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DISTRIBUTIONS OF Z* AND Z* FOR COMPLEX Z WITH
RESULTS APPLIED TO THE COMPLEX NORMAL DISTRIBUTION'

By ARCHIE D. BRock? AND RICHARD G. KRUTCHKOFF

Virginia Polytechnic Institute

1. Introduction. Let Z = Re’® be a complex random variable such that the
density of (R, ®) is given by

IbC4| (,'201(] —az)%
2amI{(c,)

where all parameters are real, r > 0, mn/|b| <6 < mz/|b|, 2 =1-asin(b0+0a),
la| <1, 5#0, ¢, >0, ¢;>0, ¢, # 0, m a natural number, and 0 < o< 2r and
where f(r, ) is zero otherwise. The generalized Mellin transform (GMT) (see [2])
will be used in order to obtain the distribution of Z* and Z* when 7 is a nonzero
real number and Z* is the complex conjugate of Z. The density function (1.1) is
of special interest due to the importance of certain special cases of the family. In
particular: (i) Weibull-uniform, (ii) chi-uniform, (iii) gamma-uniform, (iv) complex
normal.

2. The distributions of Z” and Z*.

rt‘lt‘a— llclc;;— 1 exp(_ 62 lcgru)

(1.1) f@r, 0=

THEOREM 2.1. The GMT of the complex random variable Z = Re'®, with density
of (R, ®) given by (1.1), is

—(1—a??*T(s/c,+c,) sin(mtn/b)
dnme,°T'(c )T (c3 s/cq+1)

Y20 Y20 Hul[(t/b) sinfa+ij sin’ ™ e cos ]

Q1) ks, t) =

where

(= D)™ Q@l+j+css/cs+DI([2+1/2b)T(jj2—t/2b)a®
22T+ DIGR2+t2+ 1+ DO(j2—t)2+1+1)

and t # 0, +b, £2b, -+, and s/c,+c > 0. [for any integer k, h(s, kb) is evaluated
by taking the limit of A(s, t) as ¢t — kb.]

ProOOF. By definition, the GMT of Z is
1] — 2\% mn/|b| ©
(2.3) ks, f) = IbC4|Cz (1-a%) f f pserca=1geiea=1

2rmI(c,) —mz/|b] J 0

(22 H;=

- [exp (it0 — ¢, Ar°4)] dr do.
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The transformation w = ¢,Ar, ¢ = b6+ a changes (2.3) into

(1 _a2)§r(s/c4+cl)e—ita/b a+mn eir¢/b d¢
2mmnc, **I'(c,) wemn (1 —asin ¢)! Feasica’

provided s/cy+c; > 0. An application of the binomial theorem yields

B (1 —02)‘2‘1_‘(8/044-01) e—itaz/b o+ mn o
B 2mme,™ T (c,) ¢

2.4) h(s, 1) =

2.5) h(s, t)

a—mm

[ 2 T(cys/cq+j+1)alsin’ ¢]d
j=o T(cssjca+DI(j+1)

Since the series in (2.5) converges uniformly for all ¢ (see [1]) we obtain

2.6) h(s, 1) = a- az)r(s/sc/:;" che b T(cysfe +j+ 1.)01
2nme,*“I'(cy) SoT(ess/ea+ DI +1)

a+mmn . .
. f e"*sin/ ¢ dgp.

a—mr

Repeated application of the reduction formula

ax iomp o . (@sinbx—nbcos bx) e sin bx
2.7 je sin” bx dx = b a2
n(n—1) . e
+m§ e sin"" 2 bx dx, n=0,1,2,:"
yields

_ (1—a®)*I(s/cy + ¢,) sin (min/b)
28 ks, 0= dnme,**T'(c ) (c3 s/cy+1)

. i (— )™T(cs s/ca+j+ DI(/2 +/2b— DT(j[2—t/2b— 1)
So5 22T -2+ DI(2+12b+ DI(jI2—t]2b+1)

-a’sin/ ~2' =1 o[ (¢/b) sin o+ i(j — 2I) cos o]

M8

where
Yioa =YY% a if j iseven;

=Y03Y2q,  if j isodd.

Since the series in (2.8) is uniformly convergent for all o, we may rearrange terms.
Observe

29 Zﬁo Zﬂo aji X172 = Zﬂo 2i%o A2+ X7
Consequently (2.8) may also be represented as

—(1=a?®?*(s/cy +c,) sin (mtn/b)
dnme,**I'(c )T (c3 s/cy+1)

Y% 0220 hu[(#/b)sin’ o +ijsin’ T acos o]

(2.10) h(s, ) =
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where s/c,+ ¢, > 0 and where

_ (= D™I(c; sfeq +j+21+ DI(jj2+1/2b)T(jj2 — t/2b)a? i
A AT+ D)2+ 12b+ 1+ DI(j)2—t/2b + 1+ 1)

THEOREM 2.2. If Z = Re'® is a complex random variable such that the density of
(R, ©) is given by (1.1) then the density of (Q, ®), where W = Z* =Qe'®, is

IbC4' 0201(1 - az)%
2mnl(c,)

where n = 1+asin(b¢p—a), © >0, —m|b|™'n < ¢ < m|b|™'n, and the remaining
parameters satisfy the restrictions below (1.1). The functioh f(w, ¢) is zero elsewhere.

ProOF. The GMT of W = Z* is
(2.13) hy(s, ) = hy(s, —1)
_ —(1—a?)?*I(s/cy+cy)sin (mtn/b)
T 4mne, T (c,)(cy s/ca + 1)
Y020 Hy[(t/b)sin’ a—ijsin’ = ocos o]
where Hj, is defined by (2.11). Observe that (2.13) is the GMT of the complex

random variable W = Qe'® where the density of (Q2, @) is (1.1) with « replaced by
T—a.

(11) H

wclcz—lnclc;;—l exp(—cz 11036004)

(2.12) f(w, ¢) =

THEOREM 2.3. If Z = Re'® is a complex random variable such that the density of
(R, ©) is (1.1) then the density of (Q, ®), where W = Z? = Qe'®, is
bey| e, (1 —a?)? _ _
2.14 , ) = l 412 cica/y=1)c1c3-1 — ey A3
Q1) a="30 exp(—c; 27a")

where y # 0, ® >0, —mn|y|/|b] < ¢ < mnly|/|b|, A =1—asin(bg/y+a) and the
remaining parameters satisfy the restrictions given after (1.1). The function f(w, ¢)
is zero elsewhere.

Proor. The GMT of W is
(2'15) hW(Ss )= hZ(ys: ?t)
_ —(1=a®)?*T(sy/cy+c,) sin (mtyn/b)
© 4mmcy" (e, )T(cs ys/cy + 1)
Y20 2420Gy[(ty/b)sin’ a+ij sin’ ! acos o]
where sy/c,+c¢; > 0 and
2.16) G, = (= D)™T(j+21+cyys/cs+ DI(/2+ ty/2b)T(j/2 — ty/2b)a +
' e 22T+ DL(2+ ty/2b+ 1+ DI(jj2—ty2b+ 1+ 1)

If we replace c, by c,/y and b by b/y in (2.1) and (2.2) then we obtain (2.15) and
(2.16). Consequently the density of (Q, ®) is given by (2.14).
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Observe that the family is closed under power and conjugation. That is, if
Z = Re*® is a complex random variable such that the density of (R, ®) is given
by (1.1) then the density of (Q, @), where W =Z? = Qe'® or W= Z* = Qe'®, is
also given by (1.1).

3. Special cases. There are four density functions which are interesting special
cases of (1.1). For the first three of these we set @ =« = 0 in (1.1). The density
function is then
(3.1 f(r, 0) =

pedes’
2amI(c,)

where r >0, —mn/|b| <0 <mn/[b|, ¢, >0, ¢;>0, c,#0, b#0 and m is a
natural number. Let f(r, 0) be zero elsewhere. Observe that r and 0 are independent
random variables and the density of 6 is uniform over —mn/|b| < 6 < mn/|b|.

By taking ¢; = 1, ¢, = a and ¢, = § in (3.1) we have the product of a Weibull-
density function and a uniform density function. We refer to this as a Weibull-
uniform density function.

By taking ¢, = n/2, ¢, = n/26? and ¢, = 2 in (3.1) where ¢ > 0 we obtain a chi-
uniform density function. '

If we set ¢; =a+1, ¢, =1/f and ¢4, =1 in (3.1) we obtain a gamma-uniform
density function.

Observe that each of the above density functions is closed under conjugation
while only the Weibull-uniform is closed under powers.

The remaining density function is obtained by setting ¢, = (6,%2+0,2)/
40,26,%(1-6%), a sina=(6,2—0,2)/(0,2+0,2), a cosa = 280,0,/(c,%+0,2),
b=c,=m=2and c¢; = ¢; =11in(1.1). The new parameters satisfy the restrictions
6, >0,06%2>0and |5| < 1. The reparameterized density function is now transformed
to the (x, y) plane by means of the inverse of the transformation X = Rcos©®,
Y = Rsin ®. We then obtain the bivariate normal density function with zero means,
correlation & and variances o,2 and ¢,2. Consequently Z = X =iY is a complex
normal random variable with zero means, correlation & and variances ¢,2 and a,2.
Observe that the complex normal density function is closed under conjugation.

ree lexp (—c,r®)

4. Some applications. Let Z be a complex normal random variable. The density
of (Q, @), where W = Z? = Qe'®, is

“41) f(o,9)

w*?! . —* [cos® (¢fy) dsin(2¢/y) + sin? (¢/y)
= X -
271:0'1 62(1 _52)%'))2 p 2(1 —52) 0'12 0'1 02 622
where @ >0, y # 0 and —|y|r < ¢ <|y|n. This is obtained from Theorem 2.3.

For y = —1 we obtain

B o3 —w™? [cos?¢p &sin2¢ sin’¢
@2 flo, @) =5 5P [2(1—52)< ol oo, T ot )]
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where w > 0 and —7n < ¢ < 7. In the (¢, v) plane we have

exp [ — (u?/o 2 +20uv]o, 6, +v%/0,2)/2(1 —6%)(u? +v?)?]

216, 0,(1 —62)*(u? +v?)?
where — 00 <u < 00 and — 00 < v < 0. Since W=Z"! = (X—iY)/(X?+ Y?) we
have U= X/(X*+Y?) and V = —Y/(X?+ Y?). Consequently (4.3) is the joint
density of {X/(X*+ Y?),— Y/(X?+ Y?)} where the density of (X, Y) is the bivariate
normal density with zero means. If in (4.1) we set 6 = 0, 6, = 0, = ¢ then we obtain

2/y—-1

“4.3) g(u,v)=

exp(—3w*/o?)
2na%y?

(4.4) flo, ) =2

where @ > 0, —|y|r < ¢ <|y|n and y # 0. Observe that this is a Weibull-uniform
density function. Consequently, if Z = X +iY is a complex normal random variable
with zero means, zero correlation and equal variances then the density of (Q, @),
where W = Z? = Qe'®, is a Weibull-uniform density function.

The GMT of (4.1) with y=1,6=0and o, =0, =07 is

(4.5) h(s, t) = 2/26°T(s/2 + 1)(sin tm)/t

where s > —2. (It can be seen by putting s = ¢ = k in (4.5) that a complex normal
random variable with zero means, zero correlation and equal variances is a
complex random variable such that all its moments are zero.)
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