AN APPROXIMATION TO “STUDENT’S” DISTRIBUTION*

By Wavurer A. HENDRICKS
I. Introduction

The function commonly known as “Student’s” distribution occupies a promi-
nent position among the classic contributions to the field of statistics, not only
for its intrinsic value but also for the stimulus which it gave to statistical re-
search at the time of its discovery.

The function, which may be written in the form,

_ 1
~ Bli(n — 1), ]

gives the distribution of the ratio, z, of the estimated arithmetic mean, Z, to the
estimated standard deviation, s, for samples of n observations drawn from the
normal universe specified by the arithmetic mean, zero, and the standard
deviation, . This function, together with a table of values of its integral was
given by “Student.”’®1°

In view of the fact that similar distributions were subsequently found by
Fisher? to arise in a larger variety of practical problems than was originally
supposed, a table of values of a new integral was later given by “Student”*
in which the distribution of a variable, ¢, defined by the relation,

@) t = (n — ¥,

rather than the distribution of z itself, was considered. Another table giving
the distribution of ¢, in a form intended to be more convenient for use by re-
search workers wishing to apply statistical methods to experimental data, was
later given by Fisher.?

The integration of functions of the type defined by equation (1) involves
considerable labor, a fact which has been somewhat embarrassing to practical
statisticians interested in the distributions of z and ¢ for values of n larger than
those included in the above-mentioned tables. The recent appearance of
Tables of the Incomplete Beta-Function, prepared under the direction of
Pearson,” has considerably alleviated the difficulty, but the requirements of
certain practical problems are not easily satisfied even with the aid of these
tables. Consequently, simple approximations to the distributions of z and ¢,

(1) dF, (1 + 22)-tnde,
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which will be sufficiently accurate for most practical purposes, should be of
some interest.

According to ‘“Student,””® the distribution of z tends to approach a normal
curve with a standard deviation of (n — 3)~* for values of n greater than 10.
However, Deming, and Birge! have recently suggested that the distribution
tends to approach a normal curve with a standard deviation of (n —13)~%

This thesis presents a simple approximation to the distribution of z, which
can be readily extended to the distribution of ¢ and which will give more accu-
rate results than either of the above approximations.

II. Approximation to the Distribution of Z

The approximation presented here is based upon the assumption that, for
large values of n, the distribution of s tends to approach a normal curve with the

arithmetic mean, §, and the standard deviation, éii_n*’ that is,

P (s—z)
3) dF, = ¢~ #07 g,

i

Since the distribution of the estimated arithmetic mean, %, is known to be

normal, with the standard deviation, 7%, we have for the joint distribution of
s and Z:

n - pats- -
(4) dFs, 3= é’_mu-'z g ds dzx.

§ may be expressed in terms of n and ¢ by the well-known relation,

5) § = cpo,
in which the factor, ¢, , is defined by the formula,
_ 2 TI(n)
© = W i - D)
If we write, c,0, in place of §, in equation (4) and make the transformation,
Q) T = sz,

we have for the joint distribution of s and z:

n - :—’ 2224 (s—cp0)%)

g2

(8) dF,,. = s ds dz.

To find the distribution of z, all that is necessary is to write:

+o0
(9) dF, =k [ f e—(ad’ g ds] dz,
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in which:
_ n Mn’z?%
g2
3
(10 o= (2 4 24,
g

b = 2inic, (22 + 2)—L

The integral in brackets in equation (9) can be evaluated without any diffi-
culty. We have:

e _ 2 bﬂ'*
(11) j_; e~ sds = e

Substituting this value in equation (9) and replacing k, a, and b by the quan-
tities which they represent, we obtain the following expression for the distribu-
tion of z:

Yoo — e P
(12) R, = 2% 7 i (2 4 9) .

e

If we now define a new variable, u, by the relation,

z2
2+ 2
and make the appropriate substitutions in equation (12), we have, for the dis-
tribution function of u:

(13) u = 2nc,?

1 .
(14) dF,u = 2%—7#6 ¥ du.
Equation (14) is obviously a normal curve with unit standard deviation. We
have thus deduced the interesting fact that, for values of n sufficiently large so
that the distribution of s may be represented by a normal curve, the quantity,

2inic, % s distributed as a normal deviate with unit standard deviation.

(# + 2)¥
The accuracy of this approximation as compared with that of the approxima-
tion suggested by “Student’® and that of the more recent approximation sug-
gested by Deming and Birge! may now be considered. As previously stated,
the ‘“Student” approximation is based on the assumption that the quantity,
(n — 3)¥, is distributed as a normal deviate with unit standard deviation for
values of n greater than 10, while that suggested by Deming and Birge is based
on the assumption that the quantity, (n — 11)%, is so distributed.
Table 1* gives values of the integral, I,, defined by:
1 2z

(15) L= —n,9 L.

(1 4 22)~inde,

* All tables and charts to which reference is made are to be found in the Appendix.
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for the case, n = 10, together with the corresponding approximate values ob-
tained by making use of the three approximations suggested by “Student,”
Deming and Birge, and the present author, respectively. The exact values
and those obtained by the “Student” approximation were derived from values
calculated by “Student”® and given by Pearson.® All other data in the table
were calculated by the present author.

An inspection of Table 1 shows that the values of I, based on the approxima-
tion presented in this thesis agree very well with the corresponding exact values.
The agreement is better than that found in the case of either of the other two
approximations. The Deming and Birge approximation gives better results
than the “Student’’ approximation for values of z in the neighborhood of zero,
but for other values of z the opposite is true.

III. Approximation to the Distribution of ¢

Since tables giving the distribution of the variable, ¢, have largely superseded
those giving the distribution of z in practical statistical work, the feasibility of
applying the above three approximations to the distribution of ¢ is worthy of
consideration.

The variable, ¢, has already been defined in terms of »n and z by equation (2).
If, in equation (12), we make the transformation,

(16) z=(n— 1¥,

we have, for the distribution function of ¢:
)

Y(n — —nen?
(17) dF, = ?ﬁ@__lﬁe #+2(n—1) [p + 2(n — 1)]—! dt.

o

If we now define a variable, v, by the relation,

2
= 2
(18) 2 = 2nc, From—1’
we have, for the distribution function of »:
= L g
19) dF, = 3¢ d.

Equation (19) shows that, for values of n sufficiently large so that the distribu-
tion of s may be represented by a normal curve, the quantity,

. t

opte,

B T )

is distributed as a normal deviate with unit standard deviation. On the other

hand, if we assume with “Student’” that, for large values of n, the quantity,

(n — 3)¥, is normally distributed about zero with unit standard deviation, we
(n — 3)}

should expect to find that the quantity, =1y t, is also distributed as a normal
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deviate with unit standard deviation. If the Deming and Birge approximation

to the distribution of 2 is assumed to be valid, we should expect to find that the
— 11)3

quantity, —_((7:7' — 11%))* t, is distributed as a normal deviate with unit standard

deviation.

To test the accuracy of each of these three approximations to the distribution
of ¢, we may make use of the well-known table of values of ¢ given by Fisher.?
This table is so constructed that a value of ¢ corresponding to a given number of
“degrees of freedom” and a given value of “P” may be read from the table,
where P is defined by the relation,

2 ¢ I —in
@ P=l- e yEaG =D, %]A (‘ + 1737) &

The entries in the last line of the table, corresponding to an infinite number of
“degrees of freedom,” are the deviates of a normal curve with unit standard
deviation.

To test the accuracy of the ‘“‘Student’” approximation, we may calculate the
entries for a line of this table, corresponding to n» — 1‘degrees of freedom,” by

— 1)}

multiplying the entries in the last line of the table by ———E:: ;; g These approxi-
mate values of £ may then be compared with the exact values given in the table.
The accuracy of the Deming and Birge approximation may be tested in the same
manner, except that in this case the entries in the last line of the table should be

— 1)}
multiplied by (51,1—11_;)3 To test the accuracy of the approximation given by
equation (19), we may calculate the values of ¢ corresponding to n — 1 “degrees

of freedom”’ by means of the relation,

_2(n — 1)»?
@ = i

in which the entries in the last line of the table are to be taken as the values of v.

Table 2 gives the exact values of ¢ corresponding to the values of P given in
Fisher’s table for n = 10, together with the approximate values calculated by
means of each of the above three approximations. This comparison of the
accuracies of the three approximations is equivalent to the comparisons pre-
sented in Table 1. The conclusions which may be drawn are in agreement with
those which have already been drawn from that table.

In order to test the behavior of each of the approximations for a larger value
of n, values of ¢ corresponding to the different values of P were calculated for
n = 30. The results are presented in Table 3. The rank of each of the three
approximations, with regard to accuracy, for n = 30 is the same as for n = 10.
Although all three give more accurate results for the larger value of n, the
superiority of the approximation presented in this thesis is quite apparent.
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For extremely large values of n, all three approximations evidently tend to
become one-hundred percent accurate, for the distribution of ¢ tends to become
normal as n is increased indefinitely. In the case of the ‘“Student’” and Deming

— 1) — 1)}
and Birge ap;.)roximation,s, the ratios, % and ((nl——f%*’ obviously ap-
proach unity, respectively, as n becomes very large. The approximate value of
t given by equation (21) also tends to approach the normal deviate, v, as n is

increased for we have:

. o 2n—1) . 2np? 20
lim# = lim &5 g — — Im [2nc,.2 —#  2nei — vz:l
(22) g 202
=}‘1_’n£1°l:2 _22__-2nc,.2—v2 =
T 2n

IV. Discussion

The greater accuracy of the approximation to the distribution of z presented
in this thesis apparently can not be explained by the hypothesis that the distribu-
tion of s becomes normal more rapidly than the distribution of z as n is increased.
Table 4 presents values of the ordinates of the normal curve with unit standard
deviation, together with the corresponding ordinates of the exact distributions

. 2int - z
of the quantities, — (s — 3), (n — 3)¥%, (n — 1})¥, and 2nlc, @V for

iy .
n = 10. Although the distribution of 2—:'— (s — 3) seems to follow the normal

curve more closely than does the distribution of (n — 3)¥, the opposite seems
to be true in the case of the distribution of (n — 13)%. The distribution of

ind d
e @ o

The behavior of these distributions for n = 10 can be observed more easily

however, follows the normal curve quite closely.

it
in Figures 1, 2, and 3 in which the frequency curves of —2—;7!- (s — 3), (n — 3)¥,
and (n — 13)¥ are respectively plotted together with the normal curve with
unit standard deviation. The frequency curve of 2inlc, (122-7-—253 was not

plotted because of the fact that this curve follows the normal curve so closely
that the two curves could not be distinguished when plotted on the scale used in
the other three charts. -

The most reasonable conclusion which can be drawn from Table 4 and Figures
1, 2, and 3 is that the departure of the exact distribution of s from the normal
curve has very little effect in destroying the normality of the distribution
of 2ndc, — 2

@+ 2
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V. Values of the Factor, ¢,

For the practical application of the approximations to the distributions of
z and ¢ presented in this thesis, a table of values of the factor, ¢, , is required.
Values of thig factor, for values of n as high as 100, have been tabulated by
Pearson* ¢ and by Shewhart.® For values of n greater than 100, ¢, may be
calculated accurately to at least five significant figures by the following relation,
given by Pearsont and by Deming and Birge!:

. 3 7
(23) c”—l_z’lz—é—é’;ﬁ.
Table 5 presents values of ¢, for some large values of 7, calculated by the
present author. For values of # not included in this table, ¢, may be calculated
by means of equation (23) just as rapidly as by interpolation in the table.

V1. Summary and Conclusions

For values of n sufficiently large so that the distribution of s may be repre-
sented by a normal curve, the quantities,

z t
(& + 2) [ + 2(n — DI

are distributed as normal deviates with unit standard deviation. The results
obtained by assuming a normal distribution of s are more accurate than those
obtained by assuming that either (n — 3)¥z or (n — 1%)¥ is distributed as a
normal deviate with unit standard deviation. For extremely large values of n,
the distribution of each of the above quantities tends to approach a normal
curve with a mean of zero and unit standard deviation.

and 2¥nic,

2inic,
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VIII. Appendix
TABLE 1

Ezact values of I, and approximate values, derived from tables of the normal
probability integral, for n = 10

I'
¥4 “ ” . . .
Busct value | oStudents | Doming & Bree|_ Hendricke

—-2.0 .0001 .0000 .0000 .0004
—-1.8 .0002 .0000 .0000 .0006
—1.6 .0005 .0000 .0000 .0010
—-1.4 .0011 .0001 .0000 .0018
—-1.2 .0029 .0007 .0002 .0038
—-1.0 .0075 .0041 .0018 .0086
- .8 .0199 .0171 .0098 .0211
- .6 .0527 .0562 .0401 .0635
- 4 .1304 . 1448 .1218 .1307
- .2 .2816 .2984 .2799 .2817

.0 .5000 .5000 .5000 .5000
+ .2 L7184 .7016 .7201 .7183
+ 4 .8696 .8552 .8782 .8693
4+ .6 .9473 .9438 .9599 .9465
+ .8 .9801 .9829 .9902 .9789
+1.0 .9925 .9959 .9982 .9914
+1.2 L9971 .9993 .9998 .9962
+1.4 .9989 .9999 1.0000 .9982
+1.6 .9995 1.0000 1.0000 .9990
+1.8 .9998 1.0000 1.0000 .9994
+2.0 .9999 1.0000 1.0000 .9996
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TABLE 2

Ezact values of ¢ corresponding to different values of P and approzimate values,
derived from normal deviates, for n = 10

t
4 o " . . .
Exaot value | o0 mavion | spprogimatios | approstmstion
.90 129 .142 .129 .129
.80 .261 .287 261 .261
.70 .398 .437 .396 .398
.60 .543 .595 .540 .544
.50 .703 .765 .694 .703
.40 .883 .954 .866 .884
.30 1.100 1.175 1.066 1.104
.20 1.383 1.453 1.319 1.386
.10 1.833 1.865 1.693 1.844
.05 2.262 2.222 2.017 2.290
.02 2.821 2.638 2.394 2.896
.01 3.250 2.921 2.650 3.389
TABLE 3

Ezact values of t corresponding to different values of P and approzimate values,
derived from normal deviates, for n = 30

t
P ‘e sy . . .
Bractvalie | o e ation | approcieatis | apmeadottn
.90 127 130 12 127
80 256 263 .256 256
70 389 399 389 389
.60 530 543 529 530
50 683 699 680 683
40 854 872 849 854
.30 1.055 1.074 1.045 1.055
20 1.311 1.328 1.293 1.312
10 1.699 1.705 1.659 1.700
05 2.045 2.031 1.977 2.047
02 [ 2.462 2.411 2.347 2.466
.01 2.756 2.670 2.598 2.764
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TABLE 4
Ordinates of the normal curve with unit standard deviation and ordinates of the
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int
exact distribution functions of 2—:- (8 —3), (m — 3)¥z, (n — 13)¥2, and

z

2inic, Lo forn =10
Ordinates of distribution function
Deviation from

mean Nomal | 285 | (-9 | (n—1hiz [2inkc, CE
—-3.0 .0044 .0006 .0071 .0108 .0034
—-2.5 .0175 .0085 .0181 .0254 .0156
—-2.0 .0540 .0454 .0459 .0581 .0544
—1.5 .1295 .1356 .1092 .1234 .1306
-1.0 .2420 .2663 12256 .2290 .2426
- .5 .3521. .3751 .3692 .3454 .3522

.0 .3989 .3999 .4400 .3991 .3990
+ .5 .3521 .3343 .3692 .3454 .3522
+1.0 .2420 .2245 .2256 .2290 .2426
+1.5 . 1295 .1233 .1092 .1234 .1306
+2.0 .0540 .0560 .0459 .0581 .0544
+2.5 .0175 .0213 .0181 .0254 .0156
+3.0 .0044 .0068 .0071 .0108 .0034

TABLE 5
Values of c. for large values of n
n Cn n Cn

100 .99248 900 .99917

150 .99499 1000 .99925

200 .99624 2000 .99962

250 .99700 3000 .99975

300 .99750 4000 .99981

350 .99786 5000 .99985

400 .99812 10000 .99992

450 .99833 20000 .99996

500 .99850 30000 .99997

600 .99875 40000 .99998

700 .99893 50000 .99998

800 .99906 100000 .99999
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