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1. Introduction and summary. Hansen and Hurwitz [1] showed for two-stage
sampling that the selection of a single primary sampling unit (p.s.u.) with
probability proportional to some measure of its size (p.p.s.) from each stratum
is generally more efficient than selection with equal probability. Midzuno [5]
generalised the Hansen and Hurwitz approach to sampling a combination of n
elements from each stratum. Neither Hansen and Hurwitz nor Midzuno pro-
vided a method for estimating the between component of the total error from
the sample. Recently Horvitz and Thomson [3] have also given a method for
dealing with sampling without replacement when arbitrary probabilities of se-
lection are used for elements remaining prior to each draw. Methods for obtain-
ing an unbiased estimate of the population total as well as of the variance of the
estimate are presented. The scheme, however, suffers from certain practical dis-
advantages. One such disadvantage is the difficulty involved in the determination
of the selection probabilities. Another disadvantage is that Horvitz and Thom-
son’s unbiased estimate of the variance has generally no practical application as
it may assume negative values. This has been shown independently by the present
author [9], [10] and Yates and Grundy [11]. The authors also derived an expres-
sion of the unbiased estimate which is free from this defect.

Working independently, the present author [7], [8] developed the theory when
a combination of n p.s.u.’s are sampled from a stratum and applied it to the
case when n = 2. In this paper an outline is given of the general theory of the
selection and estimation procedure for obtaining unbiased estimates of the
between component of total error where first r p.s.u.’s are selected with p.p.s.
and the remaining » — r are selected with equal probability, the selection being
without replacement. An expression for the estimate of the variance of the
estimated total is presented. It is shown that the unbiased estimate of the vari-
ance of the estimate is generally inefficient and may assume negative values for
certain combinations of the sample values except for the special case when the
measures of sizes are all equal. A biased estimate has, however, been derived
which is always positive and is more efficient than the unbiased estimate. It is
shown that for the particular case when » = 1 the unbiased estimate of the total
reduces to a simple form which is useful in practice. It is proved that the selection
of one p.s.u. with p.p.s. and the remaining n — 1 with equal probability is equiva-

’

Received August 31, 1954. \

! This paper is based on a dissertation written under the supervision of Professor R. L.
Anderson and submitted in 1952 as partial fulfillment of the requirements for the Ph.D.
degree in Experimental Statistics at the University of North Carolina.

744

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to |24

The Annals of Mathematical Statistics. RIKOIRS ®
WWw.jstor.org



PRIMARY SAMPLING UNITS 745

lent to selecting a combination of n p.s.u.’s, where the measure of size is the
sum of the measures of the combination.

2. Probability functions for selection with probability proportionate to size.
Consider a population Uy, ---, Uy of units with respective measures of sizes
proportional to X; , - - -, X» . Inparticular, the X’s may be previous census values
of the characteristic for the units known exactly. Let (31, - -, ¢,) be any arbi-
trary combination of size n taken from 1, - - - , N. Obviously the total number of
possible combinations is (}).

Let Q(z1, - - -, %,) be the probability of selecting the units U, , - - - , U;, from
among the units Ui, -+, Uy with p.ps. to X;,, -+, X,, the selection' being
without replacement, each element being selected p.p.s. from those remaining
after the preceding selection. -

TueoreEM 1. Q@i1, - - -, ©,) 18 given by the recursive formula
(]) Q(i’ly"'yif) Zl"“'Qt,('Lly""7:]'—177:1'4'1)".'}7:7)
=

where X = Y i1 X; , and Q; ; indicates that U, is elvminated as a possible selection.
Proor. The right hand side of (1) within the summation sign is the probability

of selecting the r units U, , ---, Ui, out of U,,, ---, U,y such that the ;"
unit Uy, is first selected with p.p.s. to X;; and the remaining r — L units U;, , -+ -,
Ui~y Uij,y s -+ -, Us, are next selected from the remaining N — lunits U;,, - - -,
Ui;ois Uijyyy o+, Uiy with pps.to Xy, -+, X, Xipyy s o X,;Nandwith—
out replacement. The sum of all such probabilities where the ¢,* " unit U, ; may
be any one of the units U, , ---, Uy, - -+, Uy, is equal to QGi, - - -, 7,).

* In particular,

N .& 1 1 >
: Qi i) = (X St

TureoreM 2. The probability of selecting a specified n units such that any r units
Ui, -, U, arefirst selectedwithp.p.s. to X;, , - -+, X, and theremainingn — r
units with equal probability from among the remaining N — r units, the selection
being without replacement, is given by

(2) P(n,r,[’i]),— (N r; n_r) Z Q(/L!:"' )7:7)
where (N — r;n — r) is written for (A7) and D, () denotes summation over all
possible combmatwns Gy ooy 0)out of (4, -+, %, -+, 1.). For simplicity

write P(n, r) for P(n, r, [{]). The proof is omitted.
Special Cases.

The following are some important special cases:
=2,n = n

. oy X,'IX52 1 -1 1
@ P2)= 2;)[ X <X—X¢l+ )(N—-2 n~2)]
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Thus P(n, 2) is the probability of selecting n p.s.u.’s such that the first two

units U, , U,, are selected with p.p.s. to X, , X;, and the remaining n — 2 units

with equal probability, the selection being made without replacement.
r=1n=n.

_ 1 X+ -+ X))
W PoD=m -1 X
. ORI S C S ST
. "X W-Lr-DVTX W-ian-pT
)
L X 1

Y'(N—l;n—l)

From (4) it follows that P(n, 1) is the probability of selecting a combination of
n units U, , - -+, U, with probability proportional to the total measure of size
of the combination. Also from (5) P(n, 1) is the probability of selecting n p.s.u.’s
Uy, -+, U, such that the first unit is selected with p.p.s. to measure of size
and the remaining n — 1 units with equal probability but without replacement.
Hence the selection of one p.s.u. with p.p.s. and the remaining n — 1 units with
equal probability and without replacement is equivalent to selecting a combina-
tion of n p.s.u.’s with p.p.s. to measure of size of the combination.

3. Unbiased systems. Let 7', be any function of the observations on n elements
selected by some probability system from a population consisting of N elements.
In particular, let T, be an estimate of the population value Y with regard to the
probability function P(n, r). Then [P(n, r), T,] will be defined as a sampling
system.

A sampling system [P(n, ), T,] is said to be unbiased [4], [8] if

(6) EP(n,r)(Tp) =Y

We will now consider the class of unbiased estimates where the value of the
auxiliary variate X correlated with that of the characteristic Y is known before-
hand from a complete census. In particular, X may be the value of the charac-
teristic Y at a previous census, not subject to any sampling error. For simplicity
of notation we will consider only one stratum.

Consider now a population total Y as the total of the population of different
units. Also let Y be the population total for the ™ unit. Consider a two-stage
sampling system in which » p.s.u.’s are selected out of N units from the stratum
such that the first r units are selected with p.p.s. and the remaining n» — r units
with equal probability and without replacement. Let the selected » units be next
independently subsampled at random without replacement and the unbiased
estimated totals based on the subsamples be y7,, - -, yr, .



PRIMARY SAMPLING UNITS 747

THEOREM 3.

) 2 J

P(n, T), (N i l’n —_ I)P(n, 7‘)

18 an unbiased sampling system.
Proor. By Theorem 14 ch. 3 of [2] on conditional expectation,

: iy;i _ 1 [ 1 = ]
L[ .= _(N—l;n—l)E P(n,r")’blfz;lyii

i=1
(N —1;n — 1)P(n, 1)

where By (D 71 yi ;) is the conditional expectation of Z}'=1y§ ; holding the first
stage units constant. By theorem 6 ch. 3 of [2],

E, (Z ?/z,'i) = ZlEly:-, = 21 Yi,w
J= j=

j=1

Hence

' i v, _ [ 1 d J B
® =z [ i A ke PR Ol R

(N —1;n — 1)P(n,r)

By Theorem 15, ch. 3 of [2] on conditional variance,

n n 2
\,"a‘r [,, 1_21 yii ] —_ E’ [‘EI]{ ; (yl, - )'t,) :l
(N —1;n — 1)P(n, ) . (N —=1;n = 1)P(n,r)

b (Y’i|+-.. _|_)rin) ~ 2:]

where By (D ]’;1(;1/;,. ~Y) /(N —=1;n— 1)P(n, 7)}? is the conditional variance
of 20 7a(yi) /(N — 1;n = 1)P(n, r) holding the first stage units constant.

Henee
Var [ - ]gl Yi; ]
LN —1;n— DPn,r)

1 Zi+ -+ Z)
( = e it S S S04
®) (N —1;n — 1)‘-’,21:<...<§ Pn,r)

Within variance
1 Yo + -+ Y.
TN ST T e = B !

N -

Between variance
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2
" where Z; = M, (M; — m;) % , m; is the number of subsampling units sampled

1

from M units and o is the within variance of the +™ p.s.u. sampled.
Special Cases.

r=1n = n.
(10) System:l-P(n, 1),= X,.
]

1

¢

M:

-,

i—1

<,

(11) Jj=1
B 1 (Yo + - + V) o g
TN —-1;n—1) i,<-~<iz,.(Xn+“'+’Xin)X Y
1 (Ziyy + -+ Zs)
+(N—1;n—-1)2 i1 <...<izn P(n,l) )
r=1,n= 2.
. (Xi1 + X’Lz) (y:l + y:z) ]
(12) Sys“’m'[ N-DX' KT Xw )
and

(yi, + yis) ] _ (Yi, + Y3,)° i
V‘“[(Xh—‘f ¥ =zt —ns 7

(Zil + Zig)X
2 (X F X

(13)

4. Two other cases.

Casg 1.7 = 0, n = n. In this case the n units are selected with equal probability
and without replacement.
1
(14) P(n,0) = ——.
, (N;n)
The unbiased system and its variance are given by substituting P(n, 0) for
P(n, r) in (7) and (9) respectively.

Cask 2. 7 = n, n = n. In this case the n units are selected with p.p.s. and
without replacement. Substituting n for r.in (2)

(]5) P(n’ n) = Q(ily e :ln)

The unbiased system and its variance are given by substituting P(n, n) from
(15) for P(n, r) in (7) and (9) respectively. A practical case of interest is when
n = 2. The unbiased system is

. . . (yél + ?/:2)
(16) [P(z’ DWW TTn - VPG 2)]
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where

YT, . € 1 1
_ P(2, 2) = Q(’Ll, ) = X [X —X. + X = Xiz:l
The variance of (16) is obtained by substituting the value of P(2, 2) for P(n, r)
in (9).

6. Unbiased estimate of the between p.s.u. component of variance.
TuEOREM 4. An unbiased estimate of the between p.s.u. component of variance
n (9) 4s given by

(17) M=m—;@ﬂm
J=
where
(18) Q. = 2; ai,yi, + 2 Z<Z Cijoin¥i; Yin
= ¥ 1k
.. = 1 _ 1

(19 (N = 1;n — 1)2P(n,r) (N — 1;n — 1)P(n, 1)

' 1 (N;2)

“rn TN = L= 0P, (n; 2(N; n)Pm, 1)

. . . 2
and Z;i s an unbiased estimate of M, (M:; — m;)as; [/ My .
Proor.

B = EIQ) — B [§ <a,~,.zé,.)]
-2 Z[ren (Saart +2 T Seari )]

1 <<y 1<k

(20)

Also if Q, — > T(a: P Z; ;) is an unbiased estimate of the between p.s.u. com-
ponent of variance in (9)

oo S ] 1 (Yi+ -+ V)
! [Q" X (““’Z”)] RIS T VR R D O R
(Y5, + - + YL)
—I:;< <§ (N—ln—l)

(Y11 Y’Lz + Ylk Y” + ° ')(Ny 2)]

Hence by comparing coefficients of the terms of the type Y,1 , Vi - Yy, ete,
in (20) and (21) we have a,, , ¢i;.;;, as in (19). For unistage sampling, an unbiased
estimate of the variance of the estimate is given by

(21)

(22) E, ay Vi, +220 2 ¢ Vi ¥,
J==

1< i
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This follows as a special case of (17) when the within component of variance is
zero.

Further, the necessary and sufficient condition that the quadratic form Q-
is nonnegative is that all principal minors of the quadratic form are nonnegative.
Considering only the first and second order principal minors we have as a neces-
sary condition for the existence of an unbiased estimate of the between p.s.u.
component of variance

1
and
(24) 2n — 1) > Pn, ).

(N+n—2)(N—1;n—1)

Condition (24) implies (23) but is not generally true. In fact, if n = 2, the in-
equality (24) reduces to 2 / N(N — 1) = P(2, r) which holds only when all the
elements are selected with equal probability but without replacement.

Special Cases.

r = 1, n = n. An unbiased estimate of the between p.s.u. component of vari-
ance is given by (17) where

X\ X
a;; = n - n
’ ZXij ZX'L']' ’
j=1 =1

X \' (N-1 X
cii'ik = n - n—1 n
Z Xl'j Z X'i]'
j=1 J=1

r = 1, n = 2. An unbiased estimate of the between p.s.u. component of vari-
ance is given by (17) where

X \? X
Ay = Ay, = 2 - 2
>, (z v)

j=1 j=1

X \? X
C;l.i2 = 2 "‘(NT —_ 1) D) —
Z Xi,‘ Z Xi]' ’
j=1 J=1

r = 2, n = 2. An unbiased estimate of the between p.s.u. component of vari-
ance is given by (17) where

(25)

(26)

1 1
YT e S ISP, 2) | (N - DPE,2)
(27) ! 1

Cin TN 1P, 2) PR 2
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6. A biased estimate of the between p.s.u. component of variance.

THEOREM 5. A biased esitmate of the between p.s.u. component of variance which
©s more efficient than the unbiased estimate (17) is given by
28) (1) Zero where (17) is negative;

(ii) (17) where (17) is positive and where a;;’s and c;;.:,’s are given by (19).

Proor.

Let Var ,Z; Yai =E [Q; - (a..,.-z:.,.):l = B where 8 = 0.
(N —1;n — DP(n, 1) =

Denote the estimate (28) by R,. Then R, = G, for the set of points for which
G = 0 and R, = 0 for the set of points for which G, < 0, i.e., G, = —H, (say)
and

ER, — 8F = ;[(G; — B)’P(n, )] + ;ﬂ’P(n, r)
ElG, — 8] = Zl (G — B)P(n, r)] + }2: (Hn + B°P(n, r)

where D_; denotes summation for nonnegative values of G, and)_, denotes sum-
mation for negative values of G+, . Then E[R, — 8]’ < E[G» — BV if G, assumes
negative values with positive probability. Hence (28) is more efficient than (17).
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