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STATIONARY SYSTEMS OF GAUSSIAN PROCESSES

BY ZAKHAR KABLUCHKO
Georg-August-Universitit Gottingen

We describe all countable particle systems on R which have the follow-
ing three properties: independence, Gaussianity and stationarity. More pre-
cisely, we consider particles on the real line starting at the points of a Poisson
point process with intensity measure m and moving independently of each
other according to the law of some Gaussian process &. We classify all pairs
(m, &) generating a stationary particle system, obtaining three families of ex-
amples. In the first, trivial family, the measure m is arbitrary, whereas the
process & is stationary. In the second family, the measure m is a multiple of
the Lebesgue measure, and & is essentially a Gaussian stationary increment
process with linear drift. In the third, most interesting family, the measure m
has a density of the form ae M , where o > 0, A € R, whereas the process &
is of the form &(r) = W (¢) — AUZ(t)/2 + ¢, where W is a zero-mean Gaussian
process with stationary increments, 02(1?) =VarW(t),and c e R.

1. Introduction.

1.1. Statement of the problem. Stationary systems of particles evolving inde-
pendently of each other according to the law of a Markov process have been ex-
tensively studied by many authors (see, e.g., the monographs [5], Chapter 1, [11],
Chapter 1, [18], as well as the papers [3, 4, 7, 8, 13, 14], to cite only a few ref-
erences). The aim of the present paper is to study systems of particles evolving
independently of each other in a Gaussian rather than Markovian way. Our main
result provides a classification of all those Gaussian particle systems which are
stationary.

We are interested in at most countable systems of particles moving randomly on
the real line in such a way that the following three requirements are satisfied:

(A1) The particles are independent of each other.

(A2) The law describing the motion of each particle is Gaussian and the same for
all particles.

(A3) The particles are in an equilibrium.

The independence stated in requirement (A1) implies that the starting positions
of particles should be scattered independently over R, which, in more rigorous
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terms, means that they should form a not necessarily homogeneous Poisson point
process on R. Requirement (A2) means that the stochastic processes describing the
deviations of the particles from their starting positions should be Gaussian, having
the same law for all particles, and, by requirement (A1), independent of each other.

In view of this, the meaning of the first two requirements may be described
in rigorous terms as follows. Let {U;,i € N} be a Poisson point process on R
with intensity measure m. We will always assume that m satisfies the following
integrability condition:

(D / e‘”zm(a’x) < 00 for every ¢ > 0.
R

In most cases of interest, the measure m will be infinite, and so let us agree to use
N as an index set for the points U;, even though the case where m is finite (and,
hence, a.s. only finitely many points U; exist) is not formally excluded.

Let &;,i € N, be independent copies of a Gaussian process {§(¢),t € R?}. We
define V;(¢), the position of ith particle at time ¢ € R? (which we allow to be
multidimensional), by

2 Vi) =U; + & ).

DEFINITION 1.1. The random collection of functions T = {V;,i € N} will
be called the independent Gaussian particle system (or simply Gaussian system)
generated by the pair (m, £). We use the notation GS(m, §).

REMARK 1.1. It should be stressed that we do not assume the process & to
have zero mean, which means that we allow for a deterministic component in the
random motion of particles. In general, it also may happen that £(0) # 0, in which
case the particles make nonzero jumps immediately after starting at U, .

Let us turn to requirement (A3). Given 1, ..., t, € R, we define a point process
Bt,....., on R" by recording the positions of particles at times 71, ..., #,. That is,
we set
3) Biy,...p, = {(Vi(t1), ..., Vitn)), i € N}.

The family {B;, .., :n € N, tj,.... 1, € Rd} may be viewed as the family of
“finite-dimensional distributions” of 3.

DEFINITION 1.2. A Gaussian system ‘I3 is called stationary if for every n € N,
every 11, ..., 1, € R?, and every h € R?, we have the following equality of laws of
point processes on R”:

d
(4) mzl—i-h ,,,,, th-+h = ‘le,‘..,zn-
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The purpose of this paper is to provide a description of all stationary Gaussian
systems. Let us stress that for Markovian particle systems, the corresponding ques-
tion has a rather simple solution. Let the initial positions of the particles be chosen
to form a Poisson point process with o -finite intensity measure m on some mea-
surable space (2, A), and let the particles move independently of each other ac-
cording to the law of some Markov process on €2 with transition kernel P (x, dy).
Then by a result of [3], the particle system is stationary if and only if the measure
m is P-invariant (see also [9], page 404, and [7], Theorem 2, for weaker results).

1.2. Statement of the main result. First we introduce some notation. For A € R,
we denote by ¢; a measure on R with a density of the form e~** with respect to
the Lebesgue measure. That is,

) en(dx) = e M dx.

In particular, ¢g is the Lebesgue measure itself.

A function f: R? — R is called additive if ft1+1r) = f(t)+ f() for every
t1,th € R?. Under minor additional assumptions, say, measurability, an additive
function must be of the form f(r) = (c, t) for some ¢ € RY.

CONVENTION 1.1. All stationary processes and processes with stationary in-
crements are always supposed to have zero mean.

The next theorem is our main result.

THEOREM 1.1. Let S be the set of all pairs (m, &), where m is a measure
satisfying (1) and {€(t),t € R} is a Gaussian process, with the property that the
particle system GS(m, &) is stationary. Then

(6) S=851US USs,
where the sets Sy, S2, S3 are defined as follows:

1. The set 81 consists of all pairs (m, &), where m is an arbitrary measure on R
satisfying (1), and

(£, 1 eRY LW () + ¢, 1 € RY)

for some stationary Gaussian process {W (t),t € R?} and some ¢ € R.
2. The set 5> consists of all pairs (m, &), where

m=aey and [E(t),t e R L(W(t)+ f(t) +c,t e RY)

for some a > 0, c € R, a Gaussian process {W(t),t € R4} with stationary in-
crements, and an additive function f:RY — R.
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3. The set S3 consists of all pairs (m, &), where
m=ae, and [E(r),r e R}V L (W () — ro2(t)/2 + ¢, 1 € RY)

for some a > 0, A # 0, c € R, and some Gaussian process {W (t),t € Rd} with
stationary increments and variance o2(1).

The stationarity of Gaussian systems of type S is a rather trivial fact and is due
to the stationarity of the driving process &. Somewhat less trivial, but still rather
appealing, is the fact that Gaussian systems of type S are stationary. An example
of a Gaussian system of type S> can be obtained by taking m to be the Lebesgue
measure on R and & to be a (fractional) Brownian motion with a linear drift.

Surprisingly, the class of stationary Gaussian systems is not exhausted by the
two “trivial” families S; and S»: there is one more, nontrivial, family S3. An ex-
ample of a Gaussian system of type &3 can be obtained by taking

m=e¢; and {£(1), 1 €R)L{W, (1) —|t|,1 R},

where {W,(¢),t € R} is a fractional Brownian motion with index « € (0, 2], that
is, a stationary increment Gaussian process with

Cov(W(t1), We (1)) = |t1]* + || — |t — 12|, 1, eR.

For x = 1, this Gaussian system appeared in [2] in connection with maxima of
independent Ornstein—Uhlenbeck processes. For general « € (0, 2], the driving
process W, (t) — |t|* appeared in [16], also in connection with maxima of Gaussian
processes. In a similar way, particle systems of type &> appeared in [15] in connec-
tion with minima (in the absolute value sense) of independent Gaussian processes.
The results of [2] were generalized in [10]. In particular, it was shown in The-
orem 2 of [10] that Gaussian systems of type S3 with an additional requirement
a =1, A =1, ¢ =0 were stationary. Gaussian systems of type S3 have some vague
similarity with the “competing particle systems” studied in [19] (see also [1, 20]).
Note that in contrast to our setting, the particles in [19] evolve by increments which
are independent in time.

At a first sight, it may look that the family S, can be included into the family
83 by allowing the parameter A in the definition of Sz to be 0. However, this is not
the case: the family S, has an additional “degree of freedom” represented by the
additive function f.

In view of particle systems interpretation of Theorem 1.1, of special interest are
stationary Gaussian systems driven by a process & satisfying £(0) = 0. In the next
corollary we provide a classification of such systems, excluding for convenience
the noninteresting case in which £ is a version of the zero process.

COROLLARY 1.1. Let m be a measure satisfying (1), and let {£(t),t € Rd}
be a Gaussian process with £(0) = 0. Assume that for some to, £(tg) is not a.s. Q.
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Then the particle system GS(m, &) is stationary iff m = «e;, for some o > 0 and
reR, and

E@), teRI L (WO + f(0).1 e RY), if1 =0,
7 {(W(t) — ra?(t)/2,t e RY}, ifA#0,

for some Gaussian process {W(t),t € R} with stationary increments, variance
o2(1), W(0) =0 and, eventually, an additive function f : RY — R.

1.3. Organization of the paper. Our main result, Theorem 1.1, will be proved
in Section 2. Although Theorem 1.1 classifies all pairs (m, §) generating a sta-
tionary Gaussian system, it does not tell how to decide whether two given pairs
(m/, &), (m”, ") generate equal in law Gaussian systems or not. This gap will be
filled in Section 3.

2. Proof of the main result.

2.1. Idea of the proof. In this section we prove Theorem 1.1. The “easy” part
of Theorem 1.1 stating that Gaussian systems generated by the pairs (m, &) €
S1 U Sy U 83 are stationary will be established in Proposition 2.1. The proof of
the converse statement is much more difficult. The first step will be done in Propo-
sition 2.2, where it is shown that a pair (m, &) generating a stationary Gaussian
system must belong to S; U S» U §3 provided that the measure m is a linear com-
bination of the Lebesgue measure ¢g and a measure of the form e;. Such linear
combinations are well behaved under convolutions with Gaussian measures, which
makes it possible to do explicit calculations with one- and two-dimensional distri-
butions of GS(m, £). The second step, carried out in Section 2.7, is to show that
this additional assumption on the measure m is satisfied for most (but not all!)
pairs (m, §) generating a stationary Gaussian system. Essentially, this is done by
applying a result of Deny [6] and several related lemmas collected in Section 2.6 to
the one-dimensional distributions of GS(m, £). The pairs for which the additional
assumption on m is not satisfied are shown to belong to the family 5.

2.2. Notation. We start by introducing the notation. We always assume that m
is a measure on R satisfying the integrability condition (1), and that {£(¢), r € RY)}
is a Gaussian process. The law of the process & is uniquely determined by its mean
and covariance for which we use the notation

(7 p(r) =E&@), r(t, ) = Cov(§(r1), §(12)).
Further, we define the variance and the incremental variance of £ by
®) o) =Var§(t),  y(11,1) = Varl(t) —§®)].

We will often use the identity
9) rt, 1) = 2(a*(t) + o) — y (t1, ).
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Given 11, ..., 1, € R¢, the law of the random vector (&(t1),...,&(t,)) is denoted
by 1,

Let B(R") be the Borel o -algebra of R”. For a set B C R” and x € R, it will be
convenient to define

B—x=B-—(x,...,x).

So, B — x is obtained by shifting the set B “diagonally” in the direction of the
vector (1,...,1).

Define B, ... 1, the finite-dimensional distributions of B, as in (3). The trans-
formation theory of Poisson point processes (see, e.g., Proposition 3.8 in [17]) tells
that °B;, ..., is a Poisson point process on R" with intensity measure my, _, that
is defined by

10)  my,.., t,l(B)=/RP[(S(I1),---,S(tn)) € B — x]m(dx), B e B(R").

.....

In particular, we will often use that m; = m % n, for every ¢ € R4, where x denotes
the convolution of measures. Note that condition (1) ensures that m;, ;. (B) is
finite for every bounded B € B(R").

We can restate Definition 1.2 as follows: A Gaussian system P8 is stationary if
forevery n e N, every t1,...,t,,h € R4, and every B € B(R"),

(11) My, t,,(B)=mt1+h ,,,,, z,,+h(B)-

We denote the one-dimensional Gaussian measure with expectation pto and vari-
ance 002 by (1o, og). For future reference, let us recall the following formula for
the Laplace transform of a Gaussian distribution:

(12) if N ~N(uo,02),  then Ee?N = ehovtoey?/2,

2.3. Proof of the easy part of Theorem 1.1. In the next proposition we prove
that Gaussian systems of types 51, S2, S3 are indeed stationary.

PROPOSITION 2.1.  Let P = GS(m, &), where (m, &) € §1 US> U S3. Then B
is stationary.

PROOF. Suppose that (m, &) € S;. By definition of Sy, we have the following
equality of laws, valid foralln e N, 11,...,t,,h € R¢:

EGNy L (& + ).
Let B C R”" be any Borel set. By (10), we have

_ /RIP’[(S(tl ), E(ty + ) € B — z]m(dz)

=My +h,...t+h (B).
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Hence, equation (11) holds and 13 is stationary.
Suppose that (m, &) € . By definition of Sy, we have m = aeg for some o > 0,
and

(13) () —E@D)_ £ (EW+h) — &t + ),

foralln e N, t1,...,t,,h € R?. Let B C R" be any Borel set. Using (10) and (13),
we obtain

:oc/RP[(E(ti) —&n))i € B —z]dz

:oz/RP[(E(ti +h) — &t +h);_, € B—z]dz

=My 4h,..1,4+h(B).

Thus, equation (11) holds, and ‘3 is stationary.

Suppose that (m, &) € S3. In the particular case « = 1, A = 1 and ¢ = 0, the
stationarity of 3 was proved in Theorem 2 of [10]. The general case follows by a
straightforward application of affine transformations. [

2.4. Two lemmas. The next two lemmas are standard. We include their proofs
only for completeness.

LEMMA 2.1. The process W (t) := &(t) — u(t) has stationary increments iff
forallt;, tr,h € RY,
(15) y(t, )=yt +h, 0o+ h).
PROOF. We prove only sufficiency since the necessity is evident. So, assume
that (15) holds. Let Wy, (t) = W (¢t + h) — W (h). We have
Cov(Wp(11), Wr(12))
=r(t1+h,b+h)+rh,h)—r(h,t1 +h) —r(h,to+ h)
=—(y(t1+h,to+h)—y(h,t1 +h) —y(h,t+h))/2
=—(y(t1,0) —y(0,11) — y(0,12))/2,
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where the second equality follows from (9) and y (k, h) = 0, and the last equality
is a consequence of (15). Hence, the law of the process {Wj,(¢),t € R4 } is inde-
pendent of /2, which proves the lemma. [J

LEMMA 2.2. Let g:R? — R be a function satisfying

(16) gt +h) —g(t1 +h) =g(r2) — g(t1)
forall ty, tr, h € RY. Then the following statements hold:

1. The function f(t) := g(t) — g(0) is additive.
2. Either g = const or the set of values of g is dense in R.

PROOF. Inserting # := s1, h := s2, 11 := 0 into (16) yields f(s; + s2) =
f(s1) + f(s2) and proves the first part of the lemma. To prove the second part,
assume that g is not constant, which means that there is t with f(¢) # 0. A stan-
dard inductive argument using the additivity of f gives f(qt) = qf(¢) for every
rational number g. This implies that the set of values of the function f, and hence
also the set of values of g, is dense in R. [

2.5. Proof of Theorem 1.1: Identifying the driving process £. In Section 2.3
we have shown that S1 U S> U §3 C S. Here we prove the more difficult converse
inclusion under an additional assumption on the measure m. This is stated in the
following proposition.

PROPOSITION 2.2. Let m be a measure of the form m = ae, + Beg for some
a>0,=>0,2#0, and let {§(¢),t € ]Rd} be a Gaussian process. Assume that
P = GS(m, &) is stationary. Then (m, &) € S| U Sy U S3, where S1, 52, S3 are as
in Theorem 1.1.

We will need some technical lemmas on measures which are obtained by taking
mixtures of diagonally shifted and exponentially weighted bivariate normal laws.

LEMMA 2.3. Let n be the law of a bivariate Gaussian vector (X1, X) with
EX; = u;, Var X; = Ul-zfori = 1,2 and Var(X| — X2) = y. Let | be a measure on
R? defined for some k € R by

a7 I(B) = /Re_”n(B —2z)dz, B € B(R?).

Then there is a measure 1) concentrated on the line {(x1,x2) € R2:x = 0} such
that the following representation holds:

(18) (B) = A; e UO(B —7)dz. B eBM®RY).
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The Laplace transform of 1), defined as ¥ (u) = Jr2 €2 () (dx1, dxy), is given
by

19) ¥ @) =exp{(c —u) (1 + 1k0f) +u(uz + 3koF) + Luu — x)y).

REMARK 2.1. Equation (19) shows that the measure [) is a multiple of a
two-dimensional Gaussian measure.

REMARK 2.2. If the Gaussian measure n has a density, then it is possible
to compute the density of [ directly from its definition, equation (17). However,
since n (and also [) may fail to have a density, we use a somewhat more com-
plicated representation of [ as an exponentially weighted shift of the essentially
one-dimensional measure [*) given in (18).

PROOF OF LEMMA 2.3. Define

20)  1¥(B) =/zer113(O,x2—xl)n(dxl,dxz), B € B(RY).
R

By construction, the measure () is concentrated on the line {(x1,x2) € R2:x; =
0}. Using transformations similar to those in [10] (see the proof of Proposition 6
therein), we obtain

[(B)=/R/RZ e “Clg_ (x1,x)n(dx1,dxp)dz
210 :/RA{Z efK(Zerl)erl13_(Z+xl)(0,xz —xpn(dxy,dxp) dz

:/ /267'(“’6”113_,0(0,)62—xl)n(dxl,dxz)dw.
R JR

Applying (20) to the right-hand side of the above equation, we obtain (18).
Now we compute ¥ ‘) (u), the Laplace transform of [). The Laplace transform
of n is defined as

Y(uy,uz) = /1&{2 SN2 (dxy dxo).
By a two-dimensional analogue of (12), ¥ (u1, u3) is given by
(22) Y (Ui, uz) = explur + pous + 2(ofui + 2ruius + oyu3)},
where r = Cov(X 1, X) = (012 + 022 —y)/2. It follows from (20) that
v ) = ./RZ V2D (dxy dxy) = W (k — u, u).

The above equation and (22) yield (19) after an elementary calculation. [J
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LEMMA 2.4. Fix k #0. Let | be a Radon measure on R* admitting a decom-
position

(23) [(B) = /R e (B —7)dz + /R OB - 7)dz, B € B(R?),

where 1©) and (O are measures concentrated on the line {(x1,x2) € R2:x; = 0}.
Then the measures 1) and (O are determined uniquely.

PROOF. Fix some bounded Borel set A C {0} x R. For x > 0, let B, be a
subset of R? defined by B, =UJ ye[0,x](A +¥). Then (23) implies that

(B,) = ( /O " e dz) () (A) + x1O(A).

The above is valid for every x > 0, and so, () (A) and (D (A) are determined
uniquely. [

PROOF OF PROPOSITION 2.2. We start by proving three claims about the ex-
pectation . (-), the variance o2(-) and the incremental variance y (-, -) under vari-
ous assumptions on «, 3, A.

CLAIM 2.1. Assume that ¢ > 0. Then for all 71, 1, € R?,

A
(24) p(t2) — p(ty) = —5(02@ —a%(n)).

PROOF. The measure m; = m * n; has a density given by the convolution for-
mula

@) - / (ae™7) 4 B)ny(dy) = ae™ / ¢y (dy) + B.
dx R R
Applying (12) to the first term on right-hand side, we obtain
m; (dx)
dx

By stationarity of ‘B, we must have m; = m;, for every 1,1, € R?. This leads
to (24). O

—AX 1 2 2
(25) oe exp{,u(t)k + 50 (HA } + B.

Let us turn to the “two-dimensional distributions” of 3. Take #1, t, € R? and re-
call that B, ,, = {(V;(t1), Vi(t2)), i € N} is aPoisson point process on R2. By (10),
its intensity measure m;, ;, is given for B € B(R?) by

myy 1 (B) = / (@™ + Byny, (B — x)dx
(26) R

:a/Re_)‘xntl,,z(B—x)dx—i—ﬂfRntl,,z(B—x)dx.
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Applying Lemma 2.3 twice with K = A, n=ny;, and k =0, n=n, ;,, we obtain
two measures on R?, called mt1 ,2 and m;%, which are concentrated on the line

{(x1,x2) € R2:x; = 0} and have the property that for each Borel set B C R2,

Q) myn(B)=a /R e m®) (B —x)dx + 8 / my,, (B — x) dx.

CLAIM 2.2. Assume that o > 0. Then for all 1, t,, h € R,
(28) y(t, )=yt +h,t2+h).

PROOF. By stationarity, my, ;, = My 4n r,+n for all 11,1, h € R4, Applying
Lemma 2.4 to the decomposition (27), we obtain

@» _ 3
My = mtl—l—h,tz—i-h'

Recall that the measures m,(1 ),2 and mt(lﬁ)rh h Were constructed by means of

Lemma 2.3 and thus have Laplace transforms given by the right-hand side of (19).
So, we obtain that the expression (considered as a polynomial in u)

(O — u)(u(tl) +30 (n)) + M(M(tz) +0 (n)) + Sulu =2y ()

does not change if we replace ¢, , by t; + h, to + h. Taking into account that by
Claim 2.1,

M(ti)-i-sz (ti)=u(ti+h)+50 (ti +h), i=1,2,
we arrive at (28). [

CLAIM 2.3. Assume that 8 > 0. Then for all t1, 1, h € R4,

(29) w(tr) — u(ty) = u(ty +h) — u(ty + h)
and
(30) vy, )=yt +h,ta+h).

PROOF. It follows from the decomposition (27) and Lemma 2.4 that

o _ O
mt| mt|+h tz+h'

Using the formula for the Laplace transform of mt1 1, and mt(?i_ h.r,+h givenin (19),

we obtain that the expression (considered as a quadratic polynomial in u)
u(p(t2) = p(i) + 3y (11, )u?

remains unchanged if we replace 1, t» by t1 + h, to + h. This yields (29) and (30).
O

Now we are ready to complete the proof of Proposition 2.2. We distinguish three
cases.
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CASE 1. Assume that ¢ > 0 and 8 > 0. We show that in this case, (m, £) € S;.
Combining Claims 2.1 and 2.3, we obtain

o2(t) —a(t) =0 2(tr + h) — o%(t; + h).

Since o2(r) > 0, it follows from part 2 of Lemma 2.2 that o2(1) is a constant
function. By Claim 2.1, u(#) is constant as well. Finally, by (9) and Claim 2.2,

This implies that the Gaussian process W (¢) := £(¢r) — u(¢) is stationary. Hence,
(m, &) €51,

CASE 2. Assume thato =0 and 8 > 0. We show that in this case, (m, £) € S;.
First of all, note that in this case, m is a multiple of ¢y. By equation (30) of
Claim 2.3 and Lemma 2.1, the process W (¢) := £(¢) — u(¢) has stationary in-
crements. Further, the function f(¢) := u(t) — w(0) is additive by equation (29)
of Claim 2.3 and part 1 of Lemma 2.2. So, we obtain a decomposition £(t) =
W) + f(¢) + 1(0) implying that (m, §) € Ss.

CASE 3. Assume that ¢ > 0 and 8 = 0. We show that in this case, (m, &) € Ss.
First, we have m = «e). Second, Claim 2.2 and Lemma 2.1 show that the process
W (t) :==&(t) — wn(¢) has stationary increments. It follows from Claim 2.1 that

() = =202 (t)/2 + 1(0) + 102(0)/2 = —ra? (1) /2 + c,
where ¢ = 1 (0) + )»02(0)/2. Hence, (m, &) € Ss.

The proof of Proposition 2.2 is complete. [

2.6. Lemmas on convolution equations. In this section we collect several aux-
iliary lemmas on solutions of convolution equations. These equations will arise in
Section 2.7 when dealing with one-dimensional distributions of Gaussian systems.
The proofs are based on explicit calculations with Laplace transforms and on the
result of Deny [6].

LEMMA 2.5. Let ng = 9N(wo, 002) be a Gaussian measure on R. Let m{, my
be two measures satisfying (1) such that

(31 my *k ng = My * ng.

Then m| = m,.
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PROOF. We assume that ag > 0, since otherwise, the statement of the lemma
is trivial. The density of the measure m; *x ng, i = 1, 2, is given by the convolution
formula

(m; xng)(dx) 1
dx 2moy

(32) — #e—xz/(%&)emo/o’g

B 2o

x /R 178 =02/ CoD ().

f e~ (=Y /0D 1 ()
R

Define new measures m} and m), by

/
(33) mi (dy) — e_(y+.u0)2/(20§)’ 1 = 1’ 2.
m; (dy)
Let g (x) = [ge™mi(dy), i = 1,2, be the Laplace transforms of m} and m’,.

Note that by (1), P (x) and Py, (x) are finite for all x € R. We may rewrite (32)
as follows:

(m; xno)(dx) 1 efxz/(koz)exm/gg_/ exy/agm; (dy)
dx v 2mog "
(34)
_ #e—xz/(%oz)exuo/‘fggo ’ (i)
Nz "\og

By (31), the densities of the measures mj * ng and m» * ng must be equal. Taking
into account (34), this yields

P, (x)= P, (x) Vx e R.

By the uniqueness of the Laplace transform, m} = m}. Recalling (33) yields that
m; = my. This proves the lemma. [J

LEMMA 2.6. Letn; = (uq, 012) and ny =N (o, 022) be two Gaussian mea-

sures on R such that 012 < 022. Let my and my be two measures satisfying (1) such
that

(35) MmN =mp % no.

Then my =myp * (2 — ul,azz — 012).

PROOF. We may rewrite (35) as
mp kny = (mz*m(uz —/L],UZZ —012)) * 1.

The proof is completed by applying Lemma 2.5. [J



2308 Z. KABLUCHKO

LEMMA 2.7. Let m be a measure satisfying (1), and let ng = N(uo, 002) be a
Gaussian measure such that for some « >0, 8 >0, A £ 0,

(36) m*xng=ae) + Beo.

—3262/2 —
Then m = e " %0/2e=*0¢; 4 Bey.

2.2 .
PROOF. Define a measure m; = ae * 90/2¢ = H0¢, 4 Beo. Then the density of
the measure m; * ng can be computed by means of the convolution formula:

(my *ng)(dx) _

y / (ae_kz%z/ze_}‘““e_k(x_y) + B)no(dy) = ae ™™ + B,
X R

where the second equality follows from (12). Hence,
mx ng = myp xng.

By Lemma 2.5, we have m = m;. The proof is complete. [

LEMMA 2.8. Letn =9 (uq, 012) and ny =N(uo, 022) be two Gaussian mea-
sures on R such that 012 + 022. Let m be a measure satisfying (1) such that

(37) MmNy =m*xny.

Then m = ae) + Beg for some o >0, >0 and A #£ 0.

PROOF. By symmetry, we may assume that 012 < 022. Then Lemma 2.5 im-
plies that

(38) m=m:*ny,

where ng = DM(uy — w1, 022 — 012). By Theorem 3’ of [6], every solution m of (38)
can be represented as a mixture of exponentials; that is, we may write

m(dy)
dy

f e p(dh),
E

where p is a finite Borel measure on the set E = {A e R: [ e ny(dx) = 1}. Now,
in our case the measure ng is Gaussian, and so (12) shows that E consists of at most
two points. One of them is always 0, and the second is denoted by A (if £ = {0}, let
A # 0 be arbitrary). Taking o« = p({A}) and B = p({0}), we obtain m = ae) + Beg.
This completes the proof. [
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2.77. Proof of Theorem 1.1: Identifying the measure m. In this section we com-
plete the proof of the inclusion S C §; U S, U S3. Let (m, &) be a pair generating
a stationary Gaussian system P = GS(m, £). Our goal is to show that

(39) m & eSS USUSs.

The idea of the proof is to show, whenever possible, that the measure m is of the
form ae), 4+ Beg and then to apply Proposition 2.2. In all other cases, we will prove
that (m, &) € S7.

Assume for a moment that £(0) = 0 and Var & (fy) > 0 for some 7y € R4. Under
this restriction, the proof takes the following particularly simple form. By sta-
tionarity, we have mo = my,. Using £(0) = 0, this can be written as m = m * 1.
Applying to this convolution equation the result of Deny [6] as in the proof of
Lemma 2.8, we conclude that m must be of the form «e; + Seo. Hence, Proposi-
tion 2.2 is applicable and (39) is proved.

Let us now consider Theorem 1.1 in its full generality. We will distinguish be-
tween different cases.

CASE 1. Assume that the function o2 is not constant. So, there are 71, t, € R¢
such that
(40) o2 (1) # 0> ().

By stationarity of 3, we must have m;, = m,, and hence,

mx N(u(t), o%(t)) = m * N(u(t), % (1)).

Then Lemma 2.8, which is applicable in view of (40), implies that m = ae) + Beg
for some @ > 0, 8 > 0, A # 0. An application of Proposition 2.2 shows that (39)
holds.

CASE 2. Assume that oz(t) =02 > 0 is constant. Take some 71, t» € R? and
fix some ¢ € [0, 1]. Consider 3, ;,, a point process on R defined by

(41) Py, = Ui + 08 (1) + (1 — 9)& (1), i €N},

where the U;’s and the §;’s are as in Section 1.1. Recalling from (2) that V;(¢) =
U; + & (t), we may rewrite (41) as

(42) By = (9Vi(t1) + (1 —9)Vi(12),i €N}

By Proposition 3.8 of [17], ‘:B,h 1, 18 a Poisson point process whose intensity mea-
sure Wy, ,, is given by the formula

My, 1, = mx N, 1), 5211, 1)),
where

(43) pty, 1) =0 () + (1 —9)u(tz)
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and
(44) &2(t1, ) = (07 + (1 —9)?)o? +20(1 — (11, 1).

The stationarity of the particle system ‘B together with representation (42) implies
that for every t1,1,h € RY, the point processes P;, 1, and By, r.1,+» must have
the same law. Hence, my, ;, = My, 4+4,1,+1 and consequently,

45)  mNit, 1), 6211, 1) = mxN(i(t +h, o +h), 52t +h, 1+ h)).

The proof will be completed after we have considered two subcases.

SUBCASE 2A. Assume that for some #1, 1, h € R,
(46) r(ty, ) #r(ti +h, i+ h).

Take v+ = 1/2 in the definition of the point process ‘,]~3,1 .1,- Then (44) and (46) imply
that

G211, ) #62(t1 + h.ty + h).
By Lemma 2.8, applied to (45), the measure m is of the form «e; + Bep for some
a>0,8>0,x#0. An application of Proposition 2.2 shows that (39) holds.
SUBCASE 2B. Assume that for all 71, t, h € RY,
47) r(ty, ) =r(t+h,to+h).

This implies that the process W (¢) := &(¢) — u(t) is stationary.

If the function p is constant, then (m, §) € S;. Therefore, let us assume that @
is not constant. We will show that this implies that m is a multiple of the Lebesgue
measure. Let

G={geR:mxd; =m}

be the set of “periods” of m, where §, is the Dirac measure concentrated at g.
Clearly, G is an additive subgroup of R.
By stationarity of ‘}3, we have m;, =m,, for every 11,1, € R?. Equivalently,

mx N(u(tr), 0%) =m* N(u(t), o2).
By Lemma 2.6, this implies that
(48) p(t) — ) eG Vi, neRY.

Since p is assumed to be nonconstant, equation (48) implies that G # {0},
which means that m has a nontrivial period. Of course, this is not sufficient to
conclude that m is a multiple of the Lebesgue measure, and so, let us use the sta-
tionarity of the two-dimensional distributions of 3. Recalling (44) and taking into
account (47), we obtain that for every t1, 1, h € R,

&2(t1. ) =62ty + h.tr + h).
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Applying Lemma 2.6 to (45), we obtain
Lt 0) —pti+h,n+h)eG VY, heR?.
Recalling a formula for & given in (43), we arrive at

O - (u(t) — ur2) — u(ts + h) + u(a + b)) + (n(t2) — n( +h)) €G.

Note that this is valid for every @ € [0, 1]. Assume that in the above expression, ¢
appears with a nonzero coefficient for some #1, t2, 2. Then G contains a nontrivial
interval, and so, we must have G = R. In other words, the measure m is translation
invariant. Since by (1), m is finite on bounded intervals, this implies that m is a
multiple of the Lebesgue measure.

So, let us assume that for every #1, 1, h € R4,

(49) () — p(t2) = u(ty +h) — p(t2 + h).

Recall also that we assume that & is nonconstant. Hence, by part 2 of Lemma 2.2,
the set of values of the function u is dense in R. By (48), the group G must be
dense in R.

We claim that in fact, G = R. To prove this, we need to show that G is closed.
First of all, the measure m is atomless, since if it would have an atom, then the
invariance under G would imply that m has a dense set of atoms of equal mass,
which would contradict (1). Now, let g1, g2, ... be a sequence in G converging to
some g € R. We claim that g € G. Indeed, for every interval [a, b] C R, we have

m(la—g,b—g])= ilirgom([a —gi.b—gi)= ilirgom([a, b]) =m([a, b)),

where the first equality holds since m is atomless, and the second equality follows
from g; € G. This proves that g € G. Therefore, the group G, being dense and
closed, must be equal to R.

The fact that G = R means that the measure m is translation invariant and thus,
must be a multiple of the Lebesgue measure. Therefore, we can apply Proposi-
tion 2.2 which shows that (39) holds.

The proof of Theorem 1.1 is complete.

3. Pairs generating equal in law Gaussian systems. In this section we give
an answer to the following question: Given two pairs (m’, §’) and (m”,£”) in S,
determine whether GS(m/, &’) has the same law as GS(m”, £”). The next proposi-
tion is a first step in this direction.

PROPOSITION 3.1. The decomposition S = Sf U & U 83, where S =
S1\ (&2 U 83), is disjoint. Pairs belonging to different sets in this decomposition
generate different in law Gaussian systems.
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PROOF. We will show that Gaussian systems generated by pairs belonging
to different sets in the decomposition & = 87 U S; U S3 differ by their one-
dimensional distributions. If (m, £&) € S,, then m = aeg for some o > 0, and conse-
quently, m; = mx*n; = aeg forevery r € R4 If (m, &) € S3, then m = ey, for some
o > 0 and X # 0. Hence, in this case, m; = mx*n; = a¢) for some & > 0. Finally, if
(m, &) € S7, then m, is not a multiple of ¢;, A € R. Otherwise, Lemma 2.7 would
imply that the same is true for m, which contradicts the assumption (m, §) € Sy.

|

In the sequel, we concentrate on pairs belonging to the same set in the decompo-
sition S = &7 U S U S3. Let us call a pair (m, £) belonging to S; or S3 canonical
if £(0) = 0. A classification of such pairs was given in Corollary 1.1.

PROPOSITION 3.2. For every (m, &) € Sy there is a unique canonical pair
(m, &) € Sy generating the same Gaussian system as (m, &).

PROOF. To show the existence, set i = m and £(¢) = £(¢) — £(0). Apply-
ing (14) two times, we obtain that for every B € B(R"),

.....

where my, ., are the finite-dimensional intensities of GS(m, § ) [cf. (10)]. Hence,
(m, &) and (m, é ) generate equal in law Gaussian systems.

We prove the uniqueness part. Let (m, &) be a canonical pair. Then m = a¢g and
E(t)=W(@)+ f(t) (see Theorem 1.1). We will show that the triple (o, W, f) is
uniquely determined by the finite-dimensional distributions of 3 = GS(m, &).

First, we have m; = m % n, = aeg for every t € R?, and so, « is uniquely deter-
mined. Let us turn to the two-dimensional distributions of 3. By (10), we have

Mo (B) = fR nos (B — 2) dz.

By Lemma 2.3, there is a representation

mo,(B) = a/ng‘?,)(B —2)dz
for some measure m(()(?z concentrated on the line {(x1, x») € R2:x; = 0} and having

the Laplace transform exp{ f (t)u + 1/2y (0, Hu?}. By Lemma 2.4, this shows that
the two-dimensional distributions of 3 determine f(¢) and y (0, t) uniquely. To
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see that y (0, #) determines the law of W uniquely, recall that W (0) = 0 and hence,
we may write the covariance function of W in the form

r(ti ) = 5(y(0,61) +y(0,12) — y (0,11 — 12)).

This completes the proof of the uniqueness part. [

PROPOSITION 3.3. For every (m, &) € 53 there is a unique canonical pair
(m, &) € S3 generating the same Gaussian system as (m, £).

PROOF. All necessary ingredients are contained in [10]. Take §(t) =£(1) —

£(0) and ™ = m % 8., where ¢ is as in Theorem 1.1. The fact that (1, £) and
(m, &) generate equal Gaussian systems was essentially shown in Proposition 11
of [10]. The uniqueness part follows under the additional assumption A = 1 from
Remark 24 of [10]. The general case is analogous. [J

The next proposition gives a necessary and sufficient condition on two pairs
belonging to S} to generate equal in law Gaussian systems.

PROPOSITION 3.4. Let (W', &") and (m”, ") be two pairs, both belonging to
S and generating Gaussian systems B’ and 3". Then

(50) B Ly

iff the following holds: There is a Gaussian variable Ny whose distribution on R
is denoted by ny and which is independent of €', §”, such that

(51) m =m"xng and {(£"(t),t e RY) L (£ (1) + No,t e RY),
or

(52) m’=m'xng and (£'(t),t € R} L (E"(r) + No,t € RY).

PROOF. Introduce the notation u’, r’, u”, r”, etc. as in Section 2.2. By defin-

ition of the family SY, the functions u/, o2, W, o"? are constant. Therefore, we

write, say, 1’ instead of u/(¢). We may rewrite (9) as follows:

(53) y(t1, 1) = 2(0/2 —r'(t1,1p)) and y"(t1,1) = 20" —1"(11, 12)).

We start by proving the “if”” part of the proposition. Assume for concreteness
that (51) holds. Then, by (10),

W, (B) = / P[(€" (1), ... §"(tn)) € B — zJm" (d2)

- / (&'(t1) + No. ... £'(tx) + No) € B — z]m"(d2)

- / / PLE (1), ... £ (6)) € B — (z + y)Im" (d2)no(dy).
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For every nonnegative function f:R? — R the following formula holds:

[ [ e+ m @amo) = [ e no)@x).
RJR R

Hence,
my . (B) = /RIP’[(S/(n), . E (1) € B — x](m” xnp)(dx)
= [ PUE @), .. €0 € B—xim'(@x)
=my ., (B)
This proves (50).

Now we prove the “only if” part of the proposition. Assume that (50) holds.
Without loss of generality we assume that 0’ < o2, Define

ny = m(,u// _ M/’ % _ 0‘/2),

and let Ny ~ ng be a Gaussian variable independent of &" and &”. We will show
that (51) holds.

We start by proving the first equality in (51). It follows from (50) that m; = m/
for all r € R?. Equivalently,

m/*m(/L/,G/z) :m//*m(lu//’a/d )

Then, by Lemma 2.6, m’ = m” * ng. This proves the first equality in (51).
We claim that the second equality in (51) follows from the following statement:
forall¢), 1 € RY,

(54) Y (1) =y" (1, 0).
To see this, set for a moment &’(¢) = &(¢t) + No. Then
E§'(1)=p' + (1" — p)) =" =E&"(1).
Elementary transformations using (53) and (54) yield
Cov(E'(11), €' (1)) = r'(t1,12) + (6" = 0") = " (11, 12) = Cov(§" (11), §" (12)).
From now on, we are proving (54). We need to consider two cases.

CASE 1. Assume that m’ = o’e; + Beg for some o’ >0, B >0, L #£0. It
follows from m; = m; that

m/*m(u/’azz) =m”>x<‘ﬂ(u”,a”2 ]

The left-hand side of the above equation is of the form «e) + Beg for some o > 0.
Hence, using Lemma 2.7, we conclude that m” = o”¢; + Beg for some a” > 0.
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Let us consider the two-dimensional distributions of 3’. By (10),

m;h,z(B) =a’%1;eszn;l’t2(3 —2z2)dz + ,B_én;l’tz(B —2)dz, Be B(Rz).

Applying Lemma 2.3 twice, we get two measures mtf)”t)z and mtgot)z

{(x1, x2) € R?:x; = 0} such that the following decomposition is valid:

concentrated on

™y, 1 (B) :O‘/A;e m;fk) (B—12) dz+ﬂf m;fot)z —2)dz, B € B(R?).

7(0)

Furthermore, w,l (u), the Laplace transform of m;, ;,,

is given by

(55) U, ) = e ()2,
Similar calculations can be done for m; . By (50), we must have m; , =

m,I 1, By Lemma 2.4, this implies

7(0) 1(0)
My, =Wy

Comparing the Laplace transforms, we obtain (54).

CASE 2. Assume that the condition of Case 1 is not satisfied. We define a
point process ‘,]3;1’ 1, a8 in (41) and (42) with ¢ = 1/2: we set

i, = U +E (1) /248 (12)/2,i €N},
where {U/,i € N} and &/, i € N, are the starting points and the driving processes

of the Gaussian system B’. Then ‘jﬁi;lh is a Poisson point process on R whose
intensity measure m;, , is given by the formula

(56) ﬁ‘l;l,tz - m * ‘ﬁ(,u 20/2 + 17’ (ll lz))
A simple calculation using (53) shows that
my =1y, o N(0, %;V/(tl, n)).

Similar calculations can be done for the pair (m”, £§”). By (50), we must have

s = : = :
m, ,, =my . Denoting these equal measures for a moment by my, ;,, we obtain

Mgy % N0, 17/ (11, 10)) = iy, 4, % N0, 3" (11, 12)).

Now assume that (54) does not hold for some #{,1, € R?. Then Lemma 2.8
implies that my, ;, is of the form ae, + Beo for some & > 0, ﬁ >0 and A # 0. Fur-
ther, Lemma 2.7 applied to (56) yields that m’ is of the form «'¢; + B’¢¢ for some
o' >0, 8/ >0and A # 0. In fact, the assumption (m’, £’) € S implies that even
a’ >0, B’ > 0. Hence, we are in the situation of Case 1, which is a contradiction.

The proof of Proposition 3.4 is complete. [
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4. Open questions. We have considered only particles moving on the one-
dimensional real line (although we allowed for a multidimensional time). An in-
teresting question is whether it is possible to obtain an analogue of Theorem 1.1
for particles moving in a multidimensional Euclidean space.

Another problem is to classify all stationary systems of particles driven by inde-
pendent Gaussian processes and starting at the points of an arbitrary point process
(rather than a Poisson point process). It seems that to gain information from the
stationarity of the one-dimensional distributions of such particle systems, the re-
sults of [12] should be used instead of that of [6].

Acknowledgment. The author is grateful to Martin Schlather for several use-
ful remarks.

REFERENCES

[1] ARGUIN, L.-P. and AIZENMAN, M. (2009). On the structure of quasi-stationary competing
particle systems. Ann. Probab. 37 1080-1113. MR2537550
[2] BROWN, B. M. and RESNICK, S. I. (1977). Extreme values of independent stochastic
processes. J. Appl. Probab. 14 732-739. MR0517438
[3] BROWN, M. (1970). A property of Poisson processes and its application to macroscopic equi-
librium of particle systems. Ann. Math. Statist. 41 1935-1941. MR0277039
[4] Cox, J. T. and GRIFFEATH, D. (1984). Large deviations for Poisson systems of independent
random walks. Z. Wahrsch. Verw. Gebiete 66 543-558. MR753813
[5] DE MASsI, A. and PRESUTTI, E. (1991). Mathematical Methods for Hydrodynamic Limits.
Lecture Notes in Math. 1501. Springer, Berlin. MR1175626
[6] DENY, J. (1959-1960). Sur I’équation de convolution u = w * o. In Séminaire Brelot—
Choquet—Deny. Theorie du potentiel 4 Exposé No. 5. Secrétariat Mathématique, Paris.
[7] DERMAN, C. (1955). Some contributions to the theory of denumerable Markov chains. Trans.
Amer. Math. Soc. 79 541-555. MR0070883
[8] DEUSCHEL, J.-D. and WANG, K. (1994). Large deviations for the occupation time functional
of a Poisson system of independent Brownian particles. Stochastic Process. Appl. 52 183—
209. MR1290694
[9] DooB, J. L. (1953). Stochastic Processes. Wiley, New York. MR0058896
[10] KABLUCHKO, Z., SCHLATHER, M. and DE HAAN, L. (2009). Stationary max-stable fields
associated to negative definite functions. Ann. Probab. 37 2042-2065. MR2561440
[11] KipnIs, C. and LANDIM, C. (1999). Scaling Limits of Interacting Particle Systems.
Grundlehren der Mathematischen Wissenschaften [ Fundamental Principles of Mathemat-
ical Sciences] 320. Springer, Berlin. MR1707314
[12] LIGGETT, T. M. (1978). Random invariant measures for Markov chains, and independent par-
ticle systems. Z. Wahrsch. Verw. Gebiete 45 297-313. MR511776
[13] LIGGETT, T. M. and PORT, S. C. (1988). Systems of independent Markov chains. Stochastic
Process. Appl. 28 1-22. MR936369
[14] MARTIN-LOF, A. (1976). Limit theorems for the motion of a Poisson system of indepen-
dent Markovian particles with high density. Z. Wahrsch. Verw. Gebiete 34 205-223.
MRO0402987
[15] PENROSE, M. D. (1991). Minima of independent Bessel processes and of distances between
Brownian particles. J. London Math. Soc. (2) 43 355-366. MR1111592
[16] PICKANDS, J. (1969). Upcrossing probabilities for stationary Gaussian processes. Trans. Amer.
Math. Soc. 145 51-73. MR0250367


http://www.ams.org/mathscinet-getitem?mr=2537550
http://www.ams.org/mathscinet-getitem?mr=0517438
http://www.ams.org/mathscinet-getitem?mr=0277039
http://www.ams.org/mathscinet-getitem?mr=753813
http://www.ams.org/mathscinet-getitem?mr=1175626
http://www.ams.org/mathscinet-getitem?mr=0070883
http://www.ams.org/mathscinet-getitem?mr=1290694
http://www.ams.org/mathscinet-getitem?mr=0058896
http://www.ams.org/mathscinet-getitem?mr=2561440
http://www.ams.org/mathscinet-getitem?mr=1707314
http://www.ams.org/mathscinet-getitem?mr=511776
http://www.ams.org/mathscinet-getitem?mr=936369
http://www.ams.org/mathscinet-getitem?mr=0402987
http://www.ams.org/mathscinet-getitem?mr=1111592
http://www.ams.org/mathscinet-getitem?mr=0250367

STATIONARY SYSTEMS OF GAUSSIAN PROCESSES 2317

[17] RESNICK, S. 1. (1987). Extreme Values, Regular Variation, and Point Processes. Applied Prob-
ability 4. Springer, New York. MR900810

[18] REVESZ, P. (1994). Random Walks of Infinitely Many Particles. World Scientific, River Edge,
NJ. MR1645302

[19] RUZMAIKINA, A. and AIZENMAN, M. (2005). Characterization of invariant measures at the
leading edge for competing particle systems. Ann. Probab. 33 82—113. MR2118860

[20] SHKOLNIKOV, M. (2009). Competing particle systems evolving by i.i.d. increments. Electron.
J. Probab. 14 728-751. MR2486819

INSTITUT FUR MATHEMATISCHE STOCHASTIK
GEORG-AUGUST-UNIVERSITAT GOTTINGEN
GOLDSCHMIDTSTR. 7

D-37077 GOTTINGEN

GERMANY

E-MAIL: kabluch@math.uni-goettingen.de


http://www.ams.org/mathscinet-getitem?mr=900810
http://www.ams.org/mathscinet-getitem?mr=1645302
http://www.ams.org/mathscinet-getitem?mr=2118860
http://www.ams.org/mathscinet-getitem?mr=2486819
mailto:kabluch@math.uni-goettingen.de

	Introduction
	Statement of the problem
	Statement of the main result
	Organization of the paper

	Proof of the main result
	Idea of the proof
	Notation
	Proof of the easy part of Theorem 1.1
	Two lemmas
	Proof of Theorem 1.1: Identifying the driving process xi
	Lemmas on convolution equations
	Proof of Theorem 1.1: Identifying the measure m

	Pairs generating equal in law Gaussian systems
	Open questions
	Acknowledgment
	References
	Author's Addresses

