ON CERTAIN LIKELIHOOD-RATIO TESTS ASSOCIATED WITH THE
EXPONENTIAL DISTRIBUTION

By Epwarp PauLson
Washington, D.C.

Various likelihood-ratio tests and their distributions in samples from a popula-
tion having the elementary probability law ;e_(’_" o B < z < o, have been

studied by Neyman and Pearson [1] and Sukhatme [2]. In this note the power
functions and the question of bias of several likelihood-ratio tests will be in-
vestigated. The exponential distribution appears to be appropriate for dealing
with problems involving the intervals of time between events which tend to be
random, as for example the interval between consecutive telephone calls, or
the interval between consecutive accidents to the same worker.

To test the hypothesis A’ that the location parameter B is equal to some
fixed value, it being assumed that the scale parameter ¢ is known, we can for
simplicity take the set @ of admissible populations from which the sample might
have been drawn to be {—© < B < + o, ¢ = 1}, while the subset w from
which the sample must come when the hypothesis is true is {B = 0, ¢ = 1}.
Then the likelihood-ratio A, for testing this hypothesis is

-2 =
P(w max.) e i=1 —
A= = - = e ,
P(2 max.) -3 Gieen)
€ =l

where z, is the smallest observation in a random sample of n. The region of
acceptance of this hypothesis consists of all points in sample space for which

Me <M<,

1
where Ay, is chosen so that 'I; g1(\1) d\ = 1 — a, a being the level of significance
le

used and g (\;) d\; being the distribution of A; when B is really equal to zero.
The region ;e < M\ < 1 is equivalent to the region in the sample space for which

os:cISkl;k1=—‘°gT“.

For any value of B the distribution of z; is known [3] to be

$1(x) dzy = ne " g, |
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Setting B = 0, the relationship between k; and a is
[lne‘”"dx1= l—a 80 e™ =a
When B < 0, the power function P(B), for this test is
PB)=1— [l ne " dr =1 — "1 — al.

k1
When 0 < B < ki, P(B) = 1 — f ne™ "™ gy, = ¢, When B > ki,
B

P(B) = 1.

Since ¢™® > 1if B > 0 and also ¢™ < 1if B < 0, P(B) is obviously > a if
B = 0. This test is therefore completely unbiased in the sense of Daly [4].
In addition, it is not difficult to prove that this test has the unusual property
of being a uniformly most powerful test with respect to all alternatives.

To test the hypothesis H’’ that the location parameter is equal to some fixed
value, say B = 0, when the scale parameter ¢ is unknown, the likelihood-ratio
is easily seen to be

; (276 - 331) 1 n
A = -'—————— = ‘
Z X5 1 + _".ﬂ__
=t E (i — z1)

$e=l

The region of acceptance consists of all points in the sample space for which

)\24 S X2 <

1) 0< f(L_l)__x‘=t < ke e = (n — )(1 1/):;.").
‘Z; (3?&—.'01)

The relation between k2 and « is easily found from the distribution of ¢ when
B = 0, which is known to be [3]

1
1 where _/ ga(A2) d\2 = 1 — . This is equivalent to the region
Age

#a(t) dt = [—;—:‘-}—LT .

n—1

k' —(n—1)
Therefore fk ea)dt=1— a, so [ 1] = a.

It is somewhat easier to find the power functlon of this test by considering the
region of acceptance as made up of points in the z,, s plane for which

n

< hs 2 (2 — )

0< s < - where s = =t

- n"‘l ’

which is identical with the region in (1).
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The joint distribution of z, and s is [3]
Yi(x1, 8) dryds = ¢a(z1) dzr-du(s) ds,

where
3(x1) dz, = ge—"(zl“B)lv dz
and
(n ; 1>n-—l R TR
¢4(3) dS = (n — 2)!
When B < 0, the power function P(B) of this test is

kos/n

Hm=1—£¢ko Yi(zs) day = 1 — &™[1 — a.
When B > 0, the power function is
0 kas/n
PB =1-[ as[" yia, ) dm
Bn/kg

B
,n(n - I)B] _ aenB/vl[n _ l'n(n -1 +k2)B]’

(2)
— nBlo -
= e + I ['n 1 H akz H o’kz

* -1 _—z
Tu(p) _ j; v ds
I'(p) ® ey
L‘ ¥ e "dx

which is the form in which the Incomplete Gamma Function has been tabulated
[5].

Since ¢ must be. positive, ¢"* < 1if B < 0 and therefore P(B) > « in the
interval — o < B < 0. To show that P(B) is > ain theinterval 0 < B < o,
it is simpler to work with the expression for P(B) as a double integral in (2),
than to differentiate the power function directly. Performing the integration
with respect to z,

where I[p; z] =

P(B) =1+ ) [e=® =Bl _ 1], 64(s) ds.

Bn kg

Differentiating with respect to B,
PB) = [ Lemeg s ds
n/fky

The integral expression for P'(B) is obviously positive. Therefore since for
B > 0 the derivative is always positive the function must be monotomically
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increasing in this interval (0 < B < + ®), so P(B) is > a when B > 0. There-
fore this test is also completely unbiased.

We now consider the hypothesis H'" that two samples are drawn from ex-
ponential distributions with the same location parameter, assuming it is known
the samples must have come from two exponential distributions with the same

. 1 -
scale parameter. Given a sample of 7, values of z drawn from — ¢ “ 29/ gz
ag

and another independent sample of 7, values of ¥ drawn from% eVl gy the

hypothesis we wish to test is that B, = B;. Let z; be the smallest of the n;
values of z and y; be the smallest of the n, values of y, let L be the smallest of
the n; + ns = N values of both z and y. Then the likelihood ratio for this

hypothesis is

g(xe—x1)+§(y¢—yx)N L W

o :g(xi—L)+§‘;(y.-—L) —[1+5:|’
where z=my— ), I pn>xn
=m@ — ), I =>un,
and u = ,i_; (z: — z) + ;i (y: — y1)-

The region of acceptance, \se < As < 1, is equivalent to the region 0 < Z < K;u,
where K; is again a function of «, the level of significance, the exact relation
being

BN -Da_ o 1
INCEL ’ TF e~
It is known [3] that u is independent of Z, and that its distribution is
u¥ 2™ dy

¢5(u) du = m .
The distribution of z is somewhat complicated; but it can be derived by observ-
ing that the probability that z lies in any infinitesimal interval z; + } dz, is
the sum of the probabilities that ns(y: — ;) and ny(z: — y1) lie in that interval
and by then using standard methods for finding the distribution of the difference
of two variates. For the case @ = B, — By > 0, the distribution f(z) of z is

—n31Glo
file) de = e [me™ ™ + me™]dz, 0 <z < mG,
(3) l noGlo —n1G/o) —zlo
fz(z)dz=[7"162 + mge M9 dz mG <z < .

(m1 + n2)e ’
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For the case G < 0, the distribution of z can be derived from (3) by interchang-
ing n; and ne and putting —G in place of G.

The power function of this test can now be derived. For the case G > 0,
the power function P(G) is

P@) =1 - { [au]” s@otra— [ au ::ofx(z)qbs(u) dz

(4) 0 17373
\
+ [ [ feetu) dey.
noGlkg ng@ ]
Upon integrating out and simplifying, the power function becomes

—n1G/o

_ [me _ 9. Mm@
P(@) _a<m+n2>+1[zv 2; kw]

nye"cl _ . mG(1 + ks):l}
+ a(nl + nz){l I[N % kso

N—2 -
_ Mg ~n1Glo N 9. G(’nz - nlks)
ny + ne ¢ (’nz - ’nxka) I[N % kso )

The power function when G < 0 is easily derived from that for G > 0 by every-
where interchanging n; and 7, and substituting —G@G for G.

To show that P(G) > a when G 7 0, it is only necessary to show that the
derivative P'(G) of the power function is always positive when G > 0, and al-
ways negative when G < 0. It is again considerably simpler to use the expres-
sion for P(G) as a double integral. For the case G > 0, integrating with respect

to z in (4),

=1 — g _ —G(ntny)e
P@) =1 n;+n2[1 e ]

alks . —nyal
[ e _ g )
o m + me a

n9GJo

ne g ™Ml _
a/k = m-'};'?::z ) (e ‘/’]l'?z‘:? és(u) du,
ng 3

where [f(z)]s = f(b) — f(a). Upon differentiating and simplifying,

’ _ nln2‘ nal/ks —n1Gloy niksu/nge —kgu/o
P@) = 7 + m)e /; e e e leps(u) due

o0
T Ne f e——kaulolenza/c _ 6—"10/’14’5(14) du.
(nl + nz)o' ngG/ks

Both integrals are easily seen to always be positive, so P'(G) is positive when
@ > 0. In the same manner it can be shown that P’'(G) is negative when G < 0.
Therefore this test is also completely unbiased.
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The question of investigating the bias of the likelihood-ratio tests for (a)
testing the hypothesis that ¢ = oo when B is known and (b) testing the hy-
pothesis that ¢ = ¢, nothing being known about the value of B, are practically
identical with the analogous problems for a normal distribution. The results
are also the 'same, for the \ test for (a) is completely unbiased, while that for
(b) is biased.
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