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TWO SEQUENTIAL PROCEDURES FOR RANKING PROBLEM
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0. Summary. The purpose of this paper is to compare the asymptotic expected
sample sizes of two sequential procedures for ranking &k normal populations with
known variance and unknown means for the cases () pu S e < -+ = 1 < Mg
and (ii) w — me— = 8* > 0. The procedures are: (1) the Bechhofer-Kiefer-Sobel
(BKS) sequential procedure [1], and (2) Paulson’s (P) sequential procedure [2],

1. Introduction. Let X;; (¢ = 1,2, -+, k; 5 = 1, 2, --+, N) be independent
normally distributed random variables with population means u; and a common
variance ¢°. The u; are assumed unknown and ¢° is known. Let II; denote the
population associated with u;, and upy < -+ < up denote the ranked values
of the u;. We would like to select the population associated with py; . Two con-
stants 8%, P* must be specified before the experimentation starts: (a) 6* > 0,
the smallest value of the difference up; — up—1; that the experimenter is interested
in detecting (b) P* the smallest acceptable value of the probability that the
population associated with ugy; is selected.

Now we describe the two procedures. First, the BKS-procedure; at the mth
stage of the experiment (m = 1, 2, - - -) take an observation from each of the &
populations and compute the sample totals Y, = D71 Xij (0 = 1,2, -+, k)
based on first m observations. Next compute the statistic

Wn = Zf;i exp {—6*D,~,,,/cr2}

where D;,, = Y[k]m - Y[i]m (’L = 1, 2, ey k— 1) and Y[um = Y[z],,, =---= Y[k]m
denote the ranked values of the Y . If W,, < (1 — P*)/P¥, stop experimenta-
tion and choose the population yielding ¥ x;» as the one with the largest popula-
tion mean. If W,, > (1 — P*)/P* take another observation from each of the k&
populations and compute W41 . Continue in this manner until the rule calls for
stopping.

Next, we describe P-procedure. The P-procedure is actually a family of pro-
cedures depending on a parameter A that must be specified before starting ex-
perimentation. The P-procedure proceeds as follows. Choose a value A (0 < A < 8%).
At the first stage of the experiment take an observation from each of the &k popu-
lations, and eliminate from any further consideration any population for which
Yin < Y + N — a, where a = [6*/ (8% — \)] log [(k — 1)/(1 — P*)]. If all
populations but one are eliminated at the first stage, stop the experiment and
select the remaining population as the best one. Otherwise proceed to the second
stage and take one observation from each of the populations not eliminated.
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Thus at the nth stage take one observation from each of the populations not elimi-
nated after the (n — 1)th stage and eliminate from further consideration any
population II; for which

max; { Y — Yin} > a — n)

where max is taken over all populations left after the (n — 1) stage. If only one
population is left after the nth stage, the experiment is terminated and the re-
maining population is selected. Otherwise, go on to the (n + 1)th stage. If more
than one population remains after the W, stage, where W equals the largest
integer less than a/\, the experiment is terminated at the (W + 1) stage by
selecting the remaining population for which the sum of the Wy + 1 observations
is a maximum.
Both sequential procedures satisfy the following probability requirement:

Pl is selected | poer — Bp—u = 6*] =P *
where IIj; is the population associated with up; .

2. Results. We now give the asymptotic total expected sample size for both
sequential procedures. First we quote a result given in [1, page 161] concerning
the total expected stages of BKS-procedure.

TureorEM 2.1. (Bechhofer-Kiefer-Sobel). Under the assumptions and with the

notation of BKS-procedure in Section 1, if m < pp < -+ = 1 < e and
— iy = 8% > 0, then the expected number of stages needed to terminate the experi-

ment 18
EWN) = (") log (1 — P*)™ + o(log (1 — P¥))

as P* > 1.
Next we give the expected sample size needed to eliminate II; of P-procedure
fori = 1,2, --- k — 1. Define N; to be the smallest n = 1 such that
maXjer, , (an - Ym) > a — n\

where I,_; is the set of all populations which have not been eliminated after the
(n — 1)th stage. (i.e. N; equals the number of observations needed to eliminate

1I,).
TueEoREM 2.2. Under the assumptions and notation of the P-procedure in Sec-
tion 1, i S pp < -+ < 1 < pyand pe — ey = 8 > 0, then

EW:) = O+ m — m) (@0 — N log [(k — 1)/(1 — P¥))
+ oQog [(k — 1)/ — P™)])

asP* > 1,fori=1,---,k — 1.
Proor. Let (2, ®, P) be the underlying probability space and let

@) Q = {w | IO} is selected},
(2) Ql =Q — Qo.
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Throughout the proof, 7 is fixed and 7 = 1, 2, - - - , k, unless stated otherwise. By
the Strong Law of Large Numbers the random variable (¥;,» — Y:,)/n converges
to (u; — w;) with probability one. On the set @ and by Egoroff’s theorem for
every 6 > 0 there exist disjoint sets A;, B; such that A;u B; = @, P(B;) < §
and (Y;, — Yi.)/n converges uniformly on A;. Hence there exists a positive
integer 7, (8) such that for every w ¢ A; and n > n;(5)

3) N — pi —0) S Yiu— Yin S n(uy — ps + 9).
Let no(8) = max; n;(8) and

“) B=UjaBi, %=0-B

Then for every n > n,(8) and every w & Q2

5) n(p; — pi —8) = Yiu— Yin £ n(u;j — ps + 96).
Hence

(6) max;jn(u; — pi — 8) < max; (Yo — Yin) < max;n(u; — pi + 9)

where max is taken over all populations left after the (n — 1)th stage. Since,
on the set Q. , II is not eliminated at any stage and u; = u; for all 7, so for every
n > ny(8) and every w & 2, we have

() n(we — pi — 8) < max; (Yin — Yi) < n(ue — ui + 9).
Hence on 2, we have either

8) N: = m(9),

or

9) e+ m—m+ )T ENfadtm—p—8)"+1

This follows from the definition of N; and (7). However, for a given § > 0,
no(8) is fixed. And according to the definition of @, @ — « as P* — 1 hence we
can make a/ (A + ux — i + 8) = no(8) by taking P* close to one. Thus, on
Q, , we have either

(10) N: = no(9),

or

(11) n@) <a+m—w+) SN.Sa+m—p—0)"+1
as P* is close to one. We define

(12) Q% = {w|weQ and N;(w) < n(8)}.

Now we are ready to find the asymptotic expected sample size of eliminating
II; . Clearly

(13) E(N;) = [o,Ni(w)dP(w) + Jay Ni(w) dP (w) + Jas0ys Ni(w) dP (@)
+ [2 Ni@) dP ().
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Since 0 < N; < a/Aon @, P(2) <1 — P* and P(B) < ks, hence for P*suf-
ficiently close to one and using (10), (11), (13), we have
(14) a4+ m — pi + )P(@ — )
SEN)SEaN"A =P+ a0+ m—pi— )"+ 14+ axks.

Dividing all terms in (14) by log [(k — 1)/ (1 — P*)] and taking limits as P*— 1,
we have

A =N+ e — i+ 8)TA — k)T
(15) < limpssy {E(N;)/log [(k — 1)/(1 — P¥)]}
S = N+ e — i — 8T+ kY.

This follows from the definition of a and the fact lir‘np*.,lP(ﬂg - =1-
P(B) = 1 — ké. Since & is arbitrary in (15), we have

A" =N+ e — p)™
limpso1 B (Ns)/log [(k — 1)/(1 — P*)]
S = N0 F o — o)

(16)

IIA

This completes the proof.
CoroLLARY. Under the assumptions and the notation given in Theorem 2.2, except

i < pipp fort =1,2, .-+, k — 1; then
(17) P{N1<N2<"'<Nk_1}—)1
as P* > 1.

We omit the proof.

Using Theorem 2.1, we have the asymptotic expected total number of observa-
tions of BKS-procedure:

(18) E(Ty) = (ko*(6*)log 1 — P*)™" 4+ o(log (1 — P*))

as P*> 1.
And using Theorem 2.2, we have the asymptotic expected total number of
observations of P-procedure:

E(T:) = o (8" — \) " log [(k — 1)/(1 — P*)]
DN+ =)+ 2004+ 69T
+ o(log [(k — 1)/ (1 — P¥)]

(19)

as P* — 1.

If we define the asymptotic relative efficiency to be the ratio of asymptotic
expected total number of observations of two procedures, then the asymptotic
relative efficiency of the two procedures is:

(20) Limpso [E(Th)/E (T9)]
= k(@ — N TE O o — ) 200+ )T
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Ifk =2,orm =p= -+ = ma < w then (20) becomes
(21) limps,1 B (T1)/E (Ty) = [(6%)* — M%) < 1.

From (21) we may conclude thatif k = 2, or u; = ggafori =1, --- , k — 2;
then the BKS-procedure is more efficient asymptotically. From (20) we may
conclude

(@) if O 4+ e — p)™ < K@ — N E™) T — 20\ + 6*) then the
P-procedure is more efficient asymptotically.

(b) limps,1 E(T1)/E (T:) is a decreasing function of A.
Intuitively speaking these imply that (1) P-procedure is better when & and the
differences (ux — ) are large, (2) to maximize the asymptotic relative efficiency
of the P-procedure, we should take a small value for A.
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