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A NOTE ON ORDER STATISTICS FOR
HETEROGENEOUS DISTRIBUTIONS'

By PrANAB KUMAR SEN

University of North Carolina

0. Summary. For non-identically distributed random variables, some inequalities
on the median and the tails of the distribution of a sample order statistic are
derived, and a simple condition for the existence of its moments is studied.

1. Statement of the problems. Let X, ---, X, be independent random variables
with continuous (cumulative) distribution functions (df) F,(x), - F,(x), respec-
tively. We denote the ordered values of the X; by

(1.1) X1 2 =X,

Let then F, = (F,, -**, F,) and F, = n~ ') !_ F;. We assume that &, , is a unique
solution of

(1.2) F (&) =r/n, for 1sr<n—-1,¢,0=—,¢,,=0;

that is, &, , is the rth quantile of F,, r = 1, -, n—1. Also, let

(1.3) P(x;F,) = P{X,, < x;F,} and

P*(x;F,) = P{X,, Sx;Fy="=F,=F,};
(1.4) P,(Cors o) = P*(Cs Fy) =4, r=1,,n.
Thus, {,, and {, are the medians of P, and P,*, r =1, - -+, n. Finally, let us define
(for 6 = 0)
(1.5) v(F) = 2 |x|° dF (x), i=1,,n,

so that vy(F,) = n™ 'Y I_, vs(F;), whenever (1.5) exists. Then, the main theorems of
the note are the following.

THEOREM 1.1. For 2<r<n—1,forall x<¢&,,_ <¢,, Sy,

(1.6) P(y;F,)—=P(x;F,) = P,*(y;F,)—P,*(x; F,),
where the equality sign holds only if F| = -+ = F, = F at both x and y, and for the
two extremes
(1.7) P(x;F) 2 P,*x;F,) and P(x;F)<P*x;F),  forallx,
with strict inequalities unless F, = -+ = F, = F at x.

THEOREM 1.2. &,y <, ., (¥, < &, forall2 < r < n—1, and hence |, ,—(¥,| <

[én,r_én,r—l]’ 2 é r é n—1.
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THEOREM 1.3. vy(F,) < 00 (for some & > 0) entails that for all ro < r < n—ry+1,
E|X, ,|* < oo, where ry = [k|5), [s] being the integral part of s.

Theorem 1.1 and Theorem 1.2 are based on the results by Hoeffding (1956) and
their generalizations by Samuels (1965) and by Anderson and Samuels (1966).
Theorem 1.3 extends the results of Blom (1958) and Sen (1959) to non-ldentlca]
df’s

2. The proofs of the theorems. (i) Theorem 1.1. By definition,

(2.1) 1-P,(x;F,) = P{X,,, > x|F,} = P{r—1 orless of the X, < x|F,}
= ] O Sj 1_[1 1 Fu(x) Hl j+ 1[1 Fu(x)] Qn(x Fn) SaYy

where the summation S; extends over all possible (i, - * -, i,), which are permuta-
tions of 1, - -+, n. Similarly,

22 1-P*x;F) = Yo OIF(0)Y[1-F ()" = Q,*(x; F,), say
Now, it follows from the results of Hoeffding (1956) that
(2.3) 0.(x;F,) 2 Q,*(x;F,), if nF(x)<r-—1,

<Q*x;F,), if nF(x)zr,
where the equality signs hold only when F(x) = -+ = F,(x). Also, for x < &, ,_;,
(2.4) nF,(x) = Zi"=1 Fy(x) = Zi"=1 Fur-1) = npn(én,r—l) =r—1,
and forx = ¢, ,
(2.5) nF,(x) 2 nF(,,) =r.
Hence, (1.6) readily follows from (2.1) through (2.5). Further,
(2.6) 1—Py(x;F,) =P{allthe X, > x} = []}-;[L—F«x)]

< {07 Y1 -F)]}" = [1-F,(®0)]" = 1-P,*(x; F,),

and similarly,
Q27) Pyx;F,) =[]i-1 F(x) < [n7' Y0 F(0)T = [F(0)]" = P,*(x; F,).

Hence the theorem.
(ii) Theorem 1.2. 1t follows from Theorem 1.1 that for 2<r < n-—1,

(28) Pr(gn,r— 1 5 Fn) é Pr*(ﬁn,r— 1 ;Fn)s Pr(ﬁn,r’ Fn) g Pr*(én.r; Fn)

Now, it is well known that if we have n independent trials with a constant proba-
bility success p and if np = s is an integer, then

(2:9) Y=o (1=p)y ™ <3 < F5-o(PP(L—p) 7.

Consequently, upon noting that nF,(¢, ,—,) = r—1 and nF,(&,,) = r, we have from
(2.2) and (2.9) that

(210) Pr*(én,r— 1 ;Fn) = I_Z;;})(';)[(r— 1)/”]][1 —(r— l)/n]"'j < ‘%,
@1h P& F) = 1= TGN my (L= rfny' ™ > 3.
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From (2.8), (2.10) and (2.11), we have
(212) Pr(én,r—l 9Fn) é Pr*(én,r—l 9Fn) < % < Pr*(én,r;Fn) é Pr(én,r;Fn)’
and hence, the theorem follows by simple reasonings.

(iii) Theorem 1.3. We shall consider only the case 2 <r <n—1,asforr=1orn,
we require v,(F,) < oo for § = k, and hence the proof follows more directly. Now,
by Theorem 1.1, the tails of the distribution P,(x; F,) are dominated by the tails of
P.*(x; F,)and &, (1 < r < n—1) are all finite. Hence, it suffices to show that under
the stated condition

(2.13) feret|x|*dP,*(x; F,) and [g_|x|[*dP,*(x;F,) both exist.

For this, we let (without any loss of generality) &, , = 0. Then, the second integral
of (2.13) reduces to (for r L n—ry+1)

§& x*dP,*(x; F,) = ()& xX*[F,(x)] " [1=F,(x)]"~" dF (x).
(2.14) < 1§ X' 1= F ()]~ 1 -F,(x)]"* 17" dF (x)

< r(',')(l _ ’,/n)n—ro+ 1 —rj(«;o xa[cn(x)] an(x)’

where c,(x) = x*°[1 —F,(x)I°" ! <[x¥’[1-F,(x)]]°"! is bounded above by
[vs(F,)I°~ ! and it tends to zero as x — 0. Thus, by the hypothesis that v,(F,) < oo,
the right-hand side of (2.14) exists for all r £ n—ry+ 1. Similarly, the first integral
of (2.13) exists when-ever r = r,. Hence the theorem.

3. A few additional remarks. The asymptotic normality of n*(X, ,—&¥,) (Where
F,(&X,) = p, and r = [np]+ 1), follows directly from the results of Sen (1968) (when
we put m = 0 i.e., consider an independent process). Also, by virtue of Theorem
1.1, the results of Theorem 2 of Sen (1959) can be readily extended to show that
- the kth central moment of n*(X, ,— &Y ) is asymptotically equal to the kth moment
of the sequences of normal distribution with means zero and variances

{n_ ! Z;'=1 Fi(é::p)[l _Fl(ép:p)]/fnz(é;kp)}a

where f,(x) = (d/dx)F,(x) is assumed to be continuous at x = &¥

n,p*
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