DISTRIBUTIONS IN STRATIFIED SAMPLING

By PaurL H. ANDERSON
University of Illinois

1. Introduction. In this paper, distributions of means and standard devia-
tions will be derived for random and stratified samples. It is not necessary to
define random sampling here, for one may find it defined in any elementary
text. If before drawing the sample from a population =, it is divided into
several strata my, w2, -+, m, , and the sample = is composed of s partial samples
21, 2, -+, 2, each drawn with or without replacement from the strata; and
if the sizes m; of the partial samples are proportionate to the sizes M; or cor-
responding strata, i.e., m; = kM, then the sample which is obtained in this
manner is a stratified sample. When the sizes of the partial samples are not
proportionate to the sizes of the corresponding strata, the distributions of means
and standard deviations will differ from the distributions obtained when the
sizes of the partial samples are proportionate to the sizes of the corresponding
strata. This will be shown in the sections that follow.

The distributions of means and standard deviations from well-known popula-
tions for stratified and random samples will be derived and compared, as to
scatter and symmetry. It should be remembered even though stratification
has little to recommend its use, in some cases, over random sampling, the im-
possibility of obtaining random samples makes its use necessary. Since most
of the problems with which the practical statistician is confronted are of the
kind which make random sampling difficult or even impossible, stratified
sampling is being investigated by many research workers.

2. The distribution of means and standard deviations for samples of two
drawn from any population having a continuous frequency function. Let f(x)
be a continuous frequency function whose mean is zero, and for ¢ < z < b,
let f(x) > 0, elsewhere let f(x) = 0. We select a sample of two elements (z;,
z,) which can be represented by a point in a square of side b — a, as point P in
Fig. 1. Tt is well known that the probability of getting a sample point in the
element of area dz; dzx, is f(21)f(x2) dzy dz. . The probability of getting a value
of £ (mean) less than the value of the mean represented by a point on the line
RT (Fig. 1) whose equation is z; + 2, = 2%, is given by

2i—a 2i—z1
(1) f d:cl[ dzof(x1) f(z2).
The distribution of £ < %(a + b) is
2i—a
(2) 2 f(@)f(2% — z1) dza,
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which is obtained by differentiating (1) with respect to Z. For all values
& > 3(a + b), we must use another equation which we shall now derive similarly.
The probability of obtaining a mean less than the mean of any point on R'T”
(Fig. 1) is

1-— _/; :_4, dz f2 :_zl dzxaf(x1) f(2).

Differentiating this expression, we obtain
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The distribution of means is given by (2) and (3). Let us apply the theorem
to the rectangular population

-3 <z<

[N
[N

— 1 —_
) )a"""fyb“y

@

= 0 elsewhere.
Substituting in (2) and (3) respectively, the results obtained are

= 2(1 + 23), for £ <0,
9(z) ) )
= 2(1 — 2%), for £ > 0.
J. O. Irwin [1] and Philip Hall [2] obtained these results also but by different
methods. However, the distribution of 2% was known to Laplace and other
earlier writers.
From Fig. 1, it is seen that the probability of obtaining a value of S (standard
deviation), less than the value of S on AB whose equation is z; — . = 2 8is
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b—28 b
1-2 f dz, f .., Al )

Upon differentiating this expression with respect to S, we obtain

b—28

(4) h(S) =4 i f(x)f(28 + z) dz.

For the rectangular population A(S) = 4(1 — 28). This result agrees with
that found by P. R. Rider [3].

3. Sampling from a rectangular population. Let the rectangular population
be f(x) = 1, for 0 < = < 1, elsewhere f(z) = 0. From this population we
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select a stratified sample of two elements which is chosen so that 0 < 2, < }
and 3 < z; < 1. The probability of obtaining a mean less than the mean of
any point on the line R'T" (Fig. 2) whose equation is z; + z, = 2%, is

2z2—4% 2~z
— 427 — 7
4_/; dxlj; dry = 4(2% z+ 3.

Similarly, the probability of obtaining a mean less than the mean of any point
on R'T’ (Fig. 2) whose equation is z; + z, = 2%, is

3 1

1—4f dn dm=12:-82 -4
231 2Z~z)

Differentiating the right-hand side of the above two equations with respect to

%, we get the distribution of means of stratified samples of two elements from a

rectangular distribution function to be
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= 16 — 4, for} <z <14
(5) 0(@) !

= 4 — 43, fori <<
The distribution of means for random samples of two elements from the same
rectangular population is

= 47, for0<z< 3§,
(6) g(%) L

= 4 — 4%, for} <z <

Upon examining (5) and (6) we see that:
A. The stratified sample means are more stable than the random means.
B. The random sample means and the stratified sample means are both
distributed symmetrically.
C. The range of the random means is twice the range of the stratified
means.

It remains now to find the distributions of the standard deviations for samples
of two elements where one element is selected from each half of the population.
All points on AB (Fig. 2) have the same standard deviation. Furthermore the
equation of AB is z; — 21 = 28. The probability of obtaining a standard
deviation less than the standard deviation of any point on AB (Fig. 2) is

328 3
4 f diy f dzy = 8S°.
H 28+z;

Furthermore, the probability of getting a standard deviation less than the
standard deviation on the line A'B’ (Fig. 2) of which the equation is
s — 11 = 28, is

0 28+z;

1-4 d:clf doy = —1 — 85 + 8.

1-28
Differentiation of the right-hand side of the above two equations with respect
to S yields the distribution of standard deviations of stratified samples of two
elements from a rectangular distribution function to be

= 168, for0 < 8 <4,
@ h(S)
=8 — 168, for} < 8<%
The distribution of the standard deviations for random samples of two elements is
8) h(S) = 4(1 — 28), for0 < S <4

From (7) and (8) it is easily seen that:
A. The range of the standard deviations for stratified and random samples
is the same.
B. The distribution of standard deviations for random samples of two
elements is skewed, but the distribution of the standard deviations for
stratified samples of two elements is symmetrical.
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If we take a random sample of two elements from the_; rectangular population on
the interval —3 < z < 1, then Student’s ratio t = V" 28/V (2, — 3)* + (22 — 7)°
will have the distribution

=1/2(t — 1) fort <0,

F(t)
=1/2¢+1)°® fort > 0.

This result was obtained by Laderman [7] and others. According to the reason-
ing used by Laderman, the probability of getting a value of ¢ less than the value
on OS is (for stratified samples of two elements)

0 z1 (¢+1) /(¢—1)
4[ dxlf dzy = —3(t + 1)/t — 1).
L o

When ¢ > 0, the probability of obtaining a value of ¢ greater than the value on
08 is

3 0
4 f dzs f dzs.
0 z9(t—1)/(t+1)

It follows easily that the probability of getting a value of ¢ less than the value
represented on OS is for stratified samples equal to

3 0
1—-4fdxzf doy = 14+ 3t — 1)/t + 1).
0 29 (¢—1)/(t+1)

Differentiating the right-hand side of the first and third above equations with
respect to £, we find the distribution of Student’s ratio for stratified samples of
two elements from a rectangular population to be

=1/¢t—1? for—1<¢t<0,

F() R
=1/ + 1)%, for 0<t<1.

Comparing the random sample and stratified sample distributions of ¢, we
find that
A. The stratified ¢’s are more stable than the random ¢’s.
B. Both distributions are symmetrical.
C. The range for the stratified ¢'s is —1 < ¢t < + 1, while the range for
the #'s obtained from random samples is —® < ¢ < + .

By means of a different method, distributions of means of stratified samples
will be obtained. Let (4) and (B) be rectangular populations f(x), f(y) re-
spectively, with positive values on the interval 0, 1. From the rectangular
population (A) select a stratified sample of two elements z; and z, such that
0<z1 <% %< 2<1. Then the probability of getting a sample point in the
element of area dx; dx, is 4 dz; dz. . Now let y; = 2x; (change of unit of measure-
ment), ¥ = 2z, — 1 (change of unit of measurement and translation). Then
4drydrs = dyrdya. We have also that 0 < 4, < 1,0 < ¢y < 1. With re-
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spect to the distribution of the means, a stratified sample of two elements from
(A) is the same as a random sample of two elements from (B). Now the means
for random samples of two elements from (B) have the distribution g(7) which
is really expression (6) with 7 substituted for £. Furthermore, we have
7= 3yi+vy) = 325, 4+ 21, — 1) = 2z — 3. Hence it follows readily that
g(z) =162 — 4fort <2 <4%,9(%) =12 — 162fori <z < 4.

From the rectangular population (A), take a stratified sample of three ele-
ments 0 < 1 < 3,3 <12 <% %3 <23 < 1. Thesample points will all lie in a
cube within the unit cube. Then the probability of getting a sample point in
the element of volume dx, dx; dz; is 27 dzy dxe dxs. Now let y1 = 321, ¥ =
3z; — 1, ys = 3z; — 2. Therefore 0 < y; < 1, for 7 = 1, 2, 3. ‘Furthermore,
dyr dys dy; = 27 dxy dxs dz; . With respect to the distribution of the means, a
stratified sample of three elements from (A) is the same as a random sample of
three elements from (B). Now the means for random sample of three elements
from (B) have the distribution

275°/2, for0 <3 <4,
9@ =496y — 65" — 1)/2, fory <§ <3
27(1 — 9)*/2, for2 <y <1
Wehavealsog=3%—1. Forg=0,%,%1,%=134%,35,% respectively. Hence
81(3% — 1)*/2, for} <z <4,
g(z) =<{27(54% — 545 — 13)/2, fors <z<34%,
81(2 — 3%)*/2, for} <& <2

Thus we have found the distribution of the means for stratified samples of three
elements when one element is selected from each third of the population.

From the recta,ngula,r population (A), take a stratified sample of four elements
0<:1<4i<2<3,3 <1543 <1 <1. Again,astratified sample of
four elements from (A) (Wlth respect to the distribution of means) is the same
as a random sample of four elements from (B). The means for random samples
of four elements from (B) have the distribution:

(1287°/3 for0 < g <4,
|81 —24(F — B —48@ — DU/3, fori<g<i,
© 00 = e _oug -3 £ asG - s, fori<g<t
128(1 — $)¥/3, 4 for2 < g <1
Since § = 4% — 3, we have for § = 0, %, 3, 4, 1 respectively, Z = §, %4, 3, 1%,
3. Hence
(512(4z — §)/3, for§ <z <%,
i 32[1 — 24(4z — 2)* — 48(4% — 2)%]/3, for% <& <3,
9 = Vool — 244z — 9" + 4847 — 2)/3, for} << 2
[512(1 — 4z + $)'/3, for & < 7 < 1§.
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This is the distribution of the means for stratified samples of four elements (one
element from each quartile). We can extend this to stratified samples of size
n where one element is selected from each stratum and there are n strata. As
n increases, we note that

A. The range of the means decreases.

B. The scatter of the means decreases.

C. The number of arcs in the distribution of the means increases.

Take the stratified sample of four elements (two elements from each half),
0525 <30<1<%3i<x:<1,% <z <1. Withrespect to the distribu-
tion of the means, a stratified sample of four elements from (A) is the same as
a random sample of four elements from (B). Now the means for random
samples of four elements from (B) have the distribution (C). Furthermore
g=2z— 3,dj = 2di,andfor§ =0,%,%4, %, 1,2 =1, $ % %% Thus

256(2% — 3)%/3, fort <z< 3§

i 16[1 — 2422 — 1)® — 48(2% — 1)]/3, ford <z <},
9 =) 6l — 2425 — 1)* + 48(2% — 1YU/3, fork <z <5,
(256(3 — 2%)°/83, for§ <z <3

Hence the distribution of the means for stratified sample of four elements (two
elements from each half) has been found.

If we take a stratified sample of six elements (three elements from each half)
we find that the graph of the distribution function of the means will consist of
six arcs; the range will be § < # < 4. Thus we see that as we take more ele-
ments from each half, the distribution becomes smoother. The number of
arcs in the distribution of the means also increases. The range of the means
remains the same but scatter decreases as we take more elements from each
half of the population (A).

The results so far obtained are true for the rectangular population which is
symmetric. In order to make further comparisons in the distributions of means
and standard deviations for stratified and random samples, let us now consider
a skewed distribution.

4, Sampling from a skewed population. Let us consider the population
fx) = 22,0 < z £ 1, f(x) = 0 elsewhere. If we take random samples of two
elements from this population, the points represented by each sample will lie
inside the unit square. For random samples of two elements from this popula-
tion the distribution of means will consist of two cubics g(£) = 32i°/3, for
0<z<1%9@ = 16Bi— 2 — 1)/3, for 3+ < & < 1. Furthermore, the
distribution of the standard deviation for random sample of two elements is a
cubic: h(S) = 16(4S* — 38 + 1)/3, for 0 < S < 1. Now we consider the
distribution of means for stratified samples of two elements when one element
is selected from the range (0 < z; < 3) which comprises one fourth of the total
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population. The other element is selected from the range (3 < z; < 1) which
constitutes three quarters of the total population. By use of the geometric
method the distribution of the stratified means is found to be

= 16(323* — 6z + 1)/9, for 1 <
= 16(30z — 9 — 32%°)/9, for} <

g9(%)

51
IA
wed 371;-

31
IA

The range of the stratified means is less, and the distribution is more nearly
symmetrical than it is for the random means as may be seen by comparing the
graphs of the two distribution functions. Thus we see that stratification gives
the means greater stability. The distribution of the standard deviations of the
stratified samples of two elements is:

= 64(3S — 88%)/9, for0 < S <
= 128(48* — 38 +1)/9, fort <8<

’

h(S)

(SR N

Upon comparing the distributions of the standard deviations for random and
stratified samples, we observe that the random case yields a single cubic whereas
the stratified case yields two cubics. The distribution obtained for the stratified
case is more symmetrical than it is for the random case as may be seen by
sketching the graphs of the two distribution functions. The range for both
distributions is the same.

5. Sampling from a normal population. We shall consider a normal popula-
tion F having the frequency function e—“z/ V2, (—o < z < «»);and the ith
moment about the mean will be u;. Divide this population into two equal
parts F; and F, such that the frequency function of Fy is 2¢7°//2x, (—» <
z < 0), and the frequency function of F; is 2¢7#*/4/2x, (0 < z < ®). The
7th moment of F; about the origin will be m,; , while the sth moment about its
mean will be u; ; the corresponding ith moments for F, will be mi and u;; re-
spectively. In what follows M; will be the sth moment about the origin of the
distribution sought, while M; will be the 7th moment about the mean. Further-
more, the constants B, B2, «, S, (measure of skewness) which will be used here
are defined in Elderton [8]. Finally, E[f(x)] will be the expected value of f(z).

If we take a random sample of n elements z,, 22, --+, z, from F; and a
random sample of n elements .41, -+ - , Z2» from F,, the 2n elements z; , - - - ,
Zn, Tni1, * -, T, will be a stratified sample from the population F. Let

n 2n

&= (1/n) 2z, & = (1/n) 2 x;, and & = 4(& + &); then £ will be the
1=1 3 +1

mean of the stratified sample. By using Tchouproff’s [6] formulae and expected
values, we obtain the following values:

M = E@&) = i(my + mp) =0,
M = E(#) = (un + p)/4n = (1 — mis)/2n,
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M; = E(Z) = (un + u)/8n° = 0,
M, = E@&*) = [ua + pe + 3n(un + pe)’ — 3(ui + ui)l/16n°,
Br= Miy/Ms =0, B,=M/M; =3+ 4(x — 3)/n(r — 2)~

From these constants, we see that the variance of the stratified means is
(1 — 2/7)/2n, but the variance of random means of 2n elements is 1/2n as is
well-known. Thus it is obvious that the scatter of the stratified means is less
than the scatter of the random means. Furthermore, the stratified means are
distributed symmetrically since M; = 0. Observing 8., we notice that the
distribution of the stratified means is slightly more peaked than normal. Since
it is well known that random means from a normal population are normally
distributed, the differences between the two distributions are easy to see. As
n — o, By — 3, so it is reasonably likely that the stratified means tend to be
normally distributed as the size of the sample increases.

If we select a random sample (z, y) of two elements from the normal popu-
lation F, then the variance (S°) will be:

§'=3a"+9) - @+y)/t=(@—y/4
The method of expectations gives us the following values:
M, =3, M;=1, M=,

V/B:(8: + 3) 5
= 8’ = 1 y S‘ = —_— . = .
By B 5 2(58; — 6B, — 9) V2
Therefore, the skewness of this distribution as measured by Elderton’s formula
is 1.414. For a stratified sample, where we select z from F; and y from F,,
the second, third, and fourth central moments of S* are:

M, = («* + 2r + 2)/27°,
M; = (47° + 7n° — 127 + 8)/4x°,
M, = (157" + 307" — 407" + 24x — 12)/4x".

It follows easily that 8, = 4.71084, 8, = 10.28489, x = 19.4,28, — 38, — 6 =
438324, S, = 1.02. For samples of two elements, the stratified samples yield
a distribution for the variance which is less skewed than the corresponding
distribution of the variances for random-samples. The variances for random
samples of two elements are distributed as a Type III curve, while the variance
for stratified samples of two elements is either a Type III or a Type VI curve.
The difference between the random case and the stratified case as seen from
this point of view is not clear cut. )

It is interesting to see what sort of bias is introduced by taking n elements of
the sample from F; and by taking 2n elements of the sample from F;. Under
these circumstances, the complete sample will contain 3n elements, and the mean
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3n
of the sample will be £ = > z:i/3n = (% + 2%)/3. As before, the central

t=1

moments and the 8’s are found to be:
M; = (un + 2p2)/9n = pxn/3n, My = (un + 2u3)/270° = /907,
My = [we — 3wz + Inuza] /270,
B = uts/3nule, B = par/3nuz — 1/n + 3.

We notice first that the means are not symmetrically distributed for small values
of n since B x 0, but as n — «, 8; — 0, so the means tend to be symmetrically
distributed. It is evident also that 8, — 3 with increasing n; consequently,
the bias which is present for small values of n tends to disappear as n increases.
Incorrect proportioning of the sizes of the partial samples in stratified sampling
introduces an error into the results whose magnitude decreases with an in-
crease in n.

6. Sampling from a population y = ¢(x). Suppose we have a well-behaved
frequency function ¢(x) of which the first four moments are finite. Further-
more, it will be required that ¢(z) be continuous and Riemann-integrable.
Divide the total z-axis into K parts Iy, I», - - -, I with the separating points

ay L
aj,a, **+ ,ap1in such manner that f ox)de = -+ = f o(x)dx = 1/K.
—o0 ag—1

In this section, we extend some of the definitions of the last section; ui will be

the 7th moment about the mean of the tth part I, , and m;, will be the 7th moment

about the origin of the ¢th part I, . Take a sample of Kn elements from this

population so that n elements are drawn from each part. The mean of this
Kn K

sample will be £ = Z z;/Kn. We write this as & = Y. #:/K, where
=1 T==l

ni

Z = 2, xi/n. It follows easily then that:

ni—n-+1

K K
M= 2, wi/K'n,  Ms= 2 us/K'0,
1=1 T=1

K K 2 K
M= [2} pai + 3n (Zl uzf) -3 El u%.] / K*n,
asn — «, 8, — 0, and 8. — 3. Therefore, it is evident that .if we divide a
population into K equal parts and take a sample of Kn elements (n elements
from each part), the distribution of the means probably tends to normal as the
number of elements in the sample ihcreases.

7. Summary. Distributions of means for stratified samples have been ob-
tained for the rectangular population which is symmetric and also for a triangular
population which can be considered an example of a J-shaped population. For
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both populations, the means obtained from stratified samples show less vari-
ability than the means of random samples. The stratified sample means ob-
tained from the skewed-population exhibit less skewness than do the random
sample means obtained from the same population.

The effect of stratification in sampling upon the distribution of the standard
deviations is to make the distribution more symmetric. This is true for the
three populations investigated.

For stratified samples from the rectangular population Student’s ratio is
much more stable than it is for random samples of the same size.

Thus it is evident that stratified samples possess advantages over random
samples of a nature that makes stratified samples worthy of use in research work
where it is easy to obtain them.

In conclusion, the author is grateful to Professor A. R. Crathorne for sug-
gesting the problem of this paper and guiding it to its conclusion,
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