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In this case the characteristic function ¥(t, 6, o) = ¢V, so that h(ts) =
¢! = Y. Tt is immediately verified that h(te1) h(to:) = h(lss), where o5 =
1(oy + 02). Therefore, by Theorem 4.1, £ has a Cauchy distribution. In fact,
since in this case E(e**®) = [h(te/n)]" = h(tc), ¥ has exactly the same distribu-
tion as does z itself, namely p(x,%0, o). It follows from Theorem 4.2 that Z is a
density unbiased point estimate of the location parameter 6.

It is readily seen that Theorems 4.1 and 4.2 are valid also when Z is replaced
by any linear homogeneous estimate > feiaix; , where Shia =1
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SOME PROPERTIES OF BETA AND GAMMA DISTRIBUTIONS

By M. V. JAMBUNATHAN
Unaversity of Mysore
1. Summary and Introduction. The object of this paper is to present certain
important properties of the Gamma distribution and the two kinds of Beta
distributions, and to indicate certain useful applications of these two to sampling

problems. The distribution of the Studentised D?-statistic under the null hy-
pothesis is obtained in two different ways.

2. The Gamma distribution. If a random variable z has probability density

1 .
2.1) F@exl, 02 < o,
then z is said to have a Gamma distribution; furthermore, z is called a Gamma
variate with parameter a, and is symbolically written v(a). The Gamma dis-
tribution is known to possess, among others, the mean conserving property
(m.c.p.), provided the variates are independent.' Symbolically

v(a) + v(b) = v(a + b).

If z is a Gamma variate with parameter a, then 2z is distributed as x* with 2a
degrees of freedom.

3. Beta distribution of the first kind. A random variable having the proba-
bility density

1
3.1) Ba b
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is said to have a Beta distribution of the first kind, and x is called a Beta variate
of the first kind with parameters a and b, written symbolically 8i(a, b).

Under certain mild conditions, the product of two independent Beta variates
of the first kind also follows the sgme distribution, as stated in the following
theorem.

TureoreM 1. If x and y are two independent Beta variales of the first kind with
parameters (a, b) and (a + b, ¢), then the product zy s a Bi(a, b + c¢) variate.

The theorem is proved by transforming variables, the transformation being
u=zy,v=(y —u)/(l — u). When this is done, u and v are independent varia-
bles and u is a Bi(a, b + ¢) variate, v is a B:1(b, ¢) variate.

The result of the theorem can be generalized, as shown by Rao [2]. We then get

TaeorEM 2. If 21, 23, -+, T, be p independent Beta variates of the first kind
with parameters (a;, b;) for © = 1, 2, -+, p, and~of aiyn = a; + b for
1=1,2, -, (p — 1), then the product z:x; - - - T, 1s a B1 variate with parameters

ay and b = Z?=1 bi .

This theorem is proved by the repeated application of Theorem 1. The proper-
ties of Gamma variates in conjunction with the results of Theorems 1 and 2
lead to the following

TuroREM 3. If x;, y: for t = 1,2, - -+, p be independent Gamma variates with
parameters a; , b; which are connected by the relation a;yy = a; + by, for © =
1,2, .-+, (p — 1), then the product TI%: z:/(x: + i) is a B variate with pa-
rameters (ay , b) where b = 2 21 b;.

This may be expressed symbolically as

QA X v + by) vl 4+ by + -+ 4+ by)
v(or + b)) v(ar 4 b1 4 ba) v(ay 4 by 4 -+ + by)
_ E Y — 7(01) o
B Bl(a"éb’) (o + b+ o by

Since the variates are independent, and have Gamma distributions, we note
that z:;/(x: + y:) is a Bi(a;, b;) variate. Application of Theorem 2 establishes
the result.

4. Beta distribution of the second kind. A random variable z is said to have
a Beta distribution of the second kind with parameters a and b if « has the proba-
bility density

N xa—l O
B(a, b)(1 + )+’
and is symbolically written G:(a, b).

The two kinds of Beta distributions are connected by a transformation.
If z is a Bi(a, b) variate, then u = (1 — x)/x is a B2(b, a) variate. Conversely,
if wis a By(b, a) variate, then x = 1/(1 + w) is a Bi(a, b) variate. This mutual
relationship enables us to deduce a new result connecting the two distributions.

TaEOREM 4. If u = (1 + y)/(1 + ), and if u is a Bu(b — d, d) variate while y

I\

z < «,
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1s a Ba(a, b) variate, then x is a Bs(a + d, b — d) variate, provided that u and y are
independent.

Sincey is a B:(a, b) variate, 1/(1 + y) is a 81(b, a) variate. Thereforel/(1 + z) =
u[1/(1 + y)] is the product of two 8, variates with parameters (b — d, d) and
(b, @), and is, therefore, by Theorem 1, equal to a 8,(b — d, a + d) variate.
Hence z is a B:(a + d, b — d) variate.

6. Distribution of Studentised D? under the null hypothesis. The results
deduced in the preceding sections enable us to obtain easily the derivation of
the distribution of the Studentised D*-statistic. Consider two independent random
samples of size n; and n, drawn from two multivariate normal populations.
It is assumed in what follows that the two populations possess the same co-
variance matrix A = || oy; || foré, j = 1,2, .-+, p.

Letn = ny 4+ npand 1/¢c = 1/n, + 1/n,. Also let £ and 2 be the mean
values of the sth character for the first and the second samples respectively.

Let S;; be the pooled corrected sum of products within the two samples for
the variates x; and «; ; that is, S;; = S + S, where

N1

(5.1) 8 =2 @ — M) Ey - 1),
the upper suffix (1) indicating the first sample; S$7 is defined similarly. The
statistic s;; = Si;/(n — 2) is an estimate of ¢;;, the covariance between x; and
z; in the two populations. If (S) be the matrix inverse to (Si;), and (s") the
matrix inverse to (s;;), we might call (s) the estimate matrix of the covariances.
The statistic appropriate for testing the significance of the difference between
the means of the several characters is given by

d p 3
62 D, = 2 2 sdid;,

i=1 j=1
where d; is the difference between the means of the 7th character in the two
samples, and d; the difference between the means of the jth character, see [1]
and [3]. This is called the Studentised D’-statistic. Two ways of obtaining the
derivation of the distribution of this statistic are given below.

FirsT METioD. Let

(63) Ry = | Sij|w/| Sij k=1, k=12, ---,p,
where, following Rao [2], the symbol | S;; |x is used to denote the determinant
of order k of the matrix (S;;); obtained by giving ¢, j the values 1, 2, --- , k,
(k = p). The symbol | S;; | may, without causing inconsistency, be defined
to be equal to unity. Also let

(5.4) Ri = | S5 |&/| S e s k=12 --,p,
where Si; is the corrected sum of products, that is,

8= D — &)@ — &)
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summed over all the (n; -+ n,) sample elements, %; being the pooled means of
both the samples. It is easy to show that Si; = Si; + cd:d;, whence

r |Si,’ + Cdidj [k

55 R, = 1Syt cdidile
(6) * T 8+ edid; i

But
k. k .
(5.6) |8+ cdidils = | Sij|i (1 +c ; ; d«'djSi'> = | Sy |» (1 + CD3),

where (Si’) is the matrix inverse to (S:;)r, and C = (n — 2)c. The quantities
Ri and (R, — Rx) when divided by 207 are independenily distributed as Gamma
variates with parameters 3(n — k — 1) and } respectively fork = 1,2, --- , p,
if the true means of the characters of the populations.are equal. Hence Ri/Rk
isa pik(n — k — 1), 1) variate. But by (5.3) and (5.5) in combination with (5.6),

67 R/R. = 1+ CDi)/A+CDY), k=12 --,p.

It can be shown that R, , Rp—1, - -+, Rz, Ry are all independently distributed,
as are also
1+CDyy 14+CDyy  14CDi 1
1+CD%° 14 CD:y’ "1+ CD% 14 CD}’
Now putting @ = %(p — 1), b = 3(n — p), d = % in Theorem 4, we find that,
assuming CD’_y is a Bs-variate with parameters 3(p — 1), 3(n — p), the quantity
CD% is a B.-variate with parameters 3p, 3(n — p — 1). It is well known that
CD? is a Be-variate with parameters 3, 2(n — 2). Hence, by the principle of
fingte induction, CD} is a Py-variate with parameters 3p, 3(n — p — 1), and
therefore its distribution is
1 . (CD?;) (P—Z)/2d(C,D§))
Bp, 3@ —p—1) (L +CDy=I"

which simplifies to

/22 (P—2)/2 2
8) - 1 _C" (D)) i __dD,,.
B(fp’ 5(1?, 2 1)) (1 + CDp)(n vz
SrconNp METHOD. Another method which is capable of yielding some additional
results is the following. From (5.3) it easily follows that

(5.9) 8 =|8ilp=Rp-Bpr--- B1.
Similarly

(5.10) 8" = |8+ cdidj|p = Ry - Rpey +++ R1.
Therefore

“(5.11) S-IIZ-Ta <7—°—l;——_——11>



MILL’S RATIO 405

employing the symbolic notation of Section 3. By Theorem 2, the last member
of the above equation is seen to reduce to a QBi-variate with parameters
i(n — p — 1), 1ip, so that (S/S’) follows the Beta distribution of the first kind
with parameters 3(n — p — 1) and ip. This result has been obtained by Wilks
[4], by deriving expressions for the moments of thLe distribution of (S/8’).
The above is a simple and direct method of establishing the distribution of the
statistic (S/8').

From (5.6) it readily follows that (S/8’) is equal to 1/(1 4+ CD?2), so that
the latter is distributed as a @;-variate with parameters 2(n — p — 1) and 3p,
whence CD? is a B-variate with parameters 1p and (n — p — 1), leading to the
distribution as shown in (5.8).
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ON SOME FUNCTIONS INVOLVING MILL’S RATIO!

By D. F. Barrow anDp A. C. CoueN, Jr.
University of Georgia

1. Introduction and Summary. In this note, we prove that, for all (finite)
values of &,

s 1 —h(Z — h)

¢y V) = s ="
is monotonic increasing®, that

(2) 2m; — my > 0,

and that

3) 1 <yh) <2,
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