultaneous occurrence of ¥ in (%, Z+&¥)and' s infss+d's).
For % and s assigned, x, may have either value -3 or
X +s and x, is uniquely determined by %, - 2%-x,.

F(2,s)d2ds = F(2-5)F(2x-x,)d* dx,
Thus

+f(2+3)F(R%-x,)dx, dx, .

Since ¥, ax,=2d%ds we have

(1 F(2s)=4f(%-5) 7 (%+s).

If f(x) is defined on the interval (O, oo), we note, for 2
assigned, that s £ . Thus (1) is valid for this type of frequency
function but the surface is limited by the X -axis and the line s=2

If F(x) is defined on the interval (O a), we note, for

Z assigned on (O, cz/,éy, that s< £ ; and, for X assigned on
(@/2,a) that s< q-%. Accordingly, for this kind of frequency
function, (1) is valid but the surface is limited by the x -axis and
the lines 's= X,s=-@-%2.

As simple illustrations, let us find the correlation surface for
the mean and standard deviation of samples of two items drawn
from distributions of various types.

Example 1. Let

20%

fﬁ)‘ﬂg.jﬁe , -00<x<o00
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Then

2

2 -igE
F'(i,.f):;z;e g

the well known result.
Example 2. Let

fix)=e™™  O<x<oo,

Then
RX

F(Z5)-4e

over the open region of the X s-plane hounded by the X -axis and
the line s=Xx,
Example 3. Let

fix)=%, Osxta.

Then

F(E5)= fz )

over the region of the ¥5-plane hounded by the isosceles triangle
with sides S=0, S=% and S=a-x . Witha uniform dis-
tribution proportional to 4/02 over this triangle, it follows in-
cidentally from very elementary geometry that the marginal totals.
of the distribution of X% are given by the known values

- 4 _ -
D) =57 %, Oz <7,

£ - a . -
= Zz(a-Z), z23x%a,
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and that the marginal totals for the distribution of 8 are given by

V(s)=%; (a-23), o<s5< 2,

which is the result given by Rider.!

3. 'The simultaneous distribution of € and s in samples of
7723 . Consider first a frequency function 7#(x), ~eo<x< 0 .
We have

x,+xz+x,=}x

?
x2ix?s x; =J3s%+,3%%

Upon eliminating x4, we have

2x,2+2x, x,+RxF-6%x,- 6%x,-3s%6%%O

From simple properties of this ellipse, it follows, for assigned X%
and S that x, may be chosen arbitrarily from the interval
(x-s \/2_, £+S\E. ). With % assigned, x 2 must be selected with
certainty as either ‘

3%-x,- (6530, - 2)Y%
<

or
72-x,+@sz-3(x,-2){| 4
H4
Finally we must have
x’ =7£‘x,-xz .

! P. R. Rider, On the distribution of ratio of mean to standard deviation
etc, Biometrika, vol. 21 (1929) pp. 124-141.
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Thus

Z+5V2
F(Z,5)dxds - Z/ f(x,)f(xz)f(x )dx,dx 2%,
From
X, =X,
x, = 32°%, +[05.e I(x, -x)z]
x., = 32—%,-242
we obtain
9s
dz'dxzdxi‘[dsz-;(z,-z?)ﬂ* dydz ds.
=9sdx,dxds/K
where

R=l6s%30x,-2)%)*

74 ,/E
F(i,s5)= 185 / e

X-s

Z 3x-x,+RY) g 3%-2-F
B Flu,) H(IZZE)RTEED)
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If f(x) is defined on the interval (0, oo), we note,
for X assigned, that O<s <%/ Thus the surface is limited
by the £ -axis and the line s~%/2. Moreover, since x,, X,
X3 are non-negative, x, may be selected from the interval
(& - S/_ x+5f)only as long as s< % /2/2. If

x 2/Z2<s<x /2.
then x, may he selected from the intervals
<0 3%-[os2-322]% )

2
and_L
= 2_=x=-R| Z
<3x+[652 s2d% . 2>.

Accordingly. for this type of frequency function,

F(%,5)= 18s / “5“2;(%)7@(32.;,,‘?) 2R,
s»/f 2
0£s5< 7"/2_’
(2.1)
75-[652 558 2esE
=18s / z * sz 52350

o

Y amy
r JCIUELE LI ELE LIPS

Z.

A
7))
IA
X



132 SIMULTANEOUS DISTR]JBUTION OF MEAN

If £ (%) is defined on the interval ( o a), we note:

for OS5 2%a/3, Oss<zJ/Z;

%
for a/3<2<2a/3, O£s%< (;Zi.izaif 2?2] ’
for 2a/352%a, O%s < (a-2) /2.

T'hus in this case, the surface is limited by the x-axis, the lines
s=% /2 and s=(a@-%)/Z 2nd the hyperbola
s=[22% 22z +20%/ 7). 4
(Fig. 1.). Now x, may be selected from the interval /€ -3/2,
x+5/2)as long as s< %V2/2 and ss (a-2)JZ2/2 . 'This
holds for that part of the surface over the region bounded by OF%.

IFor that part of the surface over the region bounded by OFU, «,
may he selected from the intervals

(a. 3%-[65%72%)% >

P4
and
B
S (3x+[632 3”3 )24‘5/2-).
A
U 74
>
o .;_ %a_ a > X
Fig. 1
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It is clear that the ranges of arbitrary selection of x, for that part
of the surface over the region bounded by Pz are

( Z- 8/7, 32-4-[6;"’-3/:2-2){1# >

and

( 32-a+[032~3/a-2)2]é a\)
Z r &

Finally, we find that 2, may be selected from the intervals
( 3%-a-[6s%- 3la- X)z] )
0, Z .
4
(32-a+[6sz—3(a-2)z]f' Ix-[682-7%%)?
R 2

and

(324[052— 322]ﬁ , a)

for that part of the surface over the region hounded by PL/V
If we adopt the notation

P=Plx,, %, s fﬂv)f(

we have

Jx x+P
)

Py
(22) F(zs)=18s / pdx,,

=2 [ z-[6s2- Jizlf /2“/_ ]&!z,,
3x+@“$ JZfE

Ix-a- 33-3(4-2)‘{#
=13=[/ -
Z-s5/2

a

i,
*[E-a+ 5{3/4'2):1£]¢
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134
L
3%-a-[6s23@-2)4% 32-pst.322]%
2

+
3%-a +[6; 43{0-2)‘]2

=18

(]

a
] Pdx,,

+
32+[ps2 352)%
2
for the parts of the surface over the regions indicated above,

In order to illustrate the theory, we shall consider a few ex-

amples,
Example 1. Let _x*
1 2R
f(x)aa,/z—ﬁe , —00< X < o0,
_3s%3%*
o

By (2),
35
F&‘,S)*agﬁ se

Example 2. et
f():)-e-x, Ofx<oo,
By (2‘1))
-3 T
F(z,s)-6[3mse g O<$s < %@_’
[ 52%*
-3Z z-[6s5% 3% x
=6/}_ se [cz('c Sin SZ2/2 +arc sin SE
[ 2% ] ze
Z+|0s%3% L’] R, (5
-arc sin s2/Z *z /1 2 5<%/,
Example 3. Let
OXxZag

f(x)-‘-é .
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By (22),

A(Z,5)= _9%77—‘5, over OPa,

6/3s z.los2 ok

i S X +arc sin x
=3 arc sin s2 sz

-arc sin & +[65% 5 2 * ;—r], over OPU,

o
Y
- Q[%_s [a/-c sin2=2 “fos*- 2ta-2)7]
a

5217

—_ - 2 - Y2 ﬁ
. @-X . Z-a+\fs-3e-2 ]
arcsin gz arecsin S22

+ }71], over PVa,

_ 30a.5)21%
=aar;s[arc sin 222 [gi}?g(a £)%]

z-[os% }i“]i
X4

X .
+Q@re Sin g +arc sin

+rarc sin %2”-

—arc sin Za+lps?3 (O-Z)z]i
S2R

o sz x52]%
-arc sin !%Q-],over L,V
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I have succeeded .in obtaining the marginal tetals for s
from O to a/Z-/4 by integrating A(Z,5) with respect to X
from the boundary (Fig. 1) s=%,/2 to s=(a-%)/2 and ob-
tain as a result the parabola which is known? to give the distribu-
tion of s from s=0 fo s = ab/0.

4. The simultaneous distribution of X and Sin samples of
772 4 We shall consider first samples of four items drawn from

a universe characterized by a law of frequency Flx) -co<x<on,
Then

X, +X,y +%y .

x,zf- x: +zf¢x4z = 4s2r 42",

+x, =4 Z,

The elimination of x yields

X+ +x:+z,zz+x,z3 +2,0) ~AFx, -4Ex,-4ix, -Zs% 16270
It follows from the properties of this ellipsoid that X, may be.
chosen arbitrarily from the interval (& -sfi Z+$S ﬁ- ) . For x,

assigned, the region of arbitrary selection of x, is determined by
the properties of the ellipse and is

3 L
( 4% -x,-2 [65%-2(,-2)% 42-2,+2 [08‘-2/%'2)2]“)

3 3

T . .
Upon solving for X, in terms of x, and x, we have

%y 4Z-x,-x, :-[g'ssz-az 2+8%Zx, +8xx,- Zx,xz-dx,z-Jx:] 4
' R

while x, is uniquely determined by x, = 4¥-x, -X, -, .

If we write
2 1
T§[882-8x2+8;€x,+872x2-21,zz-32:,_ -3&:]‘&

and

- - 7 2_ - _7—
B2 flu ey F(2EE Xt T) (2% T )

1H. L. Rietz [Paper to appear presently in Biometrika].-
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then

£
(3) 50007, 222225220021 |

FIKES}:}ZS,/ / $dv, dx,.
z-s/3 45-2,-2[65%205-2)%7
, €

The integration can be carried out in an obvious manner when
f(x). is the normal frequency function.

In case 7(») is defined on the interval (O, @), we note,
for % assigned, that s< % /3 . Thus the surface is limited by
the ¥ -axis and the line s =2J/3 Moreover, x, may be
selected from the interval (£-s/3, £ +9J/3) with x, chosen
as above only as long as s< 2 f3/3 If £/33<s< %,
then x, may be chosen from either of the two intervals

(0 42’2[68‘2-222_] .‘% )
’ 3

and

< 4Z+2[65%-2 szjﬁzw'g)

3 )
with x, chosen as above; or %, may be selected from the interval

(42-2@52.2 7214 , 4i+z[a§‘-z;z‘]5'>

3

with %, taken from either 4
,(0’ 42-::,—[832—8?2-742+52x3 )

R

or !
(4%-x, &fpa‘-a;‘- supeoes)t  4%-%+2[05% 200 %) 21?)
k4 .

when Z < s <2/5 we may have
O<xszz-[zs222]%
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and

A
42+2[05%-2%2] %
3

2 +fzs*-2x?)% < X, S

with either

L
Oty 222, -[85%- 822 3x2+822] %
’ 2

or

4Z-x,HBs7-87%- 3 x] +5z_f 4x-z +2[63-2(%,- x)z_]!
2 3

Or we may have

[
=, 2 =2 i
4x+~[c;s 2z %) cx,< Fes/5

with

43-x,-2[65% 2(5,-2) )
¥

sxgs42-z,+2[és:-2/xl-2) o %

Accordingly, for this kind of frequency function,

Z+3/5 p AR-X, +Z[Gs’z 2(x,x) J-L
F(x,s)= 325/ /

(3.1)

iaa
sB/2E%-2-2 [65 Z2(x, -,t:)‘l_lz

Q584 Zﬁ- »
S[/42—2 53{2221:! 4% -x, 1263220, -2)*] 1
=32 / .
42, - 2 5%-21,-2)71%
3

a
x.,«s/}— 4%- X,*Z[ﬁd"'z(x '”)zji

/1*2[65" &Efli /42 -X,- 2[0.92-2/1 x)"]‘
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4z *zléf-zzzlé 4%-x,Bs%8z%3x2+8% x,] %
2

)
42-2[ps2-223)2
3

1 -
42+2l'p§€22’]f 43-x,+265% 2(x,-2) %
3

J
42-3&53; -2X ’-]22( 43—:,:{83‘ -8%2 3x2+8% zl:%
F

!:,gsssi,

2xles?t222V; 42 -|85°82% 3x7s852])%
P4
2¥Xs

o

o

L
2z-lzs2- 2530  47-2,42[65% 2/ -2)*]?
3

4E-x, +{B85%-82%-3x2+8%x ]2
2

Q

42:4-2[05 %3 2]Z 4X-x, -[83 -8x-Jx, 4-54:2: ]2
/ Z
/ 2+[es?-2221% %o

A
4i+2rﬁs;-222]z 412-x+2[65% 2/, -2)%]
3

%

+ £
L AF-x, +B52.82%-3x%+87%x,]%
REHes% 222)2 . ';85 a; 4 0%%]
E+s/7 25-2,+2[65%21, -)?)‘z]-‘ﬂ
7 dax.ax
. A Al
+ / T
S ‘5 _

4 7s2lpst-22?)k J £%-2,-2[652- 2(x, -2)%)F
7 3

Zss<z[3
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By similar reasoning, the writer has determined ~/Z, s)
for m=4 and f(x)  defined on the interval (0, @ ).
"The results, however, are quite lengthy and formal and will not
e presented here.

WTM?.



