The Annals of Applied Probability

2010, Vol. 20, No. 6, 2040-2085

DOI: 10.1214/09-AAP676

© Institute of Mathematical Statistics, 2010

LOAD OPTIMIZATION IN A PLANAR NETWORK

BY CHARLES BORDENAVE AND GIOVANNI LUCA TORRISI

CNRS, Université de Toulouse and CNR, Istituto per le Applicazioni
del Calcolo “Mauro Picone”

We analyze the asymptotic properties of a Euclidean optimization prob-
lem on the plane. Specifically, we consider a network with three bins and n
objects spatially uniformly distributed, each object being allocated to a bin at
a cost depending on its position. Two allocations are considered: the alloca-
tion minimizing the bin loads and the allocation allocating each object to its
less costly bin. We analyze the asymptotic properties of these allocations as
the number of objects grows to infinity. Using the symmetries of the problem,
we derive a law of large numbers, a central limit theorem and a large devia-
tion principle for both loads with explicit expressions. In particular, we prove
that the two allocations satisfy the same law of large numbers, but they do not
have the same asymptotic fluctuations and rate functions.

1. Introduction. In this paper we take an interest in a Euclidean optimization
problem on the plane. For ease of notation, we shall identify the plane with the
set of complex numbers C. Set A = 2(3«/3)_1/ 2 i =41 (the complex unit),
j= e%™/3 and consider the triangle T C C with vertices B, = Ai, By = j 2B, and
B3 = jB,. Note that T is an equilateral triangle with side length A+/3 and unit
area. We label by {1, ..., n} n objects located in the interior of T and denote by
Xk, k=1,...,n, the location of the kth object; see Figure 1. We assume that
{Xk}k=1,...n are independent random variables (r.v.’s) with uniform distribution on
T. Suppose that there are three bins located at each of the vertices of T and that
each object has to be allocated to a bin. The cost of an allocation is described by
a measurable function ¢: T — [0, 00) such that ||¢|lo := sup,c c(x) < 00. More
precisely, c(x) = c1(x) denotes the cost to allocate an object at x € T to the bin
in By; the cost to allocate an object at x € T to the bin in Bj is c2(x) = c(j 2x); the
cost to allocate an object at x € T to the bin in B3 is c3(x) = c(jx). Let

An ={A = (ak)1<k<n,1<1<3 1ak €10, 1}, ax1 + aro + arz = 1}

be the set of allocation matrices: if ai; = 1 the kth object is affiliated to the bin in
B;. We consider the load relative to the allocation matrix A = (ax;)1<k<n,1<i<3 €

A,y

pn(A) = ma<X3<Z alel(Xk)),

1<l =1
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F1G. 1. The triangle T, the three bins and the n objects.

lcll min /Cl’l(‘l)‘

Throughout this paper we refer to p, as the optimal load. This simple instance
of Euclidean optimization problem has potential applications in operations re-
search and wireless communication networks. Consider three processors run-
ning in parallel and sharing a pool of tasks {1,...,n} located, respectively, at
{X1,..., X} CT. Suppose that c;(x) is the time requested by the /th processor to
process a job located at x € T. Then p, is the minimal time requested to process
all jobs. For example, a natural choice for the cost function is c¢(x) = 2|x — By|,
that is, the time of a round-trip from B; to x at unit speed. In a wireless com-
munication scenario, the bins are base stations and the objects are users located
at {X1,...,X,} CT. For the base station located at B;, the time needed to send
one bit of information to a user located at x € T is ¢;(x). In this context p,, is the
minimal time requested to send one bit of information to each user and 1/pj, is the
maximal throughput that can be achieved. We have chosen a triangle T because
it is the fundamental domain of the hexagonal grid, which is a good model for
cellular wireless networks.
For 1 </ <3, we define the Voronoi cell associated to the bin at B; by

Ti={reT:|x— B = min |x— Bul]\ D1
where D ={ijt:t <0} and, for/ =2,3, D; = {ijlt:t < 0}. Note that T; UT, U

Ts=Tand Ty NT, =T NT3 =T, NT3 =, that is, {Ty, T, T3} is a partition
of T. Note also that 0 € T.
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Throughout the paper, we denote by |- | the Euclidean norm on C, by £ the
Lebesgue measure on C and by x - z the usual scalar product on C, that is, x - z =
R()N(2) + I(x)IJ(z). We suppose that the value of the cost function is related to
the distance of a point from a bin as follows:

(1.1) Forallx eTand!=2,3if |x — By| < |x — B| then c1(x) < ¢;(x).

For example, if c(x) = f(Jx — B1]) and f:[0, 00o) — [0, 00) is increasing, then
(1.1) is satisfied.

In this paper, as n goes to infinity, we study the properties of an allocation
which realizes the optimal load p,, and, as a benchmark, we compare it with the
suboptimal load p,, = py (A), where A = (@ki1)1<k<n,1<i<3 18 the random matrix
obtained by affiliating each object to its least costly bin

ap = 1(Xg € Ty).

We shall prove that, using the strong symmetries of the system, it is possible to
perform a fine analysis of the asymptotic optimal load. It turns out that a law of
large number can be deduced for the optimal and suboptimal load. More precisely,
setting

y=] cwax,
Ty
we have the following theorem.

THEOREM 1.1. Assume (1.1). Then, almost surely (a.s.),

N R
lim — = lim — =y.
n—oo p n—o00 g

As a consequence, at the first order, the optimal and the suboptimal load perform
similarly.

The next result shows that, at the second order, the two loads differ significantly.
We first introduce an extra symmetry assumption on ¢, namely, its symmetry with
respect to the straight line determined by the points 0 and By. If x = e € T,
t > 0,60 € [0, 2], then its reflection with respect to the straight line determined by

the points 0 and B is te~?~i7/3 ¢ T. Formally, we assume
C(leig) — C(le_ie_iﬂ/3)
(1.2) for all 0 € [0, 277] and ¢ > O such that z¢’ € T and

c is Lipschitz in a neighborhood of D; U Ds.
Setting

02=/ cz(x)dx
Ty

. d e .
and letting — denote the convergence in distribution, we have the following theo-
rem.
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THEOREM 1.2. Assume (1.1) and (1.2). Then, as n goes to infinity,

_ d
n~2(p, —yn) S G,

where G is a Gaussian r.v. with zero mean and variance o* /3 — y?. Moroever, as
n goes to infinity,

_ _ d
n~ 2P, — yn) > max{Gy, G, G3} — (G| + G2 + G3) + G
and
_ _ d
n" 2@, — pn) > max{G1, G2, G3} — 1(G1 + G2 + G3),

where G, G> and G3 are independent Gaussian r.v.s with zero mean and vari-
ance 2, independent of G. Finally

Elpn] =ny +o(v/n) and Elp,]=ny +m/n+o(v/n),

where m = E[max{G1, G2, G3}] > 0 depends linearly on o.

Theorem 1.1 states that p,, is asymptotically optimal at scale », but Theorem 1.2
says that it is not asymptotically optimal at scale /7. In the proof of Theorem 1.2,
we shall exhibit a suboptimal allocation which is asymptotically optimal at scale
/n (see Proposition 3.1).

We shall also prove a large deviation principle (LDP) for both the sequences
{pn/n}n>1and {p, /n},>1. Recall that a family of probability measures {u,},>1 on
a topological space (M, Tys) satisfies a LDP with rate function [ if I : M — [0, o]
is a lower semi-continuous function such that the following inequalities hold for
every Borel set B

1 1
— inf I(y) <liminf —log u,(B) <limsup —log u,(B) < — inf I(y),
y€§ n—-oo n n—oo N yeB

where B denotes the interior of B and B denotes the closure of B. Similarly,
we say that a family of M-valued random variables {V,,},>1 satisfies an LDP if
{ttn}n>1 satisfies an LDP and w,(-) = P(V, € -). We point out that the lower
semi-continuity of / means that its level sets {y € M :I(y) < a} are closed for
all a > 0; when the level sets are compact the rate function / (-) is said to be good.
For more insight into large deviations theory, see, for instance, the book by Dembo
and Zeitouni [4].
We introduce an assumption on the level sets of the cost function

(1.3) (e tqh) =0 forall r > 0,
an assumption on the regularity of ¢

(1.4) ¢ is continuous on T,
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and two further geometric conditions

(1.5) c(By) < c(x) <c(0) for any x € T \ {0, B1},
c1(x)ca(x)ez(x) c(0)
(e +ama +amar) 3 /wrz c@dz

(1.6)
for any x € T \ {0}.

Assumption (1.5) fixes the extrema of the cost function on Tj. The left-hand side
inequality of (1.6) imposes that O is the most costly position in terms of load [for
a more precise statement, we postpone to (4.5)]. For 8 € R, define the functions

AO) = 10g(3/ Y dx) and A(0) = log(/
T, T
and, for y € R, their Fenchel-Legendre transforms

A*(y) =sup(@y — A(0)) and A*(y) =sup(0y — A(0)).
feR feR

"™ dx + 2/3)

1

The following LDPs hold:

THEOREM 1.3.  Assume (1.1), (1.3), (1.4), (1.5) and (1.6). Then:

(1) {pn/n}n>1 satisfies an LDP on R with good rate function

(1 7) J(y)={1\*(3)’)» l.ny(C(Bl)/3’C(O)/3),
) 400, otherwise.

(i) {p,,/n}n>1 satisfies an LDP on R with good rate function

_ A*(3y)’ ifye (C(Bl)/3? J/],
J(y) =

(1.8) A*(y), ify (v, c(0),

+00, otherwise.

The next proposition gives a more explicit expression for the rate functions.
PROPESITION 1.4. Assume (1.1), (1.5) and ¢ continuous at 0 and Bi. Then
A* and N* are continuous on (c(B1), ¢(0)) and

yoy = ABy),  ifc(Br) <y <c(0),

@) A (y) = { +o0, ifc(By) > yory>c(0),

where 0y, is the unique solution of

le c(x)e? ™ dx

(1.9) Jr, 70 dx =Y,
y ooy _ | yny —Amy),  ifce(Br) <y <c(0),
(i) A= { +o);>, ’ if c(By) >y ory>c(0),
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FIG. 2. The rate functions J and J .

where 1y is the unique solution of

fT] c(x)e?c™) dx
Jr, W dx +2/3

(1.10) y.

Ify <y <c(0)/3, then A*(y) < A*(3y).

Note that J(y) = A*(3y) except possibly at y € {c(By), c(0)}; J(y) = A*(3y)
on (—oo, y] except possibly at y = c(B1), and J(y) = A*(y) on (y, 00) except
possibly at y = ¢(0). These gaps are treated in Proposition 4.4 with extra regularity
assumptions on c. See Figure 2 for a schematic plot of the rate functions. A simple
consequence of Theorem 1.3 and Proposition 1.4 is the following:

log P(pp, = nt)  J(1) . P(pp=nt)
im — == and lm ———— =
n—o0log P(p, >nt) J(t) n—oo P(p, > nt)

0  Vie(y.c(0)/3).

In words, it means that the probability of an exceptionally large optimal load is
significantly lower than the probability of an exceptionally large suboptimal load;
although, on a logarithmic scale, the probability of an exceptionally small optimal
load does not differ significantly on the probability of an exceptionally small sub-
optimal load. It is not in the scope of this paper to discuss the trade-off between
algorithmic complexity and asymptotic performance. Moreover, we do not know
if the allocation that is asymptotically optimal at scale /n used in the proof of
Theorem 1.2 (see Proposition 3.1) has the same rate function than p, /5.
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Unlike it may appear, we shall not prove Theorem 1.3 by first computing the
Laplace transform of p, and p, and then applying the Gértner—Ellis theorem
(see, e.g., Theorem 2.3.6 in [4]). We shall follow another route. First, we com-
bine Sanov’s theorem (see, e.g., Theorem 6.2.10 in [4]) and the contraction prin-
ciple (see, e.g., Theorem 4.2.1 in [4]) to prove that the sequences {p,/n},>1 and
{p,/n}n>1 obey a LDP, with rate functions given in variational form. Then, we
provide the explicit expression of the rate functions solving the related variational
problems. It is worthwhile to remark that, using Theorem 1.3 and Varadhan’s
lemma (see, e.g., Theorem 4.3.1 in [4]) it is easily seen that

. 1 6 * . 1 0p, T
lim —logE[e””]=J"®) and lim —logE[e""] = J*(0) VO e R,
n—oo p n—oopn

where J* and J* are the Fenchel-Legendre transforms of J and J, respectively.
A nice consequence of Theorems 1.1 and 1.2 is that, in terms of law of the large
numbers and central limit theorem, p,, has the same asymptotic behavior as

3 n
pr =2 301X, € Tiler(Xo.
35S
Moreover, if the cost function satisfies extra regularity assumptions (see Proposi-
tion 4.4), by Theorem 1.3 and the Girtner—Ellis theorem, we have that p, and p,
have the same asymptotic behavior even in terms of large deviations.

As can be seen from the proofs, if the left-hand side of assumption (1.6) does
not hold, then we have an explicit rate function J(y) only for y < ¢(0)/3. If the
right-hand side of assumption (1.6) also fails to hold, then we have an explicit
rate function J(y) only for y < yg for some yy > y. We also point out that the
statements of Theorems 1.2 and 1.3 concerning p,, do not require the use of (1.2)
and (1.5).

In wireless communication, the typical cost function is the inverse of signal
to noise plus interference ratio (see, e.g., Chapter IV in Tse and Viswanath [9]),
which has the following shape:

_a-+min{b, |x — By|"*} + min{b, |x — B3|}
- min{b, |x — B1|~)

where « >2,a >0and b > (A\/g/Z)_“ [recall that A = 2(3+/3)"1/2 and A+/3 =
| B — B3|]. We shall check in the Appendix that this cost function satisfies (1.1),
(1.2), (1.3), (1.4) and (1.5). Moreover, the first inequality in (1.6) will be checked
numerically and, for arbitrarily fixed o > 2 and a > 0, we shall determine values
of the parameter b > (A+/3/2)™* such that the second inequality in (1.6) holds.

The remainder of the paper is organized as follows. In Section 2 we analyze
the sample path properties of the optimal allocation and we prove Theorem 1.1. In
Section 3 we show Theorem 1.2. Section 4 is devoted to the proof of Theorem 1.3
and Proposition 1.4. In Section 5, we discuss some generalizations of the model.
We include also an Appendix where we prove some technical lemmas and provide
an illustrative example.

, xeT,

c(x)
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2. Sample path properties.

2.1. Structural properties of the optimal allocation. Throughout this paper we
denote by My, (T) the space of Borel measures on T with total mass less than or
equal to 1 and by M (T) the space of probability measures on T. These spaces are
both equipped with the topology of weak convergence (see, e.g., Billingsley [1]).
For a Borel function /2 and a Borel measure 1 on T, we set w(h) = [3 h(x)p(dx).
Consider the functional from M (T)? to R defined by

(2.1 ¢ (a1, a2, a3) =max(ai(cy), aa(c2), az(c3)).

Letting o denote the restriction of a measure « to a Borel set B, we define the
functionals ® and ¥ from M (T) to R by

O(a) = inf ¢ (a1, az, a3)
(@) 1<1<3€Mp(T)3 : o +ar+o3=ar

and

W(a) =@ (T, , Ty, |T5).

Note that if §, denotes the Dirac measure with total mass at x € T, then
Pn 1$

2.2 — =y - ) .

( ) n (n ]; Xk>

LEMMA 2.1. Under assumption (1.4) we have that ¢ is continuous on
My(T)? and ¥ and ® are continuous on M1 (T) (for the topology of the weak
convergence).

The proof of Lemma 2.1 is postponed to the Appendix; the continuity of ¢ and
W is essentially trivial, but the continuity of ® requires more work. Define the set
of matrices

By ={B = (br1)1<k<n,1<1<3 :br1 € [0, 1], bg1 + bio + byz = 1}
and

0 = min B).

Pn Beb, on(B)
From the viewpoint of linear programming, this is the fractional relaxation of the
original optimization problem. Now, given a matrix B = (by;) € B;, we define
the associated measures (a1, a2, @3) € My, (T)3 by setting oy = (1/n) Y ke budx,
(I =1,2,3). Due to this correspondence, it is straightforward to check that

Pn 1<
(2.3) 7:<1><;];5Xk>.

The next lemma is a collection of elementary statements, whose proofs are given
in the Appendix.
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LEMMA 2.2. Fix n > 1 and let B* = (b})) € B, be an optimal allocation
matrix for py. Then:

(i) Forall « € M (T), there exists (a1, a2, @3) € Mp(T)3 such that « = o1 +
a2 + a3 and (a) = ¢ (a1, an, «3). Moreover, whenever such equality holds, we
have a(c1) = aa(c2) = az(c3). In particular, the choice oy = (1/n) Y y_, by;8x,
(1=1,2,3) yields

n n n
D obfici(Xp) =Y biea(Xi) = Y bizea(Xp).
k=1 k=1 k=1

(i) If assumption (1.3) holds, then
pn—=3lcloc <pn<pn  as.
(iii) If assumption (1.3) holds then the sequences {p,/n} and {p,/n} are expo-
nentially equivalent.

For the definition of exponential equivalence, see page 130 in [4].

2.2. Proof of Theorem 1.1. The law of large numbers yields, forall/ =1, 2, 3,
1 n
lim —Zc;(Xk)]l{Xk E'H‘l}:/ ax)dx=vy a.s.
n—-oon k=1 ’H‘l

Therefore from the identity

D 1
n 1<i<3n

Y aXL{X; €Ty},
k=1

we get lim,_, 0, /1 = y a.s. We also have to prove that lim,_,oc p,/n =y a.s.
Let A = (ag;) € A, be an allocation matrix. By assumption (1.1), if x € T; then
c1(x) = minj <;<3 ¢ (x). Therefore

3 n
3oa(A) =Y anci(Xy)

[=1k=1

3
(2.4) >3 3 axp
=1

X eTy

3 mi XX, €Ty}
> 121;13(261( )L{ X € 1})

k=1

So taking the minimum over all the allocation matrices we deduce

n
[min, <k2—:1 (X 1{ Xy € Tz}> < Pn < Py
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Thus by applying the law of large numbers, we have a.s.

<liminf — <limsup — < y.
V= n—oo p n—)oop n =V

REMARK 2.3. Assume that conditions (1.1), (1.3) and (1.4) hold. By The-
orem 1.1 we have lim,_,» p,,/n = y a.s. So by Lemma 2.1, equation (2.2) and
the a.s. weak convergence of (1/n)Y }_,8x, to £ we get W(£) = y. Similarly,
using (2.3) in place of (2.2), we deduce that lim,, .~ p,/n = ®(¢) a.s. By Lem-
ma 2.2(ii), |0,/n — pn/n| < 3|Iclloo/n, SO We obtain lim,— oo 0 /n = © () as.,
and by Theorem 1.1 we have ®(£) = y.

3. Proof of Theorem 1.2. Consider the random signed measure

1 n
W, = /1, —£) where Mn:;Z‘SXk-
k=1

The standard Brownian bridge W on T is a random signed measure specified by
the centered Gaussian process {W(f)} (indexed on the set of square integrable
functions on T, with respect to £), with covariance given by

E[W(HW(I=E(fg) —£(f)(g)
(see, e.g., Dudley [5]). By construction,

By =n max ( / | Cl(x)un(dx)>

1<i<3

or equivalently

ﬁn —ny _
3.1 NG = 11151?5)(3(/11‘1 cl(x)W,,(dx)).

Let f be a square integrable function on T. Then, as n — oo,

Yot S (X)) —nl(f) a
NG - W(f).

Indeed, by the central limit theorem W,,(f) converges in distribution to a Gaussian
r.v. with zero mean and variance equal to £( ) — £2( f), which is exactly the law
of W(f). Using the Lévy continuity theorem and the inversion theorem (see, e.g.,
Theorems 7.5 and 7.6 in [1]), we have, for all square integrable functions fi, f>
and f3,

(W (F1)s W f2), Wa(f3)) > (W (), W(f2), W(f3))-

For (x1,x2,x3) € R3, the function (x1, x2, x3) — max(x1, x2, x3) is continuous.
Therefore, by the continuous mapping theorem (see, e.g., Theorem 5.1 in [1]) and
(3.1) we have, as n goes to infinity,

pn —ny d
3.2) 7 — 1111;133(/1‘, Cl (x)W(dx)).
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We shall show later on that the r.v. in the right-hand side of (3.2) has the claimed

distribution. Now we consider the optimal load p,. By the second inequality in
(2.4) we have

3
3pn > n(d
P n;/mcz(xm (dx)

and therefore

(3.3)

3
Y
W, (dx).
Z;Aﬁm (dx)

The following proposition is the heart of the proof. It will be shown later on.

PROPOSITION 3.1. Under the assumptions of Theorem 1.2, there exist ab-
solute constants Lo and L1, not depending on n, such that the following holds. For
any 1/4 < a < 1/2, with probability at least 1 — L exp(— Lon'™2%), there exists
an allocation matrix A = (ak1)1<k<n.1<1<3 € A, with associated load pn, = py (A)
such that

<pl/2-2

A 3
Pn — 1Y
3 7 _1221/% c1(x)W,,(dx)

Using this result, g, > p, and (3.3), we have that with probability at least 1 —
Lyexp(—Lon'~2%)

Pn <nl/2-2

(3.4) 3 7

/f Z/qmmmm

Therefore, as n goes to infinity,

Pn — Ny

Jn

The continuous mapping theorem yields

3 , 3
;/Tz c1(x)Wy(dx) — ;/D (X)W (dx).

So combining these latter two limits we get, as n goes to infinity,

_ 3
Pt 4 Z/qmmmx
= YT

that is, n~1/?(p, — ny) converges weakly to a centered Gaussian random variable
with variance 02/3 — y2. We have considered so far, the normalized sequences

Iy W, (dx) %0
—ggﬂﬁu>Am».
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on and p,, separately. However, we can carry the same analysis on the normalized
difference p,, — p,. More precisely, by (3.1) we have a.s.

Pn — Pn ! 3
Pt [gﬁ‘g( [ | W) ) - 3 > | | cz(x)wnwx)”

P ”\;ﬁ’w - lrglajs( [T cz(x)Wn(dx))‘
<I= /

<

Pn — Y

1 3
2 —§;A1c1<x)wn<dx)

Pn — Ny _

li/ (1) Wy (dx)
NG 312] TZCIX L (dx

Thus, by (3.4), we obtain, with probability at least 1 — L1 exp(—Lon'~2%),

ﬁn — Pn 1 :
7 — |:1121asx3</m Cl(x)Wn(dX)) - 3;/1?1 Cl(x)Wn(dx):|

Therefore, as n — oo,

ﬁn — Pn 1 > d
N |:1I2?§X3</Tl cl(x)Wn(dx)) -3 l:Zlle cl(x)W,,(dx):| 50.

The continuous mapping theorem yields

< 1n1/2—2a.
—-3

1 3
max (/T cl(x)Wn(dx)> -3 Z/T ¢1(x) W (dx)
! 1=1 l

1<i<3

2 max (/m c,(x)W(dx)) _ %ifm ¢ (x)W (dx)
=1

1<1<3

and therefore, as n — 00,

ﬁn_pn d 1 :
7 4 1n<’lla<)(3(ﬁ]rl cl(x)W(dx)> — 5Z§fm c1(x)W (dx).
Forl e {1,2, 3}, set
1 3
N, =/Tl (X)W (dx) — 5;/1& ()W (dx).

By definition {W (f)} is a centered Gaussian process indexed on the set of square
integrable functions; therefore N = (N1, N2, N3) follows a multivariate Gaussian
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distribution with mean 0. A simple computation shows that the covariance matrix

of Nis
o2 2 -1 -1
3 -1 2 -11.
-1 -1 2

It implies that N has the same distribution as
(G1—(G1+G2+G3)/3,G2— (G1+ G2+ G3)/3,G3 — (G1 + G2+ G3)/3),

where G, G2 and G3 are independent Gaussian r.v.’s with mean 0 and vari-
ance 2. Moreover N is independent of %ZIS:l le c;(x)W(dx), and we deduce
the claimed expression for (3.2).

It remains to compute the asymptotic behavior of the expectation of the loads.
A direct computation gives, for any [ =1, 2, 3,

([ roma) =5 -2 <

Thus the sequences { le c(x)W,(dx)} (I =1,2,3) are uniformly integrable. This
implies that the sequence {maxj<;<3( le c1(x)W,(dx))} is uniformly integrable
and so using (3.1) we have

lim E[p,, —nyl/v/n = lim E[max (/T cl(x)Wn(dx)>]
1

n—oo |[1<I<3

_ E[lrgl% ( /T a (x)W(dx))]

=m = E[max{G1, G2, G3}].
Now we give the asymptotic behavior of E[p,]. Note that by (3.4) we have

| |

3

Pn —nYy

3 — W,
;fmcm) (dx)

3
Pn — Y
3 NG —;fm ¢ (x)W,,(dx)

vn
<n'272 £ 10]clloo L1+/n exp(—Lon' %)
=n'/272¢ L T /nexp(—Lon'~2%),

<pl/22 +E[

| > nl/Z—ZG}}

where the latter inequality follows since y < ||¢c|lcos on < |I¢|looh and | fT[ c(x) x
W, (dx)| < 2||cllcon/n. Therefore, since E[le cax)W,(dx)]=0and 1/4 < a <
1/2, our computation leads to

Jim E[p, —nyl/v/n=0.
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PROOF OF PROPOSITION 3.1. We start describing the allocation matrix A.
For I,m € {1,2,3} and r € [—A+/3/2, A+/3/2], denote by By, (¢) the point on the
segment B; B, at distance ¢t + A3 /2 from Bj. We extend the definition of By, ()
for all t € [—A+/3, A+/3] by following the edges of T. More precisely, we set

By (M/3+1),  ifte[-aV3,—-23/2],
B(Av/3—1),  ifte[av3/2,2/3].

For I,m € {1, 2, 3}, By, (¢) is defined similarly by a circular permutation of the
indices. For t = (11,12, 13) € [=A+/3, AV/3]3, let

C't)={0)U({z€C:z- (Bia(tHe ™?) =0} N{z € C:z- (B31(})e!™?) > 0}))

B (1) =

be the (possibly empty) cone delimited by the straight line determined by the
points 0, Bi2(t') and B3 (t3). We define I'! (t) = C!(t) N'T. Similarly, let I'*(t) =
C2(t)NT and T3 (t) = C3(t) N T with

C?t)={zeC:z- (Bn(tHe™?) > 0}N{zeC:z- (Byt>)e /%) >0},
C*t)={zeC:z- (B >0 N{zeC:z- (B3 (t)e /%) > 0}.

By construction, the sets r'L(t), T%(t) and T'3(t) are disjoint and their union is T.
Forl € {1, 2, 3}, set

o)=Y cl(X)L{Xi e T (1))
k=1

and consider the following recursion. At step 0: for tg = (0, 0, 0), define

mo = arg min ,o,ll (to)
1<i<3

(breaking ties with the lexicographic order) and

My = arg max ,of, (to)
1<I<3

(again breaking ties with the lexicographic order). If oMoty — pM(ty) <
2licllso, the recursion stops. Otherwise, pa®(tg) — p(ty) > 2|c|los and there
is at least one point X; (i =1,...,n) in I'Mo(ty). Note also that, a.s., for all
6 € [0,2m], there is at most one point of {X1,..., X,} on the straight line
(xe'?, x > 0). As a consequence there exists a random variable 0 < #; < A3
such that, a.s., there is exactly one point X; (i = 1,...,n) in the triangle with
vertices {0, By, (1), Bmgat,(0)} for 0 < #; < A+/3/2, or in the polygon with
vertices {0, Buom, (t1), Bygs Bmgm,(0)} for )\\/3/2 <t < Av/3. We then set
t = (t],t2,6)) == (11,0,0) if mg =1, My =2; t; = (—11,0,0) if mg = 2,
My=1;t =(0,1,0) if mg=2, My =3; t; = (0, —11,0) if mg=3, Mg =2;
ti =(0,0,—1) ifmg=1, My =3; t; =(0,0,#) if mg =3, My = 1. The sets
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(F1 (t), T 2(tl), s (t1)) are thus designed to allocate one extra point to bin mq and
one less to My. By construction, we have

mo My i 1
P, (1) < p, O (L), 112?5"3 P, (L) < lr;l;l;} 0, (to)
and

. ! . i
[min, oy (t) > [min, oy (to)-

At step 1: define

mp = argmin,o,ﬁ(t])
1<I<3

(breaking ties with the lexicographic order) and

M| = argmax,o,ll(tl)

1<I<3

(again breaking ties with the lexicographic order). Similarly to step O, if p,j,u "(ty) —
on ' (t1) > 2||c|l0o, then there is at least one point of {X, ..., X,} in I'Mi(t;) and
we build the random vector t) = (tzl, t22, tg) in order to allocate one extra point to
bin m| and one less to M. The recursion stops at the first step k > 0 such that

oM (t) — P (t) < 2lIclloo

(where my, My and t; are defined similarly to mg, mq,..., My, My, ... and
ti, to, ...). As we shall check soon, the recursion stops after at most n steps. When
the recursion stops, say at step k, < n, we set I, = T'/(t;, ) and t, = t;,. The al-
location matrix A is defined by allocating Xj to the bin in By if Xj € Ffl, that
is,

A = (Gr) 1<k<n.1<1<3 where ay = 1{X; e T}
By construction, we have for all [, m € {1, 2, 3},
(3.5) ok (tn) = ' ()] < 2]I¢lloo-

We now analyze the recursion more closely. Assume that at step 0 we have my =3
and My = 1, that is, p! (to) > p2(to) > p (to). Then, for all k < k,,,

(3.6) pl(t) = p2(t) — oo and  p> () < p2(t) + lIc]co-

Indeed, if for all k < k,,, my =3 and My = 1, there is nothing to prove since
|,0,11 (tk+1) — ,0,11 (tr)] < lIcllco- Assume that there exists k < &, such that my £ 3 or
My # 1. We define

ko =min{k > 1:my # 3 or My # 1}.

For concreteness, assume, for example, that My, # 1. By construction, ko — 1 < k,
50 that p, (te,—1) > p; (teg—1) + 2l|clloo- Since p, (tey—1) = p(ty—1) = P (try—1),
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we deduce that My, = 2 and my, = 3. Recall that, for k < k,, p,jlw" ) — |Iclloo <
P (ts1) < o' (t). Thus, for k = ko — 1, from p} (te,) < p2(te) = P2 (trg—1) <
,0,{ (tx,—1), we obtain

P2 (ty) — llclloo < P (k).

Similarly, for k < kp, pn*(t) + licllos = pn* (tx+1) > pn *(tc). Thus, from
P (tky—1) < o5 (try) = py (ty—1), we have

P2 (ty) < llclloo + P2 (tk,)-

We have proved so far that the inequalities in (3.6) hold for all £ < kp. Since
|00 (tir1) = P ()] < llelloe and py (trg—1) = 05 (tg—1) > 2llclloc We get

P (tkg) — 5 (trg) > 0.
Thus my, =3 and p; (ty,) < p, (tx,) < p2(tx,). Define
ki = min{k,, min{k > ko :my # 3 or My # 2}}.

For k =kg, ..., k1 — 1, p,%(tkﬂ) < p,%(tk) and p,{(tkH) = ,o,l(tk) is constant, so
the left-hand side inequality of (3.6) holds. Also, since k| < k,, for k € {ko +
1,..., k1 — 1}, ,o,f(tk) < p,%(tk) 4 4||¢]lo- So finally, (3.6) holds for k =0, ..., k;.
Moreover, if ki < k,, then My, =1 and my, = 3. Indeed, as above, pg(tkl,l) —
Pt —1) > 2[lcloo implies

P (ty) > p; (t,).-
So My, # 3 and my, # 2. If my, =1 and My, = 2, then we write, by (3.6),

oYt + liclloo = p2(t,) > 03 (b)) = Pl (t,).

So ki = ky,, a contradiction. Therefore, we necessarily have My, =1 and my, =3.
By recursion, it shows that for all £ < k,,, m; = 3. Hence, at each step one point is
added to the bin at B3. No point is added to the bins at By and B;, points may only
be removed from the bins at By and B,. Since there are at most n points, we deduce
k, <n, as claimed. Also, since Fl(to) =Ty, we obtain, forall k=1, ...,k,, Tz C
l"3(tk), T, D Fz(tk) and T; D I''(t). The other case, where my, = 2 could be
treated similarly. So more generally, if, at some step, [ = my then [ # M for all
k < j < ky, and conversely, if [ = My then [ # m for all k < j < k. It implies
that '’ (t;) is a monotone sequence in k. Since I(ty) =Ty, forall [ €{1,2,3},

(3.7) ricT or T,crl.

Assume now, that t,} > zn~% with z > 0 then, from (3.7), T; C F,ll and F,% C T».
For 7 € R, define the set V!(t) = I''(z,0,0) \ T;. On the event {t,} >zn" %} we
have

ppt) = [ comn@n +n [ couan
Ty vl )

(zn
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and
Pt =n [ catopn(d).
2
So, by inequality (3.5), we deduce that on {t,l > zn~ %}

/ 2llclloo
()t (d) + / () (dx) = f e2(x) o (d) + .
T V1(zn—9) T, n

Or, equivalently,

b=y Vi [ com)

(3.8)
2llellos
s/% e2(x) Wy (dx) _/m c(0) Wy (dx) + 7}

Let A be a Borel setin T. By Hoeffding’s concentration inequality (see, e.g., Corol-
lary 2.4.14 in [4]) we have, for all s > 0 and [ € {1, 2, 3},

(3.9) P( [ atoman - [ Cz(X)dXZS> < exp(—Kosn),

610) ([ atm@n - [ atdr=-s) < exp(-Kos),

where Ko = 2||c||goz. Taking s = yn™%, where y > 0, we have

P</ c(x)W,(dx) > ynl/Z—a> < exp(_KOyan—Zoc)’
T
(3.11) !
P(/ c(x)W,(dx) < _ynl/Z—a> < exp(—Koyznl_z"‘).
T;

Similarly, by (3.10) we deduce, for s > 0,
P(/ c(xX)py(dx) < f c(x)dx — s) < exp(—Koszn).
V1(zn—2) Vizn—)

By assumption (1.1), there exists co > 0 such that c(x) > cg, for all x € Vizn™?).
Ifo<s< A«/§/2, the area of V! (s) is equal to As/4. Therefore, for all 0 < z <
A/3n% /2,

Kizn™® < / c(x)dx < Kyzn™“
Vi(zn—2)

with K1 = coA/4 and K7 = ||c||oor /4. So, taking s = K1zn~%/2, we get, for all
0 <z=<x/3n%

K
(3.12) P<«/ﬁfvl( - )C(x),un(dx) < 711111/2_“> <exp(—K3zz?n'72%),
n—«
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where K3 = KOK%/4. Similarly, for t > 0, if e; = (1,0,0), e2 = (0,1,0), e3 =
(0,0, 1), we define

U0y = (I (ten \ T1) U (I (—te) \ To ),
where o = (1 2 3) is the cyclic permutation. By (3.9) we have, for all s > 0,
P(/Ul(zna) c(xX)pn(dx) = /Ul(zn“) c(x)dx + s) < exp(—Koszn).
Thus, setting s = zn™%, we get
(3.13) P(un(U'(zn7%)) = Kazn™%) < exp(—Koz?n'~2%)
with K4 =14 2K5. Now, note that by (3.8), from the union bound, for y > 0,

{t, >zn~) € {ﬁ c(x) pn (dx) < ynl/z‘“}

Vi(zn—)
lellos 1 12_}
Uy— W, (d NClloe 2, 1/2-«
{ /Tlcl(x) L (dx) + N >2yn
U{f Cz(x)Wn(dx)+%>lynl/2—a}.
Tz Jnoo2

Now take y = K1z/2. By (3.11) and (3.12), if 4||c|loon® ' K1 7! <z < A4/3n% we
deduce

K
P(t! > zn™%) < exp(—K3z°n' ™) + 2exp<—1—2n12°‘(1(1z — 4||c||oona1)2)

< 3exp(—Ksn' 72 (K1z — 4||cllon®™H?)

with Ks = min{K3K | 2 Ko /16}. Therefore, by symmetry, for all n and z > 0 such
that 4||c[|loon® 'K <z < A/3n%/2

—2a a—1y2
(3.14) P(lrgla<x3|r,§|>zn—°‘)§18e—’<5"‘ (Kiz=4lllloon®™)?

Note that p, = p, (A) = maxj</<3 ,o,ll(t,i), so by (3.5) we have

3n — 4lclloo < (&) + £y (tn) + 3 (ta) < 3fn.
Subtracting 3./ny, it follows

3/3n;ﬁny ~ 4%@ fﬁé(/r

Then we subtract the quantity

gfﬂ'z c(x)Wy(dx) = ﬁZX:;(\/EI c1(X) pn (dx) — )/>

) = 7) <3

n
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and we get

A 3
Pn —ny
o —;/qu(x)vvn(dx)

(3.15)

3 3 4lclloo
; /F €1 () = ; /T o) + 1.

Set ¢min(x) = min(cq(x), ¢p(x), c3(x)), and note that if x € T; then cpin(x) =
c(x). If 1L > 0, weset V! = V() = '\ Ty, and, if 1, <0, weset V! =5\ T,
where o = (1 2 3) is the cyclic permutation. So

3 3
1:21 fr 1) = ,:ZI fT A

<«n

3
= 1_21 fré (c1(x) — cmin(x)) in (dx)
(3.16)

3
= ; 1{t) >0} ./v,g (c1(x) = cmin (X)) in (dx)

3
+ > 1{t) <0} /Vl (o) (x) = Cmin(X)) pn (dx).

=1

Note that if x € T,,, with m # [, then |c_‘1(x) - Cmin(X)| = |c1(x) — ¢ (x)]. For
example, assume / =1, m =2 and x = 1elm/6+0 ¢ Ty with0 <6 < /3, we then
have

lc1(x) = emin(X)] = [e1(x) — ca(x)| = e(te™/0F0) — (1el™/6H10 =127 /3y

— |C(tei7f/6+i9) . C(te_i”/2+i9)|.
By the symmetry assumption (1.2), we deduce
€1 (X) = cmin(¥)] = |c(1e™/OF) — c(1e™/07%)].

Again by assumption (1.2), ¢ is Lipschitz in a neighborhood of D; U D3. Letting
L > 0 denote the Lipschitz constant, if x is close enough to D1, say the distance
d(x, Dp) from x to D is less than or equal to ¢ with 0 < ¢ < )»\/5/2, we have

1C1(X) — Cmin ()] < Lt|e/™/6+10 _ oim/6=i0) — [ 11010 _ (=10
=2Ltsin6 =2Ld(x, Dy).
By symmetry, for all / € {1, 2,3}, if d(x, D;) < ¢, then
ler(x) — emin(X)| <2Ld(x, D) and  |cq@y(X) — cmin(x)| < 2Ld(x, Dy).
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Fix o« € (1/4,1/2), z > 0 and choose n large enough so that 4||c||o<,n"’_1K1_1 <
z < en®. Then, by (3.14) with probability at least 1 — 18¢—Ksn' > (Kiz=4liclloon®™")?
we have maxj</<3 It,l,I < zn~%. On this event, if x € Vl(trll) then d(x, D;) <
zn~ % < ¢e. It follows by (3.16) that, with probability at least 1 — 18 x

o~ Ksn! 24 (K1z=4 clloon® ")
b

3 3
i ZZZI fr 1K)~ ; fT )

3
<VnY 2Lzn™*u, (V)

=1

3
<2Lzn'?7 Yy (U (zn ™).
I=1
By (3.13), with probability at least 1 — 3exp(—Koz?n!™2%), it holds
213:1 wn (U (zn=)) < 3Kaznc. Using that for all events A, B it holds P(A N
B) > 1 — P(A€) — P(B€), we obtain, for all n large enough so that 4||c||son® ! x
Kl_l <z=<en%,

3 3
ZZZI fr 1)~ ZZZI fT ()

with probability at least 1 —21 exp(—Kgnl_z"‘(Km —4|cllaon®"1?), where K¢ =
min{KoK~2, Ks}. By this latter inequality and (3.15), with the same probability,

N

A

3
Pn—Y
3 - [ atwa@n
N IZZI T; "

Fix z = (24LK2)_1/2 so that 12L K72 = 1/2. Then there exists ng such that, for
all n > ng, 4l|clloon® 'K ' <z < en® and 8|c|loon /> < n'/2=2%_ Then, for all
n = no,

< 12LK272n"/?72 4 4)ic||son /2.

(3.17) <nl/?72

A 3
Pn—Y
o —;/T &1 (0) Wy (dx)

with probability at least

1 — 21 exp(—Ken' (K1 (24LK2) ™" — 4flcllooni™")?)

=1 — K7exp(—Kgn'™2%).

Finally, we set Lo = Kg and L1 = max{K7, Ko}, where K9 = exp(Kgn(l)fza). With

this choice of Lg and Ly, (3.17) holds for all n > 1 with probability at least 1 —
L exp(—Lonl_z"‘). O
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4. Large deviation principles. In this section we provide LDPs for the opti-
mal and suboptimal load. Letting < denote absolute continuity between measures,
we define by

D ooog P oyde, ifve
How = | [ georeggede vt
+00, otherwise,

the relative entropy of v € M (T) with respect to the Lebesgue measure £. More-
over, if f is a nonnegative measurable function on T, we denote by £ ; the measure
on T with density f. In particular, if [} f(x)dx =1, we set

H(f) = H(ts|0) = /T F(x)log f(x)dx.

4.1. Combining Sanov’s theorem and the contraction principle. Next Theo-
rem 4.1 follows combining Sanov’s theorem and the contraction principle.

THEOREM 4.1. Assume (1.3) and (1.4). Then:

(1) {pn/n}n>1 satisfies an LDP on R with good rate function

“4.1) J(y) = H(xl|f).

inf
aeM(T): d(a)=y

(i) {p,/n}u>1 satisfies an LDP on R with good rate function

(4.2) J) = H(alf).

inf
aeM(T): ¥(a)=y

PROOF. By Sanov’s theorem (see, e.g., Theorem 6.2.10 in [4]) the sequence
{% Y71 8x,}n=1 satisfies an LDP on M (T), with good rate function H(-|¢). Re-
call that the space M (T), equipped with the topology of weak convergence, is a
Hausdorff topological space (refer to [1]). By Lemma 2.1 the function @ is con-
tinuous on M (T). Therefore, using (2.3) and the contraction principle (see, e.g.,
Theorem 4.2.1 in [4]) we deduce that the sequence {p,/n},>1 satisfies an LDP
on R with good rate function given by (4.1). Consequently, by Lemma 2.2(iii)
and Theorem 4.2.13 in [4], {p,/n}s>1 obeys the same LDP. The proof of (ii) is
identical and follows from (2.2). [

REMARK 4.2. It is worthwhile noticing that one can prove Theorem 4.1 also
by applying Lemmas 2.1, 2.2(iii) and the results in O’Connell [7].

4.2. Computing A* and A*. In this subsection we compute the Fenchel-
Legendre transforms A* and A*.
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4.2.1. Proof of Proposition 1.4. We only compute A* in (i). The expression
of A* in (ii) can be computed similarly. Clearly, for § € R,

le c(x)e?“™ dx
le e@c(x) dx

A (®) =

and

) e@c(x) e 2
NG :/ —————dx — </ ———d ) 0
@)= J,c® Jr, @@ ax T \Up, cx) Jo P dx ) 7

[the strict inequality comes from the assumption that c(-) is not constant on T1].
Therefore, the function A’ is strictly increasing. Consider the probability measure
onT:

ch(x) dx

PQ(dX) = m
1

Next Lemma 4.3 is classical; we give a proof for completeness.

LEMMA 4.3.  Under the assumptions of Proposition 1.4, the following weak
convergence holds:

Py = 6o as — +oo and Py=p, as § — —oo.

PROOF. We only prove the first limit. Indeed, the second limit can be showed
similarly. We need to show

Py(A) = 80(A) as @ — +oo for any Borel set A C T such that 0 ¢ 0A.

If0¢ A C T then, by assumption (1.5), c(x) < ¢(0) for any x € A. So A C I, for
some t > 0, where I; = {x € Ty :c(x) < ¢(0) — t}. By assumption c is continuous
at 0, so there exists an open neighborhood of 0, say V;, such that, for all x € V;,
c(x) > c(0) — t/2. Note that, for any 6 > 0,

e@c(x)
Oc(x) d
1, Jp, e dx
e@c(O)—@t

=< - dx
T, fv,mrl 20c(0)—=01/2 g«

Py(1;) = by

<e(V,NTy) e /2.

Thus, for all ¢t > 0, limg_, 40 Pg(I;) = 0. This guarantees the claim in the case
when the Borel set A C T does not contain 0. Suppose now 0 € A, then 0 ¢ T\ A,
and we get Pg(A) =1 —Py(T \ A) — 1 as 6 goes to infinity. [
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We can now continue the proof of the proposition. Let c(B1) < y < ¢(0). By
Lemma 2.3.9(b) in [4], we need to show that there exists a unique solution 6y, of
A’(0) = y. To this end, note that A’'(9) = le c(x)Pg(dx). By assumption, c is
continuous at 0 and Bj, so by Lemma 4.3 and Theorem 5.2 in [1] it follows

lim A'(@)=c(By) <y <c0) = lim A'@®).
60— —00 0—+400

Since A’ is continuous and strictly increasing, the mean value theorem implies
the existence and uniqueness of 6y. Consider now y > ¢(0). Note that, for 6 > 0,
A (@) <0c(0). Therefore

Oy — AO) = 60(y — c(0)).

It follows that A*(y) = +oo. Similarly, for y < ¢(B;), we use that, for 6§ < 0,
A(#) < 0c(B1) and deduce A*(y) = +oc. Finally we prove (iii). We first show
that

4.3) AB/3) < A6) for all 8 > 0.
Showing (4.3) amounts to show that, for all 6 > 0,

(4.4) / O dx +2/3-3 / "3 gx > 0.
T, Ty

By Jensen’s inequality it follows that

3
(/ e0)/3 dx) - 1/ ) g
T] 9 T]

(the strict inequality derives from the strict convexity of the cubic power on [0, c0),
and the fact that c is not constant on T). Hence the left-hand side of (4.4) is larger
than 9( [y, €03 dx) —3 [ /3 dx 4 2/3, which is equal to

) 12 2
9(/ W3 gy _) (/ O3 g o _>,
Ty 3 T 3

and inequality (4.4) follows. Now, let y < y < ¢(0)/3. By Theorem 1.1,
lim, 00 pn/n =1lim, . p,,/n =y < y. Thus, by Lemma 2.2.5 in [4] we have

A*(3y) =sup(0y — A(6/3)) and A*(y)=sup(dy — A(®)) =nyy — A(ny),
6>0 0>0
where 7, is the unique positive solution of (1.10). Finally, (4.3) yields

A*(y) = yny — A(ny) < yny — A(ny/3) < Zupo(Gy — A(6/3)) = A*(3y).
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4.2.2. Value of the Fenchel-Legendre transforms at the extrema. In this para-
graph, for the sake of completeness, we deal with the value of A* and A* at
c(B1) and ¢(0). If ¢ is differentiable as a function from T C C to R, we denote
by grad, (c) its gradient at x. The following proposition holds:

PROPOSITION 4.4. Suppose that the assumptions of Proposition 1.4 hold and
that c is differentiable at 0 and B . If, moreover, for all v € [—7 /2, 7 /6], grady(c) -
e’ <0and, forall w € 21 /3, 7], glradB1 (c)-e'® >0, then

A*(c(B1)) = A% (c(B1)) = A*(c(0)) = A*(c(0)) = +o0.

PROOF. 'We show the proposition only for A*(c(0)). The other three cases can
be proved similarly. Using polar coordinates, we have

6 .
/ 70 gx = /n/ f ) dr dw
T —/2J 1y

for some segment 1, = [0, a,,]. Laplace’s method (see, e.g., Murray [6]) gives, for
all w e [—m/2,7/6],

. 6¢(0)
/ U qr ~ e’
Iy

62|grady(c) - €|

as 0 — o0,

where we write f ~ g if f and g are two functions such that, as x — 400, the
ratio f(x)/g(x) converges to 1. We deduce that, as § — 400,

0 /6 1
/ %™ dx Neec(O)Q_z/ — dw
T —n/2 |grady(c) - e'®|

Since the integral in the right-hand side is a finite positive constant, we have
A(0) =0c(0) —2log6 + o(log#), and therefore

A*(c(0)) = sup(6c(0) — A(0)) = sup(2log 6 + o(logh)) = +oo. 0
feR feR

In the next two subsections, we solve some variational problems. We refer the
reader to the book by Buttazzo, Giaquinta and Hildebrandt [3] for a survey on
calculus of variations.

4.3. Proof of Theorem 1.3(1). We divide the proof of Theorem 1.3(i) in 5 steps.

Step 1: Case y ¢ (c(B1)/3,c(0)/3). We have to prove that J(y) = oco. Denote
by Mi¢(T) € M (T) the set of probability measures on T which are absolutely
continuous with respect to £. For « € M{°(T), define the measures in M (T)

B Co2(1y (¥) o (1) ()
e (x)ea(x) + 1 (x)e3(x) + ea(x)ez(x)

a(dx) a(dx), le{l,2,3},
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where o = (1 2 3) is the cyclic permutation. Clearly o + a2 + @3 =« and
(4.5) (o) < ¢p(ar, a2, a3) < c(0)/3,

where the strict inequality follows by assumption (1.6) and the fact that « is
a probability measure on T such that ¢ < €. The above argument shows that
{a e MI(T): ®(a) = y} = &, for all y > ¢(0)/3. Therefore, by Theorem 4.1(i),
we have J(y) = +o0o if y > ¢(0)/3. Using assumptions (1.1) and (1.5), one can
easily realize that, for any measure § € My (T), B(c;) > ¢(B1)B(T) and the equal-
ity holds only if 8 = ép,. By Lemma 2.2(i) we deduce that, for all @ € M(T),
3® () > c(By). This gives J (y) = oo forall y < ¢(B1)/3, and concludes the proof
of this step.

Step 2: The set function v and an alternative expression for A*(3y). For the
remainder of the proof we fix y € (¢(B1)/3, c(0)/3). For this we shall often omit
the dependence on y of the quantities under consideration. In this step we give an
alternative expression for A*(3y) that will be used later on. Let B C T be a Borel
set with positive Lebesgue measure. Define the function of (19, n1) € R?

m(B,no,m)=fBe_1_”°_"‘c(") dx.

It turns out that m (B, -) is strictly convex on R? (the second derivatives with re-
spect to no and 7 are strictly bigger than zero). Define the strictly concave function
F(B,no,m) = —no—3ym — 3m(B, no, n1)

and the set function

v(B)= sup F(B,no,n).
(n0,m1)€R?

Arguing as in the proof of Lemma 2.2.31(b) in [4], we have
grad(y(),yl)(?’m(B? )) = (_17 —3)’)
= V(B) = (VO, J/l) : (_17 —3}7) - 3m(B7 Yo, Vl)s

where - denotes the scalar product on R?. Therefore, if there exist y = yo(B) and
y1 = y1(B) such that

(4.6) /e_”‘c(x)dx=el+7’°/3 and /c(x)e_y'c(x)dx=yel+”°,
B B

then it is easily seen that

v(B) = —(1 +y(B)) = 3y (B).

In particular, by Proposition 1.4(i), setting y1(T1) = —63y and yo(T1) = A(63y) —
1, one has

4.7 A*3y) =v(T) = —(1+ »(TD) — 3y (T,
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and y9(Ty) and y1(T;) are the unique solutions of the equations in (4.6) with
B =T). Note also that, for Borel sets A and B such that A € B C T, we have for
all no, m €R,

m(B. no. n1) — m(A, no. n1) = /T (L5() — 14 (x0))e~1=10-Me® gy > 0,

In particular, for all ng, n; € R, F(A, no, n1) > F(B, no, n1). This proves that the
set function v is nonincreasing (for the set inclusion). An easy consequence is the
following lemma. For B C T and z € C, define zB = {zx:x € B} and

T = {Borel sets B C T:¢(B) > 0 and
(BN (jB))=€(BN(j*B))=¢((jB)N(j*B))=0)}.

LEMMA 4.5. Under the foregoing assumptions and notation, it holds
inf{v(B):Be7}=inf{v(B):B €7 and £(B) = 1/3} < 4o00.
PROOF. The monotonicity of v implies v(T) < v(Ty). So the finiteness of the
infimum follows by v(T{) < 400 that we proved above. Note that if B € 7, then

BU(jB)U(j?B)CcTand 1> £(BU(jB)U(j*B)) =£(B)+£(jB)+£(j*B) =
3¢(B). So

inf{v(B):Be7}=inf{v(B):B €7 and £(B) < 1/3}.

Now, if B € T is such that £(B) < 1/3, define the set C =T\ (BU (j B) U (j?B));
note that £(C)=1—-34(B) >0and C = jC = jo. Set C; = C N'T; and define
D = B U (. Clearly, B C D and therefore v(B) > v(D). Moreover, it is easily
checked that D € 7. Indeed, £(D) > £(B) > 0 and, for instance,

(DN (D) =E(BUCHN((B)U(CD))
<{BNGB)+LBNGCH)+L(CINGB)+E(C1N(iC))
=0.

The claim follows since
£(D)=4(B)+£(C1) =4£(B)+£(C)/3=1/3. 0
Step 3: The related variational problem. As above, we fix y € (c¢(B1)/3,

c(0)/3). Recall that H(x|¢) = +o0 if « is not absolutely continuous with respect
to £. So, by Theorem 4.1(1),

T(y) = inf Halo).
aeMi(T): ®(a)=y

Define the following functional spaces:

B = {measurable functions defined on T with values in [0, c0)}
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and

3
B§I>= <(f1»f2, f3)€B32€(Zf1) =1and

=1
dUp L b)) =Wy + L5, + Zf3)}

(recall that £ ; is the measure with density f). By Lemma 2.2(i) it follows

3
(4.8) J(y)= inf H( fz(x)),
(1. f.DERY  \Iog

where

Ry ={(f1, fo, 3) €BH:0Ls, Lp L) = ¥}

(note that the superscript “3” in be and Rz, is a reminder that these spaces are
defined on triplets of functions in B; it is not related to the Cartesian product of
three spaces). Computing the value of J(y) from (4.8) is far from obvious; in-
deed be is not a convex set, and the standard machinery of calculus of variations
cannot be applied directly. The key idea is the following: consider the same min-
imization problem on a larger convex space, defined by linear constraints; com-
pute the solution of this simplified variational problem; show that this solution is
in R3,. To this end, note that, again by Lemma 2.2()), if (f1, f2, f3) € B3, then
€4,(c1) = €,(c2) = £ £,(c3). Therefore, we have R C Sg where

3
Sy = {(fl, f2: 13) EB3:€<Zﬁ> =1land, forall/ €{1,2,3},€5(c)=y{.

I=1
It follows that

3
J»=  inf H(Z ﬁ(x)).

(fi.fofeSy  \I21

Step 4: The simplified variational problem. Recall that y € (c(B1)/3, c(0)/3)
is fixed in this part of the proof. In this step, we prove that

3
4.9) I(y):= inf \ H( fl(x))
(f1./2. €5, =1

is equal to A*(3y). Clearly, the set Sg is convex. Therefore, if 843) is not empty,
due to the strict convexity of the relative entropy, the solution of the variational
problem (4.9), say f* = (f", f5', f3) € Sg’,, is unique, up to functions which are
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null £-almost everywhere (a.e.). The variational problem (4.9) is an entropy max-
imization problem. We now compute f* and check retrospectively that Sg is not
empty. Consider the Lagrangian £ defined by

L(f1, f2, f3: 20, A1, A2, A3) (X)

_ (i fz(x)) log(iﬁ(x)> +xo<i i) = 1)

=1 =1 =1
3
+ > M @) fitx) = y),
=1

where the A;’s (i =0, ..., 3) are the Lagrange multipliers. For [ € {1, 2, 3}, define
the Borel sets

Aj={xeT: fj*(x) > 0}.

Since f* is the solution of (4.9), by the Euler equations (see, e.g., Chapter 1 in [3])
we have, for [ € {1, 2, 3},

oL
(—)‘ =0 on Aj.
Ofit ) fi, o f3)=p*

We deduce that, for all x € A;,
(4.10) O+ £+ )= e~ 1mMo—hier(x)

Define the functions g1(x) := f5(jx), g2(x) := f3(jx) and g3(x) := f]*(jx). By
a change of variable, it is straightforward to check that (g1, g2, g3) € 843) and

3 3 3 3
f (Z gz(x>> log<2 g (x)) dx = f (Z f,*(x)) log(z ﬁ*(x)) dx.
T\iS I=1 T\iS =1
The uniqueness of the solution implies that a.e.

J7(x) = fi' (), [FGx)=f(x) and fi(jx) = f5(x).

In particular, up to a null measure set, A; = j l_lAl. Moreover, on A1, the equality,
a.e. Z?:l gi(x)= 213:1 fi*(x) applied to (4.10) gives, a.e. on Ay, exp(—1 — Ao —
Mca(jx)) =exp(—1—Xio—Ajci(x)) (indeed x € A implies jx € Az). We deduce
that A, = A1. The same argument on A3 carries over by symmetry, so finally A1 =
A2 = A3. We now use the following lemma that will be proved at the end of the
step.

LEMMA 4.6. Under the foregoing assumptions and notation, up to a Borel set
of null Lebesgue measure it holds A; C Tj.
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By Lemma 4.6 and the a.e. equality A; = j'~' Ay, we deduce that A| € 7, up to
a Borel set of null Lebesgue measure. So, by (4.10) and the equality A; = Ay = A3,
it follows that

fix)y=e 17070 (x e A ae.
and f5(x) = f]'( j%x), f3(x) = f{'(jx). Note that the constraints

3
Z(Zfl*) =1 and Lg(c) =y
=1
read, respectively,

/ e 17ho—hie®) gy — 1/3 and c(x)e 1mromhie®) gy — y.

Al Al

This implies that the Lagrange multipliers Ao and A1 are solutions of the equations
in (4.6) with B = A. Moreover

3 3
f (Z fl*(x)) log(z f,*(x)) dx = 3/ (=1 — g — Arc(x))e I ro=21et) gy
T\i= I=1 Al

= —(1+ 0) — 3yA1.
Therefore (see the beginning of step 2)

3 3
10)= [ ) ) tog( 3 s ) dx = van,
T\; S I=1

Since A| € 7 we deduce that

I(y)>inf{v(B):BeT}.
For the reverse inequality, take B € 7 such that v(B) = sup,, ,,yer2 F (B, 10, 11)
is finite. Since the function (ng, n1) — F (B, no, n1) is finite and strictly concave, it
admits a unique point of maximum. Arguing exactly as at the beginning of step 2,

we have that the point of maximum is (yp(B), y1(B)), whose components are so-
lutions of equations in (4.6), and

v(B) ==(1+y0(B) = 3yn(B).
For [ € {1,2, 3}, define the functions on T
gL x> e ITNB Bl ¢ -l py,

Since yo(B) and y1(B) solve the equations in (4.6), it follows easily that (g g,
828, 83.8) € S,. Therefore

3 3
v(B) = /T (Z gl,B<x)) log<Z g1,3<x)> dx
[=1 =1
> inf H(Zﬁ(x)).

B (f1: 12, [3)€S;, I=1
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Thus
I(y)=v(A)) =inf{v(B):BeT}.

Since A € 7, by Lemma 4.5 we get that £(A;) = 1/3. So, by Lemma 4.6, we
deduce that A| = T up to a Borel set of null Lebesgue measure. Then by (4.7) we
conclude

I1(y) = A*(3y).

PROOF OF LEMMA 4.6. The argument is by contradiction. Define the Borel
set

C:=(AINTHUGAINTHU(ZA NTS)

and assume that £(A; N'T{) > 0. For [ € {1, 2, 3}, define Zl =A\O)U([CCNTY
and g/(x) = (ff(x) + f5(0) + f7(x)1L(x € A}). Since A; = j'=TA| up to a Borel
set of null Lebesgue measure, then j'~'C = C and A= ! -4, up to a Borel set
of null Lebesgue measure. So by (4.10) it follows that £z, (c1) = £z, (c2) = £z, (c3),
and therefore

3 3
“4.11) 3/Tcl(x)§l(x)dx = /T<Z 1(x € g;)c;(;c)) (Z fl*(x)> dx.
=1 =1

Now, note that A; C T; and, up to a Borel set of null Lebesgue measure,
(4.12) AlUAYUA3=A] UA U A;3.
So by assumption (1.1), a.e.
3
L(x € ADer(x) < Y L(x € Ap)em(x),
m=1

and the inequality is strict if x isin C N ’ﬁ‘l. Indeedif x e CN ’ﬁ‘l, thenae. x € A,
for some m # [, and so ¢;(x) < ¢, (x) by (1.1). Therefore, since £(A; NTY) >0

then £(C N 'ﬁ"l) > 0 and, using (4.11), we get

[awadr < [ awfieds=y.
For p € [0, 1], define the functions

8.p(x) = (1= p)gi(x) + pl(x € Toq)),

where o = (1 2 3) is the cyclic permutation. By assumption (1.6) it follows that

|z x> /3> y.
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We have already checked that 55;,0 (c1) <y, thus, by the mean value theorem, there
exists p € (0, 1) such that (21,5, 82,5, §3,7) € Sg;. The convexity of the relative
entropy gives

H(g\,p+82.p+81.pl0) =PH(E1 + 82+ 8310 + (1 = p)H (L]
=PH(f{ + [ + f510),

where the latter equality follows by (4.12) and the definition of g;. This leads to a
contradiction since f = (f}", f5°, f3") minimizes the relative entropy on Sg. (]

Step 5: End of the proof. It remains to check that £* = (f}", f5', f3) € pr. For

. . 3
this we need to prove that <I>(€f1*+f2*+f3*) = ¢(£fl*, Zfz*, Ef;) = Since f* € S¢
then ¢ 1 (c1)=1¢ 5 (cr) =4 £ (c3) = y; moreover, by the properties of the func-
tions f;* it holds £ i (cp) = le ci(x) fi(x)dx. So the claim follows if we check
that

(piag) 2 [ @10 A,

By Lemma 2.2(i) we have that there exists (g1, g2, g3) € B> such that ¢ FiA =

ggl +£g2 +£g3a CD(Zfl*-I-fz*—i-f;) = ¢(£g1 ’ egQ’ Zg'g) and egl (Cl) = Zgz(CZ) = Eg} (C3)-
In particular,

3 3 3
30U ) =3 [a@amdr =Y [ Y atads
1=1"T m=1"T

mi=1
3 3
> Z/T em(x) ) g1(x) dx
m=1""" =1
(4.13) 3
> [ o) f ) d

=3fT] ¢1(0) £ () dx,

where in (4.13) we used assumption (1.1). This concludes the proof of Theo-
rem 1.3(1).

4.4. Proof of Theorem 1.3(ii). Some ideas in the following proof of Theo-
rem 1.3(ii) are similar to those one in the proof of Theorem 1.3(i). Therefore, we
shall omit some details. We divide the proof of Theorem 1.3(ii) in 3 steps.

Step 1: Case y ¢ (c(B1)/3,c(0)). As noticed in step 1 of the proof of The-
orem 1.3(i), for any measure 8 € M(T), B(c;) > c(B1)B(T), and the equal-
ity holds only if B = §p,. We deduce that, for all @« € M (T), 3¥(x) > c(By).
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Therefore, by Theorem 4.1(ii), J(y) = +o0 if y < ¢(B)/3. Now, note that, for
o € M (T) it holds that

W(a) = g@( / « (x)a(dx)) < c(0) max a(T)) < c(0),

where the strict inequality follows by assumption (1.5) and o < £. Therefore, us-
ing again Theorem 4.1(ii), we easily deduce that J(y) = 4+oo if y > ¢(0).

Step 2: The set function . For the remainder of the proof we fix y €
(c(B1)/3,c(0)), and we shall often omit the dependence on y of the quantities
under consideration. In the following we argue as in step 2 of the proof of Theo-
rem 1.3(1). Let B C T be a Borel set with positive Lebesgue measure and define
the function of (ng, n1) € R?

q(B.no.m) =2¢”""L(BNTy) + e~ 1=m0—me®) g
BNT,

Clearly, g (B, -) is strictly convex on R2. Define the strictly concave function

G(B,no,n1) =—no—yni —q(B,no,n1)

and the set function

uw(B)= sup G(B,no,n).
(no.m1)€R?

If there exist Y = y(B) and ¥ | =y (B) such that

f e V1O gy 4+ 20(BNTy) =e' ™70 and
BNT,
(4.14)
f c(x)eT1¢W gy = yel+70,
BNT,

then we have

1w(B) =—(1+7¢(B)) — y71(B).
In particular, by Proposition 1.4(ii), setting 3| (T) = —n, and y((T) = X(ny) —1
one has
4.15) A =pM=—(1+7o(D) —yy(T) ify <y<c(0),

and y,(T) and y(T) are the unique solutions of the equations in (4.14) with
B =T. Recall also that in step 2 of the proof of Theorem 1.3(i) we showed

A*(By) =—(1+w(T))) —3yy(T1)  ife(B))/3<y=<v,

where y9(T) and y(T) are the unique solutions of the equations in (4.6) with
B = T. Note that, for Borel sets A and B such that A C B C T, we have, for
all ng,n1 € R, G(A, ng, n1) = G(B, no, n1). This proves that the set function u is
nonincreasing (for the set inclusion). An easy consequence is the following lemma:
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LEMMA 4.7. Under the foregoing assumptions and notation, it holds that

inf{u(B):BCSTy=A"(y)  ify <y<c(0).

Step 3: The related variational problem. As above we fix y € (c(B1)/3, c(0));
as in the proof of Theorem 1.3(i) we denote by B the set of Borel functions defined
on T with values in [0, c0). By Theorem 4.1(ii), we have

7o) = inf H(P),

where
U= {f eB:¢(f)=1and 11;1;1;(3(/1Tlcl(x)f(x)dx> =y}.

Note that f € I/ if and only if the functions x — f(jx) and x — f(j%x) are also
in 4 and so

(4.16) J(y)zjicl;l;H(f),
where

V={f€B:U(f) =1Ly )=y Lrp () <y.Lrp, (c3) <y}

The optimization problem (4.16) is a minimization of a convex function on a con-
vex set defined by linear constraints. Thus it can be solved explicitly. Therefore,
if V is not empty, since the relative entropy is strictly convex, the solution of the
variational problem (4.16), say f* €V, is unique, up to functions which are null
£-almost everywhere. We will compute f* and show that V is not empty at the
same time. So assume that V is not empty and define the function

g(x) = fH@)Ir, (0) + f* ()11, () + f*(20) Iy (x).

It is easily checked that g € V and H(g) = H(f). The uniqueness of f* implies
that

4.17) for almost all x € T, F(x)= f*(x).
Therefore, up to modifying f* on a set of null measure, f* € V' where

V= {feB:L(f)= 1’£f|']1‘1(c1) :yaef"[rz(CZ) <y}

and the variational problem reduces to J(y) = inf rev H(f). Consider the La-
grangian £ defined by

L(f, ko, 21, 22) (x) = f(x)log f(x) +Ao(f (x) = 1) + A1 (c1(x) f (X)L, (x) — y)
+ A2 (c2(x) f (X)L, (x) — ¥)
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with
xz(/'czu»f*uodx—-y)==o
T,

The two cases A, = 0 (i.e., f* is not constrained on Tj) and Ay # 0 (i.e., f* is
constrained on T») are treated separately. For each case, we solve the variational
problem. The optimal function is denoted by f,, for Ao = 0 and by f. for A, #0,
so that f* = argmin(H (f,), H(f.)). Assume first that A, = 0 so that f* = f, and
define the Borel set

Ay, ={xeT: f,(x) >0}.
By the Euler equations (see, e.g., Chapter 1 in [3]) we get, for all x € T,
418)  fu(®) =1mna, (e TROTHAD L 1 pa, (1)e T TR
By (4.17) we have £(A, N'Ty) = £(A, N'T3), and so the constraints £( f,) = 1 and
€t i, (c1) = y read, respectively,

/ ™MW gy £ 20(A, N'Ty) = el 0
A,NTy

and
/ c(x)e MW gx = yeltho,
A,NTy

With the notation of step 2, this implies that Ao = ¥ ((A,) and A1 =7 (A,) are the
solution of the equations in (4.14) with B = A,,. In particular,

(A = —(1+70(Aw) — y71(Aw) = H(fu),

where the latter equality follows from the computation of the entropy using (4.18).
By Lemma 4.7 we deduce that

H(fu) = A" (y) ify <y <c(0).
By (4.15) we have H (h) = A*(y), where
h(x) =1, (x)e—l—Vo(T)—Vl(T)C(x) + 11,uT, (x)e—l—Vo(T)’

and Y((T), ¥ (T) are the unique solutions of the equations in (4.14) with B =T.
Now we prove that h € V), for y < y < ¢(0), so that

(4.19) H(f)=2A"G)  ify <y<c().
Recall that —y | (T) is the unique solution of

le c(x)e?“™ dx
Jr, €W dx +2/3

y.
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The function
le c(x)e?“™ dx
Jr €770 dx +2/3

is strictly increasing (as can be checked by a straightforward computation) and, for
0 =0, it is equal to y. Therefore, since y > y, we have —y{(T) > 0. It implies
that

/T c(x)e 1 ToMTIMe® gy — g o /T c(r)e 70D gy = =1 FoD,
1 1

In particular, 7 € V. Now we deal with the case L, # 0. We have
Kfcm‘] (c1) = Efc T, (c2) = ef(,- T (c3)=1y.

In particular, if we set f.;(x) =1(x € T}) fo(x), we get (fe.1, fe2, fe3) € S;. By
step 4 of the proof of Theorem 1.3(i), it implies that

H(f)= —inf  H(fi+ o+ f3)= A*QGy)=H(f{' + f5 + ),
(f1.f2. )ES]

where f* = (f]", f5, f3) was defined above. Since f* + f5' + f3 € V, we deduce
directly that a.e. fo = f{"+ f; + f3 and

(4.20) H(fe)=A"3y).

It remains to find out for which values of y the Lagrange multiplier A is equal
to zero. First of all note that if y = y, then the function identically equal to 1
is in V. We deduce that f* =1 and so Ay = 0 (since the optimal solution is
not constrained on T5) and 7()/) =0= A*3y). Now assume y <y < c(0). By
Proposition 1.4(iii), we deduce A*(y) < A*(3y). It follows by (4.19) and (4.20)
that H(f,) < H(f.). Recall that f* = argmin(H (f,), H(f.)), thus > =0 and
J(y) = A*(y). It remains to deal with the case c¢(B1)/3 < y < y. The following
lemma holds:

LEMMA 4.8.  Under the foregoing assumptions and notation, if ¢(B1)/3 <
y <y,then J(y) = J(y).

Then, by Theorem 1.3(i) and (4.20) we get
A*(By) =J(y) < J(y) =min(H (f,), H(f:)) < A*(3y).

This completes the proof.

PROOF OF LEMMA 4.8. Choose y < z < y. By construction P(p, <nz) <
P(pn < nz). Taking the logarithm, applying Theorem 4.1 and recalling that
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J(y) = J(y) =400 for y < c(B1)/3 we have

_ 1
— inf  J(@) <liminf—log P(p, <nz
te(c&%)/s,z) () < iminf —log (P <nz2)

1
<limsup —log P(p, <nz)
n—oo N

< —

J().

inf
te(c(By)/3.7]
Therefore

J(y) > >

inf J(t inf J@) =J(2),
Y= te(c(B1)/3,2) 0= te(c(B1)/3,z] ®) @

where the latter equality follows since J(y) = A*(3y) is decreasing on (c(By)/
3, ). Recalling that J(y) = A*(3y) is also continuous on (c(B1)/3, ¥), the claim
follows letting z tend to y. [

5. Model extension.

5.1. The analog one-dimensional model. The analog one-dimensional model
is obtained as follows. There are n objects on (0, 1), say {1, ..., n}, and two bins
located at O and 1, respectively. The location of the kth object is given by a r.v.
Xy and it is assumed that the r.v.’s {X}1<k<p are i.i.d. and uniformly distributed
on [0, 1]. The cost to allocate an object at x € [0, 1] to the bin at 0, respectively,
at 1, is c(x), respectively, c(1 — x). The asymptotic analysis of allocations which
realize the optimal and the suboptimal load can be carried on using the ideas and
the techniques developed in this paper. Due to the simpler geometry of the one-
dimensional model, many technical difficulties met in the two-dimensional case
disappear, and with the proper assumptions on the cost function, it is possible to
state and prove the analog of Theorems 1.1, 1.2 and 1.3.

5.2. Random cost function. An interesting and natural extension of the model
takes into account random cost functions. Let Z be a Polish space and Z; =
(Z,l, Z,%, Z,E) (k=1,...,n)ar.v. taking values on Z3. Assume that: the sequences
{Xx}1<k<n and {Zy}1<k<, are independent; the r.v.’s {Z }1 <<, are i.i.d. with com-
mon distribution Q; the r.v.’s z1 le and Zl3 are iid. Letc:T x 23 — [0, 00) be
a measurable function. We consider an extension of the basic model where the cost
to allocate the kth object to the bin at B; (I =1, 2, 3) is equal to ¢;(Xk, Z). Here,
for z = (z!, 2%, %), the cost functions are defined in such a way that they pre-
serve the spatial symmetry ci(x,z) = c(x,z), c2(x,2) = c(jzx, (z2,73,z")) and
c3(x,z) = c(jx, (23, z', z%)). The load associated to an allocation matrix A € A,
is

n
Pn(A) = ]I;lflé <kX::1 akicr (Xk, Zk))-
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In a wireless communication scenario we have Z = R, and the typical cost func-
tion is of the form

a + min{b, z2|x — B>|~%} + min{b, z3|x — B3|~}
min{b, z'|x — By|~%}

c(x,z) = ,
where a > 0, o > 2 and b > ()“/g /2)~%. The additional randomness in the cost
function models the fading along the channel (see, e.g., [9]). The suboptimal allo-
cation A = (ak.1)1<k<n.1<I<3 is obtained by allocating each point to its less costly
bin. To be more precise, assume that £ ® Q-a.s., for any [ # m, c;(x, zZ) # ¢ (x, Z).
Then, setting

ag,| = 11(Cl(Xk, Zy) < In?;élllcm (Xk, Zk)),

the suboptimal allocation matrix is a.s. well defined. Consider the suboptimal load
Pn = pn(A) and the optimal load p, = minac 4, pn(A). Exactly as in the proof of
Theorem 1.1, one can prove that, a.s.

. Pn o Pn .

Jim = lim S ]l(cl(x,z) < rn?;ér}cm(x,z)) dx Q(dz).
Deriving analogs of Theorem 1.2 and Theorem 1.3 is an interesting issue. For the
central limit theorem, an analog of the suboptimal allocation matrix A in Proposi-
tion 3.1 should be defined. For the large deviation principles, the contraction prin-
ciple can be applied as well, but it might be more difficult to solve the associated
variational problems.

5.3. Asymmetric models. Most techniques of the present paper collapse when
the symmetry of the model fails, for example, the region is not an equilateral tri-
angle, the locations are not uniformly distributed on the triangle, the cost of an
allocation is not properly balanced among the bins. For a result on the law of large
numbers in the case of an asymmetric model, we refer the reader to Bordenave [2].

APPENDIX
A.l. Proof of Lemma 2.1.

Continuity of ¢. By the inequality, for all ay, a», a3, b1, bz, b3 > 0,
|max{ai, az, a3} — max{by, by, b3}| <|a; — by| + |az — ba| + |az — b3|,
we get

3
(A.D) |6 (@1, @2, @3) = (B1, B2, B3)] < ) leu(cr) — Bien)l.

=1
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Since c is continuous, if the sequence ((af, a5, a%))p>1 € M(T)? converges to
(B1, B2, B3) (with respect to the product weak topology), then

Tim |l (c1) = Bi(en] =0, lim &4 (e2) = Pae)| =0
and
lim [a(c3) = B3(e3)| =0.

The conclusion follows combining these latter three limits with (A.1).

Continuity of W. For each [ € {1, 2, 3}, the projection mapping o > o, is
continuous. Hence, the continuity of W follows by the continuity of ¢.

Continuity of ®. Note that, for each fixed « € M (T), it holds
O (o) =¢p(ag, a2, a3) for some a1, ap, 3 € Mp(T) o) +ap + a3 =«

[indeed, the set {(a1, a2, @3) € Mp(T)? a1 + ar + a3 = @} is compact with re-
spect to the product weak topology and the functional ¢ is continuous]. For each
integer K > 0, consider the open covering of T given by the family formed by the
open balls centered at x € T with radius 1/K. Then by a classical result (see, e.g.,
Proposition 16, page 200, in Royden [8]) there exists a finite collection {,,}1<n<n
of continuous functions from T to T such that

N
Z Yp(x)=1 for each x € T,

n=1
C(supp(¥)) <7w/K>  foreachn=1,...,N.
Here the symbol supp(y,) denotes the support of i,,. Let f be a continuous
function on T, consider the modulus of continuity of f defined by ws(f) =

sup|S,t|§5|f(s) — f()] and set f, = SUP ¢ csupp () f(x). Note that, for all mea-
sures u € Mp(T),

N N
(A2) D 1n(f¥n) = fark W)l < wyk (f) D (W) = wayk (FHp(T).

n=1 n=1

Fori =1, 2,3, define r,i = % if a(y,) > 0 and r,i = 0 otherwise. Moreover,
for 8 € Mp(T), set

N
(A3) Bidx) = riv,(npdx), =123

n=1

Since o1 (Yy,) + a2 (¥yn) + a3(¥,) = a(yYy), by the properties of the sequence
{Yn}1<n<ny we have B 4+ B2 4+ B3 = B. For any continuous function f on T we
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have, fori =1, 2, 3,

1B: (f) — i (f)]
N .
= Z(rmfwn)—a,-(fwn))‘
(A4) n=l .
<> ri(B(fYm) — a(f%))‘ + Y (fao () — a(fm))
n=1 n=1
N .
+ 1> fao () — i (FYm)) .
n=1

Note that r,i < 1, and therefore

N

S B ) — a(f )

n=1

(A5)

= ngﬁ(zvlﬁ(fw”) —a(fymn)l.

Using again that 7} < 1 and (A.2) with & = «, we have

N N
(A6) | r(faa@n) —a(f¥m)| < D | fae W) — a(f ¥l < wayk ()
n=1 n=1
By the definition of 7! and (A.2) it follows that
N N
Z(ryi;fna(‘//n) - az(fwn))‘ = Z(fnai (Yn) — O‘i(f‘/’n))
n=1 n=1
(A7)

<wy/k(f).
Collecting (A.4), (A.5), (A.6) and (A.7) we have

(A8)  Ai(f) —ai(HI =N max [B(fYn) —a(f¥n)l + 2wk (f).

Now, let {8} € M(T) be a sequence of probability measures converging to «
for the topology of the weak convergence. We shall prove

mh_)moo d(B") = O ().
We first prove
(A9) limsup ®(B8™") < ®(«).
m—o0
Let K be as above and define the Borel measure B;" as in (A.3), with 8 in place

of B (the definition of r,i remains unchanged). By inequality (A.8) and the weak
convergence of 8™ to «, it follows that

lgnjéloplﬁf"(f) —o; ()| < 2wak (f).
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Applying the above inequality for f = ¢y, f = ¢z, f = c3 and using the inequality
(A.1), we get

linHl)S;JOPW(ﬁT, B, B3) — ¢ (a1, o, a3)| < 6wy k().

Note that by the definition of ® and the choice of the «;’s, ® () = ¢ (a1, a2, ®3)
and ®(B™) < (B, By', B3'), therefore

limsup ®(8") < ®(«) + 6wk (c).

m—0o0

The above inequality holds for all K, and letting K tend to infinity, we obtain
(A.9). We finally check the lower semi-continuity bound

(A.10) liminf ®(8™) > ® ().
m— 00
Arguing as at the beginning of the proof, we have, for each fixed m > 1,
QB =B By B3
for some BY", B, B3 € My(T): " + By + B = B".

Now, consider an extracted subsequence (my)x>1 such that

liminf ®(8™) = li 1K By, B,

iminf®(F7) = lim (B, By". B37)

As already pointed out, My (T)? is compact with respect to the product weak
topology. Therefore, up to extracting a subsequence of (my)x>1, we may as-
sume that (87", By, B3™*) converges to (B1, B2, B3) € My(T)>. By construction,
B + B5 + By = B™ and B converges to «, and thus we have 81 + 2 + 3 = «.
Then the definition of & gives

d(B1, B2, B3) = P().

Also the continuity of ¢ implies
klirgo¢(ﬁflk,ﬂ§1k,ﬁ§1k)=¢(,31,/32,/33)-

The matching lower bound (A.10) follows.
A.2. Proof of Lemma 2.2.

Proof of (i). For each o € M (T), the set
{(a1, a2, 03) € Mp(T) :ery + 02 + 3 =t}

is convex; moreover, the functional ¢ is convex on /\/lb(']I‘)3. Therefore, by a
classical result of convex analysis, there exists, («, oz, ®3) € My,(T)3, such that
O () = d(ay, a2, a3).
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In order to prove that a1(cy) = a2(c2) = a3(c3), we reason by contradiction.
Assume, for example, that @ («) = «1(c1) > max(wa(c2), a3(c3)). For p € (0, 1),
define (B1, B2, B3) = (pai, (1 — p)ay + a2, a3). We have B1 + B2 + B3 = o and

¢ (B1, B2, B3) = max(pai(c), (1 — p)ai(c2) +az(c2), @3(c3)).

In particular, for p large enough, ¢ (B, B2, B3) = pai(cy) < ¢ (a1, a2, «3). This
is in contradiction with ®(«) = ¢ (a1, a2, ®3). Now, assume, for example, that
® () = aq(c1) = aa(cz) > a3(c3). The same argument carries over, by consid-

ering, for p € (0, 1), (B1, B2, B3) = (par, paz, a3 + (1 — p)(e1 + a3)). All the
remaining cases can be proved similarly.

Proof of (ii). Since A, C B,, we have g, < p,, and therefore we only need to
establish the claimed lower bound on g,. Let B* be an optimal allocation matrix
for p,, and define the set

I ={ke{l,...,n}:thereexists / € {1, 2, 3} such that b}; € (0, 1)}.

Define the matrix A = (ag;) € A, by setting ag; = bZl, foranyl €{1,2,3},ifk ¢ 1,
and ag; = 1, axo = ax3 = 01if k € I. Letting |/ | denote the cardinality of /, we have

Pn = lmax (Z b c1(Xp) + Zbkzcl(xk))

kel

> maX(delC(Xk) + > aric(Xe) — | clloo- III{I%}(Z alel(Xk)>>

kel k¢l ST \egr

1<l<

> max (Zaklcl(Xk)) —111lclloo = pn — 1l 0.

Thus, the claim follows if we prove that |/| < 3. Reasoning by contradiction, as-
sume that [/| > 4 and, for j =1, 2, 3,4, denote by k; € I four distinct indices in /.
For each k; there exists /; € {1, 2, 3} such that b,f],lj € (0, 1). Since

by, + 2. bim=1
mel1,2,31\{1;}

we deduce that there exist m; € {1,2,3} \ {/;} such that b,fjmj € (0, 1). Thus if
|| > 4, there exist distinct k;, k; € {1,...,n}, distinct [;, m; € {1,2,3} and dis-
tinct [j,m; € {1,2, 3} such that by,;;, bi;m;, , bk lj,bk m; € (0, 1). Choose ¢ € (0,
mm{bkl ,bk mi > bk I ,bk m; }) and define the matrix B¢ = (b¢ w) € By by

b;(‘l'li = bz,'li - 8’ bli,'m,' = blt,vm,- + 8’

£ _ % e L%
bij1; = bji; + & Dijm; = biym; — &
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and bf, = b}, otherwise. We define similarly B¢ by replacing & by —&. By part
(i) of the lemma, the optimal allocation matrix B* satisfies

max 3(2 bife(Xe), Y. b,f,jcm(xk))
k=1 k=1

1<l,m<

n n
> Y bfei(Xp) =) bipea(X)
k=1 k=1

n
=Y be3(Xe).
k=1

Therefore

1<l,m<3

n n
max <Z<b§8 — b (Xp), Y (bist — b,’:m>cm<xk>>
k=1 k=1

= maX(:FS(C[i (in) - Clj (ij))v Zté‘(Cmi (in) - ij (ij)))
> 0.

It gives ¢, (Xy,) = c1; (Xk;) and ¢, (Xi,) = cm; (Xk;) but it a.s. cannot happen
since, by assumption, (¢ '{t}) =0 forall r > 0.

Proof of (iii). It is an immediate consequence of (ii).

A.3. A particular cost function: The inverse of signal to noise plus interfer-
ence ratio. In this subsection, we prove that the following cost function:
_a+min{b, |x — By|"*} + min{D, [x — B3|}
B min{b, |x — Bi|~}

wherea > 2,a > 0and b > (A\/§/2)_‘", satisfies (1.1), (1.2), (1.3), (1.4) and (1.5).
To avoid lengthy computations we only checked numerically the first inequality in
(1.6). The typical shape of the function

c(x)

, xeT,

c1()e2(x)e3(x)
c1(x)c2(x) + c1(x)e3(x) + ca(x)e3(x)
is plotted in Figure 3, which shows that L attains the supremum at x = 0. Finally,
we show that, for fixed « > 2 and a > 0, for all b large enough, the second in-
equality in (1.6) holds.
We first check assumption (1.1). We consider only the case [ = 2, being the

case / = 3 similar. Let x € T be such that [x — Bj| < |x — B»|. Then necessarily,
|x — B| > A3 /2. With our choice of b, we deduce that

min{b, |x — By|™%} = |x — B2|~* < min{b, |x — B1|™“}.

L(x)=
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0.5

17 T 1 ) ’
1 ~05 0 0.5

FI1G. 3. The function L with o =2.5,a =1 and b = 10.

By construction

@) a +min{b, |x — B;|~%} + min{b, |x — B3| ™%} cT
o (x) = ) X )
2 min{b, |x — By|~%}

and so (1.1) follows easily.

It is immediate to check that c is a Lipschitz function, and the axial symmetry
around the straight line determined by 0 and B; maps B, into B3. Thus assump-
tions (1.2) and (1.4) follow.

In order to check (1.5), we note that if x € Ty, then, for [ =2, 3, |x — B;| >
|x — Bi|. Thus, for [ = 2,3, min{b, |x — B;|~*} < min{b, |x — B1|~%}, and we
deduce

_a+min{b, |x — By|™*} 4+ min{b, |x — B3| %}
B min{b, |x — By|~%}

c(x)
< “ )
~ min{b, |x — B|~%}
< 1% +2=c(0),

where the last inequality is strict if x £ 0. Similarly, ¢ + min{b, |x — B>|"*} +
min{b, |[x — B3|~*} is minimized for x = B; and min{b, |x — B;|~%} is maximized
for x = Bj. So, for x # By, c(x) > c(By).

Now we check assumption (1.3). Define

Aj={xeT:|x — By <b~ /%y, 1=1,2,3.
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With our choice of b, if [ # m, we have A; N A,,, = &. Define
Ag=T\ (A1 U A U Aj3).

Note that, by construction, on each set A;, [ =0, 1, 2, 3, the sign of b — |x — B,,| ¢
is constant for each m = 1, 2, 3. To prove (1.3), we shall check that, for all # >0
and/ =0,1,2,3,

(A.11) (AN {t)) =0.

We shall only prove the above equality for / = 0, the other cases can be shown
similarly. Note that

cx)=lx=Bil*(a+lx—Bo| 4+ |x—B3]™*)  VxeAp

Using polar coordinates we have

2 00 . .
e(Aomc—l({t}))zfo d@/o 1{re'? € Ag)L{c(re'®) =t}rdr.

We shall check that, for an arbitrarily fixed 6 € [0, 27), the function

co(r) = alreie — Bi|* + <—|r659 — B1|>°‘ + (7”6[9 — Bl|>a rel
' Ve = Bo) T \irel® — B3 "

is strictly monotone, where
lg={r:r zO,reie e T}.

So, for any fixed @ € [0, 27r), the function 1{re!? € Ag}L{c(re'?) =t} is differ-
ent from O for at most one r, and therefore equality (A.11) for [ = O follows.
In the following we shall only prove that cg is strictly decreasing on Iy for
6 € [—m/6, /6], the other cases can be treated similarly. First, note that since
0 € [—m/6, /6], as r increases, |re!? — By|* ‘glecreases, while |re® — B3|* in-
e By
that, for 6 € [—m /6, 0], as r increases, |rei9 — B3|% increases. Thus it suffices to
prove that, for a fixed 6 € (0, /6], the function

Lo(r) = —————, re|0,A(2cos{ ——0 ,
0(r) |ret? — By|? 6
is nonincreasing. Consider the orthonormal basis {e;, e;} with e; = /% and e, =

e™/3 Setting B=7/6 — 0 €[0,7/6), y1 = 1/2 and y» = A+/3/2, we have

ret?

creases. Thus, r — a|re’9 —Bi|¥and r — ( )¢ are decreasing. Note also

=rcos e +rsin ey, B =y1e1 + ey, By = yie] — yres
and

_ (1 —rcosB)’ + (y2 —rsinf)?

Lo = T cos By + (2 4 rsin B2
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The derivative Lé (r) of Ly(r) has the same sign of

—(cos B(y1 — rcos B) +sin B(y2 — rsin B))((y1 — rcos B)* + (y2 + rsin B)?)
+ (cos B(y1 — rcos B) — sin B(y2 + r sin B))
x ((y1 —rcos B)% + (y2 — rsin ,8)2).
After simplification, we get easily that Ly (r) has the same sign of
—2rcos Bsin B — ((y1 —rcos B)* + y3 — r’sin® B) sin .

This last expression is less than or equal to 0. Indeed, for r € [0, L(2cos ,3)*1], we
have 0 < rsin 8 < y,. Hence Ly is nonincreasing on its domain.

Finally, we check that, for fixed « > 2 and a > 0, it is possible to determine
b > (A/3/2)™¢ so that the second inequality in (1.6) holds. We deduce

(A.12) fc(x)dx>/ a -+ ¥i_ minfb, =BT,
T, —Jr, (A3/2)~@
: _ —a _ —a
(A.13) _ [ atmin{d, [x — B[} + |x — B3 dx
T, ()M/g/z)_a
a/3 wb' /%) /6

> +
(AW3/2)7e  (W/3/2)7

(A.14)
+ (/\f3/2)°‘fT |x — B3| % dx.

Here (A.12) and (A.13) follow since on T» we have |x — B;|™% < (A/3/2) ™% < b
for I =1, 3; (A.14) is consequence of the inequality |x — Bz|™* > b, for any x €
Ay NT,. The claim follows noticing that, due to our choice of «, ¢(0)/3 is strictly
less than the quantity in (A.14), for b large enough.
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