TABLES OF THE LOGARITHMIC SERIES DISTRIBUTION

By E. WiLLiaMson! AND M. H. BRETHERTON

British Iron and Steel Research Association, London

1. Summary. The paper tabulates individual and cumulative terms of the
logarithmic series probability distribution using the mean of the distribution
as entry argument. The range of the table is u = 1.1 (0.1) 2.0 (0.5) 5.0 (1.0)
10.0. The tables are prefaced by introductory material, outlining the history and
applications of the distribution, deducing generating functions and moments,
and giving a method of obtaining the terms of logarithmic series distributions
outside the range of those tabled.

2. History and applications. The logarithmic series’ distribution was first
brought to the notice of statisticians by Fisher [3], in connection with work by
Corbet on the distribution of butterflies in the Malayan Peninsula, and data
by Williams on the number of moths of different species caught in a light-trap
in a given period.

In connection with the above data, Fisher assumed that for a given species
the number of individuals caught in unit time followed a Poisson distribution
with parameter A. Because of the unequal abundance of different species, how-
ever, different varieties have unequal probabilities of being caught, this variation
in risk being represented by different values of A in the Poisson distribution
¢ "\"/n! (cf. Greenwood and Yule [5]).

If X is distributed with a gamma-type probability density function

(/T(k)) e N1 dh,

the relative frequency with which exactly » individuals of a species are captured
is given by the coefficient of ¢" in

(ck /T(k)) /' eI d,
)

which on the substitution of A(c + 1 — t) = u becomes ¢*/(c + 1 — ¢t)*. The
probability of collecting 0, 1, 2, - - - representatives of a species is therefore

( c )k{l ko k(k+1) }
c+1 e+ 172(e + 1)¥’ ’

On putting ¢/(c + 1) = p and 1/(¢ 4+ 1) = g the probability generating
function is p*(1 — ¢t)™".

The negative binomial distribution has often been found to provide a good fit
to data where there is inequality of risk. Unfortunately, when we come to test
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THE LOGARITHMIC SERIES DISTRIBUTION 285

the goodness of fit of this distribution to the data of Corbet and Williams, we
note that only frequencies of captures greater than zero are observable, since
the collection gives no indication of the number of species not found in the sample.
If it is assumed that a large number of species are so rare that the probability
of their capture is small, a negative binomial distribution, if it could be fitted to
the data, would have a value of k approaching zero. We are thus led to consider
the limiting form of the negative binomial distribution where % tends to zero
and the zero class is ignored.

The negative binomial distribution is formed by the expansion of the prob-
ability generating function p*(1 — gt)™". If we exclude the probability of no
events the resulting distribution will have probability generating function

G(t) = [1/(1 = p")] {p"(1 — ¢)™" — 1"}
which, on rearranging and substituting 6 for ¢ and (1 - ) for p, becomes
G(t) = [(1 =)™ —1)/[(1 — )™ — 1].
Allowing % to tend to zero, we obtain by "'Hopital’s rule
limy.o G(t) = log (1 — 6t)/log (1 — 6).

The distribution having this probability generating function is called the
logarithmic series distribution, the probability of n events being

[—I/IOg (1 - 0)] On/n (n =123, )-

Biologists have found this distribution capable of describing a wide variety of
natural phenomena, including the number of individuals per species, the number
of species per genus, the number of genera per sub-family and even the number of
research papers per biologist, in a particular year (Williams [10]). An example
of the goodness of fit of the distribution to Corbet’s data is given in Table 1.

Fisher [3] computed a useful table, in terms of N, the number of individuals,
and S, the number of species, to enable the distribution to be fitted to data of
this type. Table 3 of the present paper is a somewhat simpler table to perform
the same function.

D. G. Kendall [6] has given a description of a Markov process which also
leads to a logarithmic series distribution.

Consider the growth of a population whose numbers fluctuate due to repro-
duction (binary fission), mortality, and immigration from outside. Each of
these three activities is Markovian, i.e. the probability of any particular event
in time interval ¢ is the same for all time intervals of this length and independent
of the past history of the system. Then if 88t is the probability that a member of
the population reproduces itself during time interval 6, wét is the probability
that a member of the population dies during time interval 8¢, and «ét is the prob-
ability that an individual not initially a member of the population joins the
population during time interval 8¢, a set of differential equations may be set up
to describe the growth of the population.
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TABLE 1
Frequencies of butterfly species collected in Malaya (Corbet, 1943)

Frequencies given by the

Number of individuals per
logarithmic distribution

Observed frequency

species
1 118 135.1
2 74 67.3
3 44 44.8
4 24 33.5
5. 29 26.7
6 22 22.2
7 20 19.0
8 19 16.5
9 20 14.7
10 15 13.1
11 12 : 11.9
12 14 10.9
13 6 10.0
14 12 9.3
15 6 8.6
16 9 8.1
17 9 7.6
18 6 7.1
19 10 6.7
20 10 6.4
21 11 6.1
22 5 5.8
23 3 5.5
24 3 5.3

If P,(t) is the probability that there are n individuals in the system at time
¢, these equations are
Pu(t) = [(n = 1) B+ €] Pacs(t) + (n + 1) & Poya(t)
— [n(w+B8) + «]Pu(t) (n2z1)

Pi(t) = w Py(t) — «Po(2).

Solving these equations, given the initial conditions Py(0) = 1, P,(0) = 0,
(n =1, 2, ---), we obtain for the distribution of population size, after the
process has been developing for time 7', a negative binomial distribution with
index «/8 and mean

cfe®™" — /(8 — w).

If 8 = w, the population grows te an infinite size. If, however, 8 < w, the
population size has a steady state distribution with mean «/(w — B). Assume,
now, that « is small compared with 8. Thus, whilst immigration is necessary to
generate the first individual after the population has died out, this immigration
plays no effective role in perpetuating growth if there are individuals present.
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In this situation, the population size, given that a population exists, follows a
logarithmic series distribution.

Recently the authors have found the logarithmic series distribution relevant
to problems in the field of Operational Research, particularly in the study of a
certain class of inventory control problem. In many cases it is a reasonable
assumption that arrivals of demands at a store follow a Poisson process. How-
ever, not all demands are for single items; the number of items requested per
demand may itself be a random variable. It can be shown, e.g. Feller [2], that if
G1(t) is the probability generating function of the distribution of demands per
unit time, and Gx(t) is the probability generating function of the distribution of
items requested per demand, then the distribution of items requested per unit
time has the compound generating function G1(G:(t)). Thus if the former dis-
tribution is Poisson, with parameter A, the generating functlon of the compound
distribution is

(1) Gs(t) = exp {N[G:(t) — 1]}/

Table 2 shows in the second column the frequency of the number of steel
blooms requested per demand from a steel stockist. Comparison with these data
shows that the logarithmic frequencies glven in column 3 of the table provide a

reasonably good fit.
Substituting the generating function of the logarithmic series distribution in

(1), letting k = —\/log (1 — 6),¢ = 6,and p = 1 — 6, we obtain

G(1) = p'(1 — )™
(cf Quenouille [9]), which is the probability generating function of the negative
binomial distribution. Thus the withdrawals of items from the store may be
represented by a tabulated function [11].

TABLE 2
Quantities of steel requested per demand from a steel merchant

Frequencies given by

Quantity requested Observed frequency Jogarithmic distribution
1 7 85.6
2 35 34.4
3 29 18.4
4 16 11.0
5 3 7.1
6 4 4.7
7 4 3.3
8 1 2.3
9 0 1.6

10 1 1.2
11 and over 3 3.4

173 173
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There are thus several quite distinet situations which lead to the logarithmie
series distribution, and no doubt there are others not discussed here.

3. Moments. If the probability law of the logarithmic series distribution is
P(n) = ab"/n (n=1,2,3,--+),

where & = —1/log (1 — 6), the distribution has characteristic function ¢(s)
= —alog (1 — 6¢”). On expanding and collecting coefficients of (is)"/r! we
have for the moments about the origin

p1 = af/(1 —8), u=ab/(1—06)° p=ab(l+6)/(1—246)°
and s = af(1 4+ 40 + 6°)/(1 — 6)*.

4. Estimation of the parameter. In order to fit the logarithmic series
distribution to observed data, an estimate, 8, of the. population parameter is
required from the sample. It can be shown that the sample mean, m, is a sufficient
statistic and the maximum likelihood estimate of the population mean. Un-
fortunately the solution of the equation

m= —0/(1 — 6)log (1 — 6)
for 6 is not particularly straightforward. Table 3 has been constructed using the
iterative process of Newton, to determine  for values of the mean between 1
and 50. Combined with Table 4, which tables second and fourth central differ-
ences where necessary, the value of § for any mean in the above range, may be
obtained by Everett’s Central Difference Interpolation Formula (see Section
5).

Detailed treatments of the estimation of the population parameter of the
Jogarithmic series distribution have been given elsewhere by Anscombe (1],
Good [4] and Patil [7].

5. Description of the tables.

Computation. The probabilities of 1, 2, 3, .- events generated by the
logarithmic series distribution are

ab, ab’/2, ab’/3,

The mean, u, is the most suitable argument for entering the table and hence the
parameter 6 is obtained by solution of

w= —0/(1—0)log(1—9).

As ais —1/log (1 — @) the probability of one event, P(1), is u(1 — 6). The
second term, P(2), is obtained from the first by multiplying by the factor /2
and in general, the (n + 1)th term, P(n + 1), is obtained from the nth, P(n),
by multiplying by n8/(n + 1).

The cumulative probability, F(n), is the probability of n or fewer events, and
is obtained by summing the first n individual terms of the distribution.
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The argument proceeds in 0.1 steps from 1.1 to 2.0, in 0.5 steps to 5.0, and
finally in 1.0 steps to 10.0, thus giving a total of 21 tables. For each distribution
the computation was continued until F(n) was at least 0.999. The interval of n
was increased from 1 to 5 for values of n greater than 50.

Interpolation. Most of the time required to compute a table for a given value
of the mean is concerned with obtaining the value of the parameter, . The time
required to compute the terms of the distribution, once 6 is known is small, and
is a very straightforward procedure on a desk calculating machine. Accordingly,
no differences have been tabulated for interpolating between adjacent columns
of the table. Instead, Table 4 has been constructed to provide the even central
differences necessary to evaluate 9 for any mean in the range covered by Table 3.

Assume a given mean, m, , lies between two tabulated values, mo and m; ,
where .
(mz — mo)/(my — mo) = 2
and

(M1 — mg)/(my — mo) =y

then by Everett’s Central Difference Formula
Om, = YOy + %0m;, — § 2y {(1 + ¢) 8ny + (1 + 2)0m,}
+ (1/120) 2y (1 + &) (1|+y) {2+ y) 6ny + (2 + 2)00,} — -+ - .

Pearson [8] has shown that it is unnecessary to use any second difference
(8%) less than 4, and any fourth difference (8*) less than 20. Table 4, therefore,
provides all the differences necessary to evaluate 6 for any mean in the stated
range.

Cumulative sums of the logarithmic series distribution calculated using a
value of 6 correct to five decimal places, will generally be correct to four decimal
places. Using the procedure described

P(n) = u(1 — 0) 6" Y/n.

Therefore 8 P(n) = [u8"%66/n] {n(1 — 6) — 1}, which tends to zero as n tends
to infinity. Also F(n) = u (1 — 0) {1 + 6/2 + 6°/3 + --- 4+ 6" '/n}.
Therefore

6F(n) =pd0{3 -1+ @ -0+ ---
+[(n—1)/n—1]6"" — "} = (86/0) {u(1 — 6") — F(n)/(1 — 0)}.

The error in F(n) attains a maximum as n tends to infinity, which, combined
with the maximum error in 6, is

(5 X 1077/6) {u — 1/(1 — 6)}.



The logarithmic series distribution

TABLE 5

mean = 1.1, 0 = 0.171125

n P(n) F(n)

0.91176 0.91176
0.07801 0.98978
0.00890 0.99868
0.00114 0.99982

e O D

mean = 1.2, 6 = 0.298265

n P(n) F(n)

0.84208 0.84208
0.12558 0.96766
0.02497 0.99263
0.00559 0.99822
0.00133 0.99955

QU e WO N =

mean = 1.3, 6 = 0.395670

n P(n) F(n)

0.78563 0.78563
0.15542 0.94105
0.04100 0.98205
0.01217 0.99422
0.00385 0.99807

6 0.00127 0.99934

QU v W DO =

mean = 1.4, 6 = 0.472196

n P(n) F(n)

0.73893 0.73893
0.17446 0.91338
0.05492 0.96830
0.01945 0.98775
0.00735 0.99510

0.00289  0.99799
7 0.00117  0.99916

Ot e WO DN =

>

mean = 1.5,0 = 0.533589
P(n) F(n)
0.69962 0.69962
0.18665 0.88627
0.06640 0.95267
0.02657 0.97924
0.01134 0.99058

0.00504  0.99563
0.00231 0.99793
0.00108 0.99901

3

00 O Ut WM

mean = 1.6,0 = 0.583723

n P(n) F(n)
1 0.66604 0.66604

O OO Gtk W

1

0.19439
0.07565
0.03312
0.01547

0.00752
0.00376
0.00192
0.00100
0.00052

0.86044
0.93608
0.96920
0.98467

0.99219
0.99595
0.99788
0.99887
0.99940

mean = 1.7, 6 = 0.625288

3

SOOI Gtk W~

—
—

P(n)
0.63701
0.19916
0.08302
0.03893
0.01948

0.01015
0.00544
0.00298
0.00165
0.00093

0.00053

F(n)
0.63701
0.83617
0.91919
0.95812
0.97760

0.98775
0.99319
0.99616
0.99782
0.99875

0.99928

mean = 1.8, 8 = 0.660203

n

© 0O Otk W

10

11
12

P(n)
0.61164
0.20190
0.08886
0.04400
0.02324

0.01279
0.00724
0.00418
0.00245
0.00146

0.00087
0.00053

F(n)
0.61164
0.81354
0.90240
0.94640
0.96964

0.98243
0.98966
0.99384
0.99630
0.99775

0.99863
0.99916

mean = 1.9, 8 = 0.689869

n

0~ Uk N

P(n)
0.58925
0.20325
0.09348
0.04837
0.02669

0.01535
0.00907
0.00548

F(n)
0.58925
0.79250
0.88598
0.93434
0.96104

0.97638
0.98546
0.99093

9
10

11
12
13

0.00336
0.00209

0.00131
0.00083
0.00053

0.99429
0.99638

0.99769
0.99851
0.99904

mean = 2.0,8 = 0.715332

= S
S OOTSD U -

11
12
13
14
15

P(n)
0.56934
0.20363
0.09711
0.05210
0.02981

0.01777
0.01090
0.00682
0.00434
0.00279

0.00182
0.00119
0.00079
0.00052
0.00035

F(n)
0.56934
0.77297
0.87008
0.92218
0.95199

0.96976
0.98066
0.98748
0.99182
0.99461

0.99643
0.99762
0.99840
0.99893
0.99928

mean = 2.5, 0 = 0.801861

P(n)

0.49535
0.19860
0.10617
0.06385
0.04096

0.02737
0.01881
0.01320
0.00941
0.00679

0.00495
0.00364
0.00269
0.00200
0.00150

0.00113
0.00085
0.00064
0.00049
0.00037

0.00028

F(n)

0.49535
0.69395
0.80011
0.86396
0.90492

0.93229
0.95110
0.96430
0.97370
0.98049

0.98544
0.98908
0.99177
0.99378
0.99528

0.99640
0.99726
0.99790
0.99839
0.99876

0.99905

292



TABLE 5—Continued

mean

3

D00 T U N

= 3.0, 6 = 0.851001

P(n)
0.44700
0.19020
0.10791
0.06887
0.04689

0.03325
0.02425
0.01806
0.01366
0.01046

0.00809
0.00631
0.00496
0.00392
0.00311

0.00248
0.00199
0.00160
0.00129
0.00104

0.00084
0.00069
0.00056
0.00046
0.00037

0.00030
0.00025
0.00020

F(n)
0.44700
0.63720
0.74510
0.81397
0.86086

0.89411
0.91836
0.93642
0.95009
0.96055

0.96864
0.97496
0.97992
0.98384
0.98695

0.98944
0.99143
0.99303
0.99431
0.99536

0.99620
0.99689
0.99745
0.99790
0.99827

0.99858
0.99883
0.99903

mean = 3.5, 0 = 0.882122

3

© 00T Ok WD

P(n)
0.41257
0.18197
0.10701
0.07080
0.04996

0.03673
0.02777
0.02143
0.01681
0.01334

0.01070
0.00865
0.00705
0.00577
0.00475

F(n)
0.41257
0.59454
0.70155
0.77235
0.82231

0.85904
0.88681
0.90825
0.92505
0.93840

0.94910
0.95775
0.96479
0.97057
0.97532

16
17
18
19
20

21
22
23
24
25

26
27
28
29
30

31
32
33
34
35

36

0.00393
0.00326
0.00272
0.00227
0.00190

0.00160
0.00135
0.00114
0.00096
0.00081

0.00069
0.00059
0.00050
0.00042
0.00036

0.00031
0.00026
0.00023
0.00019
0.00017

0.00014

0.97925
0.98251
0.98523
0.98750
0.98940

0.99100
0.99235
0.99348
0.99444
0.99526

0.99595
0.996563
0.99703
0.99745
0.99782

0.99813
0.99839
0.99862
0.99881
0.99897

0.99912

mean = 4.0, 6 = 0.903350

3

©OTD Ok W

P(n)
0.38660
0.17462
0.10516
0.07125
0.05149

0.03876
0.03001
0.02372 -
0.01905
0.01549

0.01272
0.01053
0.00878
0.00737
0.00621

0.00526
0.00447
0.00382
0.00327
0.00280

0.00241
0.00208
0.00180
0.00156

F(n)
0.38660
0.56122
0.66638
0.73762
0.78911

0.82787
0.85788
0.88161
0.90066
0.91614

0.92886
0.93939
0.94818
0.95554
0.96175

0.96701
0.97148
0.97530
0.97857
0.98137

0.98378
0.98586
0.98765
0.98921

26

40

41
42
43

0.00135

0.00117
0.00102
0.00089
0.00077
0.00068

0.00059
0.00052
0.00045
0.00040
0.00035

0.00031
0.00027
0.00024
0.00021
0.00018

0.00016
0.00014
0.00013

0.99056

0.99173
0.99275
0.99364
0.99441
0.99509

0.99568
0.99619
0.99665
0.99704
0.99739

0.99770
0.99797
0.99820
0.99841
0.99860

0.99876
0.99890
0.99903

mean = 4.5, 0 = 0.918628

3

© 00N O WN -

P(n)
0.36617
0.16819
0.10300
0.07097
0.05215

0.03992
0.03144
0.02527
0.02063
0.01706

0.01425
0.01200
0.01017
0.00868
0.00744

0.00641
0.00554
0.00481
0.00418
0.00365

0.00319
0.00280
0.00246
0.00217
0.00191

0.00169

F(n)
0.36617
0.53436
0.63736
0.70833
0.76048

0.80041
0.83184
0.85711
0.87774
0.89480

0.90905
0.92104
0.93122
0.93989
0.94733
0.95374
0.95928
0.96408
0.96827
0.97192

0.97511
0.97791
0.98037
0.98254
0.98445

0.98614
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TABLE 5—Continued

27
28
29
30

31
32
33
34
35

36
37
38
39
40

41
42
43
44
45

46
47
48
49
50

55

0.00149
0.00132 .
0.00117
0.00104

0.00093
0.00082
0.00073
0.00065
0.00058

. 0.00052

0.00047
0.00042
0.00037
0.00033

0.00030
0.00027
0.00024
0.00022
0.00019

0.00017
0.00016
0.00014
0.00013
0.00011

0.00007

0.98763
0.98895
0.99012
0.99116

0.99209
0.99291
0.99365
0.99430
0.99489

0.99541
0.99587
0.99629
0.99666
0.99700

0.99730
0.99757
0.99781
0.99802
0.99822

0.99839
0.99855
0.99869
0.99882
0.99893

0.99936

mean = 5.0, = 0.930080

3

—
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16
17
18
19

P(n)
0.34960
0.16258
0.10081
0.07032
0.05232

0.04055
0.03233
0.02631
0.02175
0.01821

0.01540
0.01313
0.01127
0.00973
0.00845

0.00737
0.00645
0.00566
0.00499

F(n)
0.34960
0.51218
0.61299
0.68331
0.73563

0.77618
0.80851
0.83482
0.85657
0.87478

0.89018
0.90330
0.91457
0.92430
0.93275

0.94012
0.94656
0.95223
0.95722

20

21
22
23
24
25

26
27
28
29
30

31
32
33
34
35

36
37
38
39
40

41
42
43
44
45

46
47
48
49
50

55
60

0.00441

0.00391
0.00347
0.00309
0.00275
0.00246

0.00220
0.00197
0.00176
0.00158
0.00142

0.00128
0.00115
0.00104
0.00094
0.00085

0.00077
0.00070
0.00063
0.00057 .
0.00052

0.00047
0.00043
0.00039
0.00035
0.00032

0.00029
0.00027
0.00024
0.00022
0.00020

0.00013
0.00008

0.96163

0.96554
0.96900
0.97209
0.97484
0.97729

0.97949
0.98146
0.98322
0.98481
0.98623

0.98751
0.98867
0.98971
0.99065
0.99150

0.99227
0.99296
0.99359
0.99416
0.99468

0.99515
0.99557
0.99596
0.99631
0.99663

0.99692
0.99719
0.99743
0.99765
0.99785

0.99862
0.99911

mean = 6.0, 9 = 0.945975

P(n)
0.32415
0.15332
0.09669
0.06860
0.05192

0.04093
0.03318
0.02747
0.02310
0.01966

F(n)
0.32415
0.47747
0.57416
0.64276
0.69468

0.73561.
0.76879
0.79626
0.81935
0.83902

0.01691
0.01466
0.01280
0.01125
0.00993

0.00881
0.00784
0.00701
0.00628
0.00564

0.00508
0.00459
0.00415
0.00377
0.00342

0.00311
0.00283
0.00258
0.00236
0.00216

0.00198
0.00181
0.00166
0.00153
0.00140

0.00129
0.00119
0.00109
0.00101
0.00093

0.00086
0.00079
0.00073
0.00068
0.00063

0.00058
0.00054
0.00050
0.00046
0.00043

0.00029
0.00020
0.00014
0.00010

0.00007
0.00005

0.85593
0.87059
0.88340
0.89464
0.90457

0.91338
0.92122
0.92823
0.93450
0.94015

0.94523
0.94982
0.95397
0.95774
0.96116

0.96427
0.96710
0.96968
0.97204
0.97420

0.97618
0.97799
0.97965
0.98118
0.98258

0.98387
0.98505
0.98614
0.98715
0.98808

0.98894
0.98973
0.99046
0.99114
0.99176

0.99234
0.99288
0.99337
0.99383
0.99426

0.99597
0.99716
0.99799
0.99857

0.99897
0.99926
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mean = 7.0, 8 = 0.956381

n

P(n)
0.30533

0.14601

0.09309
0.06677
0.05109

0.04072
0.03338
0.02793
0.02375
0.02044

0.01777
0.01558
0.01375
0.01221
0.01090

0.00978
0.00880
0.00795
0.00720
0.00654

0.00596
0.00544
0.00498
0.00456
0.00419

0.00385
0.00355
0.00327
0.00302
0.00279

0.00258
0.00239
0.00222
0.00206
0.00191

0.00178
0.00166
0.00154
0.00144
0.00134

0.00125
0.00117
0.00109
0.00102
0.00095

F(n)
0.30533
0.45134
0.54443
0.61120
0.66229

0.70301
0.73639
0.76432
0.78807
0.80850

0.82627
0.84185
0.85561
0.86782
0.87872

0.88850
0.89730
0.90524
0.91244
0.91899

0.92495
0.93039
0.93536
0.93992
0.94411

0.94796
0.95151
0.95478
0.95780
0.96059

0.96318
0.96557
0.96779
0.96985
0.97177

0.97355
0.97520
0.97675
0.97819
0.97953

0.98078
0.98194
0.98304
0.98406
0.98501

46
47
48
49

0.00089
0.00084
0.00078
0.00073
0.00069

0.00050
0.00037
0.00027
0.00020
0.00015

0.00011
0.00008
0.00006
0.00005

0.98590
0.98674
0.98752
0.98825
0.98894

0.99178
0.99386
0.99539
0.99653
0.99738

0.99801
0.99849
0.99885
0.99912

mean = 8.0, 0 = 0.963661

n

© 00D vk W

P(n)
0.29071
0.14007
0.08999
0.06504
0.05014

0.04027
0.03326
0.02804
0.02402
0.02083

0.01825
0.01612
0.01434
0.01283
0.01154

0.01043
0.00946
0.00861
0.00786
0.00719

0.00660
0.00607
0.00560
0.00517
0.00478

0.00443
0.00411
0.00382
0.00356
0.00331

F(n)
0.29071

0.43078

0.52077
0.58581
0.63595

0.67621
0.70947
0.73751
0.76154
0.78237

0.80062
0.81675
0.83109
0.84392
0.85546

0.86589
0.87535
0.88396
0.89182
0.89901

0.90561
0.91169
0.91729
0.92246
0.92724

0.93167
0.93578
0.93961
0.94316
0.94647

31
32
33
34
35

36
37
38
39
40

41
42
43
44
45

46
47
48
49
50

55
60
65
70
75

80
85
90
95
100

105
110
115

0.00309
0.00288
0.00269
0.00252
0.00236

0.00221
0.00207
0.00194
0.00183
0.00172

0.00161
0.00152
0.00143
0.00135
0.00127

0.00119
0.00113
0.00106
0.00100
0.00095

0.00072
0.00055
0.00042
0.00032
0.00025

0.00020
0.00015
0.00012
0.00009
0.00007

0.00006
0.00005
0.00004

0.94956
0.95245
0.95514
0.95766
0.96002

0.96223
0.96430
0.96625
0.96808
0.96979

0.97140
0.97292
0.97435
0.97570
0.97696

0.97816
0.97928
0.98035
0.98135
0.98230

0.98632
0.98936
0.99170
0.99349
0.99488

0.99596
0.99681
0.99747
0.99799
0.99840

0.99872
0.99898
0.99918

mean = 9.0, 4 = 0.969008

n

P(n)
0.27893
0.13514
0.08730
0.06345
0.04919

0.03972
0.03299
0.02797
0.02409
0.02101

0.01851

F(n)
0.27893
0.41407
0.50138
0.56482
0.61401

0.65373
0.68671
0.71468
0.73878
0.75979

0.77830
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TABLE 5—Continued

12 0.01644  0.79474 75  0.00036  0.99156 28  0.00460  0.91054
13 0.01471  0.80944 29 0.00432  0.91486
. .9931
14 0.01323  0.82267 gg 8 ggggg 8.33243 30 0.00407  0.91893
15 0.01197  0.83464 9 0.00019 0 99545 31 0.00383  0.92276
16 0.01087  0.84551 95 0.00015  0.99628 32 0.00361  0.92637
17 0.00991  0.85543 100  0.00012  0.99695 33 0.00341  0.92977
18  0.00907  0.86450 34 0.00322  0.93299
105 0.00010  0.99750
19 0.00833  0.87283 110 0.00008 099794 35 0.00304  0.93603
20 0.00767  0.88050 115  0.00007  0.99830 36 0.00288  0.93891
21  0.00708  0.88757 120 0.00005  0.99860 37 0.00272  0.94163
22 0.00655  0.89412 125 0.00004  0.99885 38  0.00258  0.94421
23 6.00607  0.90019 130 0.00004  0.99505 39 0.00245  0.94666
24 0.00563  0.90582 ~ 40 0.00232  0.94898
25 0.00524  0.91106  ,,..n — 10.00,0 = 0.973082 41 0.00220  0.95119
26 0.00488  0.91594 0 P F) 42 0.00209  0.95328
27 0.00456  0.92050 | 026018 0.96018 43 0.00199  0.95527
28 0.00426  0.92476 o 013007 0 40015 44 0.001890  0.95716
29 0.00398  0.92874 3 008496 0 4851 45  0.00180  0.95896
30 0.00373  0.93247 : :
4 0.06201  0.54712 46  0.00171  0.96068
31 0.00350  0.93597 5 0.04827  0.59539 47 0.00163  0.96231
32 0.00328  0.93926 48 0.00156  0.96386
33 0.00309  0.94234 ‘7‘ 3'823(1.,2 g'gzﬁg 49 0.00148  0.96535
34 0.00200  0.94525 : : 50 0.00141  0.96676
3 0.00213  0.94798 8 0.02780  0.69498
: : 9 0.02404 0.71902 55 0.00112 0.97292
36 0.00257  0.95055 10 0.02106 0.74008 60 0.00090 0.97783
37 0.00243  0.95298 65 0.00072  0.98177
38 0.00229  0.95527 11 0.01863  0.75870 70 0.00050  0.98496
39 0.00216  0.95743 g 8-8333 g;;ggi 75  0.00048  0.98755
40 0.00204  0.95948 . .
14 0.01349  0.80373 80 0.00039  0.98967
41 0.00193 0.96141 15  0.01225 0.81597 85 0.00032 0.99140
42 0.00183  0.96323 90 0.00026  0.99283
43 0.00173  0.96496 16 0.01117  0.82715 95 0.00022  0.99400
44 0.00164  0.96660 17 8-3(1)323 8-22(7;2 100 0.00018  0.99498
45 0.00155  0.96815 8 0. .
10 0.00857 085545 105 0.00015  0.99579

46 0.00147  0.969%2 59 o'oos0l  0.sg347 110 0.00013  0.99646
47 0.00139  0.97102 115 0.00010  0.99702

[\
S

48 °0.00132  0.97234 21 0.00743  0.87089 120  0.00009  0.99749
49 0.00126  0.97359 22 0.00690  0.87779 125 0.00007  0.99788
50 0.00119  0.97479 23 0.00642  0.88421

2% 000599  0.89020 130  0.00006  0.99821

55 0.00093  0.97992 135 0.00005  0.99849
60 0.00073  0.98393 0.00559 0.89580 140  0.00004  0.99872
65 0.00057  0.98708 0.00523  0.90103 145 0.00004  0.99892
70 0.00045  0.98957 0.00490  0.90593 150  0.00003  0.99908

&

N b
N O
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