ON TESTS OF SIGNIFICANCE IN TIME SERIES
By G. TINTNER

The purpose of this note is to give some tests of significance for problems
connected with time series. H. Wold [1], in a recent book gives an excellent
theoretical treatment of this subject (without treating, however, the important
problem of the trend), but he does not give any tests of significance, [2]. These
have proved extremely important in other fields, especially in biological appli-
cations. The method used in what follows may be found useful also for other
problems in time series.

1. A Test of Significance for the Variances of Differences. The Variate
Difference Method, [3, 4, 5], starts from the assumption that the time series
w; (¢ =1, 2...N) consists of two additive parts: A “smooth” part m,, the
mathematical expectation of w;, and a random part z; , which we will assume
to be normally and independently distributed with mean 0 and variance o
Hence we have

1) ws = m; + %, ti=1...,N

if we have N items in our series.
We form the finite differences and get for the difference of order &

) Arw; = A'm; + Az .

But the smooth component or mathematical expectation can be eliminated to
any desired degree by successive differencing. This would not be true of a
““zig-zag’’ component or a periodic function with small period [6]. It will be
remembered, that for instance the differences of order k¥ of a polynomial of
order k are constant and that differences of order (k + 1) and higher are zero.

O. Anderson and others who worked in this field have tested the order of the
difference, say ko, beginning from where the component m; is sufficiently
eliminated, in the following way. They define the variance oi of the k-th
difference by

N~k

3) ok = .;1 (A*w)*/ (N = k)2Ch).

We note that all variances of the differences beginning from k, must be equal

to each other, because they will contain only the component z;, if the other

component m; has been eliminated through taking ko differences. O. Anderson

and R. Zaykoff, [3, 7], give formulae for the standard errors of the difference
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140 G. TINTNER

between the variances of the differences k¥ and k¥ 4+ 1. These formulae are
valid only for large samples and suppose a knowledge of the true variance o°.

We propose a new method for testing the equality of the variances of two
successive differences in order to find the order of the difference k, beginning
from which we have

(4) “:o = 620-{-1 = G:O""’ =

This method is one of selection and it consists in selecting the items to be
included in the variance of the k-th difference, o}, in such a way that they
become independent of the items to be included in the calculation of the variance
of the difference of order k + 1, o3;1. Then the ordinary test of significance,
i.e. the one involved in the analysis of variance as developed by R. A. Fisher [8],
becomes applicable.

Let us consider an example. Suppose we want to compare the variance of
the first differences and of the second differences, in order to test the hypothesis
that the component m; has already been eliminated in the first difference. But
the process of forming finite differences has introduced correlations, even if the
original random elements z; are independently distributed. Each item in the
series of the first differences will be correlated with the next and the preceding
item. Each item in the series of second differences will be correlated with the
two preceding and the two following items of the same series. But each item
of the series of the first differences will also be correlated with the two pre-
ceding, the corresponding and the following item of the series of second
differences.

We can make a very simple valid comparison in spite of these correlations
if we sacriﬁce some of the available information. We can for instance calcu-
late ¢ by including only 1tems number 1, 6, 11, 16 etc. of the series of first
differences. And we calculate o3 by mcludmg only items number 3, 8,13, 18
etc. of the series of second differences. The two quantities ¢3 and c§ are
independent and hence can be compared by using either Fisher’s z test, [8],
or Snedecor’s F table [9]. The variances are

®) o = W/ (‘N D) e
®) o = X @) ((N =2 .c,)

where )" and Y_" denote summation over the selected items. Other selections
which are possible are: Items number 2, 7, 12 etc. of the series of first differ-
ences and items number 4, 9, 14 etc. of the series of second differences. Or
items number 3, 8, 13 of the series of the first differences and items number
5, 10, 15 etc. of the series of second differences. Or items number 4, 9, 14 etc.
of the series of first differences and items number 6, 11, 16 etc. of the series of
second differences. Finally, items number 5, 10, 15 etc. of the series of first
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differences and items number 7, 12, 17 etc. of the series of second differences.
These 5 selections are of course not independent of each other. The com-
parison can always be made by calculating the variances according to formulae
(5) and (6) and using either Fisher’s z table, [8], or Snedecor’s F table, [9],
for (N — 1)/5 and (N — 2)/5 degrees of freedom. If N is large enough, these
two numbers will be near enough together in order to use the property of the z
distribution to become normal for equal degrees of freedom, [8]. Then we can
assume that z = (log .07 — log .03 )/2 is normally distributed with mean zero
and standard error /5/(N — 2).

Should the test turn out positive, i.e. if the difference between the variances
is greater than permitted from the point of view of certain significance levels,
then we have to compare the variance of the second and the third differences,
by selecting items in a similar manner and so on.

The general procedure is as follows: If we want to compare the variance of
the difference number % and the difference number k¥ + 1, we find that we can
only use a part of our available series, because we must make a selection in
order to get two independent estimates. We can make 2k + 3 different selec-
tions, which are not independent but each give two unbiased, independent
estimates of the variances of the differences k¥ and k¥ 4+ 1. The selections
consist in taking items number 7, j + (2k + 3), j + 2(2k + 3),j + 3(2k + 3)
ete. of the series of k-th differences and items numberj + &k + 1,7 +k+ 1 +
@2k +3),j+k+1+22k+3),j+k+ 1+ 32k + 3) etc. of the series
of (k + 1) difference. j is here equal to 1, 2, 3 ... 2k + 3, giving 2k + 3
possible selections for the comparison.

The variances of the difference number k and & + 1 are calculated according
to the formulae

o e /()
® ot = Ty [ (VoD ).

The summations are again taken over the selected items and we can make
an ordinary analysis of variance with Fisher’s z table or Snedecor’s F table
entering it for (N — k)/(2k + 3) and (N — k — 1)/(2k + 3) degrees of freedom.
If N is appreciably large, we can assume the number of degrees of freedom as
equal and z = (log .} — log .o%11)/2 is normally distributed about zero with
a standard error of /(2k 4+ 3)/(N — k — 1).

2. The Distribution of the Serial Co-variance. A similar method yields the
distribution of the serial covariance, i.e., the product of a random series with
itself if lagged by a lag L. We assume that z;,¢ = 1, ..., N, is a series of N
terms which are normally and independently distributed with mean zero and
variance one. We form the serial covariance w by lagging it by L terms and
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make a selection. We only include the products number 1, 1 + (L + 1),
14 2(L+1),1+ 3(L + 1) etc. The following formulae are exact only if N
is a multiple of L + 1, otherwise they have to be regarded as approximations.
The serial covariance w is

9 w = (T1Ze41 + Try2Tarqe + TorsTarys + <) / (I—J—I_%—l)

We shall use the method of characteristic functions, [10], in order to establish
the distribution of w. The characteristic function is in our case
+4-00

(10) E(e-'wy) = g(y) —_ .L” cee .[:w e‘""’fdﬁ oo dzy

where f is the distribution function of the z;, i.e., a distribution of N normal
and independent variates with zero means and unit variances.
An orthogonal transformation of the quadratic form in the exponent yields

8 determinant, which consists of LI_V}_ i steps each of the form
1 0 .- —i(L+ 1)y/N

L + 1)’y

an 0 : 0 - (__"I'vz)_
—i(L+1)y/N 0 1
The characteristic function is therefore given by
L 1)} —3N(L+1)

(12) g(y) = [ %]

and the distribution of w, say D(w), is given, [11], by

D(w) = 511; [:ﬁ " g(y) dy

(13) l("m ( )‘(1+:.+1) V.
T o R G

where K is a Bessel function of the second kind for a purely imaginary
argument, [12].

We can also get from (12) an asymptotic formula for large N. In this case w
is distributed normally about zero with a variance of (L + 1)/N.
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