MINIMUM VARIANCE UNBIASED ESTIMATION FOR THE
TRUNCATED POISSON DISTRIBUTION

By R. F. Tare! anp R. L. Gorn?
University of Washington

1. Summary. A minimum variance unbiased estimator is provided for the
parameter of a truncated Poisson distribution in the case of truncation on the
left. In this connection the distribution is obtained for the sum of #» independent
identically distributed truncated Poisson random variables, and then well-known
properties of sufficient statistics are employed to obtain the estimator. For the
case of truncation away from the zero value results are expressed in terms of
Stirling numbers of the second kind. The estimator has a particularly simple
form and tables are available for its computation. For the general case results
are expressed in terms of what we call generalized Stirling numbers. As a by-
product of the statistical considerations there arises an identity between general-
ized Stirling numbers which may be useful in the study of Difference Equations.

2. Introduction. Numerous articles have been written on the subject of the
estimation of the parameter of a truncated or censored Poisson distribution. Our
work concerns the former distribution. The two types of distributions can be
distinguished as follows: Consider an ordinary Poisson random variable with
range {0, 1,2, --- }, and let A be a subset of this range. If values in the set
A cannot be members of a sample, then a random observation of the restricted
variable is said to have a truncated Poisson distribution or to be truncated
away from A. On the other hand there is the possibility for values in the set 4
to be members of a sample, but for some reason not distinguishable from one
another. In this case a random observation of the restricted variable is said to
have a censored Poisson distribution.

A situation calling for the truncated Poisson distribution would occur when one
wishes to fit a distribution to Poisson-like data consisting of numbers of indi-
viduals in certain groups which possess a given attribute, but in which a group
cannot be sampled unless at least a specified number of its members have the
attribute. For example, the group may be a household of people, and the at-
tribute measles; the specified number would then be one. A censored Poisson
distribution is used most often in connection with pooled data. .

The estimation problem for both the truncated and the censored cases has
been discussed extensively from the point of view of maximum likelihood by
Cohen [1]. Earlier results based on maximum likelihood were obtained by
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756 R. F. TATE AND R. L. GOEN

Tippett [9], David and Johnson [2], and Rider [8]. Various other estimators were
proposed by Moore [5], [6], Rider [8], and Plackett [7]. Plackett appears to be the
only writer ever to propose an unbiased estimator for any of the cases of a
truncated or censored Poisson distribution. His estimator for the parameter of a
Poisson distribution truncated away from 0, which will arise several times during
our discussion, is

where the summation is taken over all X; = 2.

The present paper is concerned with unbiased estimators for the case of tail
truncation. It can readily be shown that truncation on the right, that is away
from A = {¢,c + 1, --- }, precludes the existence of an unbiased estimator.
The argument is based on the identity of two power series; details will be omitted.

Assume that A = {0, 1,2, ---, ¢} for some ¢ = 0. Let the Poisson density
be denoted by

—X>\z
ﬂ@m=eﬂ z=0,1,2 .

The density of the restricted random variable which is truncated away from
A is then

—Ay Z
N
glz; N, 6) = —p e s=c+lc+2 .
\ A?
z! E e —
ol 2!
Consider a sample of n independent observations X; , X,, --- , X, , each with
density g(z; A, ¢), and let
Tc = Z X ko
1

It is well known that D X, is a sufficient statistic for the family {f(z; \)}. A
result of Tukey [10] states that sufficiency is preserved under truncation away
from any Borel set in the range of X. Hence, in the case at hand T, is sufficient
for {g(z; N, ¢)}. It can be verified that T, is also complete.

For the case ¢ = 0 the distribution of T and the minimum variance unbiased
estimator X, are derived in Section 3. This is at the same time the most important
case for applications and the easiest with which to deal. A recent extension of
the table of Stirling numbers of the second kind makes A, easy to compute for
many values of n and T .

In order to express the results for the general case ¢ = 1 in a simple form it is
necessary to introduce the notion of a generalized Stirling number. This will be
done in Definition 3 below.

The following relations are quoted here for later reference.
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TRUNCATED POISSON DISTRIBUTION
Dctinition 1 (Jordan [3], p. 169): Stirling number of the second kind.
e = VS (%) (- L= mm e
0

& = 0fort < n.
Definition 2 (Jordan, p. 185):

2p—i . — N
Cpi = 2 (=17 (2” . 1)‘@;‘?.
j=p+1 J
Property 1 (Jordan, p. 169):
S = &4 + n Sl
Property 2 (Jordan, p. 186):
t
et = (‘) &?.
j=n \J
Property 3 (Jordan, p. 171):
C-'t-n,t.-zn =n ét—n-—l,t-—2n—l + (t - l)ét—n—l.t—2n .
- The generalized Stirling number will be introduced by
Defination 3:

—1)*¢!
6);,: — ( 1) t.z n!
k!

n!

( l)klk(‘—z §Ik i 42)

(1= B ) 1T G

wherek; = 0,1, -+ ;n;2=1,2,--- ;c+ 25t =nlc+ 1),nlc+ 1)+ 1, ---;
and the summation is taken overall (%, - - - , keqo) such that ks - -+ + koyo = n.
Property 4:

= &7 .

Property 5:

l @ = Ct—n t—2n o

To verify Property 5 write &, , as an iterated sum over k; and ks , and use Defini-
tion 2.

In Section 4 the distribution of 7. and the minimum variance unbiased esti-
mator A, are derived for the general case. There, also, a simple unbiased estimator
based on one observation is given for A, and is used, via the Lehmann-Scheffé-
Blackwell method, to reproduce X, . When equated, the two expressions for A.(£)
provide an identity for the numbers ®7,.. The estimator used is related to
Plackett’s, estimator A*.

3. The case ¢ = 0. Let X, X,, ---, X, be independent random variables,
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each with density g(z; \, 0) and characteristic function ¢o(e). Then T, has the
characteristic function

Yola) = [po(@)]" = (;i x!—?l%';_}'ﬁ)n'

Using the fact that f(z; ) has characteristic function expA(e’* — 1), and simp-

lifying, we have
Aeta -1
'/’o(a) (—:'1—') .

The inversion formula for characteristic functions shows that T has the density
1 + —iat
po(t) = o [ Yola)e " da.
s '3
A binomial expansion for the numerator of yo(a) shows that po(f) is
( l)n n < ) i ‘[-Hr ek)\c"—mt
@ =1 & \k) e

Since inversion of expA(e’® — 1) results in e A‘/¢!, the integral in po(f) is
(kN)'/t!, and from Definition 1 we finally arrive at
A'n!
(GRS
It was noted in the introduction that T’ is a complete sufficient statistic for
the family {g(z; A, 0)}. It then follows that if an unbiased estimator based on

T, exists for A, it will be unique and have the property of minimum variance
(See Lehmann [4]). The condition for unbiasedness of A, is

Nn! n_
thnxo(t) e =

In view of that fact that

pot) = —rr &1, t=nmn+1, .-

‘Zx @l)

the condition becomes
)\t+l

> )\o(t) Z e

t=n

Comparing coefficients of powers of A, we have the minimum variance unbiased
estimator

; B

Xo(t) = @n .
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Property 1 gives the alternative form®

n e
Mr. Francis L. Miksa has computed the most complete table to date of Stirling
numbers of the second kind.* Miksa’s table gives &; for n = 1(1)¢, ¢ = 1(1)50.
The quantity needed for the estimation of A, the parameter of a Poisson dis-
tribution truncated away from zero, is

~n—1

Xo(t) = %(1 - -@‘—‘;l> = éC’(n, 0.
A table of C(n, t) forn = 2(1)t — 1,¢ = 3(1)50 appears at the end of this paper."
Note that for certain values-of (n, ¢), C(n, £) has not been tabulated, since

Cn,t) =0 when n=¢t=1

C(,t) =1 when ¢ = 2.
All other missing entries are 1 (correct to 5 decimals); for example, C(2, ) = 1

for ¢t = 19.
For values of ¢ which are large compared to n, the asymptotic expression
S¢ ~ n'/n!is available (Jordan [3], p. 173). Thus we have

M) = %(1 — (n ; 1)t—l> .

The percentage error of approximation, E(n, t), decreases with increasing ¢
when n is fixed. For fixed ¢/n the percentage error increases with increasing n;
however, the rate of increase falls off rapidly, as can be seen from the following
short table, computed for ¢{/n = 4.

(n,2) (2,8 (4,16) (6,24) (8,32) (10,40) (12,48)
E(n,t) 006% .046% .073% .090% .101% .107%

Since E(15, 50) = .4%, we may consider the approximation quite satisfactory
for 2 < n £ 15, ¢ = 51. For larger values of n we must have ¢/n larger than
50/15, but not necessarily much larger, in view of the above table. For larger
values of 7 one may also resort to the use of the unbiased estimator of Plackett,
which was defined in the introduction and can also be written®

*=£( _m
A nl t)’

3 This form may be thought of as a slight change of the usual estimator ¢/n due to the
missing zero class.

¢ This table is as yet unpublished.

¢ In this connection see also the definition of V. in Section 4.
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where 7, is the number of observations in the sample which have the value 1;
or one can use the maximum likelihood estimator A, which is the solution of the
equation
t A

n 1 — et

In summary, the following is an improved procedure for estimating X, which
in many cases yields a minimum variance unbiased estimator.

Estimate A by

:—LC(n,t), 1Sn<41<t<50;n=t025n=112 5,

t—1
%(1—(" '1) ) 2<n <1562 510 = 16, (3 n,

¢ or A, otherwise.

An extended table of C(n, f) would be quite useful. However, in order to obtain
such a table it is necessary to devise a method for computing C'(n, £) which does
not depend on entries in the table of &; , since, for example, ©;¢ in Miksa’s
table is an integer of forty-seven digits. The authors have been unable to do this.

The following facts should be observed in comparing our estimator with the
estimator A* of Plackett [7] and the maximum likelihood estimator \.

1. Plackett’s estimator A* and X, are different, and \* has exact variance

1 Az
n (x + e"x_l> :
2. X\ was shown by David and Johnson [2] to be the solution of the equation
A

x‘:

1 — e’

so it is obviously a function of Ty . A simple numerical calculation shows that
A and X, are different. Therefore, by uniqueness of unbiased estimators based
on Ty, we see that \ is a biased estimator ‘of \.

3. David and Johnson also showed that the asymptotic variance of A is

AL — e
n(l — e — )’

This is then also, for each fixed n, the Cramér-Rao lower bound for exact vart-
ances of unbiased estimators. The following calculations show that there is no
unbiased estimator whose variance attains this lower bound: Let Ji(x) denote
the joint density of n independent truncated Poisson random variables, each
with density g(z; A\, 0). Then, a necessary and sufficient condition for a Cramér-
Rao estimator to exist is that there exist a function A(A) such that the expression

—\\2
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3 log J\(x)

A+ BN Y

is independent of A for all values of x. It can be verified that

dlog n(x) _ (X a _  m
I\ n 1—e)’
and that no such function A(\) exists. Moreover, since Ao and \* are different
functions of ¢, the variance of \* must exceed that of A . Consequently, we may
write (for each fixed n)
AL — ™)’ : 1 \
n(l — ¢ — e ™) <o < >\+e*—-1 )

4. The general case. The derivation of the distribution of 7', and the minimum
variance unbiased estimator \. proceeds in a manner analogous to the case
¢ = 0, except that here we use a multinomial expansion and generalized Stirling
numbers. More precisely, let

c —\\ J

=

Then, T. will have characteristic function

0 eiax—)\)\a: n _ e—n): reia c eiaz)\z n
¥elo) = @x' e F<c>1) T A -FOr <e BRaRr )

After performing the multinomial expansion, employing the inversion formula,
and evaluating the same types of integrals as before, we use Definition 3 and
arrive at the following expression for the density of T :

trc
pc(t)=ﬂ—"—"— t=mnlc+1),n+1)+1, .

c FANCR
t! (e)‘ — Z %)
In the same way as before the condition of unbiasedness now yields

&%,

c
n,t

A) =t

It is clear from Property 4 that for ¢ = 0, X.(#) reduces to the expression of Sec-
tion 3. Also, from Property 5 we see that

Ct—n—l yt—2n—1

M) =t 22

1( ) Ct—n,t—2n

At the present time there appears to be only one available table (Jordan, p. 172)
for evaluating Cp ; . This table handles the estimation problem forn = 1, ---, 5,

m+1=<t<n-+86.
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One simple unbiased estimator for A is

n=c+1
Uc(xl) =
x4 =c+ 2.
Now we use the Lehmann-Scheffé-Blackwell Method (see Lehmann [4]):

- t—(n—1)(c+1)
AN =EWU.|T.=t)= X 2PXi=z|T. =1.

c+2

P(X, = z| T, = t) canbe written as P(X; = z) P(D_7 X; = t — z)/P(T. = §),
and then simplified by the use of p.(f) to the form

(;) @2——1,!—-1
n,t

Substituting th_is expression in the above, and equating the result with the
earlier form of A\.(f), we obtain the identity

t—c—2
t—1
2 ( . a1 = 1@,
(e+1) (n—1) J

For ¢ = 0 this reduces to a combination of Property 1 and Property 2.
The natural unbiased estimator based on the whole sample, which may be
generated from U, , is

.

Vc(x17x27 ce ,xn) =

> Ula.

S

Vo is precisely Plackett’s A*.

n—1
TABLE OF 10° C(n, {) = 10° (1 - @i;‘)
¢

() Cmdin, )  Cl |, 85) Clr, o), 8) Cl,d)(n,8) CBi(n, ) Cln O, 0) Cln ¥

@, 3) 66667|(3, 7) 89701((3, 27)  99997|(4, 19)  99428|(4, 39)  99998|(5, 20)  98497|(5, 40) 99983
@, 4) 85714/(3, 8) 93478((3, 28)  99998|(4, 20)  99572|(4, 40)  99998)(5, 21)  98807)(5, 41) 99987
2, 5) 93333((3, 9) 95802((3, 29)  99999|(4, 21) 99680 (4, 41)  99999|(5, 22)  99052|(5, 42) 99989
2, 6) 96774((3, 10)  97267((3, 30)  99999|(4, 22)  99761|(4, 42)  99999|(5, 23)  99245|(5, 43) 99991
@, 7 98413|(3, 11)  98207/(3, 31)  99999|(4, 23)  99821{(4, 43)  99999|(5, 24)  99399/(5, 44) 99993
@ 8 99213((3, 12) 98818 n=4 (4, 24) 99866 n=35 (5, 25)  99521|(5, 45) 99995
@, 9 99608 (3, 13)  99218/(4, 5) 40000 (41 25)  99898| (5, 6) 33333|(5, 26)  99618((5, 46) 99896
(2, 10)  99804/(3, 14)  99481|(4, 6) 61538) (4, 26)  99925{(5, 7) 53571|(5, 27)  99695|(5, 47) 99997
(2, 11) 99902/, 15)  99655|(4, 7) 74286((4, 27)  99943|(5, 8) 66667| (5, 28)  99756|(5, 48) 99997
(2, 12)  99951{(3, 16)  99771|(4, 8) 82305/ (4, 28) 99958 (5, 9) 75529{(5, 29)  99805|(5, 49) 99998
(2, 13)  99976/(3, 17)  99847|(4, 9) 87568)(4, 29)  99968|(5, 10)  81728|(5, 30)  99844|(5, 50) 99998
(2, 14)  99988|(3, 18)  99898|(4, 10)  91130|(4, 30)  99976{(5, 11)  86177|(5, 31) 99876 n =6
(2, 15)  99994/(3, 19)  99932{(4, 11)  93586|(4, 31)  99982((5, 12)  89434|(5, 32)  99901)(6, 7) 28571
(2, 16)  99997|(3, 20)  99955|(4, 12)  95339|(4, 32)  99987|(5, 13)  91851|(5, 33)  99921|(6, 8) 47368
2, 17)  99998/(3, 21)  99970|(4, 13)  96583|(4, 33)  99990{(5, 14)  93686|(5, 34)  99936](6, 9) 60317
2, 18)  99999|(3, 22)  99980|(4, 14)  07482)(4, 34)  99992|(5, 15)  95070|(5, 35)  99949|(6, 10) 69549
n=3 (3, 23)  99987|(4, 15)  98137|(4, 35)  99994|(5, 16)  96136/(5, 36)  99959|(6, 11) 76307
@3, 4) 50000{(3, 24)  99991|(4, 16)  98618(4, 36)  99996/(5, 17)  96961|(5, 37)  99968|(6, 12) 81360
@3, 5) 72000|(3, 25)  99994|(4, 17)  98971|(4, 37)  99997|(5, 18)  97602|(5, 38)  99974|(5, 13) 85202
(3, 6) 83333((3, 26)  99996)(4, 18)  99233/(4, 38)  99998|(5, 19)  98104[(5, 39)  99979|(6, 14) 88164
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TABLE—Continued
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(n, 1) C(n, 1)|(n, 1) C(n, 8)|(n, 1) Cn, 1)|(n, t) C(n, t)|(n, 1) Cn, t)|(n, 1) C(n, t)|(n, {) C(n, t)
(6, 15) 90474/(7, 34) 99368((9, 12) 46666) (10, 34) 96576 (12, 18) 59241 (13, 43) 96100|(15, 33) 84943
6, 16) 92294((7, 35) 99460} (9, 13) 55765((10, 35)  96946](12, 19) 64243 (13, 44) 96427|(15, 34) 86196
6, 17) 937387, 36) 99558/ (9, 14) 63008((10, 36) 97273|(12, 20) 68514 (13, 45) 96726|(15, 35) 87330
6, 18) 94893((7, 37) 99605 (9, 15) 68847) (10, 37) 97564|(12, 21) 72182 (13, 46) 96998 (15, 36) 88360
6, 19) 95822((7, 38) 99662/ (9, 16) 73607|(10, 38) 97822|(12, 22) 75348((13, 47) 97246 (15, 37) 89297
(6, 20) 96573((7, 39) 99711(9, 17) 77523/ (10, 39) 98052{(12, 23) 78095|(13, 48) 97473 (15, 38) 90149
(6, 21) 97182|(7, 40) 99753((9, 18) 80771[(10, 40) 98257((12, 24)  80489((13, 49) 97680 (15, 39) 90926
(6, 22) 97678(7, 41) 99788|(9, 19) 83485/ (10, 41) 98439(12, 25) 82582((13, 50) 97869 (15, 40) 91636
6, 23) 98084/(7, 42) 99820| (9, 20) 85765| (10, 42) 98602 (12, 26) 84419 n =14 (15, 41) 92285
(6, 24) 98417|(7, 43) 99845/ (9, 21) 87693((10, 43) 98747/(12, 27) 86036 (14, 15) 13333[(15, 42) 92878
(6, 25) 98690| (7, 44) 99867 (9, 22) 89331((10, 44) 98877/(12, 28) 87465 (14, 16) 24419((15, 43) 93422
(6, 26) 98915|(7, 45) 99886/ (9, 23) 90727((10, 45)  98993| (12, 29) 88730|(14, 17). 33725 (15, 44) 93921
6, 27) 99101{(7, 46) 99902( (9, 24) 91924/ (10, 46)  99096|(12, 30) 89853 (14, 18)  41607{(15, 45) 94379
6, 28) 99254((7, 47) 99916/ (9, 25) 92952((10, 47) 99189/(12, 31) 90852 (14, 19) 48331|(15, 46) 94799
6, 29) 99381/ (7, 48) 999281 (9, 26) 93838((10, 48)  99272|(12, 32) 91743 (14, 20) 54107|(15, 47) 95186
(6, 30) 99485/(7, 49) 99939 (9, 27) 94605((10, 49) 99347((12, 33) 92530 (14, 21)  59098|(15, 48) 95542
(6, 31) 99572 (7, 50) 99947/ (9, 28) 95269( (10, 50) 99413((12, 34) 93251 (14, 22)  63434|(15, 49) 95870
6, 32) 99644 n=2_8 9, 29) 95846 n =11 (12, 35) 93890|(14, 23) 67220 (15, 50) 96172
(6, 33) 99704/ (8, 9) 22222/ (9, 30) 96348|(11, 12) 16667|(12, 36) 94463 (14, 24) 70539 n = 16
6, 34) 99754((8, 10) 38400((9, 31) 96787/ (11, 13)  29864|(12, 37) 94978 (14, 25) 73462|(16, 18) 21769
(6, 35) 99795((8, 11) 50505/(9, 32) 97170((11, 14)  40476(12, 38) 95442 (14, 26) 76044|(16, 19) 30341
(6, 36) 99830/ (8, 12) 59763((9, 33) 97505( (11, 15) 49120((12, 39) 95860 (14, 27) 78333|(16, 20) 37735
(6, 37) 99858((8, 13) 66972) (9, 34) 97799|(11, 16) 56240/ (12, 40) 96238 (14, 28) 80369|(16, 21) 44153
(6, 38) 99882/ (8, 14) 72670| (9, 35) 98057( (11, 17)  62162((12, 41) 96579 (14, 29) 82185|(16, 22) 49754
(6, 39) .99902|(8, 15) 77229((9, 36) 98283((11, 18)  67127|(12, 42) 96887 (14, 30) 83809|(16, 23) 54665
(6, 40) 99918((8, 16) 80916}(9, 37) 98482|(11, 19) 71323|(12, 43) 97166 (14, 31)  85264/(16, 24) 58091
(6, 41) 99932((8, 17) 83925((9, 38) 98658/ (11, 20)  74890|(12, 44) 97419 (14, 32) 86571|(16, 25) 62818
(6, 42) 99943 (8, 18) 86400| (9, 39) 98812)(11, 21)  77942((12, 45) 907648|(14, 33)  87747|(16, 26) 66215
(6, 43) 99953148, 19) 88451/ (9, 40) 98949 (11, 22) 80565/(12, 46) 97856 (14, 34) 88808|(16, 27) 69242
6, 44) 99961/ (8, 20) 90159 (9, 41) 99069((11, 23)  82831/(12, 47) 98045 (14, 35)  89767|(16, 28) 71946
(6, 45) 999671(8, 21) 91590| (9, 42) 99175((11, 24) 84797((12, 48) 98217 (14, 36) 90635|(16, 29) 74370
(6, 46) 99973) (8, 22) 927951 (9, 43) 99269 (11, 25) 86508|(12, 49) 98373 (14, 37) 91421/(16, 30) 76508
(6, 47) 99977((8, 23) 93813/ (9, 44) 99352| (11, 26)  88003|(12, 50) 98514 (14, 38) 92135((16, 31) 78510
(6, 48) 99981((8, 24) 94676 (9, 45) 99426( (11, 27) 89314 n =13 (14, 39) 92783((16, 32) 80281
(6, 49) 99984/ (8, 25) 95411)(9, 46) 99491 (11, 28)  90466|(13, 14) 14286 (14, 40) 93374/(16, 33) 81884
(6, 50) 99987((8, 26) 96037)(9, 47) 99548((11, 29)  91481/(13, 15) 26000 (14, 41)  93912|(16, 34) 83337
n=7 8, 27) 96574 (9, 48) 99599| (11, 30) 92377((13, 16) 35714 (14, 42) 94403/ (16, 35) 84657
(7. 8) 25000 (8, 28) 97034((9, 49) 99644((11, 31)  93171(13, 17)  43849((14, 43)  95851|(16, 36) 85859
7, 9) 42424((8, 29) 97429((9, 50) 99684)(11, 32) 93875[(13, 18) 50719 (14, 44)  95260|(16, 37) 86954
(7, 10) 55000/ (8, 30) 97771 n =10 (11, 33)  04501|(13, 19) 56565 (14, 45) 95635/ (16, 38) 87953
(7, 11) 64326((8, 31) 98063/(10, 11) 18182(11, 34) 95058 (13, 20) 61573|(14, 46) 95978 (16, 39) 88867
(7, 12) 71392|(8, 32) 98317|(10, 12)  32258/(11, 35) 95555 (13, 21) 65888|(14, 47) 96293 (16, 40) 89703
(7, 13) 76841((8, 33) 98536/ (10, 13)  43357|(11, 36) 95999 (13, 22) 69627/ (14, 48) 96581 (16, 41) 90469
7, 14) 81104|(8, 34) 98726/(10, 14)  52242[(11, 37) 96395, (13, 23)  72881|(14, 49) 96846 (16, 42) 91173
(7, 15) 84480((8, 35) 98890( (10, 15) 59447 (11, 38)  96750((13, 24) 75726 (14, 50) 97089|(16, 43) 91819
(7, 16) 87181((8, 36) 99033/(10, 16)  65354|(11, 39) 97068 (13, 25) 78224 n =15 (16, 44) 92413
7, 17) 89362 (8, 37) 99157|(10, 17)  70243{(11, 40) 97354 (13, 26) 80424|(15, 16) 12500 (16, 45) 92960
(7, 18) 91135/ (8, 38) 99265| (10, 18)  74324|(11, 41) 97610 (13, 27) 82369|(15, 17) 23018 (16, 46) 93464
(7, 19) 92586/ (8, 39) 99359| (10, 19)  77755|(11, 42) 97841 (13, 28) 84093|(15, 18) 31944 (16, 47) 93929
(7, 20) 93780|(8, 40) 99441/ (10, 20) 80657|(11, 43) 98048 (13, 29)  85625/(15, 19) 39578((16, 48) 94358
(7, 21) 94769/ (8, 41) 99512|(10, 21) 83127((11, 44) 98235 (13, 30)  86991|(15, 20) 46150 (16, 49) 94754
7, 22) 95589((8, 42) 995741 (10, 22) 85239|(11, 45) 98403 (13, 31) 88211(15, 21) 51843{ (16, 50) 95130
(7, 23) 96274|(8, 43) 99628((10, 23)  87054|(11, 46) 98555 (13, 32) 89304|(15, 22) 56801 n =17
(7, 24) 96846 (8, 44) 99675/ (10, 24)  88619((11, 47) 98691 (13, 33) 90283|(15, 23) 61139 17, 18) 11111
(7, 25) 97327|(8, 45) 99716/ (10, 25) 89975((11, 48) 98815 (13, 34) 91164|(15, 24) 64953 (17, 19) 20648
(7. 26) 97731((8, 46) 99752((10, 26) 91152[(11, 49) 98926 (13, 35) 91957|(15, 25) 68319 (17, 20) 28888
7, 27) 98072| (8, 47) 99783((10, 27) 92178((11, 50) 99027 (13, 36) 92672((15, 26) 71301 17, 21) 36054
(7, 28) 98360/ (8, 48) 99810](10, 28) 93074 n =12 (13, 37) 93318|(15, 27) 73951 17, 22) 42317
(7, 29) 98603 (8, 49) 998341 (10, 29) 93859|(12, 13) 15385 (13, 38) 93902[(15, 28) 76314 (17, 23) 47820
(7, 30) 98810((8, 50) 99855( (10, 30)  94548|(12, 14) 27799 (13, 39) 94430{(15, 29) 78428 (17, 24) 52676
(7, 31) 98985 n=9 (10, 31) 95154|(12, 15) 37949 (13, 40)  94910| (15, 30) 80322 (17, 25) 56979
(7, 32) 99134/(9, 10) 20000((10, 32) 95688/(12, 16) 46340 (13, 41) 95345/(15, 31) 82025 (17, 26) 60807
(7, 33) 99260/ (9, 11) 35065' (10, 33) 96159|(12, 17) 53344 (13, 42) 95740|(15, 32) 83559 (17, 27) 64222
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TABLE—Continued

)  Co,Pn )  C ),  Cw,0)m,8)  Cho,0)m,8)  Cl ) t)  Cl, 1), )  Cln, 1)

(17, 28) 67281)(19, 25) 44360|(21, 27) 41355((23, 33) 54244)(25, 43) 70434((28, 34) 33396{(31, 34) 1727y
(17, 29) 70027)(19, 26) 49087{(21, 28) 45940/(23, 34) 57325|(25, 44) 72104|(28, 35) 37471((31, 35) 22157
(17, 30) 72499|(19, 27) 53319/(21, 29) 50080|(23, 35) 60153{(25, 45) 73662|(28, 36) 41233{(31, 36) 26667
(17, 31) 74731|(19, 28) 5712021, 30) 53829((23, 36) 62753|(25, 46) 75117|(28, 37) 44711|(31, 37) 3084Z
(17, 82) 76750{(19, 29) 60543|(21, 31) 57232((23, 37) 65147|(25, 47) 76478/(28, 38) 47931|(31, 38) 34715
(17, 33) 78581|(19, 30) 63636|(21, 32) €0330((23, 38) 67356|(25, 48) 77751((28, 39) 50919|(31, 39) 38313
(17, 34) 80245|(19, 31) 66436{(21, 33) 63155/(23, 39) 69397|(25, 49) 78943|(28, 40) 53694|(31, 40) 41662
(17, 35) 81759|(19, 32) 68978|(21, 34) 65736|(23, 40) 71285/(25, 50) 80061|(28, 41) 56275|(31, 41) 44782
(17, 36) 83140{(19, 33) 71291j(21, 35) 68101{(23, 41) 73035 n = 26 (28, 42) 58680 (31, 42) 47693
(17, 37) 84401{(19, 34) 73399|(21, 36) 70270|(23, 42) 74650|(26, 27) 07407|(28, 43) 60923|(31, 43) 50413
(17, 38) 85555|(19, 35) 75325/(21, 37) 72264|(23, 43) 76168|(26, 28) 14105 (28, 44) 63018|(31, 44) 52958
(17, 39) 86612|(19, 36) 77086|(21, 38) 74091|(23, 44) 77571|(26, 29) 20179((28, 45) 64976/ (31, 45) 55341
(17, 40) 87582[(19, 37) 78701{(21, 3y) 75791|(23, 45) 78877|(26, 30)  25703[(28, 46) 66810[(31, 46) 57576
(17, 41) 88472|(19, 38) 80184|(21, 40) 77353|(23, 46) 80095/(26, 31) 30740((28, 47) 68527((31, 47) 59673
(17, 42) 89292((19, 39) 81547|(21, 41) 78798((23, 47) 81231|(26, 32) 35343((28, 48) 70138|(31, 48) 61643
(17, 43) 90046/(19, 40) 82802|(21, 42) 80135/(23, 48) 82293|(26, 33) 39561|(28, 49) 71651{(31, 49) 63497
(17, 44) 90742|(19, 41) 83960|(21, 43) 81375((23, 49) 83285|(26, 34) 43434|(28, 50) 73072|(31, 50) 65241
(17, 45) 91383|(19, 42) 85028(|(21, 44) 82525|(23, 50) 84213{(26, 35) 46996 n =29 n =232
(17, 46) 91976|(19, 43) 86015|(21, 45) 83593 n =24 (26, 36) 50279(|(29, 30) 06667|(32, 33) 06061
(17, 47) 92524)(19, 44) 86929(21, 46) 84387|(24, 25) 08000|(26, 37) 53311|(29, 31) 12757((32, 34) 11643
(17, 48) 93031{(19, 45) 87775((21, 47) 85512|(24, 26) 15174|(26, 38) 56114|(29, 32) 18333|(32, 35) 16797
(17, 49) 93501{(19, 46) 88560{(21, 48) 86374|(24, 27) 21630((26, 39) 58711{(29, 33) 23452}(32, 36) 21562
(17, 50) 93936/(19, 47) 89288|(21, 49) 87178{(24, 28) 27458((26, 40) 61121{(29, 34) 28160((32, 37) 25977
n =18 (19, 48) 89965|(21, 50) 87929((24, 29) 32736((26, 41) 63359((29, 35) 32491|(32, 38) 30075
(18, 17) 11765|(19, 49) 90594 n =22 (24, 30) 37529((26, 42) 65441{(29, 36) 36506((32, 39) 33883
(18, 18) 2176y|(19, 50) 91179|(22, 23) 08696|(24, 31) 41893((26, 43) 67381((29, 37) 40213((32, 40) 37429
(18, 19) 30341 n = 20 (22, 24) 16418(24, 32) 45875|(26, 44) 69189|(29, 38) 43647|(32, 41) 40734
(18, 20) 37735((20, 21) 09524](22, 25) 23304((24, 33) 49519((26, 45) 70878|(29, 39) 46835|(32, 42) 43820
(18, 21)  44153|(20, 22) 17884|(22, 26) 29469|(24, 34) 52858|(26, 46) 72457|(29, 40) 49798((32, 43) 46704
(18, 22) 49754{(20, 23) 25259((22, 27) 35007|(24, 35) 55926((26, 47) 73933](29, 41) 52556|(32, 44) 49404
(18, 23) 54665((20, 24) 31795((22, 28) 39998|(24, 36) 58748|(26, 48) 75316((29, 42) 55127|(32, 45) 51933
(18, 24) 58991/(20, 25) 37611|(22, 29) 44509((24, 37) 61350{(26, 49) 76613|(29, 43) 57526{(32, 46) 54306
(18, 25) 62818((20, 26) 42806/(22, 30) 48598((24, 38) 63753|(26, 50) 78298((29, 44) 59768((32, 47) 56534
(18, 27) 58910{(20, 27) 47463|(22, 31) 52315((24, 39) 65975 n =27 (29, 45) 61866((32, 48) 58629
(18, 28) 62333|(20, 28) 51651|(22, 32) 55701((24, 40) 68034((27, 28) 07143|(29, 46) 63830/(32, 49) 60600
(18, 29) 65413](20, 29) 55428((22, 33) 58792|(24, 41) 69943|(27, 29) 13625/(29, 47) 65672{(32, 50) 62457
(18, 30) 68191{(20, 30) 58845|(22, 34) 61621|(24, 42) 71716/(27, 30) 19524((29, 48) 67401 n =33
(18, 31) 70703{(20, 31) 61043|(22, 35) 64214{(24, 43) 73364/(27, 31) 24906|(29, 49) 69025/ (33, 34) 05832
(18, 32) 72979|(20, 32) 64759((22, 36) 66595|(24, 44) V4899((27, 32) 29829|(29, 50) 7T0551|(33, 35) 11314
(18, 33) 75047(20, 33) 67324|(22, 37) 68787|(24, 45) 76330|(27, 33) 34342 n =30 (33, 36) 16340
(18, 34) 76929|(20, 34) 69665|(22, 38) 70807|(24, 46) 77665|(27, 34) 38488/(30, 31) 06452((33, 37) 20998
(18, 35) 78645/(20, 35) 71807|(22, 39) 72671|(24, 47) 78912|(27, 35) 42305|(30, 32) 12363|(33, 38) 25323
(18, 36) 80213((20, 36) 73770{(22, 40) 74394|(24, 48) 80077|(27, 36) 45826/(30, 33) 17791/(33, 39) 29344
(18, 37) 81647((20, 37) 75571[(22, 41) 75989((24, 49) 81168|(27, 37) 49078[(30, 34) 22786|(33, 40) 33090
(18, 38)  82962(20, 38) 77227((22, 42) 77467|(24, 50) 82190|(27, 38) 52088/(30, 35) 27392|(33, 41) 36583
(18, 39) 84170|(20, 39) 78752|(22, 43) 78839 n =25 (27, 39)  54879((20, 36) 31649((33, 42) 39846
(18, 40) 85279((20, 40) 80158|(22, 44) 80114}(25, 26) 07692((27, 40) 57469|(30, 37) 35588((33, 43) 42897
(18, 41) 86300((20, 41) 81457|(22, 45) 81300{(25, 27) 14620|(27, 41) 59878/(30, 38) 39240((33, 44) 45754
(18, 42) 87241|(20, 42) 82657[(22, 46) 82404|(25, 28) 20879|(27, 42) 62120{(30, 39) 42632/(33, 45) 48432
(18, 43) 88110((20, 43) 8376&{(22, 47) 83433|(25, 29) 26552|(27, 43) 64209((30, 40) 45786((33, 46) 50946
(18, 44) 88912/|(20, 44) 84798|(22, 48) 84393|(25, 30) 31707{(27, 44) 66160[(30, 41) 48724/(33, 47) 53307
(18, 45) 89653|(20, 45) 85754(22, 49) 85289((25, 31) 36404|(27, 45) 67982|(30, 42) 51463((33, 48) 55528
(18, 46) 90340|(20, 46) 86641|(22, 50) 86127|(25, 32) 40694|(27, 46) 69686 (30, 43) 54022((33, 49) 57619
(18, 47)  90976/(20, 47) 87466 n =23 (25, 33) 44622((27, 47) 71282|(30, 44) 56414/(33, 50) 59589
(18, 48) 91565)(20, 48) 88233|(23, 24) 08333|(25, 34) 48225/(27, 48) 72778|(30, 45) 58653 n =34
(18, 49) 92113((20, 49) 88948{(23, 25) 15771{(25, 35) 51538/(27, 49) 74181|(30, 46) 60751|(34, 35) 05714
(18, 50) 92621|(20, 50) 89614(23, 26) 22436((25, 36) 54589|(27, 50) 75499|(30, 47) 62720|(34, 36) 11003
n=19 n =21 (23, 27) 28428((25, 37) 57403 n =28 (30, 48) 64568|(34, 37) 15907
(19, 20) 10000 (21, 22) 09091((23, 28) 33834/(25, 38) 60004((28, 29) 06897|(30, 49) 66306 (34, 38) 20462
(19, 21) 18719((21, 23) 17120{(23, 29) 38725/(25, 39) 62412|(28, 30) 13176((30, 50) 67940|(34, 39) 24700
(19, 22) 26364|(21, 24) 24242/(23, 30) 43162((25, 40) 64644((28, 31) 18910 n =31 (34, 40) 28648
(19, 23) 33099((21, 25) 30588/(23, 31) 47199((25, 41) 66716|(28, 32) 24157|(31, 32) 06250{(34, 41) 32332
(19, 24) 39061|(21, 26) 36263|(23, 32) 50880{(25, 42) 68641|(28, 33) 28971|(31, 33) 11992((34, 42) 35774
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TABLE—Concluded

m  Cotm o Co|me Coolnd Cooin e Clmbn e Cobdlnt Ch, i
(34, 43)  38995/(35, 48) 49075|(37, 40) 14737|(38, 38) 38800| (40, 46) 25076|(42, 48) 24074|(45, 48) 12319
(34, 44)  42011|(35, 49) 51411{(37, 41) 19008((38, 49) 41517|(40, 47) 28422|(42, 49) 27320|(45, 49) 15977
(34, 45)  44840/(35, 50) 53613|(37, 42) 23002((38, 50) 44081{(40, 48) 31578/(42, 50) 30387|(45, 50) 19437
(34, 46) 47497 n =36 [(37, 43) 206744 n =39 (40, 49) 34557 n=43 n = 46
(34, 47) 49993|(36, 37) 05405((37, 44) 30253((39, 40) 05000((40, 50) 37369|(43, 44) 04545|(46, 47) 04255
(34, 48) 52343/(36, 38) 10430|(37, 45) 33547[(39, 41) 09673 n =41 (43, 45) 08821|(46, 48) 08273
(34, 49)  54555/(36, 39) 15107((37, 46) 36643((39, 42) 14048[(41, 42) 04762|(43, 46) 12846|(46, 49) 12071
(34, 50) 56640|(36, 40) 19460|(37, 47) 39557|(39, 43) 18147|(41, 43) 00227((43, 47) 16640|(46, 50) 15664

n=235 (36, 41) 23542|(37, 48) 42302[(39, 44) 21994| (41, 44) 13420|(43, 48) 20221 n =47
(35, 36)  05556/\36, 42) 27350|(37, 49) 4488y|(39, 45) 25608|(41, 45) 17361|(43, 49) 23602/ (47, 48) 04167
{35, 37) 10700((36, 43) 30916(37, 50) 47332|(39, 46) 29007| (41, 46) 21070| (43, 50)  26800((47, 49) 08106
(35, 38)  15497/(56, 44) 34258 n =38 (39, 47) 32208|(41, 47) 24565 n=44 |47, 50) 11833
(35, 39) 19953|(36, 45) 37395|(38, 39) 05128[(39, 48) 35225|(41, 48) 27860| (44, 45) 04444 n = 48
35, 40) 24107/ (36, 46) 40343|(38, 40) 00913|(39, 49) 38071|(41, 49) 30971[(44, 46) 08630|(48, 49) 04082
{35, 41)  27984/(36, 47) 43116|(38, 41) 14384/(39, 50) 40760{(41, 50) 33910|(44, 47) 125771(48, 50) 07945
35, 42)  31608((36, 48) 45727((38, 42) 18567 n =40 n =42 |(44, 48) 16302 n = 49
35, 43)  35000{(36, 49) 48188|(38, 43) 22487/ (40, 41) 04878|(42, 43) 04651|(44, 49) 19821|(49, 50) 04000
(35, 44) 38179{(36, 50) 50510((38, 44) 26164|(40, 42) 09445((42, 44) 09019](44, 50) 23149
(35, 45)  4116i n =37 [(38, 45) 29617|(40, 43) 13727|(42, 45) 13127 n=45
{35, 46)  439621(37, 38) 05263((38, 46) 32864|(40, 44) 17745|(42, 46) 16093| (45, 46) 04348
(35, 47)  46596|(37, 39) 10165|(38, 47) 35020|(40, 45) 21522|(42, 47) 20637|(45, 47) 08448

REFERENCES

{1] A. C. ConEen, Jr., “Estimation of the Poisson parameter in truncated samples,”’
J. Amer. Stat. Assn., Vol. 49 (1954), pp. 158-168.
{2] F. N. Davip anp N. L. JornsoN, “The truncated Poisson,’”” Biometrics, Vol. 8 (1952),
pp. 275-285.
[3] CuarvLEs JorpaN, Calculus of Finite Diffzrences, Chelsea, New York, 1950.
{4] E. L. LeamanN, Notes on the Theory of Estimation, University of California Press,
Berkeley, 1950.
{5] P. G. MoorE, “The estimation of the Poisson parameter from a truncated distribu-
tion,”” Biometrika, Vol. 39 (1952), pp. 247-251.
{6] P. G. MooRE, ‘‘A note on truncated Poisson distributions,”’ Biometrics, Vol. 10 (1954),
pp. 402-406.
{7] R. L. PrackerT, “The truncated Poisson distribution,” Biometrics, Vol. 9 (1953)
pp- 485-488.
[8] P. R. RipER, “Truncated Poisson distributions,” J. Amer. Stat. Assn., Vol. 48 (1953),
pp. 826-830.
(9] L. H. C. TrepETT, ‘A modified method of counting particles,’”’ Proc. Roy. Soc. London.
Ser. A, Vol. 137 (1932), pp. 434-446.
{10] J. W. Tukey, “Sufficiency, truncation, and selection,” Ann. Math. Stat., Vol. 20,
(1949), pp. 309-310.



