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NOTES

AN L?’-CONVERGENCE THEOREM

By S. D. CHATTERJI

Battelle Institute, Geneva

Recently Pyke and Root [4] strengthened a theorem of Marcinkiewicz proving
that if f, is a sequence of independent, identically distributed rv’s with
[1filP < ®,0<p<land[fi=0if1<p<2then n ™ {fi + - +fu} >0
a.s. and in L?. The strengthening consisted in proving L’-convergence. The
purpose of this paper is to prove a similarly strengthened version of a theorem
for martingales which is a generalization of the above-mentioned Marcinkiewicz’s
theorem. The a.s. convergence version of this theorem is in Loéve [2], pp. 387.
Our theorem contains that of Pyke and Root and is proved by using a tightened
form of Minkowski’s inequality due to Esseen and Von Bahr [1] which is stated
as Lemma 1 and proved in a simple direct way.

Lemma 1. If E(fi|fi + -+ + fi) = 0 (in particular if f; is a martingale-
difference sequence) for 2 < j < nand fie L, 1 < p < 2 then

Jli4 o+l S a2 [P

where o £ 277 < 2. (The actual value of  will be tmmaterial in the proof of the
theorem.)

The cases p = 1, 2 being trivial, consider 1 < p < 2. Here use the elementary
inequality |a + b[” < |al® + pla|*™ - s(a)b + a|b|” for real numbers a, b (s(a) =
sign of a). This inequality follows easily from the fact that

a = sups {[1 + 2" — 1 — pa}/|af”
is finite. An elementary but tedious argument shows that « < 2" < 2. Note
also that & > 1. Integrating the inequality we get [|fi + fol? < [|A® +
e [ |f2|”. Now apply induction.

TeEOREM. Let f,, n = 1, and f be measurable functions such that either f e L?,
0<p<2,p=land P(fn] =) <P(fl 22),0 <2< oorfeL and
P(Ifal Z 2lfy -+ fas) S P(fl 2 z|fo -+ far) as. Then

lim,n ™ > i (fs — aa) = 0 as. andin L7

'whereak = O’L.fO < p < landak = E(fk|f1 "'fk_1) ’L.fl é p < 2.
Proor. The condition P(|f,] = z) < P(|f| = z) with fe L” implies that

fae L7, Supnf |fn|p = flflp and
(a) ®1P(A,) < ©» where A, = {|f.] = n"?};
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() 2an ™ [p|fal < © for0 < p < 1, B, = {|fa] < n'?},
D P lfal < © forl<p<2,
liMpsw [4, |fal = 0 forp = 1;
(©) 20w [5,1fal < oo.

The proof of (a)-(c) isstandard (cf. [3], pp. 154) and depends only on the
stochastic domination of |f| on |fa|. Put g, = fu-1s,, by = fo — ga. Consider
first the case 0 < p < 1. In the identity

20 = X (g, — Ba) + Zn‘””hn + >,

where B, = E(gn|f1 -+ fa-1), the first term on the nght hand side converges
a.s. and in L* (and hence in L, p < 2) because of (c) and a martingale theorem.
The second term converges a.s. since by (@) hn = 0 for n sufficiently large a.s.
The third term converges a.s. and in L' (and hence in L?, p < 1) because

20 18 £ X207 [gul = 207V [5,1fal < © by (b).
Using now the identity
nPY o= TP e — B) + 0P 4+ 0?36,

and the so-called Kronecker’s lemma we see that the proof will be complete if
we can show that the second term on the right converges in L? i.e.

2 [t —0  as n— o.
But for0 < p < 1
It =0 [P —0  as n— w

since limyw [ |ha]? = limpow [ 4, [fel? < limgo Jusizsiz | [P = 0. Consider now
the case 1 < p < 2. In the identity

2 (o= @) = 07 (g0 — Ba) + 20 (he + B — )

the first term on the right converges a.s. and in L’ as before and the second
converges a.s. and in L' since 8, — a, = E(—ha|fi -+ foa) and

207 [+ B — ol S 2807 [l = 207 [ 1fa] < w
by (b). Arguing as before the proof will be completed by showing that
n_””z:{‘ (he + Bx — ax) — 0 in L?
ie. 1 48— )’ >0  as n— .

Here we use the Esseen-Von Bahr inequality of Lemma 1 which we can since
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hi + Br — o is a martingale-difference sequence. So

w10 (e B — )l < 207 207 [ | 4 B — el
207 [ Il® + [ 180 — eul?}
optl, 1 ZI‘ f |P|® — O

asn — o since limes [ |Aal” < limiow [1s1200m | f7 = 0.
The proof for p = 1 is as before except for one small detail. In the identity

W (e — ) = w8 (g — Be) + 0 200 (e B — )

the first term on the right converges a.s. and in L’ t0 0 as before and the second
converges to 0 in L' since [ |k + B — ox| < 2 [ || = 0 by (b). We simply have
to ensure the a.s. convergence of the second term. Since i — 0 a.s. by (a), it
will be enough to show that lim (8x — ax) = 0 a.s. It is here that we use the
stronger hypothesis made for the case p = 1. We shall show that if

& = E(h| | fr -+ far)
then 6, — 0 a.s. which is certainly sufficient. A simple calculation shows that
0 £ 2EXi|f1 -+ fr1)

where X5 = |f|-1usizs - Using the fact that X, = X, we see that E(X:|fi
- fx—1) is a positive super-martingale. Indeed

EX,|fi o fa1) Z E&Xna|fr -+ fa1)
= E'(E(X,,+1|f1 fn) |f1 coo fa1)

Since every positive super-martingale converges a.s. lim.. B (X |fi- foa)=X
exists a.s. But [ X < limpse [ X = limew [s2m |f] = 0 so that X being
non-negative must be zero a.s. Hence lim 6, = 0 a.s. The theorem is thus com-
pletely proved.
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