3

The Annals of Mathematical Statistics
1969, Vol. 40, No. 5, 1850-1851

A BRANCHING PROCESS WITHOUT REBRANCHING

By I. R. Savage' anp I. N. S’

The Florida State University

Associated with a branching process, let S () denote the number of particles
replacing original particles that split during [0, t], and C (¢) denote the number of
particles arising from branching and in existence at time ¢. The branching process
is said to be a barely branching process if P{C (') = S#),0 =t =t} = 1. Itis
shown that the limiting branching process discussed by Stratton and Tucker [2]
is a barely branching process. For their limiting process an elementary computa-
tion yields (1) the distribution of S(¢) for each ¢ and (2) the fact that S(¢) has
independent increments.

This result was obtained by Biihler [1] whose approeach differs from our ap-
proach.

Stratton and Tucker [2] consider the following model:

(1) At time O there are N particles. All particles are mutually stochastically
independent.

(2) For a particle in existence at time ¢, the probability of its being replaced
by k (an integer = 0) particles in the time interval [t, ¢ 4 A] is Ag,vdx ()2 4+ 0 (R),
where o (%) is uniform in ¢, 0 < D _jmo Moy = Ay < ©, ¢x(t) > 0 and ey = 0.
The probability of nonreplacement is 1 — Ay¢y ()2 + o(h), where o(h) is uni-
form in ¢.

3) limyse ¢x(t) = ¢(¢) uniformly over every bounded interval, and
limyaw NNy = v = 0 where 0 < limyaw NAy = » = 2 _povx < . The functions
{¢w (- )} are assumed continuous.

Let Yy (¢) be the number of branchings by time ¢ of the original N particles.
Let Sy (t) be the number of particles which replaced those Yy (¢). Given Yy (¢) =
y > 0, then the distribution of Sy (¢) is the y-fold convolution of the distribution
of a random variable Xy with P(Xy = k) = Ne,v/Aw -

The usual elementary computations will show that, for fixed £, the distributions
of {¥x(t)} converges to the distribution of a Poisson random variable, Y (¢),
with

PY@) =y) = be@)Nle™ /7y,
where ®(t) = f ¢ ¢(x) dx. [The proof uses the fact that Yy (¢) has a binomial
distribution with parameters py(t) = 1 — exp — Ay [ én(z) dz and N. Then
(8) implies that for fixed ¢, { Npy (¢)} converges to »®(¢).]

Also the stochastic processes {Yy (f)} converge in distribution to a nonsta-
tionary Poisson process {Y (¢)}.
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Further, given Yy () = y, the distribution of {Sy (¢)} converges to the y-fold
convolution of the distribution of X where P(X = k) = w»/v. So that {Sy(t)}
converges in distribution to a stochastic process, {S (¢)}, with probability generat-
ing function m;(9), where

me(®) = 22, P(Y(t) = y) kv me™ )
=exp —v®(¢)(1 — Zk v we®), which is equivalent to [2(8)].

And, {S ()} has independent increments. The {S (¢)} process is barely branching
since it entails no rebranching.

Stratton and Tucker consider Cy () the number of particles arising from
branching and in existence at time ¢. The event {Cx (') = Sy (@), 0 < ' < ¢}
occurs when there is no branching of the new particles arising from branching
during [0, £]. Now if a particle came into existence at time T’ (<¢) then the proba-
bility of its not branching by time ¢ is

exp {— [z Moy (x) da} = exp {— [ A (x) da}.

So the probability that none of the Sy (¢) particles branch by time ¢ is greater
than or equal to

exp { —Sx () [¢ \wow () da}.
Thus
PBy() =Cx(),0=1t =t
= E}Lo P (Sy () = 7)P (no replacement branches | Sy (t) = j)
2 270 P(Sn(t) = j) exp {—N7j [o Nawew (z) da}
> P(Sy(t) < N exp {—NT'N* [ Nyow () dz}.

For increasing N, {Sx (¢)} has a limiting distribution so P (Sy(t) = N *) -1
and

exp {—N? fé Ni\voy(x) dx} -1 as N — oo,
thus
PSy(@) =Cv@),0=t =t)—>1 as N — o,
So {Cx ()} converges in distribution to a process which is barely branching.
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