LEAST SQUARES AND BEST UNBIASED ESTIMATES!
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1. Introduction. The Gauss-Markov Theorem states that least squares
estimates are best linear unbiased estimates. A probability model for the asser-
tion specifies that each observable variable can be written

b
(1) ya=£21.3ma+va, a=1--n,
where 8, , - - - , B, are parameters to be estimated, the set ;. are known numbers,
forming a matrix of rank p(= n) and v;, -, v, are (unobservable) random

variables with means 0, variances o® and are uncorrelated. Best means minimum
variance among unbiased estimates. In this paper we raise the question of the
extent to which the qualification linear can be omitted from the statement of
the theorem.

We shall assume that the errors in (1), v, --- , vy, are independently dis-
tributed with means 0 and common variances ¢” and in the first part of the note
that they are identically distributed. Then unbiased means unbiased identically
in the values of 8, : -+ , 8, and the common error distribution; minimum vari-
ance means uniformly with respect to these parameters and the distribution.
We consider estimates of every nontrivial linear combination »_ 7 6,8;. The
least squares estimate of the linear combination is D 7 6;b;, where

C(Bay oy bp) = = D07 Yaa (D7 Tae)

and Z, = (Z1a, -, Tpa). For convenience we assume throughout the paper
that the rank of the matrix (z;.) is p.

2. Case of identically distributed errors. A particular linear combination of
the parameters is ) 7 B:f; = u, say, where & = 2. Zia/n; this is the ex-
pected value of the sample mean 7 = ) 1 y./n. In general a least squares
estimate is a linear combination of the observations, say D I c.ya, and each
coefficient is a linear combination of the corresponding “independent” variates,
88y Ca = D% ¢Zia. The sample mean ¥ is the least squares estimate of u
if there exist p numbers, ¢1, -+ , ¢p, such that 1/n = D P ¢ia. Then the
regression function &y. can be written u + D 7' navia, where (1, Wi, - - - ,
Wp-1,) is a linear transform of (Zia, -, Zpa) and (u, m, +--, 7pa) is the
inverse linear transform of (8, - -, B,).

PEROPOSITION 1. If § i3 a least squares estimate, it is the best unbiased estimate
of 2.{ B .
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ProoF. Halmos [2] proved the proposition in the special case that the y’s
are identically distributed (that is, p = 1, 1o = 1); the proof of the more gen-
eral proposition here is different because of the lack of complete symmetry.
Let an arbitrary estimate be § + h(y1, - - - , ¥a). This estimate is an unbiased
estimate of p = 2.7 B if

(2) 8h(y1, "+ ,yn) =0

since & = u. We shall show that (2) holding for all distributions implies
3 &h(yr, -+, ya) = 0.

Hence, the variance of the estimate is

(4) &j — w4 h(ys, -+, yn)]" = 8(F — 1)* + & (va, -, Un);

this is at least equal to the variance of the least squares estimate, which is the
first term on the right.

Let
h(yly"',yn) =h(nlw1+u1)""n’wn+un)
(5)
=g(u1)"':un;77))
where 7' = (m, -+, 7p-1), w; = (Wia, "**, Wp-1,a), 80d Ua = p + va. In

order to demonstrate (3) we prove the following lemma.
LemMA. (2) tmplies
(6) Z g(aﬂn"':aan;ﬂ)=0
all perm.
for every n and the sum is over all permutations of any n numbers (ar, -+ , Gn)-
Proor or LEmma. We prove (6) by considering special distributions of ., -
IfPriuy =@ = Ly =1,---,n,(2) is

(7) g(aﬂ,aay"':aa;n)=0'

If Priuy, = ao} = 1/m,k =1,--- ,m,foraset (aq, ** ,0a,) of (@1, -+, @),
then

(8) 0=mnsg(u1:""un;’7)=Eg(zly"':zn;ﬂ))

where Y denotes the sum in which each z, takes on all of the values aq,, - - - ,
@a, (m < n). Now we prove by induction that the sum of g(z1, -+, 2. ; 1)
vanishes when the sum is over only those terms for each of which the arguments
of g(z1,+*+ , 2. ; ) include all m numbers. This holds for m = 1 as indicated

in (7). Now we assume the property for m = 1,2, ---, M — 1 and prove it
for M(=n). The sum (8) is

M

;g(aak? Qay, 5 Qay) ’7) + Z Ezg(zl PER 7 ’7)

(9)
+ -+ 223_19(21"“ ’Zﬂ;ﬂ) + };9(21,"',%;’0) =0:
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where D, indicates the sum of all terms involving all m of a subset of m of
Qay, ***, Gay and each of these is summed over all such possible subsets. Each
2_m is 0 by assumption (m =1, --- , M — 1), and hence the sum Y is 0.
The lemma follows for M = n.

Returning to the proof of Proposition 1, we have

_ 1.+
(10) Syh(yly ""yﬂ) =ﬁgzgu¢!g(uly "’;un;ﬂ).
Since the u’s are identically and independently distributed, we can relabel the
w'sin D, Uag(U1, *+* , Ua ; 1) to Obtain equivalently Y. Uaf(Uayy =+ * 5 Uay; M),
where (a1, -+, a,) is a permutation of (1, --- , n). Thus

(11) nlSGZ; Ua(Ur, o ) Un 5 n) = 8; Ua allpzerm. g(tuay, -* -, Uap; M)
The lemma implies (11) is 0, and this fact implies Proposition 1. (Note we did
not use the rank condition on the independent variables or that n = p.)
ProrosITION 2. If n = p, every least squares estimate »_70:b; is the best unbiased
estimate of D 0.8, where b; is the least squares estimate of B; .
ProoF. An arbitrary unbiased estimate is Y, 6:; + A(y1, - - , Ya) with (2)
holding. When »; = 0,

(12) h (; B,-x.-l, ey, Z;ﬂ;x;,,) =0

for every set 81, -, B, . Since the arguments of h are a nonsingular linear
transformation of g1, ---, B, A(y1, - , ¥») = O for every set of arguments.
This shows that > 8, is the only unbiased estimate of Y 6:8; and hence is the
best.

ProrositioN 3. If the deletion of each column from the matriz (zy, -+ , Za)
leaves a matriz of rank p no least squares estimate not proportional to § is a best
unbiased estimate.

Proor. We demonstrate the proposition by displaying an unbiased estimate
that for some distribution has a smaller variance than > 0b: = D caye -
Let the estimate to be determined be of the form . c.y« + h(yr, -+, Yn),
where

n

(13) h(yl y "0 yn) =2 azl QavlYaly

Y-

where (@.,) is & symmetric matrix and z is a scalar. The condition of unbiased-
ness is

n

0= 8h(y1; e, Yn) =2 Elaavgyay‘v

a, Y-

(14)

2 [0'2 ; Aaa + 'Zl ﬁs’ﬁj E Agy Lia xj'y] .

¥ g a,Y=1
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Since this is an identity in o%, 81, -+ -, Bp, the coefficients in (14) of o* and
BB; (¢, =1, .-+, p) are all 0. The variance of the estimate is

n » n 2
8[2 Ca (ya - ‘z_lﬁixc‘a + 2 21 aa'yyay'r]

aml a, Y-

(15) =8 [Zn: Ca (ya - é ﬂixia>]2

am=l

n yd n yd

+ 228 E Cs (ys - 2 ﬁi%‘a) E GayYaYy + 23 [ Z aa‘yyay'v:r-
Sl =]l a,y=1 a,y=1

The second term on the right hand side of (15) is

n n y b4
228 E Cs Vs El Qay <0a + E Bi xia)(”‘v + ; Bi xi‘r)

Sl a, Y- tmml

n p n n
= 22{#3 621 Csass + 20" ) Bi D Cs0sy xcy} = 22v; 62} ds ass

Taml 8, yml

(16)

where »; = &°%. The sums bilinear in ¢; and ziy are 0 because ¢; = Z.- Piis
and the identity (14) implies conditions on (a.,) = A, which are

(17) E OQaa = 0,
amm]
(18) ;laa‘yxiaxjy =0, ,j=1,-+,p.
If we can take 4 so
(19) 621 csass # 0,

the coefficient of z in (16) is different from 0, and z can be taken so this second
term is negative and larger in absolute value than the third term which is quadra-
tic in 2. Then the sum of the three terms is less than the first term which is the
variance of the least squares estimate.

To complete the proof of the proposition we have to show that there is a set
of in(n + 1) numbers @ae and Gy = @yo (a = v) satisfying (17), (18) and
D Callaa # 0; that is, that the coefficients of @,y in the inequality are linearly
independent of the coefficients in (17) and (18). It may be convenient to think
of the in(n + 1) coefficients of the different a., in each linear form of (17),
(18) and (19) as constituting a vector; these vectors are linearly independent
if there is no linear combination of some vectors equal to another. Thus we shall
show that there does not exist a scalar by and a symmetric matrix B = (bs;)
such that

P
(20) Ca = bo + .Zlbijxiaxia )

4, Jm
.

(21) 0= E biixiaxj'y ) o #= Y.

t,j=1
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The conditions (21) in matrix form are
(22) x;Bx., = 0, a # Y.

. The conditions of the proposition insure that for each « there are p linearly inde-
pendent z, with v # a. If (22) holds for each v, then z, B = 0. There-
fore, B = 0, and thus the only solution to (20) is ¢, = by, which defines
an estimate proportional to 7.

ProrosiTioN 4. If the deletion of some column from the matrix (x1, -+ , Tn)
leaves a matriz of rank less than p, any least squares estimate Y, Coy« that is a best
unbiased estimate involves at most p + 1 different weights c., and at least n — p

wetghts are equal.
Proor. That the least squares estimate ), c.y. is a best unbiased estimate im-
plies that there does not exist an estimate of the form > caya + A(¥1, -+ , ¥n)

with & given by (13) satisfying (14) that has a smaller variance. The argu-
ment used in proving Proposition 3 shows that in this case there must exist bo
and B satisfying (20) and (21). Proposition 4 follows from a study of the proper-
ties of by and B.

It is convenient to transform the independent variates. Suppose z; is a vector

whose deletion leaves the matrix of rank less than p and that (z;, --- , z,) is of

rank p. Let C be the matrix such that

(23) C(xy, -+ ,zp) = 1.

Let C2g = 2o (@ =1,--+,n), N = B'C, ¢ = ¢'C". Then Nz, = 'z and
P

(24) Ca= D ¥iZia-

el

Then the hypothesis that ) c.y. is a least squares estimate implies the exist-
ence of by and a symmetric matrix (fi;) = F (which is C"'BC™") such that

Y4
(25) €a = bo + .Zlfijziazja ’
1,j=
P
(26) 0= _Zlfejzeazm a 1.
§,j=
For any pair o, v (¢ #v), a, v = 1, -+, p, all the coefficients of f;; in (26)

are 0 except that of foy = fya ; hence, foy = 0, @ 7 v. Thus F is a diagonal
matrix. From (24), (25) and the fact that z; is the 7th column of I we deduce

(27) ci = bo+ fui = ¥, t=1---,p.
The conditions (26) are ‘

yd
(28) Eficziazi‘y = O, . a # Y,

and for « = 7 £ p and v > p the conditions are
(29) f‘iizi‘7=07 i=1,»’",P, 'Y=p+1"")n'
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Then (25) and the diagonality of F imply that ¢, = b, for ¥ > p. This proves
the proposition.

Other properties of the matrix F put further restrictions on a least squares
estimate that is a best unbiased estimate. We note that

P
(30) Zl‘l’iz!'a=b07 a=P+1,"‘,n'
Suppose that exactly r of the rows of (zp41, *+- ,2.) arenot0 (0 < r < p — 1).
(Since (22, -- -, 2,) is of rank less than p, every determinant |2,, 25, -+ - , 2,|
is0,a =p+1, -, n, which implies z,. = 0 because (2, ---, 2,) are the

last p — 1 columns of 7.) Let the components be numbered so these are the last
r rows. Then

(31) Fortiprir = = =0
(from (29) for i =p —r+1,---, p), and (27) gives
(32) c€=b0=¢i, 'i=p—r+1,-~-,p.
Then
P
bo = ¢ = E ‘I/izia, a=p—r+1,...’n,
e p—r+1
(33) .
= bO Zia
T=p—r41
Hence, either by = 0 or
P
(34) 1= Z zia, a=p—r+1’...’n.
t=p—r+41

The conditions on A for unbiasedness are

P

(35) E a,,.,z.-azj., = O, i,j = 1, cee p.

a,y=l
The above discussion implies

(36) ai'j=07 i)j=1)"',p_r’
(37) Ela¢12j~,=0, t=1L---,p—rj=p—r+1 - p.
Y-

If bo = 0, then colee = 0,2 =1, -+, n.

The least squares estimates that are best unbiased estimates are quite special
as can be seen from the conditions above. There are some other than . For
example, if y; = B; + v; and y» = v, , then y; is the least squares estimate of 8; and
is the best unbiased estimate (p = 1,7 = 0,b0 = 0). If y; = 81 + B + vy,
Y2=P1+ B+ v2,ys = B1 — 2B: + v3 , then (y1 + y2 — 2y3)/6 is the least
squares estimate of 8; and is a best unbiased estimate.

3. Some further remarks. If we do not assume that the errors vy, ..., v,
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are identically distributed then, even the least squares estimate § is not in general
a best unbiased estimate of x when n > p. Consider an unbiased estimate
D caya + h(y1, +**, Ya), where h(y1, -+, yn) is given by (13) and satisfies
(14). The variance of this estimate is again (15). The second term on the right.
of (15) is

228 82—1 Cs Vs Z L aa'y(va + B’xa) (v‘v + ﬂlx'y)

a, Y=

n P n n
2
= 22 (621 Cs Qs vss + 20° D Bi D Ca Gy -’E.'a> =22 ¢ asvss ,
= =

] a, =1

(38)

where v = &5 . However, the third-order moments are arbitrary and can be
taken so (38) is different from O as long as some c;as; # 0, and, in particular, if
¢s = 1/n and some as # 0. In fact, the diagonal elements of A can be taken
arbitrarily subject to (17), and the nondiagonal elements can be taken to satisfy
(18), for the coefficients of Gay = Gya, @ # v, in (18) are linearly independent.
by the proof of Proposition 3 under those assumptions. We summarize these
remarks.

ProOPOSITION 5. If v1, -+, v, are not necessarily identically distributed, and
if the deletion of each column from the matriz (x1, - - - , T») leaves a maitriz of rank
p, no least squares estimate s a best unbiased estimate of the corresponding parameter.

It has been shown recently [1] that if the v’s are identically and normally
distributed, any least squares estimate is a best unbiased estimate of the corre-
sponding parameter. This is a consequence of the normality, for b;, - - , b, are
a set of sufficient statistics for 81, -+, B, (given ¢°) and the only function of
by, -+, b, that is an unbiased estimate of a linear combination of §’s is that
linear combination of b’s. This result implies that if there is a best unbiased
estimate in general it must be the least squares estimate except on a set of
measure 0, but it leaves open the possibility that there is no best unbiased esti-
mate at all because some other unbiased estimate might have smaller variance
for some nonnormal distribution.

In this paper all distributions are included. The class of estimates unbiased
with respect to all distributions is smaller than the class unbiased with respect
to densities; in fact, in the proof of Proposition 1 it is the discrete distributions
that are used to characterize the property of the class. However, the property
of “best” is stronger for all distributions than for a smaller class because best
means uniformly minimum variance. We note that inclusion of discrete distribu-
tions permits statements not qualified by exceptions of measure 0.
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