A METHOD OF DETERMINING THE CONSTANTS
IN THE BIMODAL FOURTH DEGREE
EXPONENTIAL FUNCTION
By
A. L. O'TooLE

In a paper in this Journal' the present writer has discussed
some of the mathematical properties of a class of definite integrals
which arise in the study of the frequency function

(1) ys= e-a"{z‘xrp,x"a.p‘,x"’-ﬁp‘,x +,o4)’ avo.

This function defines the system of frequency curves for which
the method of moments is the best method of fitting®—i.e. best in
the sense of maximum likelihood—and this fact gives importance
to its study. The curves are typically bimodal, the nature and
location of the modes being given by the roots of the equation

(2) 4x%Gp x%+2p,x +p, = O.

The first problem which arose was that of finding an expres-
sion for the value of the definite integral

@
(3) [o /9-42a4¢p/z3¢p: x2+,oax *'04)0’24.

-00
If x is replaced by x - -f—' this integral becomes
0
(4) I = /e"aef"“*""”z*?“*"}a’z
o ?

~00

10n the system of curves for which the method of moments is the
best method of fitting. Vol. IV, No. 1, Feb. 1933, p. 1.

2R. A. Fisher, On the mathematical foundations of theoretical sta-
tistics, Philosophical Transactions of the Royal Society of London, vol.
222, series A (1921), p. 355.
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or

’

[
(5) Io-/(/e'aaa““p“‘e"?ddx where k=g 97

or, replacing x Y@ by x where @ is the positive square root of @<

© 7 'vg/ “tuthapriiat gu) g,

<00
or
[
) I; . /(/e~(z‘+ Pz‘th)dt’
where /(-vai, Psap, @= ajg.

No real loss of generality is incurred in studying (5), (6)
or (7) rather than (3). For the purposes of the previous paper
it was found convenient to discuss certain special cases of (7)
first, then (7) itself and later (5). Having in mind the practical
purposes of this note, however, attention will be focused first on
the form (5) and afterwards on (3). The transformations from
the expressions obtained in the previous paper are very simple.
For (5) the special cases studied and a few. of the more impor-
tant results obtained may be stated here as follows:

Type I:

pP=g=0.

/r/ -a%%y, /"/1)

[

2n -ax* 2n+l /
4»"'/“ 4 ’m’"/‘?—:”'q‘?%@--»

-l
/ 2wl , a"’a’x:d QL2 3 - ,
-ap



A. L. O'TOOLE 81

hence

/-v.aga-l
———/—__l’ ”.0’1’2.0.?‘?,._.’

Z
Uiy =2 O, ne01,29......

Obviously, of course, 4 depends upon the total frequency and
hence if the total frequency is

bV 2443
" .
/ e “%az r(¥)
-®
This curve has a single mode located at x=@and is symmetrical

with respect to the ordinate at x=Q.
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Type 1I:
g=0, p=-2b, 650,

Z- ,/ -a¥(x - 2bx%) y,

00
tvg/e-(z4-eaét‘?)dz

54 a'az Sla*b® 951a%6° 13- -9-9-1a%62
'E[IF/ Mo =g & o
3 Ja"é 7.3.a%6*, 11-7.3a%°, ]
rab/(5)(1+ 7 = ...)

a®b?
k| 5= 1.1 a®6* 2%°
3 [e 5057 * v amzt

*aé/q/;}/j* +* fooace

at* 2967 )
=4 95 422/

It was shown that this integral could be expressed in terms of the
Bessel functions JZI and J'il as follows:

7 2&2
o [ a5
where
P rcs Zar?y
7

. }P%{F/i/) =3
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If the wotal frequency is /V

A= N

0 _ ‘ 2
/ e a?(x*2bx )a,x
- 00

This curve is symmetrical with respect to the ordinate at x=0

and has two real modes located at x = f/b_.

Type III: p=0.

Z, = /(/e -afxtr g2l 4,

of
= i [4 '{4‘ 4* e igx)dx

-o0

K 2 (a*g/ ¥ / 2Cnrd
ald n=o0 /2’7)/ / /

fai’;} Jﬂ?‘fy/

k 4
}ﬁ[ﬁfljfl 4.4/ 42E7

/-./a/{/ i;)’ J/afg/

#£6/

N
/ ‘; -adx % 7”ja’z

-0

This curve is not symmetrical and has only one real mode, that
mode being located at x equal to the real cube root of negative g-
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Type IV: The general case.

o i Setngils
(7]
-00
. i/:‘ ”4*"'0‘”;*"1?7“)4;
a
Lo

(-]
. /r/ o (% Px?+0x)
- 00

It was shown that the value of this integral could be expressed
as an infinite series each term of which involved two Bessel func-
tions. But, as pointed out near the close of the previous paper,
although this infinite series may be considered a theoretical solu-
tion of the problem, it does not lead to a simple method of
determining the constants &% g g,k which appear in the frequency
function. It is the purpose of this note to give a practical method
of determining these constants.
Beginning with (5)

0o
- A/e' a¥x%oxtrgx)
- o0
the .44 moment < is defined by

@
il %7 -a"fzﬂpx‘#;x) ”

/ = -0
®8) “n "f/‘: a?(xts px1Gx) 4
)

0 2 L) P 4
I3 R S Ca g
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4 2
Integrate [, by parts, letting «= e'a% 4o’ )»and av-eC Fak.
Then

9 jo.8-g//4xﬂszje-d%‘*plzwﬁyt)dx.

Divide by ./, and multiply by ¥ and the result is

(10) is-ﬁla‘;:ﬁ.?pu_;/.
Start again with ./, in the form (5) and integrate by parts letting
-a"”(zg,ox:f ?l)
U=e and &v = a«. Then

o
2
AD) £ =haf (st zpntgn)e o g5
)
Divide by /, and then
1= d”efla; * ,?pué fgu;)

or

1

(12) a?s .
Yuy+2pu, +guy

Now integrate (11) by parts with «=¢ -a ¥t prs 7z)and

adve(4x*%s2px%+ g% ) ax, This leads to
4 poo
L=22" [ (96 x% 128,02 % Bdgx s 4007 *
(13) o 4/ ) Ay

R
*50p7x"+157"452)o « V=% patega) .

Divide by ./, and obtain
P ,
1.% {96(10’ +228puy fd49u.;. +40p%u, fJO,aga; *157"«4,’)
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or
30
96uy + 126puy +84qu; + 40p%u, + I0pgu, 151y
Squaring in (12) the result is
!
15 04-
(13) (duy +2puy+ 741!’)2
!
16 s 4p%ue g ol Sopuy ) wOge )+ 4pg
Eliminating @ * between (14) and (15) the equation

(13) a*

.

(16) p%4 4041" 120w, ‘?)+72/15u; -Lu/ "/fpg/JOa; -120uu})
o (22l - 480} i} e g (Bl - 280} J1EEuy-u [ )= O

Using relation (10) and
(17) ?‘ee 16u‘;2+ 16puju, +4p"u,’2

eliminate g from (16) obtaining

(18) SA0% 2Bp + 2C = O

and hence

(19) -8 Vﬂ" -104C
o I4

where

A=2u)-Ou] + 150U} -6u)*-Suju; ,
2 p ’,,0 ,,,7 12,7
(0)8=0u/ulu] -60u) %] L0 + 16 o) -B0ufucy -Rletfesf+80u] uy,
,, 12 12,/2 ,,,0 0,7 ’_ ,”2
«3O0uyu} - O0u] u) - #ugul + L20u]uy 4, # Luy-0u)",
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In order to decide upon one of the two values of L furnished
by (18) notice that, equating the first derivative of the frequency
function to zero, the location of the two modes and the minimum
point between them is determined by the roots of the equation

21) 4z3*2pz+g =0.
The condition for three real distinct roots in this equation is
(22) -d,'o"»??;‘?. which requires o< O,

where ;.is found from (17). If -6,0‘?=27g.‘e then one of the
modes coincides with the minimum point. If ,os.-?:O then both
modes coincide with the minimum point.

Extracting the square root in (17) gives two values of
differing only in sign. Now it is easy to show either by geometri-
cal considerations or by examining the algebraic manipulations
leading to (18) that o is independent of the sign of g- Chang-
ing g to-g in (5) has the same effect as changing x to - x or,
that is, reversing the order of the distribution and curve. Also,
changing z to -x leaves the even moments unaltered but changes
the sign of every odd moment. Hence if the value of the function
at the modal position on the left is greater than the value of the
function at the modal position on the right then g is greater than
zero. And if the value of the function at the modal position on
the left is less than the value of the function at the modal position
on the right then g is less than zero. If g:O the curve is sym-
metrical with respect to the ordinate at x=0. Hence o and 2
are determined hy (19), ( 17) and (22), the sign of g being
fixed by examination of the data of the problem or, if necessary,
by trial. The value of @ is then found by taking the positive
square root in (15). Of course (14) would give the same value
for @?.

Now that <%, P and g are determined, there remains only

k to be found. If the total frequency is /V then
® 24 2
A’/e-a 7% % px +7z)dz=/\/
-0
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and hence

(23) b= —; N
‘/e-a‘/x‘fpx"v-?z)dx

[ 4
where the numerical value of the integral in the denominator can

be found by mechanical quadrature to any desired degree of ap-
proximation. For purposes of the quadrature involved here it will
be found that the simple rectangle quadrature formula will give
as good results as could be desired.* Having found 4 then the
constant » is also known since

k' e-a‘e/',

(24)

e 107¢,A' ) log,, ¥
-2 -a«’z’o}me

The points of inflexion are located by equating the second
derivative of the function to zero. The equation is

(25) a?(dx ‘?+2px+g)z-2/6z2+p)- o.

If now x be replaced by x + 777 then
[ J

I

° -0
becomes

@
@ e f T s e o)
-w

30n the degree of Approximation of Certain Quadrature Formulas.
Annals of Mathematical Statistics, vol. IV, No. 2, May 1933, p. 143 by
A. L. O'Toole.
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where )

p, =4m

Py = 6mtp,

Py = 4m"*2mp+;.,
(26) g = mhmipemger.

The data* in the first two columns of the table given here
will provide the basis for an illustration of the method described
above for determining the constants. The numbers in the first
column are the classes into which the plants were divided. In the
second column are found the frequencies corresponding to the
various classes. In constructing the third column the origin for
x was arbitrarily placed to correspond to the class 25. Taking

& = anf/t)
7 2 flx)

the first six moments and the eighth moment are found to be

-2 5 = 0.1946903,
= I:gza6 31.26572,
- 1‘325425 27 09735,
u !2_405_022_5‘!- 2212. 973,
A 1z.§260 410.3540,
o= _44572229 209228.5,
ya 10422; 52504 =23071842 .

+This data, except for slight modifications, was extracted from that
of W. L. Tower on the Seriation of Counts of Rays of Chrysanthemum
Leucanthemum, Biometrika No. 1, 1901-2, p. 313.



90 A METHOD OF DETERMINING THE CONSTANTS

F#
REQUENY ’ ’ Comoureo
SS X . =
Cen o) Y 2.0y"=y FREQUENCY
9 -16 031102 077755 0
10 -15 300472 751180 1
11 -14 1.583594 3.958985 4
12 1 -13 4.991068 12477670 12
13 8 -12 10.246676 25.616690 26
14 3 -11 14.831798 37.079495 37
15 6 -10 16.280112 40.700280 41
16 9 -9 14.482540 36.206350 36
17 9 -8 11.089036 27.722590 28
18 8 -7 7.712195 19.280487 19
19 14 -6 5.108903 12.772257 13
20 27 -5 3.359072 8.397680 8
21 43 -4 2.269766 5.674415 6
22 34 -3 1.621764 4.054410 4
23 32 -2 1.252760 3.131900 3
24 31 -1 1.062910 2.657275 3
25 30 0 1.000000 2.500000 3
26 24 1 1.046530 2.616325 3
27 20 2 1.214445 3.036112 3
28 20 3 1.547935 3.869837 4
29 16 4 2.133051 5.332627 5
30 12 5 3.108096 7.770240 8
31 20 6 4654336 11.635840 12
32 20 7 6.917724 17.294310 17
33 30 8 9.793409 24483522 24
34 21 9 12.593310 31.483275 31
35 6 10 13.938151 34.845377 35
36 6 11 12.502565 31.256412 31
37 2 12 8.504388 21.260970 21
38 13 4.078577 10.196442 10
39 14 1.274131 3.185327 3
40 15 238029 595072 1
41 16 024259 060647 0
452 180.792704 452

W
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Formulas (20) give
A=-1409. 786
B=-790428.9,
C=-15354106.
Hence from (19)
p=-202. 7862

or
p=-21 48292,

But po=-21 48292 and the value of g to which it leads do
not satisfy the relation (22) hence use o=-202.7862. Cal-
culate [ from (17) and use the positive square root since an
examination of the data shows that the value of the function at
the left modal value is greater than the value of the function at
the right modal value. Hence

g= 29 4284,
Formula (15) now gives as the positive square root
a‘e oop2640.
Using these values for a‘f,o,ythe values of the function
y,ze-a‘eﬁr‘fpz"f;x)
are calculated for integral values of x from x=-76to x=16
and tabulated in column four. The constant A& is then found by
dividing the total frequency 452 by the sum of column four.

Hence
P 452

780 7oz704 " < 900100,

By (24)
r=-3472.578.

The function can now be written

J/-Z.fe"mmm 202.76625%+ 29 4204%) e fu 25,

or ye o~ 0002640(i% 202.7662 27+ 29,4264 x - 3472.578)
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The values of the ordinates for this function are given in
column five and to the nearest integer in column six.
Equation (21) becomes
4% 2(202.7862)x+29 4284 = O

which has the roots (approximate) x=-/01, x= O O07, x=10.03
It should be noted that the sum of the three roots must equal
zero. Hence the modes are located at x=-70.f and at x=J003
with the minimum point at x=203. These roots can be deter-
mined to any desired number of decimal places by Horner’s
method.
If now x is replaced by x<-&Jso that the new values of »

are respectively equal to the numbers in the class column, the
function becomes

Y- o 0002045~ 1005943547214 % 2- 52331.26x + 2596063.5)
The modes are now located at x=7/49 and x=35.Q3 with the

minimum point at x=25.97. In the figure are shown the original
distribution and the curve.represented by this equation.



