ON A THEOREM OF HSU AND ROBBINS

By P. Erpos
Syracuse University

Let fi(z), fo(z), --- be an infinite sequence of measurable functions defined
on a measure space X with measure m, m(X) = 1, all having the same distribu-
tion function G(t) = m(z; fu(z) < ¢). In a recent paper Hsu and Robbins'
prove the following theorem: Assume that

6 [ eaety <o,

) f £dG@) < .

Denote by S, the set (x; > fulx) | > n> , and put M, = m(8S,). Then >, M,
k=1 n=el

converges.
>cn

(@)

> n is replaced by
k=1

(replace fi(z) by c-fr(x)).
It was conjectured that the conditions (1) and (2) are necessary for the

convergence of Z M, . Dr. Chung pointed it out to me that in this form the

conJecture is maccurate to see this it suffices to put fu(x) = ¥ 4+ 7(z)) where
ro(x) 1s the kth Rademacher function. Clearly | fi(z) | < 1; thus M, = 0,

thus Z M, converges, but [ tdG(¢) ¢ 0. On the other hand we shall show

nu=]
in the present note that the conjecture of Hsu and Robbins is essentially correct.

In fact we prove
TrEOREM I. The necessary and sufficient condition for the convergence of

> M, is that
=]

1)

and (2) should hold.
In proving the sufficiency of Theorem I, we can assume without loss of gener-

ality that (1) holds. It suffices to replace f(z) by (fi(z) — C) where C = _[ tdG(1).

The following proof of the sufficiency of Theorem I (in other words essentially for
the theorem of Hsu and Robbins) is simpler and quite different from theirs.
Put

f_:th(t)‘ <1,

@) a; = m(z; | filx) | > 2,
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since the fi’s all have the same distribution, a; clearly does not depend on k.
We evidently have

225 a, < 20 2%(as — aup) < [ £dGE) < 22 ai — a) < 2 2.
=0 =0 0 =0 =0

Thus (2) is equivalent to

0

@ Zzﬁai < o,

=0

Let 2° < n < 2" Put

SP = (z;] falx) | > 27 for at least one k < n),

8P = (z; | fin(@) | > 0", | fry@) | > 0", for at least two ky < n, ks < n),
8P = (x;‘kzlfi(x)] > 2",

where the dash indicates that the k with | fi(z) | > n*® are omitted. We
evidently have
8, C 8P USSP U S,

For if z is not in S’ U 8P U 8P, then clearly

L) <27 27 <

Fomal
Thus to prove the convergence of z; M, it will suffice to show that
(5 2 (m(8P) + m(8P) + m(SP)) < e

ne=]
From (3) we obtain that m(S$’) < n-a;s < 27.a:;. Thus from (4)
3 My 3 m P .

® ZmE) =3 3 mEY) < ZFTa < w.

From (4) we evidently have that for large u
m(z; | filz) | > u) < 1/d.
Thus since the f’s are independent and have the same distribution function it
follows that for sufficiently large =,
m@P) < 2 mz;|fi@) | > 2" | fi,l@) | > 0

1<ki<ks<n

< () mlai o)l > 1), mla; | 5@) | > %) < b0 = 17,

Hence

©0

) 2 mSP) < o

ne=]
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Put
fil@) for | fi(w) | < n'’;

fi@) = {

Clearly the fi(z) are independent and have the same distribution function
G*+(t). Put

® [[tac® =« a6 =6 -

0 otherwise.

We have from (8) that f gr(x) dm = 0, and by (1) that e > 0asn — . We
X

evidently have
n 4 n
L(Zaw) in=[Sde im+6[ 5 e e dn
x \i=1 x k=1 x1<i<isn
Now since max | ge(z) | < n'’® + ¢,

fgﬁ(x) dm < (n*® + ¢ - fgf(x) dm < c-n®®,
X X

and
[ d@-i@ am = [ i@ an [ i@ dn < o.
Thus
n 4

f (Z gk(x)> dm < c;n'®.

X k=1
Hence
(9) m (-’v; > 9@ | > n/16) < ¢gn T

k=1

Thus from (8), (9), | fi @) | < |gx(x) | + 1/16 (for ¢ < 1/16) and n/8 < 22
we have

m <x; 2@ | > 2”) = m(x; ;f:(x> > 2"‘2)
F=1 o=
<mlz; |2, gele)| > n/].6> < eyn” T
k=1
or
(10) m(8®) < exn” ",

Thus finally from (6), (7) and (10) we obtain (5) and this completes the proof
of the sufficiency of Theorem I.
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. Next we prove the necessity of Theorem I, in other words we shall show that if
Zl M, converges then (1’) and (2) hold.

First we prove (2). The following proof was suggested by Dr. Chung, who
simplified my original proof. By a simple rearrangement we see that (2)is
equivalent to

(1) > n f| o 460 <

ne=]

for any ¢ > 0; while
(12) f [t]dG() <
is equivalent to

(13) > fl 1o 800 <

n=1
for any ¢ > 0. Now we have clearly,
(; | ful®) | > 20) € 8a U S,

Hence
T [, 960 S T ) +m () < .

Thus we obtain (12). Since the terms of this series is non-increasing it follows
that

(14) n fl on, 460 = 0.

Our assumption being that = M, < « we have M,—0asn— ». Itfollows
that there is a constant p > 0 independent of % and n such that

n
m <x; 2 fi()
l#k
Now, writing set intersections as products, we have

kgl @; | fr @ | > 2n)~<x; g:lfz(x)
=k

|
1

<n>gp.

<n>CS,..

Writing this for 2 moment as

kU (R Ty C 8.,
=1
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where R, = (z;|fu(x) | > 2n) etc. and denoting by R’ the complement of R,
we have

M, = m(S) = m (kl:{ (Rk‘Tk)>

=m (,Hl (R T -+ (Ry—1Ts-1)' R Tk)

n

= 21 m((ByT)" -+ (Ri—s Ti—r)’ Ri T

v

2 m(R; - Riy R Ty)
=1

v

> (m@ ) — m((@ U - U Bu)RY)

{m(T) — (b — Dm(By))m(Ry)}

v

v

>
kw1
3 (b — nm(R) Jm(R) 2 > 6 = s)m(R).
2o 2B = [ d60)

k=1 |t|>2n

by (14) since m(R;) = /;”” dG(t), nm(Ry) — 0 as n — oo,

Thus
Tof a0 = iT M < e
[ [tf>2n P n

Hence we have (11), which is equivalent to (2). | The proof of (1’) is quite easy.
By virtue of (2) we can put

[ : G0 = C.

If C > 1, then it follows from (2) and Tschebycheff inequality that M, — 1 as
n— o,thusC £ 1. Butif C = 1, we conclude from (2) and the central limit
theorem that M, does not tend to 0. Hence C < 1, and (1’) is proved.

By similar methods we can prove the following results: Let 2 < ¢ < 4. Put

S 5@ | > n 2’°)
kel .

Then the necessary and sufficient condition for the convergence of 2 M
k==l

MO =m (x;

(c)
n
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is that
[:th(z) -0, [:l tIF dG() < .
If ¢ < 2 then the necessary and sufficient condition for the convergence of
nf-:x M is that [: [tFdG@E) < .

Finally we can prove the following result: Assume that f tdG() = 0 and

f ' dG(t) < . Then there exists a constant r so that

a7 f: m [x; Z”: ful)
ne=] K=l

The case of the Rademacher functions shows that (17) can not be improved
very much, in fact only the value of r could be improved.

> n'? . (log n)'] < o,




