TWO THIRD ORDER ROTATABLE DESIGNS IN FOUR
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1. Introduction. A 128 point third order rotatable design in four dimensions
was presented by Gardiner, Grandage and Hader (1959). If we define S(z;, z2,
T3 , %4) to be the set of all permutations of (=21, =, == 3, == 4), then this design
is formed by combining the point sets S(f, f, g, ¢), S(c, 0,0, 0), S(d, 0,0, 0) and
S(a, a, a, a).

Subsequently Draper (1960b) gave a design using only 96 points. This design
is formed from two main pieces. Each piece consists of the three point sets
S(p, p,0,0), S(c, 0,0, 0) and S(a, a, a, a), wherep = 2%a, ¢ = 2a. A different
value for a is given to each portion of the design.

Among the designs listed by Das and Narasimham (1962) is one which con-
tains 72 points. This design consists of the four point sets S(a, a, a, 0), S(b, 0,0,
0), 8(c, 0, 0, 0) and S(d, d, 0, 0), where a a’ = 0.793701d’, b* = 2577472 and
¢ = 0.9571684"

Here we present two other 72 point third order rotatable designs in four
dimensions.

2. The first design. Consider the following point sets in four dimensions:
S(p, p, 0,0), S(e, ¢, 0, 0), 8(d, 0, 0, 0) and S(a, a, a, a). The excess functions for
each of these point sets will be similar to those evaluated by Draper (1960b).

These functions appear in Table 1.
These point sets together will form a third order rotatable arrangement if

Ex(S8) = Fz(8) = Gz(8S) = Hx(8) = Iz(8S) = 0,

where S = S(p, p,0,0) 4+ S(e, ¢,0,0) + S(d,0,0,0) 4+ S(a, a, a, a) (Draper
(1960a)). In order that these excess functionsequal zero, 2d* = 32a*, 12p° + 12¢°
+ 2d° = 2240’ and 4p° + 4¢* = 32a°. From the first of these equations d = 2a,
whereupon the second equation reduces to the third. There are thus an infinite
number of solutions. If we select the particular solution for which e = a, we find
that p = 7%a. Since at least two of the point sets have different radii, S forms a
third order rotatable design of 72 points, by the theorem in Draper (1960a).
If p (ore) = 0, we will obtain one of the pieces of Draper’s design with centre
points.

If we let S, = S(7'a, 7%a,0,0), S: = S(a, a,0,0), S; = S(2a, 0, 0,0) +
S(a, a, a, a), then S;, S, and S; will each form second order rotatable, ar-
rangements of 24 points in four dimensions. Points must be added at the centre
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TABLE 1
Ezxcess functions for certain point sets
S(p, », 0, 0) S(d, 0, 0, 0) S(a, a, a, a)

Number of Points 24 8 16

Az 12p? 242 16a?

Ex 0 2d* —32at

Fz, Gz 0 0 0

Hzx 12p¢ 2d8 —224q8

Iz 4ps 0 —32a®

of each of these arrangements in order that they will form second order rotatable
designs.
The complete design has parameters

AN = 12(7' + 3)a’, NN = 4(7 + 5)a’, AN = 16a°.

3. The second design. Consider the following point sets in four dimensions:
S(p, p, 0,0), 8(d,0,0,0), S(a, a, a, a), S, b, b, b) and S(c, 0, 0, 0). The ex-
cess functions for each of these sets can be obtained from those in Table 1. These
sets together will form a third order rotatable arrangement if 2d* + 2¢* =
32a* + 32b*, 12p° + 2d° + 2¢° = 224a° + 224b° and 4p° = 32a° + 32b°. In or-
der to obtain a solution to these equations, we let b = 2!a. After eliminating p
and d, we find that a solution of the resulting equation is ¢ = 2(2)%a. Therefore,
d = 2a and p = 2'9%. Since at least two of the point sets have different radii,
S forms a third order rotatable design of 72 points.

If we let S; = (2!9%, 2'9%, 0, 0), S, = S(24, 0, 0,0) + S(a, a, a, a) +
S(2%a, 2%a, 2%, 2%a) + S(2(2)%e, 0, 0, 0),8; = 8(2a,0,0,0) + S(a,a,a,a) and
S: = 8(2(2)%,0,0,0) + S(2la, 2'a, 2'a, 2'a), then S;, S; and S, will form
second order rotatable arrangements of 24 points in four dimensions. Points
must be added at the centre of each of these arrangements in order that they
will form second order rotatable designs. S, forms a second order rotatable
design with 48 points.

The complete design has parameters

AN = 24(9' + 3)a®, AN = 16(9% + 5)a’, NN = 1444°.
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