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NOTE ON A ‘MULTIVARIATE’ FORM OF BONFERRONI’S
INEQUALITIES!

By R. M. MEYER
State University College of New York at Fredonia

The well-known Bonferroni inequalities (see Feller [1]) provide a sequence of
upper and lower bounds on the probability that exactly (or at least) k among n
events occur. This note presents an analogous result in the case where one deals
with r (finite) classes of events.

For notational convenience derivations are restricted to the case r = 2. Let
{Ay1, ---, Au}, {B1, -+, By} be two classes of events. For integers m and »
0 <m=M,0 £n £ N define P,y = Pr (exactly m As and exactly n By’s
oceur). Pg.. is defined analogously with ‘at least’ replacing ‘exactly.’ Let
Smm = 2 Pr(As -+ A; Bj, -+ Bj,), where > denotes summation over the
indicesl £ 4 < -+ <4, EM;1 25 < -+ < J, £ N. Itis known (see
Fréchet [2]) that

(1) P = 2ot5mn 2ivimt (=1) () (0) 81
and hence, solving the linear system (1),
(2) Spn = Dotitin Divimt (B) )Py«

A ‘bivariate’ form of Bonferroni’s inequalities is given in the following:
TuEOREM 1. For any mon-negative integer k,

(3) T Y it (4,53 8) S Pram S Diomin Divime [, 53 1),

where f(3, j; 1) = (—1)"" () ()84
Proor. It suffices to show that R(r) = Dot D s (=17 (E) ()8, 2 0
for r = m + n. Using (2) we have

R(r) = 2057 Pirim (=17 G) 20k 220 (D (D Py
= f’_m St Domi 2img (—1)™TC G (5 Py
Z@I—z z=r——z ri:-f—z )(m)( )( )P[y 2] %

An analogous result holds for P, . First note that using (1) and an ele-
mentary combinatorial identity (for example 12.8 on page 62 of [1]),

(4) P(m,n) = Z;ll-l——qn Izv=n P[y,z] = :‘l:fm =n ( 1)1+]_(m+n)(m:l)( I)S‘z is
hence, by solving the linear system (4) (using 12.13 on page 62 of [1]),
(5) S = Z]=n 'm—l ‘:I:II)P(D i) .

An argument analogous to that used in Theorem 1 yields
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TuEOREM 2. For any non-negative integer I,
(6) ;":n:fr?k-‘-l = (5,75 1) = Pom = Z’e”;:i:k iyi=e (1, J; 1),

where g(1, 73 1) = (—1) " CE) DS,

A useful application of these inequalities has been made. Suppose the two
classes of events are {_AiN (i=1,---,N)}and {B/Y (j =1, ---, N)} where
as N — o, 8;;— &'&’/11 7. In this case it is easily seen that P, .; — (¢~™/m!)
. (e_f’éz"/n!) as N — . This situation arises in consideration of certain simul-
taneous sequences of ‘rare’ events [3].

The general (multivariate) form of inequalities (3) and (6) is easily estab-
lished. Let {A:(¢ =1, .-+, M;)} (=1, ---,r) ber (finite) classes of events.
For non-negative integers m; (j = 1, ---,7),0 < m; £ M;, define Pppny,...om,,
Pony,eeimpy and Spy,...om, in the obvious manner. Then for any non-negative
integer k,

>m ;+2k+1 . .
(1) 225, 2zt f(iL, o 45 8) S Playoesmy)
Fmi+2k . .
= erémj Zz‘iat f(zl 1"yl t)

where f(4, -+, 63 8) = (—1)7=™ )§ i (,';:‘J.)Sil,...,i, , and the indices satisfy
m; = 4 < M; (j =1, -, r). Clearly similar bounds exist for P, ,....m,) -
They are obtained from (7) by replacing f(41, -+ -, 4, ; t) by

g(i, =+ 43 8) = (=172 [T (730 Sirreenrss -
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