A NOTE ON PARTIALLY BALANCED DESIGNS

By MARVIN ZELEN

National Bureau of Standards

It is well known [1], [2] that a singular group divisible design containing two
associate classes can be derived from a balanced incomplete block design by
replacing each treatment by n treatments. In this paper it is shown that a
partially balanced design with (m 4+ 1) associate classes can be derived from
a partially balanced design with m associate classes by replacing each treatment
by n treatments.

The definition of a partially balanced incomplete block design with m as-
sociate classes can briefly be described as an experimental plan

(i) having v treatments arranged in b blocks such that each block contains %
experimental units,

(ii) where each treatment is replicated r times and no treatment occurs more
than once in any block,

(iii) such that with respect to any treatment f{, the remaining treatments
can be divided into m associate classes such that the 7th class contains n; treat-
ments and ¢ occurs in \; blocks with each of the treatments in the sth class
(l =12 .- )m)’

(iv) and if two treatments are kth associates, the number of treatments
common to the 7th associates of one and the jth associates of the other treat-
ment is p%; (for 4,5,k = 1,2, -+-, m, with p%; = p%), and is independent of
the particular pair of treatments.

It has been shown [3] that the following relations hold between the parameters
of the design. '

(1) | bk = vr.

(2) Eni =9 —1

=1
(3) > =1k — 1)

=1

m s, for 7=k
) 2ok =

f=1pJ n; — 1 for 2 =k
(5) NP = Niph = M.

The main result of this paper can be stated in the following theorem. .
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Main Theorem. If, in a partially balanced incomplete block design having m
associate classes and parameters

(6) U*, b*a T*) k*a )‘T ) ’I’LT ’ pfik ('La jy k= 17 2: Tty m)7
suchthat \Y = 1*(i = 1,2, --- , m), each treatment is replaced by n different treat-

ments, the derived design will be a partially balanced incomplete block design with
(m + 1) associate classes having parameters

v = no¥ b = b* k = nk*, r = r¥
o= AF, n; = nny, i=1,2 -, m,
Amgr = 1% Amyr =0 — 1,
@ kp'§j=npi’3-‘" L k=12, m,
Dkmir =1 — 1 k=1,2 --,m,
Pimir = 0 iEk k=12 --,m,
P =0 i35, pit =ant for ¢ =1,2, -+, m,
Prfimir =0 — 2.

Proor. Let ¢ be a treatment in the original design and denote the remaining
treatments by ¢5” forj =1,2,---,n;;7=1,2, ---, m, where ¢\ are the
ith associate treatments of ¢. Denote the treatments replacing ¢ and ¢ in the
derived design by the row vectorst = (t1,t2, - -+ ,£,) and £{” = {9,459, - - | D
respectively; then the row vector T; = (¢{?, t5?, -- ., ;f.?) denotes the 7th as-
sociates of any treatment element of {. If ¢ and ¢ are two kth associate treat-
ments in the original design, and if ¢, is any treatment element of ¢ and ¢, is
any treatment element of ¢/, then ¢, and ¢, will be kth associates. With respect
to each of these treatments, the remaining treatments can be divided into

(m 4+ 1) associate classes in the following manner:

AssociATE CLASSES

1 ees koo m m+1
tp Ty -+ - Tyt Th by oo ytpo1, bpp1, c ot , b
’ ’ ’ ’ ’ ’ ’ ’
tq Ty - Ty o+ Th |2 ECICINS M SR ETEI Y

Upon replacing each treatment in the original design by n different treatments,
the new design will have v = mv* b = b* k = nk* r* = r. From the array
we see that n; = nns fori = 1,2, ---, m) and fimt1 = n — 1. Since any treat-
ment in the original design occurred in A} blocks with each of its sth associates,
the new treatments will occur in A; = A¥ blocks with each of their sth associates
fori = 1, 2, .-, m. Also each treatment will occur in r blocks with each of
its (m 4+ 1) associates, that is, Apy1 = 7.

Since ¢ and ¢ have p} treatments in common which are sth associates (say)
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of ¢ and jth associates of ¢/, then ¢, and ¢, will have p%; = np?¥ treatments in
common which are ith associates of #, and jth associates of ¢, for 4, j, k =
1, 2, ---, m. It is readily seen that the number of treatments in common be-
tween the kth associates of ¢, and the (m + 1) associates of toiS phrmyr = (n — 1)
fork =1,2, ---,m, and that pimy = Ofori  kand ¢,k = 1,2, ---, m.
Similarly if, with respect to a pair of treatments which are (m -+ 1) associates,
the remaining treatments were put in an array, it can be demonstrated that
pt = 0ford 5 7, while 7 = nnffori = 1,2, -+ ,m,and pmii s = n — 2.

It is now necessary to show that the relations (1) through (5) are satisfied.
For (1) we have

bk = b*nk* = nr*v* = .

For (2) we have
m4-1
Z{ni=n(v*——1)+(n—l)=v—1.
For (3) we have
m41
S ihi = r*k* — 1) + (0 — Dr = r(k — 1).

i=1

For (4) we have

m41 R
Z_:lpij
rnn;k j#k;j:1’2’...,m;k=1’-..’m+1’
mt1
Zplz,m+1=n—l=nm+1 k=1,2,...,m’
=1
m+1

m4-1
Epi.mu=n—2=nm+1—1.
=1

For (5) we have

k 2 % kk 1 2 % %k 7 2 ¥ k7 o .
MePij = N NEPI; = NP = WNPs; = NP =N NPk 1,5, k=1,2,---,m,

m+1 . j .
N1 D7 = NiPjmi1 = NPimpr = 0 t,j #m+1,
i * mt1 ‘ .
NiPimpr = MO (N — 1) = Np1p’s 1=12:-,m.

The condition that A} ¢ r* arises from the fact that if this condition is not
true, then with respect to a particular treatment ¢ there will exist a group of
(say) mth associate treatments which will occur with ¢ in exactly r blocks.
Since every treatment is replicated r* times, ¢ will always appear with the same
group of treatments. Thus if a treatment occurs in a certain block, then every
mth associate treatment will also occur in that block. Therefore it is possible
to replace each group of treatments by a single treatment tc derive a new design.
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It can be shown, using an argument similar to that used to prove the main
theorem, that the derived design will be a partially balanced incomplete block
design with (m — 1) associate classes having parameters

v = v¥/n, b =0, r = r¥ k = k*/ny,
(8) o= \T, ni = n¥/nn . 1=12---,m—1,
P = pif/nm G k=12 --,m— L

This last result can be summarized in the following theorem.

Tuaeorem: If in a partially balanced design having m associate classes and
parameters (6) such that (say) A = r, then the treatments can be divided into
v* /. groups so that each treatment occurs in a block with all the treatments of its
group r* times. Also it vs possible to replace each group of treatments by one treat-
ment to derive a partially balanced design with (m — 1) associate classes and pa-
rameters given by (8).

A large number of partially balanced incomplete block designs with two
associate classes are available [4], [5]. These designs can be used to construct
three associate class designs having parameters

v = m¥, b = b*, k = nk* ro=r¥
M=, n=m}, i=1,2,
As =71, ng =n— 1,
npit  mpls n—1 nple  mply 0
pi = | npls mpin O |, py=|npy wpk n—1],
n—1 0 0 0 n-—1 0
i 0 0
phi=| 0 mni 0
0 0 n-—-2
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