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0. Summary. Estimating the spectral density of a discrete stationary sto-
chastic process is studied for the case when the observations consist of repeated
groups of a equally spaced observations followed by B missed observations,
(a > B). The asymptotic variance of the estimate is derived for normally dis-
tributed variables. It is found that this variance depends not only on the value
of the spectral density being estimated, but also on the spectral density at the
harmonic frequencies brought in by the periodic method of sampling. Curves
are presented for 8 = 1 showing the increase in the standard deviation and
effective decrease in sample size as a function of .

1. Introduction. When observing a stationary stochastic process at equally
‘spaced intervals of time, it is sometimes necessary to occasionally miss observa-
tions for calibration or other purposes. The difficulty of estimating the spectral
density in this case is not greatly increased, but in order to determine what is
lost by this method of sampling, it is necessary to determine the increase in
variance.

Given a sample of size N, 21, 22, -+ , 2y, from a real stationary stochastic
process of mean zero and continuous spectral density,

A

fO\) =ro+ 2 2:1 75 COS VA, —r =N, ro = Ex}, ry = Brxey,,

the usual method of estimating the spectrum is to form the empirical covari-
ances,

* IS

ry = N —Vigl Ty Titv
and use them in an estimate of the form f*(\g) = wiVre + 22 3 wir¥ cos
vho, (Grenander and Rosenblatt, [2]). This is asymptotically the same as the
quadratic form (o) = (1/N) DY ues 2w, cos (v — u)ho, since it just
replaces r¥ by (1/N) D V7 i . wy(\) = wo™ + 2257 w™ cos v is called
the spectral window, and the expected value of the estimate is asymptotically
equal to the convolution of the spectral density and the spectral window,

lim £7* (%) = lim él;r [f(x)w,v(xo —\) dx

N>

Choosing wy(\) to be symmetric about A = 0, the estimate of the spectral
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density will be asymptotically unbiased and consistent if:

1 ™
(a) 27[, wy(A) dA = 1
(b) for any ¢ > 0, wy(A) — 0 uniformly for [\|] > eas N — .
1", B
(¢) Ilg.lo i Lr wy(\) d\ = 0.

(For discussions of these questions and how to choose the spectral windows,
see [1], [2], and [3].)

2. Regularly missed observations. If the time series is sampled in groups of
« equally spaced time points separated by 8 missed observations (« > 8), the
empirical covariances can still be estimated, r = (1/N,) " zxiy, where the
summation is over the #’s for which both z’s are present, and X, is the number of
terms. Then by proceeding in the same manner as before, an asymptotically
unbiased and consistent estimate is obtained, but in general the variance will be
greater.

One method of studying this situation is to assume that all the samples are
present, but that the weight is zero when one of the samples is, in fact, missing.
When this is done, the summations are over all consecutive values of the in-
dices and can be summed in the usual manner. The estimate will then be the
quadratic form *(n) = (1/N) > 1 by, cos (v — w)ho, where b, =
W Cou @y , We—y being the usual weight, ¢, the modification necessary
to make the estimate asymptotically unbiased, and a, equal to zero when z,
is missing and one when z, is present. ¢, may be defined as

N—v
C, = lim N Z QA; Aiyy )
N> i=1

i.e., the limit of the ratio of N to the number of pairs available for estimating
r,.1<c¢< ©if0 <8 < a Now

N—v—a—f N—v—a—f
Criarp = M N ( Z a; ai+ﬂ+a+ﬂ> = }:H}o N ( Z a; ai+ﬂ>

N->x i=1 3=1

N—v

N—v
= lim N <Z G Qi — D G aH.,) =gc
=1

N->w t=N—v—a—8

since @iyqqs = a; and |Z§V:§_y_a_p aiti,] < a + B. Therefore, ¢, is cyclic
with period a -+ B, and it is only necessary to determine ¢, , - -+ Catp1 - Writing
N = k(a + B8), the number of pairs available for estimating 7,

0ZEv=a+8-—1,

from within the same group is k(a — ») for » £ a and 0 otherwise. From ad-
joining groups there are (k — 1) (v — B) for » = 8 and O otherwise. This
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covers all possibilities so

¢ = lim ko + B) _a+8B 0<v<g
Lot k(a_”) a — v
= k(a—l—ﬂ a+ﬂ ., <
Cy k—»ook(a—y)'i-(k—l)(y—ﬂ) a__B B=V=a
_ 1 k(e + B) a+ B
v =0 ®=D0 -5 ,—paSvEats.

¢, is real with ¢, = ¢_,, and has the spectral representation
¢, = 1 f cos A dW(N\):
27!' —x

Because of the cyclic nature of the ¢’s, the function W(A) is a step function
with a + B steps of height W; at \y = 27k/(a + B8), bk = —(a + 8 — 1)/2,
—(a+B8—-38)/2,-- (a+B8—1)/2ifa + Bisodd,ork = —(a + 8 — 2)/
2, —(a+B—4)/2, -+ (a + B)/2 if @« + Bis even. The steps are symmetric
about A = 0, and may take any real value with S Wi =14 B/a. Inverting

this representation gives

(a + B Wi = ¢y + 21 cos 2+B + 2¢, cos 4+k6

Sesarsy cos LT BT DTE 4 1 gis odd

4 e a+tp
2C4(a-+—2) COS (a—l—ff—ﬂ?)w}c + Ciatp) cOs Tk if @ 4+ Bis even.
Using
(1) 1 miath e2vk1ril(a+ﬁ) — O for v ;é n(a + B)
a+ B i 1 for » = n(a +8)’

where v, m and n are integers, it may be written

_aet+pg,. 1 B Elg—y 2uk1r:| _{Oifv;éy.
ko a—B[ +2y§1a_v(}08a+6 y O = 1].fv=y.'

Similarly, a,a, has a two-dimensional spectral representation which is also dis-
crete. Writing a, = D Are™ ™™, this may be written a,a, = 2 5 Apd e MM,
Since this depends on the choice of the origin it is not stationary. Taking a, ,
,@atg = 0, the inverse becomes

a27"'7avt=17 and Qatl, Qat2, **°*

(a + B)Ak — Z e2vk1ri/(a+ﬁ),

. . 1 -2
which may be written A, = o — D omp € ¥t

The spectral representation of b,, = Wu—wCe-waa, is the convolution of the
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spectral representations of the three factors, and will be two-dimensional be-

cause of the non-stationarity. The two-dimensional representation for the ¢’s is
Cop) = %: W™ "Mt Wi = 8ulWy,

i.e., o + B discrete steps which fall along the diagonal A = \’. The convolution

of the two discrete components, Hy; = Wy * AxA;, is the finite sum

Hkl = Z vaAk—vfI l—u = Z I)Vvl‘lk—vA-~ 1—v
I v

where vV, b= _(a+ﬁ - 1)/2; _(a+6 - 3)/2y R (a+ﬁ - 1)/2 if
a+ B is odd, or —(a+8—2)/2, —(a+B8—4)/2,---, («+8)/2 if
a + B is even. Substituting the values for 4, and W, gives
_ 1 _h B8 — m. 2vmm
Hkl—;a—_ﬂ[(a+ﬂ)xyo 2;“_ a+3]
'[5’° 1 'Sz:l Qrrim (k= v)/(a+ﬁ):| [ 5 — 1 E e2rim(l—v)/(a+ﬁ)]
T a+ B a R =) '
This may be simplified using equation (1) giving
Hy =2 + 8 810 610 — 10 ﬁii g amimkl ) Oko iv:l p2mimil (ath)
a—B _Bm=0 a_Brn:O
ot (B Eg—m  2%kmx )
a—B( +2,§m_ “Cats
+ 1 'sif —2mi(mk—nl)/(a-+B)
(@ =+ B)(a — B) min=o
+ B ﬁii —2rim(k—1)/ (a-+B)
a(e + B)(e — B) m=o
2 S —2rimG—D/ats) N~ B~ n( 2mnk 2mnl >
s eE e PR S e BT ats
— 1 E I:ﬂ T (i k) | omimk actf) )
(a+B)(a—B)nila—m

€

n=0

B—1—m
X —2min(k—1)/ (a+ﬁ):|

When k = I, this reduces to Hy = 8. For 8 =1, k # I,

1 1
Hy =———~—<——5ko—5zo>-
a— 1\«

Two schematic examples of these calculations are shown in Figure 1, for
a 4+ B even, and a + 8 odd. It should be noted that 4.4, and H,; take real
values only when 8 = 1, as this is the only case where o, = a_, . Although the
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F1a. 1. Schematic representation of discrete convolutions

expression for Hj; appears rather formidable for 8 > 1, the calculations would
not be difficult for modern computers.

3. Variance of the estimate. When using the two-dimensional spectral repre-

sentation,

N
wy(\, V) = 30 wilne™ M,
V=

the asymptotic variance of the estimate

1 N . o
f*()\o) - = Zl T, T, wgﬁr_)u) ez(v NN
V=

is (assuming normally distributed variables)
2 L3
s [ T8 = ha X =80 PRI dnay
_ 17 _ 202 £P00) [T 2
= o [ Tos = Py o an~T2 [ o) a,
(Grenander and Rosenblatt, [2]). The convolution of wxy(N, N') with H,, is

simply Huwy(X — M, N — ) if wy(\) has all its area inside —x/(a + 8) <
A < 7/(a + B). This will always be the case for large N if the estimate is to be
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asymptotically unbiased. The contribution to the variance from this term is

?gxl)z f[ [wy(N = N — X, N — Ao — No) [FONFQN) drdN

~ [Ha|*f (o +,r;\\’;)f(>\0 + N) [: wE(\) .

Therefore,
1 L2
DF*00) = =5 [ 1Hulf0n + 0500 + 2] [ wb0) o,
or since Hy = 8k, and Hy; = Hy, , this may be written
1 m
D) = 5 [£00) +2 5 [Hul 700 4+ W50 + 201 [ b o

=N >t o

The first term is the same as the variance when no observations are missing,

and the other terms involve harmonic frequencies brought in by the periodic
method of sampling. An upper bound to this variance which is of interest is

1.6
(' Aws =07/ 0%

1.4 \

\ V.\gﬂ Auf= T q
1.2

\\\47\\\

1.0
0.8 '//r ege———]

// \(Ylﬁ_&) = (EFFECTIVE| SAMPLE SIZE)/M

e

S (1/A4,) = [EFFEQTIVE [SAMPLE SIZE)/N

0.4
0.2
° 2 3 4 5 6 7 8 S 10 1" 12 13 14 15 16
<
F16.2.8 =1, 4s1 = 1 + (22 — 1)/a(e — 1). N = sum of sampled and missed points.
M = aN/(a + 1) = actual sample size. ¢ = ‘“‘average’ s.d. with missed observations.

on = 8.d. of estimate with all N samples present. o) = s.d. of estimate with M equally
spaced observations.
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DFOn) S 3 [1+2 2 1Hal ] ) [ wb0) o

Aws =1 + 22 41 |H, w|’] is the important quantity, as it is an “average’’
value for the increase in variance, or the effective decrease in sample size. The
simplest case, but probably the most important, is 8 = 1. This arises when it is
necessary to periodically miss an observation in order to observe a standard for
calibration purposes. For 8 =1, k#l, Auw =1+ (2a — 1)/a(a — 1).
Figure 2 shows the standard deviation and effective sample size compared to N s
the total of observed and missed points, and compared to Na/(a -+ 1), the
actual sample size.
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