EDITORIAL: A.L.O’TOOLE

ON A BEST VALUE OF R IN SAMPLES OF R
FROM A FINITE POPULATION OF N.

In recent years the problem of finding the moment coeffi-
cients for samples of 2 drawn from a finite population of 7z has
been of interest to so many writers' that it seems worthwhile to
make a few further observations® concerning these moment co-
efficients—particularly with respect to their dependence on 2. In
many instances the value of 2 to be used is at the discretion of
the investigator and he would like to know if there is one value
of & which is better than any other. An answer to that question
will be given here.
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The differential operator method developed by this writer®
for finding the moment coefficients not only was a very simple
method but had the added advantage of leading directly to some
theorems whose generality had not been established previously.

Using the notation of the previous paper let the finite parent
population of ~ be composed of the w variates x,, x,, X,,
..... » %, . From this gqlzulation draw all of the ,C, different
iglmples and let 2 = Zx i=1,2,3, ...., y&,, where
S 3 designates the sum of the 2 values of »x which appear in
the i_*h;amplc. * With this notation it has been shown in the paper
cited that
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and Sw:x. = Z; x’i » w = l, 2, 3, .....

The summation in (1) is to be taken over terms such that
LivJirke + oo =t where I, J,K,....6,4,%, ....
are positive integers, and where [, is obtained from the m
sampling polynomial 77 (w) by replacing the exponents of the
polynomial by corresponding subscripts.
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8 Loc. cit.
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In particular ZD=701, 7;’:7%-7(’,” fzﬁ..%,ﬁzﬁ’

7.";7’= 2 - Tt 12 A 6/%
B = o, - 158 + 504, GOpyt 2p,
R > p -3/ 0 + /80 fo,- 3904, +360% — 1204,

F = Ao - 63 o + 602 £2,-2100 fo,+33b f4-252045,+ 720 o,
where /2 = yx Cow, k<2

It must be kept in mind that the multizplic;_tion of these oper-
ators is symbolic. For examp}g, to find £ £~ first multiply the
polynomials %’ (#) and 77 () by ordinary multiplication and
then the result when the exponenti in Jt_his product are replaced
by corresponding subscripts is 77 fz .

Since in this paper it is desired to consider moments rather
than power sums, replace 5, by (WC.) /té' ,and s by /V/L:v:xl.
Then (1) becomes, after dividing by , C, ,

r J._ X I+J+K r J K
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Now Fg =, 4 C,L_K , A<, hence,

£y 2C-)n-2)- .- (n-%ot1)
wC, vin-1)(wv-2) - (v-%ot1)
Substituting this value for each /¢, in (4) the result is

fquaf/'ow.s 5,
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of

,u,,} m[ > (a-1)(n-2) (1- 3)/4, ™~
6 W (-1 n-2) (wen) ., 4t
+ 4w (n-1) (/V'/L)[M‘M+I)z‘4- » 4, i
¥ 3x (1) () (W=2-1) 4
+ (v-r)nsomn fwz"nv),u,,’:,_]
etc.

Now let ~: a2 . Then
Eqvathons .
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A partial check at this point is to note that for a = 1 only the first
term of each of these moment coefficients remains.
Let a=2. Then the above moment coefficients become

/ 4
( /“/,'z = A "z'lx..
A [.z (/z—/),u, +l, ]
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etc.

It is observed that when a =2, i.e. when 7= 2, the mo-
ment coefficient A is independent of the moment coefficient
/l/—:_, « - Also "‘s:r is independent of ., . But one must
not assume that all the odd moment coefficients of z are indepen-
dent of the corresponding odd moment coefficients of x . For «,, '
is not independent of A, x as is seen by evaluatmg g wluch
is the coefficient of ,u,:,‘ in the expression for <4, .

So far the moments considered have been the moments of x
with respect to the origin from which x is measured and the mo-
ments of 2 with respect to the origin from which £ is measured.
Consider now the moments of = about the mean value of x and
the moments of = about the mean value of = . That is let

E,_‘ = 2;:"/‘7; ) [:/]}/3’--:'}”42)'
x.: x -/, Caly2,3 -0, W
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Then )
AL
Z, = B M= Z x —alf siuce Ml by (5),
nL At
- 2 xm)=Z=.
e.g. 2' = Z,- Mi— = x,'.'-xi.‘.xaf.... > "‘JL—AH,‘

= (o,=M_ )+ Cx-M. )+ (- M )+ -+, M, )

= X R e X rer X
nl

(- =Z x .

Hence it is clear that Z is the same function of X as 2 is of x. In
other words &, , —(the moment of = about the mean of =)—
is the same function of ¢, , 4., 4., ....—(the moments
of x about the mean of x)—as </, wasof 4’ . 4.,
There is one important simplification however due to the fact that
~4,... = 0 and hence all terms which involve &, ., vanish. With
this in mind (6) becomes

S
([ M, =0 aty, - 2t

2 2. %

. = 23(a-1)(a-2)
7z (ar -1 )(anr-2)

.. = 3443(11—:)(0-:)[4(4-')#] ”“’:-x

THE ar-1ar-2)(an-3) ’

3.

8
) + 2 a%-1a*r12a -¢)rA’a(a-1) «
(ar-1)(an-2)(an-3) x
. toa (a-1)(a-2)(n-1) (arn-2-1) “
it (an-1)(an-2)(an-3)(ar-%) i “orx
+ 24 @-1)(a-2)(an-12an rI2Rt5a) s,
\ (ar~1)(an-2)ar-3)(ax-+) e
etc.

Here again it is noticed that for @ = 2, i.e. for » =22, My
is independent of ¢, , . In other words the skewness of the
distribution of z is independent of the skewness of the parent
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population of x . Similai-ly g, 5 is independent* of ¢, . and
also independent of 4«,,, . But since £ is not zero for a = 2,
44,3 is not independent of ¢, .

" Now consider the variance of # 5

kN
L (a-
J“z,i’: _—(;——)- 2:2C
' an- '

2
= %ﬁ'_,&éz,x (since w=a. k).
Obviously it would be very desirable to have the variance (squared
standard deviation) a minimum. Since the variance is a function
of 2 differentiate .<¢,., with respect to.2.
ﬁ% Az = !%?/—L Alzix -
To make 44,,, a minimum 222% 4. = 0 and hence y=21

2
or, thatis, a =2,
2=

N _ N
When d-=2, /‘3:1=m4«‘z;x, o;-zm_:,._r;.

In conclusion it may be said that there would seem to be
good reason to suggest that, when possible, the investigator ar-
range to have twice as many variates in the control group or par-
ent population as in each of the samples to be analyzed. Taking
A= % will instre that the skewness of the samples will be
independent of the skewness of the parent population and also
that the fifth moment of the samples will be independent of the
fifth moment of the sampled population, In addition, taking
~=L will cause the variance (squared standard deviation)
of the samples to be a minimum. Choosing .2 = 4 presumes,
of course, that # is an even number. But in most instances it should
be possible to arrange that # be even. For if an odd number of
observations are given either another observation may be added or
one of the given observations deleted to"make 4 even,

+ [ vanishes with & because /5 = E(1—12F). But £ is not
a factor of 7; . ’



