NOTES

This section is devoted to brief research and expository articles, notes on methodology
and other short items.

A PROBLEM IN ESTIMATION

By JosepH F. DaLy

The Catholic University of America

Several recent psychological studies in the field of memory testing [1], [2], [3]
have suggested the following problem. Let each individual E in our popula-
tion be characterized by the variates y', - -+, y"; 4™, -+, y""" (p > t). Sup-
pose, however, that circumstances make it impossible for us to observe the last
¢t variates. For example, we may think of %', - - - , ¥* as an individual’s scores
on a battery of tests, and think of 4", - - -, " as measures of certain psycho-
logical characteristics which, though affecting the individual’s performance, are
not subject to direct observation. To make up for this, assume that we have
a theory which tells us that if y**, ---, y*** are held constant, then the ob-

servable y’s are dependent upon them according to a specified regression equation
y' =y, G=1,-,pp=p+1-,p+0.
Somewhat more precisely, we assume the distribution laws
M 5@, -y = @7 A exp (3460 — )@ - o)),

(wherer, s = 1, ---, p + t, and repeated indices are to be summed according
to the usual convention) and

@ G,y eyt = (21ra2)’*”eXp{ -—Z(y -y }

The z} are supposed to be known, but except for the conditions imposed by (1)
and (2) nothing is known about the quantities 4., a’, and ¢*. Having observed
the test scores y, (@« = 1, ---, N) obtained by N individuals E, drawn at

random from the population, we wish to estimate the values y2*', ..., y2™
corresponding to each E,, and the essential parameters in the distributlon law
(1), particularly the variances and covariances of y**, - -, y**.

We can easily find optimum estimates of the y% by applymg the method of
maximum likelihood to the function (2) after substituting for the y* the scores
¥ obtained by the individual in question. Thus if we write
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v =5y, 0] =[]l
(assuming thereby that the rank of the matrix || z || is t) we have
®3) Yo = "2y .
These estimates are unbiased in the sense that the expected value of * calculated
from the distribution law (2) is 3.
But when we come to estimate the variances and covariances involved in (1),

the procedure is less straightforward. Under the present circumstances we
cannot use the expression

@ g 20— P - ),

for the sample covariance of ¥* and 3*. We might, of course, try substituting
the estimates ¢, from (3) for the unknown y% in (4). But this expedient will
in general produce a biased estimate. Denoting the required covariance by
A" (the element in the appropriate position in the inverse of the matrix || 4., ||),
we find as a matter of fact that the expected value of (4) when the % are re-
placed by their estimates ¥/, is

(5) AY + oM.

This bias may or may not be important in any given case. But it can conceiv-
ably be quite serious if the A" are relatively small, especially if such expressions
are employed in the usual way to estimate the correlation coefficient rather than
the covariance.

Perhaps the most logical way to attack the problem is through the joint
distribution of %', -+, y” alone, obtainable by integrating the undesirable
variates y**, - -+, ¥ out of (1). We therefore consider

6 @&, y") = @A exp {—3u@' — o) — o)},

where

Aij= Ay — AuBYA,;,  |IBY] = || Aw ™.
Moreover, when account is taken of (2), we find that we must have
8sj z) i i
A.-,~=U—; A;,.=—;§ a' = z,a"

(8;; being Kronecker's delta). If we now form the likelihood function
N

H (%, -+, y%) from (6) for our sample, and set its derivatives with respect
a=l

to the a*, ¢*, and the B”, equal to zero, we arrive, after some simplification, at

the equations

uy 4t =t 1 a
=" = J—VZy’L, [ef. (3)]
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ij 1 i i j P
{A 7 — 'N Z (ya - xpa")(yga —z,0 )} dij = 0’
) 1
{ Y 5 e mia)h — xia.">} 2% =0,

o
AY = o*8 + 2} 4",

for determining the maximum likelihood estimates. The first of equations (7)
is already solved for the a”, and the solution of the simultaneous equations for
the remaining essential parameters yields the estimates

(8) &= Z (ya xn ?/:z

(9) ﬁ=%zm—wm—m—W£

A considerable amount of algebraic manipulation is required to put the solu-
tions in the form given above; but since the results are about what one would
expect in view of (5), we omit the details. As is often the case, some bias re-
mains in the “optimum’ estimates (9). However, this can be eliminated by
writing N — 1 in place of N. The estimate (8) of ¢” is unbiased as it stands.
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CONFIDENCE LIMITS FOR AN UNKNOWN DISTRIBUTION FUNCTION

By A. KOLMOGOROFF
Moscow, U.S.S.R.

Let 21, 72, - - - , 2, be mutually independent random variables following the
same distribution law
1) Plz; < &} = F(§).

A recent paper by A. Wald and J. Wolfowitz' deals with the problem of using

1 A, Wald and J. Wolfowitz, ‘“Confidence limits for distribution functions,” Annals of
Math. Stat., Vol. 10 (1939), pp. 105-118.



