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STOCHASTIC VORTEX METHOD FOR FORCED
THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS
AND PATHWISE CONVERGENCE RATE!

BY J. FONTBONA
Universidad de Chile

We develop a McKean—Vlasov interpretation of Navier—Stokes equations
with external force field in the whole space, by associating with local mild
LP-solutions of the 3d-vortex equation a generalized nonlinear diffusion with
random space—time birth that probabilistically describes creation of rotation
in the fluid due to nonconservativeness of the force. We establish a local well-
posedness result for this process and a stochastic representation formula for
the vorticity in terms of a vector-weighted version of its law after its birth
instant. Then we introduce a stochastic system of 3d vortices with mollified
interaction and random space—time births, and prove the propagation of chaos
property, with the nonlinear process as limit, at an explicit pathwise conver-
gence rate. Convergence rates for stochastic approximation schemes of the
velocity and the vorticity fields are also obtained. We thus extend and re-
fine previous results on the probabilistic interpretation and stochastic approx-
imation methods for the nonforced equation, generalizing also a recently in-
troduced random space—time-birth particle method for the 2d-Navier—Stokes
equation with force.

1. Introduction. The Navier-Stokes equation for a homogeneous and incom-
pressible fluid in the whole plane or space, subject to an external force field F, is
given by

ou
ot

divu(z,x) =0; u(t,x)—>0 as |x| — oo.

4+ (m-V)Yu=vAu— Vp+F;
(D

Here, u denotes the velocity field, p is the (unknown) pressure function and
v > 0 is the (constant) viscosity coefficient. When F = 0 or, more generally, when
F = VW is a conservative field, a probabilistic interpretation of (1) in space dimen-
sion two was first developed in 1982 by Marchioro and Pulvirenti [19]. Their ap-
proach was based on the vortex equation satisfied by the (scalar) field curl u, which
in 2d and for the case of a conservative external field, was interpreted as a nonlin-
ear Fokker—Planck (or McKean—Vlasov) equation with signed initial condition.
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This was associated with a nonlinear diffusion process in the sense of McKean,
involving singular interactions through the kernel of Biot—Savart. (For a general
background on the McKean—Vlasov model, we refer the reader to Sznitman [26]
and M¢éléard [20].) This approach led them to the definition of a stochastic sys-
tem of particle or vortices with “mollified” mean field interaction, for which the
time-marginal empirical measures converge to a solution of the vortex equation
associated with (1). The convergence on the path space of that particles system
(or, equivalently, the propagation of chaos property) was proved later by Méléard
in [21]. Those works provided a rigorous mathematical meaning of Chorin’s vor-
tex algorithm, heuristically proposed in [3] as a probabilistic method to simulate
the solution of the 2d-Navier—Stokes equation (see also [4]).

In dimension 3, the vorticity field w = curlu is a solution of the vectorial non-
linear equation

0w

” + @ Vw=Ww-Vu+vAw+ g,

2

divwg =0,

where g = curl F and where the relation

3) u(r, x) = K(w)(z, x) ::—i/ @Y Wty dy

4w Jr3 |x — y)3
holds, thanks to the incompressibility condition divu = 0 and the Biot and Savart
law. Here, A stands for the vectorial product in R3, K (x)A := —#ﬁ/\ is the
three-dimensional Biot—Savart kernel and K is the Biot—Savart operator in 3d. (We
refer to Bertozzi and Majda [18] for this and for background on vorticity.)

In absence of external forces, the problem of proving the approximation of solu-
tions of the 3d-Navier—Stokes equations by a stochastic system of mean field inter-
acting particles was first addressed by Esposito and Pulvirenti [7]. In that work, an
approximation result of local solutions by a stochastic system of three-dimensional
vortices with cutoff and mollified interactions was obtained for each time instant,
for initial vorticities that belonged to L' together with their Fourier transform. The
convergence held for mollifying parameters that depended on the realizations of
the empirical measures of the paths of the driving Brownian motions.

Recently, we considered in [9] the mild version of the 3d-vortex equation with
g =0 in the L? spaces for p > % We proved local (in time) well posedness and
regularity results for that equation, and, under an additional L! assumption on wpo,
we showed the equivalence between such solutions and a generalized nonlinear
McKean—Vlasov process with values in R3 x R3®3 and singular drift term at = 0.
We then introduced a system of stochastic 3d vortices with cutoff and mollified
interaction, and proved the pathwise propagation of chaos property with as limit
the nonlinear process, deducing moreover stochastic particle approximation results
for the velocity and vorticity fields. (We refer to [10] for a rectification of the



3D-VORTEX METHOD FOR FORCED NAVIER-STOKES EQUATIONS 1763

discussion in [9] about the work [7].) During the preparation of this work, we have
also become aware of the more recent work of Philipowski [22], who obtained
(also in the case g = 0) a convergence rate for a mean field particle approximation
of the vorticity field, for a simpler variation of the system introduced in [9]. (The
pathwise propagation of chaos property was not addressed.)

In presence of an external force field, the additional additive term g = curl F in
the (2d or 3d) vortex equation is physically interpreted as creation of rotation in the
fluid. In order to describe this phenomenon probabilistically, a nonlinear McKean—
Vlasov diffusion process with random space—time birth was recently associated
with the 2d-vortex equation in Fontbona and Méléard [11]. More precisely, the
law Py(dt, dx) of the instant and position of birth was suitable, defined in terms of
the initial vorticity and of the external field curl F, and it was shown that a scalar-
weighted version of the time marginal law of this process after its birth time was
equal to the solution to the 2d-vortex equation (with L' data) in a given interval.
The propagation of chaos property was established for an approximating system of
interacting vortices, which were given birth independently at random positions and
times following the law Py, and a pathwise convergence rate was obtained under
slight additional integrability assumptions on the data.

The first purpose of the present paper is to extend the results of [9] and [11]
to the 3d-Navier—Stokes equation with nonconservative external force field. More
precisely, fix T > 0 and assume that wyq: R3 — R3 and g: R3 x [0, T] — R3 are
divergence-free L'-fields. Denote by I3 the identity matrix in R3 and let (B;) be a
standard 3d-Brownian motion. Our main goal will be to study the well posedness
on [0, T'] of the following nonlinear process, with singular interaction kernel and
values in R3 x R3®3:

t t
X, = Xo + v/2v /O 1yoeydBs + /0 K(5)(s. X;)1jsr) ds,
@) t
@ =13+ [ VK5, X) @1 r) ds.

where: (z, Xo) is a random variable in [0, 7] x R3 (independent of B) with law
Po(dt, dx) o« So(dt)|wo(x)|dx + |g(z, x)| dx dt,
0 = p(t, x) is defined for each ¢ from the law of (t, X, ®) as

©) _/Rg fp(t, y)dy ;== E(f(X;)®:h(t, Xo)1(1>1)) for f: R3 — R3,

and 4 in (5) is the density with respect to Py of the vectorial measure do(dt) x
wo(x)dx + g(t, x)dx dt. [We observe that it is (4) together with relation (5) that
specify a “nonlinear process” in McKean’s sense.]

As we shall see, there will exist a correspondence between mild L” RHN
L'(R3)-solutions w of (2) for p > %, and suitable solutions of the nonlinear sto-
chastic differential equation (4) and (5), through the relation w = p. Thus, (5)
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provides a representation formula for solutions w of (2) which extends the one
obtained in [9] when g =0 (or T = 0). In the present case, this representation
can be intuitively understood as follows. A point vortex is given birth at random
instant and position (t, Xg), rotating in direction i(t, X¢) € R3. It then evolves
under the effect of diffusion and of the velocity field K(w) in (4), while its rota-
tion direction and magnitude are changed under the action of the matrix process
®; which accounts for the vortex stretching proper to dimension 3. Averaging
the rotation vectors on the position of infinitely “already born vortices” yields a
macroscopic vorticity field w(z) = p(¢), weakly defined by (5). The velocity field
instantaneously experienced by each individual vortex is finally recovered from w
as a mean field effect through the interaction kernel of Biot—Savart.

We will adapt the ideas and analytic techniques in [9] to first establish local well-
posedness and regularity results for the mild formulation of the vortex equation.
Based on this, we shall then prove local [i.e., for small enough 7 > 0 or data
(wo, g)] pathwise well posedness for the nonlinear stochastic differential equation
(4) and (5), which will have singular drift terms at t = 0.

We shall then introduce a stochastic system of n particles in R? x R3®3 (or
3d-vortices) with cutoff and mollified interaction kernels, and with random space—
time births. The second goal of this paper will be to prove the strong pathwise
convergence of each of these particles as n goes to oo, towards the nonlinear
process, at an explicit rate. To that end, we will improve the techniques used in
[9] to study the nonlinear process, which relied on tightness estimates for approx-
imating processes and martingale problem characterization. More precisely, by a
fine use of regularity properties of the equation, and inspired by ideas introduced
in [11], we will show that the approximating “mollified processes” converge path-
wise at the same rate at which mollified versions of the vortex equation converge
to the original one. We will be able to exhibit that rate for a large class of mollified
kernels, thanks to classic regularization techniques in Raviart [23] (which are also
similar to those used in [22]). These results will imply the propagation of chaos
in a strong norm and, classically, an explicit rate in some pathwise Wasserstein
distance WW. From this we will also deduce convergence rates for approximation
schemes of the vorticity and velocity fields. Unfortunately, the mollifying parame-
ter will be required to go very slowly to 0 as n goes to oo, which will yield a very
slow (but not necessarily optimal) rate for the particles convergence.

Finally, we point out that our regularity results on the mild equation in L? will
ensure that the stochastic flow

(6) Es () =x +v2v(B, — By) + f ", £y (X)) dr

is of class C!(R3), and so one can write

(7) (Xt, cbt)l{tzr} = (Sr,t(XO), vxgr,t(XO))l{tZr}-
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Equation (5) can thus be seen as a stochastic analog for the 3d-Navier—Stokes
equation of the “Lagrangian representation” of the vorticity of the 3d-Euler equa-
tion v = 0 (see, e.g., [5], Chapter 1), an analogy established in [7, 9] when g = 0.
Lagrangian representations of the 3d-Navier—Stokes equations as stochastic ana-
logues to representations formulae for the Euler equation have been studied by
several authors, some of which have led to (local) well-posedness results for the
equation. See, for example, Esposito et al. [6] and, for more recent developments,
Busnello et al. [2] and Lyer [14]. The latter works follow approaches that are in
some sense “dual” to ours, establishing representations of strong solutions of the
vortex or Navier—Stokes equations in terms of expectations of the initial data, af-
ter being transported and modified by the stochastic flow. A related stochastic
approach is adopted in Gomes [13] to establish a variational formulation of the
Navier—Stokes equation, analogous to Arnold’s variational characterization of the
Euler equation. A seemingly very different further probabilistic point of view, pro-
viding global well posedness for small initial data, was introduced by Le Jan and
Sznitman in [16], who associated with the Fourier transform of the velocity field a
multitype branching process or stochastic cascade. See, for example, Bhattacharya
et al. [1] for more recent developments in that direction.

The remainder of this work is organized as follows. In Section 2 we first present
a weak formulation of (4) and (5) in terms of a nonlinear martingale problem,
and discuss its connection with (2). In Section 3, we shall obtain local well-
posednes and regularity results for the mild version of the vortex equation in L”,
for p € (%, 3). In Section 4 we state some results about a nonlinear Fokker—Planck
equation with external field associated with the process with random space—time
birth X in (4). We use this and the previous results to show strong local-in-time
well posedness for the nonlinear stochastic differential equation (4) and (5). We,
moreover, obtain the pathwise convergence result and estimates for approximating
mollified versions of that problem. In Section 5, we introduce the system of 3d-
stochastic vortices with random space—time birth, and deduce the propagation of
chaos property and its rate. We also prove approximation results for the velocity
and the vorticity of the forced 3d-Navier—Stokes equation with their corresponding
convergence rates. In Section 6 we shall discuss how these rates of convergence
are slightly improved when Sobolev regularity of the initial condition and external
field is assumed.

Let us establish some notation:

- B%/ MeasT we denote the space of measurable real-valued functions on [0, T'] x
R-.

— C12 is the set of real-valued functions on [0, 7] x R3 with continuous deriva-
tives up to the first order in ¢ € [0, T'] and up to the second order in x € R3. C b1,2
is the subspace of bounded functions in C!+? with bounded derivatives.

— D is the space of compactly supported functions on R3 with infinitely many
derivatives.



1766 J. FONTBONA

— Forall 1 < p < 0o we denote by L? the space L”(R?) of real-valued functions
onR3. By |||l , we denote the corresponding norm, and p* stands for the Holder
conjugate of p. We write W!-? = W1-7(R3) for the Sobolev space of functions
in L? with partial derivatives of first order in L”.

— If E is a space of real-valued functions (defined on R3 or on [0, T] x R3),
then the notation (E)? is used for the space of R3-valued functions with scalar
components in E. If E has a norm, the norm in (E )3 is denoted in the same way.

— For notational simplicity, if f, g: R3 — R3 are vector fields and Z : R3 — R3®3
is a matrix function, we will write fg := Z? fig; and fZ for the row-vector

F2z); = 2;21 f;Z; ;. By VI we denote the gradient of f, that is, the matrix
(VD) ;= % We will simply write (Vf)g for the column-vector (3 j ng;g )i

[instead of the usual “(g- V)f’].
— C and C(T) are finite positive constants that may change from line to line.

2. The weak 3d-vortex equation and a probabilistic interpretation of the
external field. Let us recall a that vector field w:R> — R3 with components
in D', and such that [p3 V f(x)w(x)dx =0 for all f € D, is said to have null
divergence in the distribution sense. We write it divw = 0.

If the following two conditions hold, we shall say that wo:R3 — R3 and
g:R, x R? — R3 satisfy the hypothesis:

(Hp):

e there exists p € [1, oo[ such that wg € (L?(R3))? and g(z, -) € (L?(R?))? for
allt € [0, T], and sup;eo.77 18, )l p < 00;
e divwg=0anddivg(s,-)=0forall r € [0, T].

A necessary assumption for our probabilistic approach will be that (H,) holds
with p = 1. We then denote

T
lglr = / f \g(s. x)| dx ds.
0 R3

In that functional setting, the following notion of solution to (2) will appear to
be natural:

DEFINITION 2.1. Let wg and g satisfy (H;). A function w € L°°([0, T],
(LY (R3))?) is a weak solution on [0, T'] of the vortex equation with initial con-
dition wg and external field g (or “weak solution”) if:

(1) Fori, j,k=1,2,3,

/[O g Wi DIKO); (0] dxdr < 00,
5 X

SK(W)
/ Wi (t,x)l’ ™ vl dxar < co.
[0,T]xR3 Xk
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(i) Forany fe (C;’2)3,

/&3 £z, y)w(t, y)dy
t
= [t »wody+ [ [t y)ges. »dyds

! of
+/0 /R3[£(s,y)+mf(s,y)

+ Vi(s, »K(W) (s, y) +1(s, y) VK(W) (s, y)}W(S, y)dyds.

©)

REMARK 2.2. We observe that for any function v:R> — R in L!, the func-
tions K(v) and VK(v) are defined a.e. on R3. Indeed, the first one can be bounded
by a (scalar) Riesz potential operator (see Stein [24]), and thus belongs to a suit-
able weak Lebesgue space. The second one is defined through a singular integral
operator acting on v (see, e.g., [18] for this fact), and this implies (see also [24])
that it is an almost everywhere defined function of some other weak Lebesgue
space.

We next introduce the central probabilistic objects we shall be dealing with,
which extend the ideas introduced in two dimensions in [11].

DEFINITION 2.3.  We write Cr := [0, T'] x C([0, T], R3 x R3®3). The canon-
ical process in Cr will be denoted by (7, X, @), and the space of probability mea-
sures on Cr is written P(Cr).

For an element P € P(Cr), we write P° = law(X) for the second marginal and
P’ =law(®) for the third marginal.

‘We shall also denote

_ v wo(x)l
WOl = i + gl
(10 0| l<r ) "
JX
&(1. x) g

~lwollt + llglhr
We then define a probability measure Py(dt, dx) on [0, T] x R3 by

(11D Po(dt,dx) = do(dt)wo(x)dx 4+ g(t, x)dx dt,
together with the vectorial weight function
wo (x)
h(t, x) =1y=0) (lwollr + llglh,7)
lwo (x)]
(12)
g, x)

(lwollr + llglh,7) >0y,
18(, %)) =0
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where 1 denotes the indicator function and the convention “8 = 0" is made. We
notice that | (¢, x)| = ||lwo|l1 + |lgll1,7 or 0. Moreover, we have

REMARK 2.4. For measurable bounded functions f:[0, 7] x R? — R3, we
have

/ f(s, x)h(s, x)Py(ds, dx)
[0,T1xR3
:f f(O,x)wo(x)dx—l—/ f(s, x)g(s, x)dx ds.
R3 [0,T]xR3

Consider now Q € P(Cr) such that for all € [0, T'], EQ(|<I>I|)~< 0o. Then, we
can associate with Q a family of R3-valued vector measures (Ot)refo0,1) On R3,
defined for all bounded measurable function f:RR?> — R3 by

(13) 0:(H) =EC (f(X1) D+ (, X0) Lz <ny)-
Moreover, Q; is absolutely continuous with respect to 07, with
dQ
(14) 5(x) = EC(®h(r, X0)1jr<n| X = x),

dQy
and its total mass is bounded by (||wol|1 + ||g]| LT)IEQ(ldD,l).

DEFINITION 2.5. We denote by P,(Cr) the subset of probability measures
Q € P(Cr) under which the process ® belongs to L*°([0, T] x 2, dt ® Q).

Then, we consider the following nonlinear martingale problem:
(MP): to find P € Pp(Cr) such that:

e X; = X in [0, ], P-almost surely. ~

e The law of (7, X¢) under P is Py given by (11), and P; constructed according
to (13) has a bi-measurable glensity family (¢, x) — p(¢, x).

o (1, X)) — f(0,X0) — [ $£(s, X0) + WAF (s, Xy) + K(B)(s, X)V £ (s,
Xs)1s>rds, 0 <t <T,is acontinuous P-martingale for all f € C;’z w.I.t.
the filtration F; = o (7, (X, D), s <1).

o & =13+ [y VK(p)(s, X;)®s1s>7 ds, forall 0 <t < T, P-almost surely.

The following statement partially explains the relation between (MP) and (2),

and will be useful later on:

LEMMA 2.6. Assume that the problem (MP) has a solution P € Py(Ct) sat-
isfying

T
(15) E( [0 K(5) (. X,)|dr) <00
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and
T
(16) E(/ |VK(,5)(t,X;)|dt> < 00.
0
Then, p is a weak solution of the vortex equation with external force field (9).

PROOF. The assumptions on P imply that point (i) in Definition 2.1 is satisfied
and, moreover, that fé K(p)(s, X5)ds and fé VK(p)(s, Xs) ds are both processes
with integrable variation (and thus absolutely continuous on [0, T']). Since under
P the process ®; is almost surely bounded in [0, T'], it follows that it has finite
variation too.

On the other hand, the martingale associated with f & C;,z in (MP) equals

f(t’Xt) —f(T/\t,X())
- fo t[%(s, X,) 4 vAf (s Xy) + K(F)(s. Xo)V £ s, X»}lszf ds

thanks to the first condition of (MP).
Therefore, by 1t6’s product rule, we see that for each f € (C;’z)3

f(tv Xt)q)l - f(T/\v XO)

_ /O’[g—f(s, X,) 4 vAEGs, X,) + VEGs, X)K(B) (s, Xs)

1 £(s, X,) VK(5)(s, Xs>]d>51{s>f} ds

is a local martingale issued from 0. Moreover, the assumptions (16) and (15) on p
and the fact that ® is bounded imply that it is a true martingale. Consequently, as
h(t, X0)1{z<s) is Fo-measurable and 1{; <s)n(r<s) = {z <5} for s <, we see that

EP(f(z, X)) ®,h(t, Xo) 1 (z<y) — EF (f(z, X0) (7, X0)1{z<1))

_ P ’[3_f
E </0 (5. X)) + VARG, X,)

A7)
+ VE(s, X)K(0) (s, Xy)

+£(s, Xs) VK(p) (s, Xs)]CDSh(t, Xo)(r<q) ds) =0.

Recalling that p(¢) is the density of the vector measure (13) for Q = P, the first
term in the previous equation is seen to be equal to [ f(¢, x) 5(¢, x) dx. The second
term is equal to the expression in Remark 2.4 with f(s, x) replaced by f(s, x)1,<;,
that is, [ £(0, y)wo(y)dy + fé [ £(s, y)g(s, y)dyds. The third expectation can be
interchanged with the time integral thanks to the assumptions and Fubini’s theo-
rem, and the result follows using again the definition of p(s) in the resulting time
integral. [
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The proof of the well posedness of problem (MP) will be based on analytical
results about the “mild form™ of the vortex equation (2), which we state in next
section. These will in particular provide a framework where the conditions required
in Lemma 2.6 will hold.

3. The mild vortex equation in L? with an external field. We shall next
introduce the mild formulation of the forced vortex equation. We refer the reader
to the book of Lemarié-Rieusset [17] for a comprehensive account on the mild-
form approach to the Navier—Stokes equation in its velocity form. Our techniques
are adapted from that framework.

We denote the heat kernel in R3 by

Jx|?

(18) Gy (x) = (4mvr) 2 eXP(‘H)’

where v > 0. One has

LEMMA 3.1.  For al_l pell,o0l,r>pand we (LP)3, there exist positive
constants Co(p;r) and C1(p; r) such that for all t > 0:

() IIG} = wll, < Co(p; r)e3/2U/P=10 ||l ,
(i) VG *wl, < Ci(p;r)t=2=32A/P=1D ]|,

PROOF. Use Young’s inequality and the well-known estimates

sup [|GY [|23/273/m < oo, sup [VGY [[nt>73/Cm < o0, -
t>0 t>0

DEFINITION 3.2. Let wo and g be functions satisfying (H,) for some p €
[1, 00]. A function w € L ([0, T1, (L”(R?))3) is a mild solution on [0, 7] of the
vortex equation with initial condition wg and external field (or “mild solution”) if:

(i) The functions K(w); (¢, x) := K(w(¢, -));(x),i = 1, 2, 3 are defined a.e. on
[0, T] x R3 and satisfy the integrability conditions (8).
(ii) For dr-almost every ¢, the following identity holds in (L?)3:

w(t,x) =G, *wo(x) + /Ot G}_, *g(s,)(x)ds

J

3.t 9GY
(19) +21/0 [ T = IR 5wt )
J:

—w;(s, KW (s, y)ldyds.

We shall state in Theorems 3.6 and 3.8 below the analytical results we need
about (19). As we shall see, that equation will admit an abstract formulation which
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is the same as in the case g = 0, and so we will be able to adapt the techniques
in [9] with no difficulties. We therefore provide an abbreviated account of these
results.

We shall simultaneously deal with a family of “mollified” versions of (19). Con-
sider a smooth function ¢ : R? — R satisfying:

(i) fre)dx=1,
(i) fpslxll(x)dx < oo,

which is called a “cutoff function of order 1.” For ¢ > 0, let ¢, :R3 — R denote
the regular approximation of the Dirac mass ¢;(x) = 8%g0( £). We define the con-
volution operators

20) K* ) i= [ Kelr =) Aw()dy.

where K. := ¢; * K = K(¢,). The fact that K, is a regular function will follow
from part (ii) in Lemma 3.3 below. To unify notation, we also write Ko = K and
KO (w)(x) := K(w)(x).

We introduce the family {B*}.>0 of operators (formally) defined on functions
w,v:[0,T] x R? > R3 by

B®(w, v)(t, x)

SRR T
@) =/Oj§/é =2 (x )

dy;

x [K*(w) (s, »)V(s, y) — v, (s, K (W) (s, y)]dyds.
We are interested in the following family of “abstract” equations, for ¢ > 0:
(22) v=wo+B°(v,v),
where
wo(t, x) := G} * wo(x) + /(;t G)_ #g(s, )(x)ds.
For a given time interval [0, 7] we shall work in the Banach spaces

Fo,r.(1:p)s Fi,:p)» Fopr and Fy,7

with norms, respectively, defined by:

o [IWlllo,r.(7: p) == supg <1 /> VPV lw() |,

o IWlhrripy 1= supg, < (2P0 W), + o ZHZAPZUD
: <
PO CCy
o lIWllo,p,7:= lIIWllo.p.cr:p) and

o Wl p.7 =W, p,(7:p)-
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The following continuity property of the Biot—Savart kernel is crucial:

LEMMA 3.3. Let 1 < p < 3 be given and q € (%,oo) be defined by % =

1
g.

(1) For every w € (L3P, the integral (20) is absolutely convergent for almost
every x and one has K¢ (w) € (L9)3. There exists further a positive constant C p.q

1
p

such that

(23) sup [K*w)llg < Cpgllwll,

>0

forall w e (LP)3.
(i) If moreover w e (Whp)3,
anKe(w)_Ke( ), and

then we have Kf(w) € (WL9)3 with

oK*® (w) ow

X

24) sup

>0

=Cpg
q 0xy Il p

forallk=1,2,3.
PROOF. See Lemma 2.2 in [9] for the case £ = 0 and Remark 4.3 therein for
the general case. [
LEMMA 3.4. (i) Let p € [1,3) and assume (Hp). Then, we have for all r €
[p, 33_—pp) that

wo € Fi .(1:p) with Iwolll1,r,r;py < C(r, p)(lwollp + T lliglllo, p, 1)

for some finite constant C(r, p) > 0.
(ii) Let % <p<3,p§l<min{6
exists a finite constant Ci(l,l’; p) not dependmg on T >0 such that for all

,3} and i <! < . Then, there

W, VEF11(1:p)

sup IBE (W, Vll1.17.7:p) < Cr(, s pYT 7 CONWL1 sy IV 2T )

>0
3
where 1 — 2 > 0.

PROOF. Part (i) follows from Lemma 3.1. To bound the time integral we use,
moreover, the fact that for all » > p, on has

t
[ Groseads| =ca e (s tgl,).
0

r tel0,T]
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On the other hand, since 7 +> ¢~ 1/2+3/2(1/7=1/P) is integrable in O if and only if

r< 33—”, we have
-p

9 ([ 61 vacs.0a5)

from where the statement follows. Part (ii) uses Lemma 3.3 and is proved in parts
(i1) and (iv) of Proposition 3.1 in [9]. See also Remarks 4.3 and 6.3 therein for the
uniformity (in & > 0) of the bounds. [l

< C/t1/2+3/2(1/r—1/p)( sup |lg(t, ,)”p)
r te[0,T]

REMARK 3.5. Observe that the previous lemma, in particular, implies (taking
p=r=I1=1")thatfor p € (%, 3), the abstract equation (22) makes sense in Fy ,, 7
for each ¢ > 0.

Now we can state the extension of Theorem 3.1 in [9] to the 3d-vortex equation
with external field.

THEOREM 3.6. Assume that (H)) for some % <p<3.

(a) Foreach T >0 and ¢ > 0, equation (22) has, at most, one solution in ¥y  r.
(b) There is a constant T'og(p) > 0 independent of € > 0 such that for all T > 0,
wo and g satisfying

T'3CP (lwoll, + Tlgllo.p.0) < To(p),
each one of (22) with & > 0, has a solution w® € Fy , 7. Moreover, we have

sup [[W*ll1,p.7 < 2llwolllo, p.7-
>0

PROOF. For later purposes, we give, in detail, the argument of [9]. By Lem-

ma 3.1(ii) (with p in the place of r and 3P in that of p) and Lemma 3.3(i), we

6—p
have for all v, w € Fy ,, 7 that

t
1B (w, v)(1)||, < C fo (t — )P w(s) | IVl p ds.

It follows that if w and v are two solutions, one has
t
Iw(t) — vl , < CUIWllo.p.7 + IVlllo.p.7) fo (t — ) 7/CP | w(s) — v(s) | ds

and iterating the latter sufficiently many times [using the identity fé s —
)0~ 1ds = Ct*+9= 1 for 0, e > 0] we get |[w(t) —v(t) ||, < C [§ IIW(s) —V(s)l , ds.
Gronwall’s lemma concludes the proof.

(b) We notice that for 7 > 0 small enough, one has

4C(p, p)Ci(p, p; )T 7 CP (ol , + Tlligllo.p.7) < 1,
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where C(p, p) and C1(p, p; p) are, respectively, the constants in parts (i) and (ii)
of Lemma 3.4 with all parameters equal to p. From this and Lemma 3.4(i), the
same contraction argument used in Theorem 3.1(b) of [9] can be applied here in
the space Fy , 7. 0

We observe that for v € Fy , 7, with p € (%, 3) we have K(v) € Fo, 7 for
q € (3, 00). The previous global uniqueness and local existence result also holds in
that space, and one can, moreover, show that the solution w(¢) € (L?) is a continu-
ous function of ¢. That type of result corresponds to a “vorticity version” of Kato’s
theorem for the mild Navier—Stokes equation in (L9)3, q € (3, 00) (see [17], The-
orem 15.3(A)).

We shall, later on, need additional regularity properties of the function w® and,
more importantly, their uniformity in ¢ > 0. These results will rely on continuity
properties of the “derivative” of the Biot—Savart operator.

LEMMA 3.7. Letl <r < o0.

() For all w e (L")? and & > 0, we have ;’TkKS(w) e (L") fork=1,2,3.
There exists further a positive constant C, depending only on r such that
0K (w)

< Crllwll,
X

r

(25) sup

>0

orall j =1,2,3, where K®(w) ; is the jth component of K& (w).
J
(ii) If, moreover, w € (W'")3, we then have S KeE(w) € (W3, with
0x
ai,» (a?ck K*(w)) = a?ck Kg(aii w) and

I7KE (w)
0x; 0xy

0
(26) sup o

>0

,
r ax;

foralli,k=1,2,3.

PROOF. See Lemma 3.1 and Remark 4.3 in [9] for the proof, which relies on

the fact that w — Blg(w)
Xk

is a singular integral operator. [

THEOREM 3.8. For p € (%, 3), let w* € Fy 7, € >0 be the solution of (22)
given by Theorem 3.6, and write u® (s, x) := K& (W®) (s, x). Let C* denote the space
of Holder continuous functions R> — R3 of index o € (0, 1).

(i) Forallr € [p, 33_—pp), we have

sup [[IWell1,r,(7; py < 0.
>0
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(i) We have

(27) sup sup 1120 (1) oo 4 0 ()]l cp—3/p) < 0O.
£>01€[0,T]

(iii) Forallr € 3, <L), i =1,2,3 we have

9@
(28)  sup sup tl/HM(l/p—l/r){HMH +H3“8(’) }<oo.
e>01€[0,T] 0X;i oo ox; |c1-3/r
In particular, the functions
Ju(r
(e 0l ad 1 |0 =123,
0x;i lloo

belong to Ll([O, T1, R).

PROOF. Observe that parts (i) and (ii) of Lemma 3.4 provide an estimate of
the form

W .,y < €A, pYUwollp + Tlighlo. p.7) + AT, LI AF

for suitable / and /" and with A(T,[,1’) a uniform upper bound for the norms
of the operators B?: (Fl,l,(T;p))2 — Ky (r;p) and A; a given upper bound of
IIW®lll1,2,(7: p)- Then, starting from the fact that the functions w* € Fy ,, (1.p) =
F1,p,7 are uniformly bounded in ¢ > 0, we can apply several times Lemma 3.4
and the previous inequality (using, also, the fact that wo € Fy ;7 (7., for all I’ €
[p, 33_—pp)), and obtain an increasing sequence I’ = [,, such that lo = p, [,, / ;Tp,
and w® € Fy 1, (r.py With [[W®||l1 s, (T.p) controlled in terms of [[W*[ll1,1,_,.(7:p)
and [|wolll1,,,(r:p)- One can thus chose N large enough such that /y > r and con-
clude with an interpolation inequality in the spaces Fy ; (7, ). We refer to the proof
of Theorem 3.2(ii) in [9] for this and for an explicit construction of the sequence /,,.
Next, Lemma 3.3 and Theorem 3.6 imply that for g = 33_—pp > 3,

sup [[u®[ll1,q,7 < Csup IW*lll1, p,7 < C"(lwoll , + Tlligllo, p,7)-

>0 >0

Using the continuous embedding of (W!)3 into (L*)3 N C!=3/™ for all m > 3,
we deduce part (ii), taking m = g. To prove part (iii) we use part (i), Lemma 3.7
and the same embedding result as before but with m = r. See Corollary 3.1 in [9]
for details. [J

4. The nonlinear process. We shall, in this section, use the notation Fp , 7,
Fi.p.1, Fo,r(1;p) and Fy ;. (1;p) for the scalar-function analogues of the spaces F
defined in Section 3.
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We also need the following definition.

DEFINITION 4.1. PbT’ 32 is the space of probability measures Q € Pp(Cr)
satisfying the following conditions:

e For each r € [0, T], Q7 (dx) defined in Definition 2.3 is absolutely continuous
with respect to Lebesgue’s measure.

e The family of densities of (Q7(dx)):e[0,77, Which we denote by (¢, x)
,oQ(t, x), has a version that belongs to Fy, , 7 for some p > %

e The family of densities of the vectorial measures (Q,(dx)),e[o,,] [cf. (13)],
which we denote by (1, x) — p2(t, x), satisfies div ,6tQ = 0 for dt-almost every
tel0,T].

We are ready to study the nonlinear process described in (MP).

THEOREM 4.2.  Assume that (Hy) and (H)) are satisfied for some p € (%, 3).
Then, the following hold:

(a) For every T > 0, the nonlinear martingale problem (MP) has, at most, one
solution P in the class PbT, 3/2- Moreover, if such a solution P exists, then the
function defined by

w(t,x) = p"(t,x) = p" (t. x) E? (D11 (1, X0)1 (121} X; = x)

is the unique solution in ¥o 1 7 NFo p 1 of the mild equation (19).

(b) In a given filtered probability space (2, F, F:, P), consider a standard three-
dimensional Brownian motion B, and an Fy-measurable random variable
(t, Xo) independent of B with law Py |defined as in (11)]. Then, on each in-
terval [0, T, the McKean nonlinear stochastic differential equation

t t
@) X, =Xo+/2v /0 1ysor) d By + fo K(5) (s, X;)1jsor ds,

t
(29) (ii) <I>t=13+f0 VK(0)(s, Xs)P1is=ry ds,

(iii) law(t, X, ®) € P)3,, and p(t,x)=p"""%P (1 x),
has, at most, one pathwise solution. Moreover, if a solution exists, its law is a

solution of (MP). Thus, by (a), uniqueness in law for (29) holds.
(c) If the condition

T3P (lwoll, + T ligllo. p.6) < To(p)

is satisfied, where I'g(p) > 0 is the constant provided by Theorem 3.6, then a
unique solution P € PZ 32 10 (MP) exists. Moreover, under the previous con-
dition, strong existence holds for the nonlinear stochastic differential equation
(29) in [0, T1, and by (a) and (b), one has P =law(z, X, ®). Finally, p* is
the unique solution in ¥o 1 7 N Ko, p 1 to the vortex equation (19).
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The proof of Theorem 4.2 requires some preliminary facts about a scalar prob-
lem implicitly included in the vectorial problem (MP).

4.1. A nonlinear Fokker—Planck equation with external field associated with
the 3d-vortex equation. Recall that the notation Q; and Q; were, respectively,
defined in Definition 2.3 and (13).

For any Q € P(Cr), we now denote by O, the sub-probability measure on R3
defined for scalar functions by

(30) 0:(f)=E2(f(X)1iz=p).

where (7, X) are the two first marginal of the canonical process (z, X, ®) in Cr.
Obviously, for Q € Pp(Cr) we have

0, < 0; < 0°,

and we shall denote

dQ, ).

t

31) k2(x) =

Notice that, indeed,

EQ(CID,h(r, XO)]-{ISZ}|X[ =x)

0 _
ko= 0t <11X, =x)

L0 (z<t1x,=x)>0}-

DEFINITION 4.3. If Q°(dx) has a density p2 (¢, x) with respect to Lebesgue
measure, we shall denote by p2(t, x) the family of densities of Q,.

Notice that one has

591, x) = kP (x)p2(t, x).

REMARK 4.4. If Q € P,(Cr) is such that Q; is absolutely continuous for all
t € [0, T, the existence of a joint measurable version of (¢, x) = p2(z, x) is stan-
dard by continuity of X, under Q7. We always work with such a version. Moreover,
there exist measurable versions of (¢, x) — p2(t, x) and (¢, x) — p2(¢t, x). This
can be seen by Lebesgue derivation (see, e.g., Theorem 3.22 in [8]), taking § — 0
in the quotients

Q=1 X, € Bx.9) . EC(®,h(t, X0)1{z<), X; € B(x,9))
Q(X: € B(x,9)) Q(X: € B(x,9))

and using the previous relation between ,5Q(t, x) and k€ [here, B(x, ) is the open
ball of radius r centered at x].
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LEMMA 4.5. Assume that (MP) has a solution P € Py(Cr) such that P° has
a density forAeach t €[0,T]. Let p:=pr and p = p*, respectively, denote the
densities of Py and Py and, moreover, assume that (15) holds. We have:

(1) The couple (p, p) satisfies the weak evolution equation

/ £ WA, ) dy
R3

t
= [, r@. oy + [ [ £ 08 dyds
(32) R- 0 JR-

t af
[ e +vare
LK) )V fGs. y)]ﬁ(s, v dyds,

forall f € Cbl’z, where wy and g were defined in (10).
(ii) p is, moreover, a solution of the mild equation in [0, T1,

t

p(t,x) =G} x wo(x) +f G)_, *8(s,)(x)ds
(33) °
G

) v
+/ /Jx— K(k5): (s. v)p(s. y) dyds.
A 12::] i o) (x — MKKP) (s, ) (s, y)dy

with the multiple integral being absolutely convergent, and where k = k¥ is the
function defined in (31).

PROOF. (i) By the definition of (MP) and the fact that 1{; <) is Fp-measurable,
we deduce that the expectation of the expression

F @, X =0y — f (7, Xo)1ir>1)
- /(;t[%(& Xs) +vAf(s, Xs)ds +K(p)(s, Xs)V f(s, Xs):|1{szr} ds

vanishes (see also the beginning of the proof of Lemma 2.6). Taking expectation
and recalling the definition of p and Py [cf. (30) and (11)], we obtain the desired
result applying Fubini’s theorem in the time integral, which is possible since

/ K(3)(t, )13t x) dx di < o0,
[0,T]xR3

thanks to condition (15).
(i) Fix ¥ e Dand ¢ € [0, T] and take in (32) the Cg’z—function f: 110, ¢] x R3 —
R3 given by fi(s,y) = G;/_; * ¥ (y) (which solves the backward heat equation
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on [0, 7] x R3 with final condition fi@,y) =¢¥(y)). By Lemma 3.1 and condi-
tion (15), it is not hard to check that

0G/_

o 25 Y|IK(B) 65, DY Wlp(s. ) dxdyds < .
Yj

By Fubini’s theorem we easily conclude. [
Consider now a fixed but arbitrary function k:[0, T] x R3 — R3 of class

L>®([0, T1, (L*)3), and formally define an operator b% on functions n,v €
Meas” by

ros [ AGY
k _ =Sy _ .
b (n, ) (1, ) = /0 J_}Zlﬁ /H; Ty, € T VKGR . n(s. ) dyds.

REMARK 4.6. For each p € [1, oo] (resp., each p € [1,00] and r > p), the
mapping 1 + kn is continuous from Fy , 7 to Fo , r (resp., from Fy, (r,p) to
Fo.r.(1:p))-

Write now
t
Yolt, x) = G % wo(x) + /O G, % &(s, )(x) ds,

where wo and g were defined in (10). We can state the following properties of the
scalar equation (33).

PROPOSITION 4.7. Assume (Hy) and (Hp) with p € (%,3), and let k €
L%°([0, T1, (L°)3) be a fixed but arbitrary function.

(i) Foreachr € [p, o0), we have

Y0 € For (T p) with [[vollo,r,T; p) < C(r, p)llwoll p + TlIglllo, p, 7

for some finite constant C(r, p) > 0.

(i1) Suppose that % <p<3,p=<l< min{66_—pp, 3} and % <l' < 6 21 Then,
there exists a finite constant Cy(l,1’; p) not depending on T > 0 such that for all
n,v € Foui(T;p)

b5, W lllor 7 py < Col, s YT CPInlllo 1. py IV 0.1, (T: py-

(iii) The mild Fokker—Planck equation with external field (33) has, at most, one
solution p € Fy , 1 for each T > 0.

(iv) If p € Fo,p,7 is a solution of (33), then p € Fo . (r;p) for all r € [p, 00)
with | plllo,r,cr;py < C(T, p, 1, lIplllo,p.7) < 0.

(v) We deduce that for all | € [33_—pp, 00), K(kp) € F11,(1:3p/G=p))-
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PROOF. Part (i) follows from Lemma 3.1 in a similar way as part (i) of Lem-
ma 3.4. We notice that the restriction on r in the latter was needed only to ensure
that the derivative of time integral was convergent, and so it is not needed here.
Thanks to Remark 4.6, part (ii) is similar to part (ii) of Proposition 3.1 in [9].

From the previous parts, equation (33) admits the abstract formulation in Fy j 1

p=ro+b(p. ).
Then, the arguments yielding parts (i) of Theorems 3.6 and 3.8 also provide the
assertions of parts (iii) and (iv), respectively. For part (v), we notice that from (iv),
kp € Fo,,(r;p) holds for all r € [p, oo[. Thus, if we take [ > g := 33_—pp and set
ri= (% + %)_1, then one has r > p, and so Lemma 3.3(i) implies that

sup 32 P=UD KR (kp)(t, )l = sup 32V ITYDIKKp) (2, )1 < o0.
t€l0,T] t€l0,T]

This shows that K(kp) € Fo; (7.4). We conclude that K(kp) € Fy (1.4, not-
IK(kp)

ing that since kp € Fo (r.p) for all / > g, Lemma 3.7(i) implies that I

Fo 1, (r;p) forall k =1, 2, 3. In other words,

oK(kp)(t, ")
0X)

S

sup 1¥/20/p=1/D
te[0,T]

l
oK(kp)(t, ")
Xk

= sup tl/2+3/2(1/q—l/l)

tel0,7T]

l

which is the required estimate. [J

4.2. Uniqueness in law and pathwise uniqueness. We need the following ver-
sion of Gronwall’s lemma:

LEMMA 4.8. Let g and k be positive functions on [0,T], such that
fOT k(s)ds < oo, g is bounded, and

t
gty<cC +/ g(s)k(s)ds forallt €[0,T].
0
Then, we have

T
g(t) < Cexp/o k(s)ds forallt €0, T].

We are ready to prove parts (a) and (b) in Theorem 4.2.

PROOF OF THEOREM 4.2. Let P € P}Z3/2 be a solution of (MP). Since
p € Fo1,7 N Fy p,7, by interpolation we have p € Fy 3,2, 7. By Lemma 3.3(i)
we deduce that (15) holds. Moreover, by Lemma 4.5(ii), Proposition 4.7(iv) and
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Lemma 3.7(i), we have that VK(p) € Fy 3 (7 ), and, consequently, condition (16)
also holds. By Lemma 2.6 we deduce that p is a weak solution of the vortex equa-
tion, and, since k! is bounded, we have j € Fy, ».T-

We now need to prove that the latter implies that p € Fy , 7 is uniquely de-
termined. By Theorem 3.6(a) this will follow by checking that p is also mild
solution. For fixed ¢ € (D)3 and 7 € [0, T], define f;:[0,7] x R? —» R3 by
fi (s, y) = G;_; * ¥ (y), which is a function of class (C;’Z)3 that solves the back-
ward heat equation on [0, 7] x R3 with final condition f(z, y) = ¥ (y). One can thus
take f; in the weak vortex equation and, thanks to conditions (15) and (16), apply
Fubini’s theorem to deduce [since Y e (D)3 is arbitrary] that

0GY
A(t, x) = wo(t, ) + / / [ S = YK, )76, )
J

Gl_(x — y)[pj(s y) y(])(s y)]]dyds.

Since p is divergence-free, to see that o solves the mild equation it is enough
to justify an integration by parts of the last term in the previous equation. We
cannot do that at this point since we cannot ensure enough (Sobolev) regularity

of p. But noting that for ¢ = % one has 1 < g* < 3, we see that the func-

t10n p = kP p belongs to Fg .+ ,¢*.7 by interpolation. On the other hand, one has
_(x = )K(p)(s, ) € (wha )3 thanks to Proposition 4.7(v). Since by hypoth-

esis, div o (s) = 0 in the distribution sense, the fact that p(s) € (L4 )3 and a density
argument allow us to check that

3
a
0 - v — K~ =
J}Zlﬁ L 76,9 ay; 1C1-s (e = KB, »]dy =0

for all s € ]0, T']. Thus, w := p is the unique solution of (19) in Fy , 7.

Now, by a standard argument using the semi-martingale decomposition of the
coordinate processes X' and their products X’ X/, we obtain that the martingale
part of f(¢, X;) in (MP) is given by the stochastic integral V2v fot Vf(s, X5) X
1{5>1)d By, with respect to a Brownian motion B defined on some extension of the
canonical space. From this and the previously established uniqueness of p, P is
the law of a weak solution of the stochastic differential equation

! !
1) X;=Xo++~ 21)/ 1(>7)d By +/ K(w) (s, Xs)1{5>7) ds,
0 0
(34) t
i) &, =1 +f0 VKW) (s, X;)Ps 15>y ds.

Since (34) is linear in the sense of McKean, to conclude uniqueness in law it is
enough to prove pathwise uniqueness for it. This is done first for X and then for &,
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both with help of the estimate on || VK(W)(¢)||cc in Theorem 3.8 and Gronwall’s
lemma. [

4.3. Pathwise convergence of the mollified processes and strong existence for
small time. To prove part (c) of Theorem 4.2, we shall construct a strong solution
to the nonlinear SDE of part (b) therein. We shall do so via approximation by
solutions to nonlinear SDEs with regular drift terms K®(w®) and VK?(w®), where
foreache > 0, w® € F| , 7 N Fp 1,7 is given by Theorem 3.6. Thus, our arguments
improve the ones developed in [9] by providing a pathwise approximation result at
an explicit rate. This will be the key to carry out the additional improvements on
that work in the forthcoming sections.

Ifg= 33_—pp, Holder’s inequality and the properties of K imply that that for all
tel0,T],

1K (W) (. oo < Cllgellg= IKW) llo.g, 7
= Cligellg= W lllo,p,7-

Similarly, one has [|[VK®(W®)(#)lloc < CIIV@ellg+llW®|llo,p,7 and analogous es-
timates hold for all derivatives. Thus, for each ¢ > 0, the function (s, y)
K®(w?) (s, y) is bounded and continuous in y € R3, and has infinitely many deriv-
ativesin y € R3, which are uniformly bounded in [0, T'] x R3.

We fix now the time interval [0, T'] given by Theorem 4.2. It will be useful to
consider in what follows the stochastic flow

£,(x) =x +~2v(B, — By)
(35) ,
+f K*(W*)(0,£5,(x))d6  forallr e[s, T,

which has a version that is continuously differentiable in x for all (s, #) thanks to
the previously mentioned regularity properties of K®(w?) (cf. Kunita [15]).

We also consider the strong solution of the stochastic differential equation in
[0, T],

t t
X¢ :Xo+«/2v/ 1{s2r}st+/ K* (W) (s, X)) 1=y ds,
0 0
(36) ¢
O = I3 +/O VK (W*)(s, X{) D157y ds,

where (7, Xg) is independent of B. We denote by P¢ the joint law of (z, X¢, ®¢)
and observe that P¢ € PbT . Since X7 = X for all # < 7, we have that

X =& ,(Xo) =) + Xolyr <o)
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Denoting by G®(s, x;t,y), (s, x,t,y) € (Ry x Rz)z,s < t, the density of
; ,(x) (which is a continuous function of (s, x, t, y), see [12]), and conditioning
with respect to (t, X¢), we obtain for bounded and measurable functions f that

t
EGa = [ [ F0I6 iy 0y Rotds. d)

T
+/t /HQ3f(X)Po(ds,dx)
:/ FxX)wo(x)dx
R3
t
+/(; /]R’|: - FO)GE(s, x; 1, Y)dY]g(S,x)dxds

* fT /R* Sf(x)gls, x)dxds.

Consequently, X7 has a (bi-measurable) family of densities that we denote by p°.
Observe that one has p®(¢) € L? for all ¢t € [0, T'] from the assumption on wq and
g and standard Gaussian bounds for G*(s, x; t, y).

The functions p¢ and p¢ correspond to the densities of, respectively, the sub-
probability measure and the vectorial measure

f = E[f(gf,z(xr))l{tzﬂ]

and

fi> E[f(&; (X)) Vié;  (Xo)h(T, Xo)lir=1}].

They are bi-measurable by similar arguments as in Remark 4.4, and we have
p¢(t) € LP and p¥ (1) € LY.

The assumptions on ¢ ensure the following estimate concerning the approxima-
tions ¢, of the Dirac mass (see Lemma 4.4 in Raviart [23]):

LEMMA 4.9.  Let ¢ be a cutoff function of order 1. Then, for all v e W' and
r €[1, o], one has

3

lv—@e % v, <Ce )
i=1

v

0x;

,
We deduce the following result:

LEMMA 4.10. (i) We have p® = w* and, consequently,

(37) sup 1% lllo.p.7 < oo and sup|[6°llo, p.7 < 0.
e>0 e>0
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(i1) If ¢ is a cutoff function of order 1, then we have that

sup 13/CP 12 |we (1) —w()]l, < C(T)e
t€l0,T]

for some finite constant C(T).

PROOF. (i) Since E(f0T|K5(w5)(t, X;7)|dt) and E(f0T|VK8(w8)(t, X7)|dt)
are finite, we can follow the lines of Lemma 2.6 and use Remark 2.4 to see that for
1,2\3
allfe (C,7)°,

/ £, )5 (¢, v) dy
R3

t
— f £0, y)wo(y) dy + / f (s, v)g(s. y) dy ds
R? 0 Jr3

! of
(38) [ |50+ vatis )

+ VE(s, K (W) (s, y)
T (s, ») VK (W) s, y)]ﬁ(s, ) dyds.

On the other hand, the regularity properties of the stochastic flow (35) imply that
for all ¢ € D and 6 € ]0, T'], the Cauchy problem

0
8—f(s,y)+vAf(s,y)
s

(39) + K (W) (s, MV fs,y) =0, (s,y) €[0,60 x R’
JO.y)=¢®1)

has a unique solution f that belongs to C;’Z’([O, 0] x ]R3) (see Lemma 4.3 in [9]).
One can thus use the function f = V f in (38), and after simple computations ob-
tain, thanks to the null divergence of wg and g(s, -), that

/ V()™ (2. y)dy
R3

f 0
- [ / V[—f<s, V) 4+ VA (s, )+ K W) (s, )V £ s, y)}
0 JR3 as

x p™(s,y)dyds =0

for all ¢ € D. Thus, div p°(r) = 0, and we can adapt the arguments of Section 4.2
to conclude that p° solves the linear mild equation

(40) v=wo + B°(v, w®), veFo, 7.
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Since uniqueness for (40) holds (by similar arguments as for the nonlinear version),
and w® also solves the equation, we conclude that p° = w®. The asserted uniform
bound for p¢ is thus granted by Theorem 3.6. To obtain the uniform bound for p¢,
we take L? norm to (40), and follow the arguments of the proof of Theorem 3.6(1),
to get that

t
155 < lwolllo, p.7 + ClIIWE lllo. p.7 fo (t — )P 55 (5)|| p ds.

The conclusion follows by a similar application of Gronwall’s lemma as therein.
(i1) By an iterative argument as in the proof of Theorem 3.6(i), we get that

t
155(6) —w()ll, < C / a(r — ) |KE (W) (s) — K(W)(9)l, ds
(41) 0

t
+C(T) fo 15°(s) — w(s) g ds,

where a(s) = Z,](V:(’f)sk@o_l, 6p=1-— % and 1\7(p) = L@O_IJ + 1. Integrating in
time and using Gronwall’s lemma, Theorem 3.8(i) and Lemma 4.9, we obtain that
for all 6 € [0, T],

0 T rt
/Ollﬁg(t)—W(t)llpdthfo /0a(t—S)IIK‘g(W)(S)—K(W)(S)Ilqudt

7 N(p)
< Ce/ 3 K@ gy = eC(T).
0 =1

Substituting the latter in (41), we obtain
t
16°(t) = w(t)||, <eC(T)+ C/O a(t —5)|IK*(w)(s) — K(W)(s)ll ds

<eC(T)+ Ct'/?>73/Cp)g,

and the conclusion follows. [

The proof of Theorem 4.2(c) will be completed by the following result, which,
moreover, establishes the strong pathwise convergence of the nonlinear processes
(X¢, ®%) as ¢ — 0. We are inspired here by ideas introduced in [11], but we need a
finer use of analytical properties, as we shall improve the rate of £® with § € (0, 1),
that was obtained therein for a particular choice of kernel. Further difficulties also
will arise because of the additional (and more singular) drift term of the “vortex
stretching processes” @, proper to dimension 3.

PROPOSITION 4.11. Let ¢ be a cutoff of order 1 and K¢ be defined in terms
of ¢ as before. Then, as ¢ goes to 0, the family of processes (X¢ — Xg, ®%),e >0
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is Cauchy in the Banach space of continuous processes (Y, W) with values in R x
R3®3 with finite norm E(sup, (o 11Y:| + |W:]). Moreover, one has

E( sup X, — X;|+]®; — ®f]) < C(T)e,
t€[0,T]

where (X, ®) is a solution of the nonlinear s.d.e. (29).

PROOF.

We observe that the substraction of X( is only needed to avoid a
moment-type assumption on Xy. Let ¢ > &' > 0. We have

E(sup|X¢ — X¢'|)

s<t
t /
5/ E|(K* (w*)(s. X£) — K& (W*)(s. X£))Ls=r)|ds
0
(42) ;
+/0 E|[(K® (W) (s, X5) — K® (W) (s, X)) 1{s>1)|ds

t , , / ’ /
+/0 E|(K* (w*)(s. X£) — K (W) (s, XE)) 5=} | ds.

The third term on the right-hand side of (42) is bounded thanks to Theorem 3.8(iii)
by

C/ts_1/2_3/2(1/P_1/r)E(supng — Xgl) ds
0

0<s

3p

=5 and ¢* for its Holder conjugate, and

for any fixed r € (3, %). Writing g =
using Lemmas 3.3 and 4.10(ii), we bound the second term by

T ! / !
/0 IK® (w)(s) — K* (W) ($)llg 15" () llg» ds < C(T)e.

We have used the fact that sup,_|l|0%|llo.¢*.7 < oo by interpolation since g* <
e>0 q7,

% < p. By similar arguments, the first term on the right-hand side of (42) can be
bounded above by

T /
/O IK® (W) (s) = KE (W) () llg16°(s)llg= ds < C(T)e.

Bringing all together and using Gronwall’s lemma we deduce that
(43) E(sup|xf - Xf/|> <C(De.

s<T
Now, notice that Gronwall’s lemma and Theorem 3.8(iii) imply that the
processes ®¢ are bounded in L°°([0, T'] x 2, dt ® IP) uniformly in ¢. Therefore,
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we have
E (sup|®f — &F
(suplf — (')
[ ’
< C/ E|(VK® (W) (s, X&) — VK (W*) (s, X)) 1js2 1| ds
0
t / / /
(44) +c/ E|(VK® (W)(s, X°) — VK (W) (5, X5) 10y | ds
0

t / !’ ! / /
+C/ E|(VK® (W)(s, X2) — VK& (W) (5, X)) 1jy2 | ds
0

t / / / /
+c/ E(IVK® (W)(s, X¢)| sup|®f — @5 |) ds.
0 0<s

By Theorem 3.8(iii), for fixed r € (3, ¢g) the last term in the right-hand side of (44)
is bounded by

t !
C/ s 12-3/20/p=1/") g (sup ¢ — @¢'[) ds,
) ( plPy 0 |)

0<s

and the third one is by
t ’
C/ sV2=320/p=ln pixe _ X® | ds < C(T)e,
0

using also the previous estimates on E|X§ — X §/|. The first term in (44) is upper
bounded by

T /
(45) C/O 16° () 1l p VK (W) (s) — VK (W) ()| p ds.

If p > 2, then we have p* <2 and so by (37) and interpolation, we deduce that
(45) is bounded by

T
Clllﬁglllo,p*,rfo IVK(ge W) (s) — VKWl

+ [VK(W®) — VK(gy  Wo)(s)|| yds < CTe.

This last inequality is obtained by Lemmas 3.7(i), 4.9, 4.10(i) and the uniform
boundedness of (W)~ in Fy , 7. If now % < p <2, then we have 3 > p* > 2 >
p and by similar steps as in the previous case p > 2, we can upper bound (45) by

T * /
C A% o, pr.cz: p) /0 s 32/ VKE (Wh) () — VKE (W) (s) |l p ds

T

~S —3/2(1/p—1/p*) . —1/2

< esup 15 lo.p+.7 ) f s =32/ p=1/p =112 g
5>0 0

< eC(T)sup 15° o, pr.7: p)-
§>0
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We have used here Lemma 4.9, the fact that (w®).>o is uniformly bounded in
1 1 T

Fi,p 7 and that _%(F — %) — % > —1 since p > % The fact that the supremum
in the previous estimate is finite, is seen in the same way as part (vi) of Propo-
sition 4.7, namely by an iterative argument using the mild equation (similar as
therein) satisfied by p¢, starting from the uniform bound in Lemma 4.10().

Thus, we have shown that the first term in the right-hand side of (44) is bounded

by a constant times €. Let us now tackle the second term in the right-hand side
of (44). This is bounded by

T / / /
C / 155 ()| = [ VKE (W) (s) — VKE (W) (5) | p ds
(46) 0

T /
< C/O 1% ()1 p= 1w (s) — W ()]l p ds

thanks to Lemma 3.7. By Lemma 4.10(ii) we can upper bound (46), respectively,
by

T
Ca/ s1273/CP) g — eC(T)
0
in the case p > 2, or by

T
Ce / §$7320/p=1/p g1/2-3/@D) gg = €' (TYe
0

3

in the case p < 2, where the constants are finite since p > 3.

Consequently, we have an estimate of the form
I t /
E(sup|c1>§ — f |) <Ce+ c/ s—‘/2—3/2<‘/!’—‘/’>E(sup|<1>g — 95 |)ds
s<t 0 f<s
for each fixed r € (3, ¢), and Gronwall’s lemma yields
(47) E(sup|@% — @%']) < C(T)e
S<t

forall e > ¢ > 0.

Estimates (43) and (47) thus show that (X% — X, ®¢) is a Cauchy sequence in
the Banach space of continuous processes (Y, W) with values in R? x R3®3 and
finite norm E (sup, ¢ 771Y:| + [¥;]). Write the limit in the form (X — Xo, P), for

a continuous process (X, ®) and define Etl and 6',2 by the relations

t t
X, =Xo+ V20 [ VadBo+ [ KOG X0 Tyon ds + /.
0 0
(48) ,
b, =1 +f0 VK(W) (s, X;) s 1is>7)ds + EF

Comparing (X, ®) and (X?, ®¢), and using sirr/lilar estimates as so far in this proof,
but with 0 instead of ¢’ (and w instead of w®), we get that (X, @) satisfies (48)
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with 5; =0, 7 =1,2. Since that is a linear s.d.e. (in McKean’s sense), the proof
that (X, @) is the asserted nonlinear process will be achieved by checking that for
all bounded Lipschitz function f: R3 — R3, one has

E(f(X,)®P:h(z, X0)1(5>1)) :/R3 fo)w(t, x)dx.
The latter follows from the facts that
E(f(X))®{h(t, X0)1(5>1)) :A@ f(x)w® (t, x)dx
and
|E(f(X,)®:h(t, X0)1(s>7)) — E(F(X))DPIh(T, X0)1(s>1})|
(49) < (1@l 0. 71x2) + DlIAlloolflLip EX(X: — X7 |+ [Dr — @7 )
=< ClfllLipe. O

REMARK 4.12. (a) By Lemma 4.10(i), the process (X¢, ®¢) defined in (36)
is a solution in [0, T'] of the nonlinear s.d.e.:

t t
() X7 =Xo+ V20 [ Nz dBo+ [ KGO XDz s
0

t
(ii) c1>;?=13+/ VK® (5°)(s, X5)®1(y=ryds  and
0

(50)
(iii) the law P® of (r, X*, ®°) belongs to P, and

Pf(dx) = pt(t, x) dx.

(b) It is also possible to associate a unique pathwise solution of (29) with any
solution w € Fo , 7 N Fo 1,7 of the mild vortex equation (i.e., not necessarily the
one given by Theorem 3.6). This can be done by an approximation argument sim-
ilar to the previous one, but considering linear processes in the sense of McKean
[with drift terms K#(w) and VK?(w)] instead of the processes (36).

(c) Denote now by Wr the Wasserstein distance in P(Cr) associated with the
metric in C7 := [0, T] x C([0, T], R? x R3®3)

d((@.,y.¥). (n.x,9))

=10 —nl+ S[gPT](miH{IX(t) = y®l, 1} + min{|yr (1) — ¢ ()], 1}).
tel0,

Then, the previous proof states that
WT(PS, P) S C(T)g’

where P is the law of the nonlinear process (29).

(d) By the regularity results of Section 3, one can prove in a similar way as in
Corollary 4.3 of [9] that the stochastic flow (6) is of class C', in spite of the fact
that u and Vu are singular at t = 0. Thus, identity (7) holds.
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5. The stochastic vortex method. We first consider a McKean—Vlasov model
with mollified interaction and cutoff. This extends the model studied in [9] to the
present situation involving random space—time births.

Denote by M, the sup-norm of K, on R? and by L, a Lipschitz constant for
it, which, respectively, behave like 8% and 8% when ¢ <« 1. Notice that div K, =
(divK) x ¢, =0.

For R > 0, we denote by yz :R3®3 — R3®3 3 Lipschitz continuous truncation
function such that |xg(¢)| < R. We may and shall assume that yg has Lipschitz
constant less than or equal to 1.

Consider now a filtered probability space endowed with an adapted standard
three-dimensional Brownian motion B and with a [0, 7'] x R3-valued random vari-
able (7, X¢) independent of B and with law Py.

THEOREM 5.1. There is existence and uniqueness (pathwise and in law) for
the nonlinear process with random space—time births, nonlinear in the sense of
McKean

t t
XeR = Xo+ /20 /0 Lszo) dBs + /0 R (s, X R y2r) ds

(51)
t
iR =1 +/0 vut R (s, XER) xr (05 F) 12 r) ds
with
(52) u® R (s, 0) = E[Ke(x = X75) A xr (@5 (T, Xo) sz ].

The proof is based in the classic contraction argument of Sznitmann [26] and is
not hard to obtain by combining elements of Theorems 5.1 in [9] and Theorem 3.1
in [11].

Consider next a probability space endowed with a sequence (B');cn of indepen-
dent three-dimensional Brownian motions, and a sequence of independent random
variables (¢!, X (i))ieN with law Py and independent of the Brownian motions. For
each n € N and R, ¢ > 0, we define the following system of interacting particles:

. [ t -
xpeRn = xi @/ Loy dBy
R

| . )
+/ - ZKS(X;,E,R,H _ Xg,e,R,n)
01 jzi

5 A XR(®LERMR(T), XN g5 qi 15y ds,
. t] . .
q);,s,R,n — 13 +/ - Z[VKg(X;,s,R,n _ XAg,s,R,n)
0o n-< .
J#
A XR(®LERMp(T | X))
X XR(®YEFM 2 ri iy ds,
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fori =1,...,n,and with VK (y) Az =V, (K(y) Az) fory,z € R3, y # 0. Path-
wise existence and uniqueness can be proved by adapting standard arguments,
thanks to the Lipschitz continuity of the coefficients.

In the same probability space, we also consider the sequence

, _ . t .
Xzf’g’R = X6 + \/ﬂ/‘ l{szri}dB; +/ us,R(s’ X;’S’R)l{sZti}ds’
0 0
oy =1+ /0 VutE (s, X ) xr(@0 ) o0y ds, €N,
of independent copies of (51). Their common law in Cr is denoted by P&R and
we write & := ||wg|l1 + |gll1,7. Recall that xg is a Lipschitz-continuous function,

bounded by R > 0 and with Lipschitz constant less than or equal to 1. It is not hard
to adapt the proof of Theorem 5.2 in [9] to get the following:

THEOREM 5.2. For ¢ > 0 sufficiently small and all R > 0, we have

. . ‘ . 1 -
(55) E[ s[ng]{lXi’g’R’” = Xp R ot — oty < 77 RAT)
tel0,

foralli <n, where
C(e, R, h,T)=Cie(1 + RhT)(RhT)exp{C2e °hT (R + 1)(h + RT)}

for some positive constants Cy, Cy independent of R, ¢, T and h.

Let us now make the assumptions of Theorem 3.6, and consider, in the corre-
sponding time interval [0, T], independent copies (X*¢, ®"¢) and (X, ®') of the
processes (29) and (50) constructed on the given data (Xé, i, BY), i e N.

Recall again that the uniform bound of Theorem 3.8(iii) and Gronwall’s lemma
imply that the processes ®¢ are uniformly bounded, say

sup |®F (w)| < Ro(T, Wo)
t€l0,T],e>0,we

for some finite positive constant R.(7, wg). Thus, for any R > R,, one has for all
t € [0, T'] that

(XP°, DY) = (X0, xr(DV)).

Consequently, (X Le Phe) isa pathwise solution in [0, T'] of (54), and so we con-
clude that

(Xi,&" q)i,&‘) — (Xi,S,R’ q)i,S,R)

almost surely. Bringing it all together, we obtain the following pathwise approxi-
mation result:
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THEOREM 5.3. Assume that (Hy) and (Hp,) hold with p € (%, 3) and that
the hypothesis of Theorem 3.6(1) is satisfied. Let K. be defined as in (20), with
¢ a cutoff function of order 1 and write h = ||woll1 + llgll1,7. Let, furthermore,
R > R, (T, wp) and

gn = (cuInn)~17?
with
0 < cq <a(CohT(R+1)(h + RT)) ™

for some alpha a € (0, %). Then, we have for all i <n,

E[ sup {|X; 5" — xi|+ |00 R — of)}]
t€[0,T]
(56)

1 1
< C(T 0.8, st + G |
where (X, ®@) is the unique pathwise solution of (29), and the constant C (T, wy,
g, @) depends on the data wo and g only through the quantities |[wol| p, llglllo, p, T

and ||lwoll1 + llgll1,7-

REMARK 5.4. (i) The rate at which the second term in the right-hand side of
(56) goes to 0 is exactly that of ¢ = &,. The logarithmic order of latter was needed
to make the upper bound in Theorem 5.2 go to 0 with n, which then happens at an
algebraic rate. The global rate is, therefore, conditioned by the techniques used in
the proof of Theorem 5.2 (see [9] for details). Under additional regularity assump-
tions, it is possible by analytic arguments to slightly improve the convergence rate
(see the discussion at the end). An attempt for a more substantial improvement
should, however, exploit specific features of the interaction at the level of the par-
ticle systems.

(ii) The previous result implies as usual that Wy (law(X5&Rn @ieRmy  py
goes to O at least that fast, and that (with the obviously extended meaning of Wr)

Wr (law((X"oRn @hefn  (xhekn ghefm) poly <iks,,

where &, stands for the quantity in the right-hand side of (56).
We deduce the convergence at the level of empirical processes:

COROLLARY 5.5. Under the assumptions of Theorem 5.3, the family

[L?’E”’R)OE,ET of R3-weighted empirical measures on R3

_ 1 n . .
e R = o 2 Sxien (R (@7 M ho (2, X)) jszr)
i=1
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converges in probability to (W(t,x)dx)o<i<1 in the space C([0,T], M3(R3)),
where M3(R>) denotes the space of finite R3-valued measures on R3 endowed
with the weak topology. Moreover, we have

a3} l'L’R
sup E[{ " = w(r), f)|
(€107, [flLip=1

1 1 1
<C|— ,
- [ﬁ + nl/2=e(Inn)l/9 + (lnn)l/g]
where ||f||Lip is the usual norm in the space of bounded Lipshitz continuous func-
tions f:R?> — R3.
PROOF. It is enough to prove the bound for Lipshitz bounded functions. For
such a function f: R3 — R3, it holds that

[y R ) — (w(t), B

IA

~ 1 " 1 7 i
(R g — - SRR A (g (@7 ) (T, X)Lz
i=1

1, ; .
(57) + ‘; SRR A (e (@F TN (T, XLz
i=1

—/C f(y(t))/\XR(¢(t))h(9,X(O))PS”’R(dO,dy,d¢)‘

+ (W (1) — w(t), £)]

with BS”’R = P =law(z, Xien R @ien Ry The independence of the processes
(¢, Xt R @ienRy i e N, and the definition of 4 imply that the expectation of
the second term in the right-hand side of (57) is bounded by ﬁlef lLipRA, where
h = (Jlwoll1 + |Igll1.7). We use the latter and estimate in Theorem 5.2 to bound the
first term, and get that

EN@ R —w(), £

| _
< IfllLip(R + l)hﬁc(en, R,h,T)
2||fl|Lip RA
+M+I(WS'I—W(t),ﬂI.

Jn

The last term being equal to the first term in (49), the conclusion follows. [

REMARK 5.6. In the case g =0, Philipowski [22] obtained a similar approx-
imation result of the vorticity field, for a simpler particle system, under the addi-
tional assumption that the test function f belongs to L?".
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Finally, we establish an approximation result with convergence rate for the ve-
locity field. To that end, we need to strengthen the already shown convergence of
w® to w. We will need the following:

LEMMA 5.7. Foreach p € (%, D), there is a constant C(T, p) such that

sup 13/ CP|Vwe (1) — Vw(n)| 5 < C(T, pe.
tel0,T]

PROOF. We need p € (%, 3) in order to dispose from a integrable (in time)
bound for || D*K®(W?)(1)]|3; 5/(3—p)» Which we do not have for p = p. Indeed, for
any p in that interval we have ¢ := 33 € (3, 22£), and so by Theorem 3.8(i) and

Lemma 3.7 we have for k, j,i =1, 2, 3 that

’3[7

sup 321/ W),

1€[0,7].620 axi g

(58) 5
& €Y .
+osup enap-yp | KO
1€[0,T],6>0 dx; dxp  llg
with —% — —(l — %) =—1+ %(% 1) > —1. Let us now check that one has
(59) sup [[lW* |1, 5,7 < 0.
>0

This is not immediate, since 7 > 0 given by Theorem 3.6 was determined by the
norm of wy and of the operator B? in the spaces corresponding to the parame-
ter p > p. We will prove (59) using continuity properties of the operators B®. It
follows from Proposition 3.1(iii) in [9] that for % <r <3and % <r' <r,one

has

2
(60) sup IB* (v, 1.7 < Cr o (T)UIVIILr7)
>0
for some finite constant C,.,/(T'). From this, we deduce that w* € Fy ; 7, with a
uniform (in &) bound, by the following iterative procedure. Define a real sequence
by ro = p, rp+1 = %, and notice that it is increasingly convergent to 3. We can
thus take N € N such that ry < p <rp41. The function s 637% being increasing

3p ~ N4t
on [0, 6], we then have g= < e="— PN

see that B*(w®, w®) € Fy ,,, 7, and since also wo € Fy ,,, 7 holds by Lemma 3.4(i)
(taking ry in the place of p and r therein), we get that w* € Fy ., 7, with a bound
in that space that is uniform in . We repeat the previous arguments with r = ry
and r' = 63_r—r’\iv =ry—1 and get that w* € Fy , | 7, with a bound that is a uniform

in €. Continuing N — 1 times this scheme we get (59).

=ry. By (60) with r = p and r’ = ry, we
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We now take derivatives in the mild vortex equation with ¢ > 0 (as justified in
the proof of Proposition 3.1 in [9]),

o(w? 0GY ? 0GY
S e = [y + [ [ 5w e,y dyds

3)6,' axi
r 3 GY_ W (s, y)
-] J(x—w[Kg(wg)j(s,y)ki
0 I3 Ox; ayj
j=1
dKE (W ,
—We(s.y) (W) (s y)}dyds
J ayj

for k =1, 2, 3. Notice now that, thanks to the estimates (59), Lemma 4.10(ii) also
holds with p replaced by p. By estimates as those in the proof of Theorem 3.6(i)
and using Lemma 4.10(ii) and estimates (58) and (59), we then have

IVWE () — Vw(D)ll 5
t

C 3R~ 12w () i

< /O(t $)" O w (5) — wis) 5
+ IK* (W) (s) — K(W)(s)l5]ds
+C /z(t — )OO VW (s) + VW(s) | 5
0
+ [IVK? (w)(s) — VK(W)(s)l7]1ds

< Cet' =P 4 Ce f L1 5y IR 1R/ 2p) g
0
t ~
+C [ =9 VCPITW (5) - V() s
0

. t .
< Cet™3/CP) 4 c/ (t — )7/ CP VW (s) — Vw(s)l| 5 ds.
0
Iterating the latter sufficiently many times (using the identity quoted in the proof

of Theorem 3.6) (i), we obtain that

VW (1) — Vw()ll; < Ce(t™>/®P) + 1)
(61)

t
+ C(T)/O IVWE (s) — Vw(s) | 5 ds.

Integrating (61) in time and using Gronwall’s lemma, and then inserting the ob-
tained bound in the right-hand side of (61), we obtain

(62) IVWe (1) — Vw(t) |5 < Ce(t /@) 4 1),

and the convergence statement for Vw?® follows. [
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COROLLARY 5.8. Consider fixed real numbers p € (%, 3) and a € (0, %).
Under the assumptions of Theorem 5.3, there exists a constant C depending on
p. T, llwollp, llgllo, p, 7 llwollt + lIgll1,7 and a, such that for all n € N,

sup y (1) E (K (&™) (t, x) —u(t, x)))
t€[0,T]

SC((lnn)l/3 (lnn)1/3+ 1 )
nl/2—a ﬁ (lnn)1/9

where y (1) = (13/@P) 4 11-3/20/p=1/p)y,

PROOF. Forall (, x) € [0, T] x R3, it holds that
K ("R (2, x) — (e, 1)

< [KEn (@™ Ry (¢, x)

1 ; ; .
— =Y Ko, (x = X7 A Ger (@) ) (T, X ey
i=1
(63) ’

1 , , .
— > Ke, (= XY A (er (@ ) R(T, X5 rs)
i=1

_.l_

—/C K, (x —y(t))AXR(¢(I))h(9,X(O))Pe”’R(dG,dy,d¢)‘

+ K (W) (¢, x) — u(z, x)|

with PR as in Corollary 5.5. By similar reasons as in (57), the expectation of the
second term is now bounded by ﬁZM ¢, Rh. With the estimate in Theorem 5.2 we

get that
E|K,, (AR, x) —u(t, x)|

-1 -
= (Le R+M£ )h—C(Sn, R, h7 T)
n n ﬁ
2M, Rh .
+ —F—+ K" (W) () = KW)(®) | oo-
Jn

Thus, from the estimates for L, and M, we deduce that for fixed p € ( %, 3),

E|K,, (A" Ry, x) —u(r, x)|

1/3 1/3

1 -(cl
(clnn) —{—CRh(C nn)

nl/2—a NG

+ W (@) = w(O) 1.5 + K" (W) (@) = KW (@) [l 1.4,

< C(1+ RhT)(RKT)
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where g = % < 33_—pp. We have used here again the Sobolev inclusions quoted in
the proof of Theorem 3.8, and Lemma 3.3. Now, by Lemmas 3.7 and 4.9, one has

IVK®™ (w) (1) = VKW) (D)7 < Cllge, * w(t) —w(®)llg < Cen| VWD)l
< 1320/ =1/p) g,

where we have also used part (i) of Theorem 3.8 in the last inequality. On the other
hand,

IKE (W) (£) — K(W) (D)7 < Cllge, * W(t) — w(t)|| 5 < Cenl| VW) | 5 < Ct~ g,

thanks to the estimate (59). From the previous estimates and Lemmas 4.10 and 5.7,
we deduce that

E|K,, (iR, x) —u(t, x)|

<C(1nn)1/3 (Inn)'/3
= n1/27a+ Jn

- Con(r3/@P 4 =12 4~ 143/20/5-1/p)

and the statement follows. [

6. Convergence rate under additional regularity assumptions. Let us fi-
nally explain how the convergence rate can be slightly improved by assuming fur-
ther regularity of the data wg and g. Since it is an adaptation of the developments
in the previous sections, we only sketch the main arguments.

First, it is possible to show that if the data wg and g are such that

(64) llwollwm.r, sup [|g(®)[[wm.r <00

t€l0,T]
for some integer m > 1, then the mild solutions w?, ¢ > 0, given by Theorem 3.6
belong to the space Fy, 11, 1 of functions v(z) such that

m—1

> D WVlllo,p.r + IID™ V1, p.7 < 00,

i=1

where D' stands for the ith order space derivative. To prove this, one easily first
checks that wq belongs to that space, since the successive derivatives in the convo-
lutions the heat kernel can be applied to the data wg and g. On the other hand, on
can show by induction that the bilinear operators B are continuous in F, 11 5 7,
and more generally, in the naturally generalized versions F, 1 ;. (r; ) of the space
F1 ,.(r;p)- That is, the spaces of functions v such that

m—1

> WD Vllo,r.(7: py + D™ VIll1 (7 )

i=l
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is finite. From this, one gets a local existence result in the space Fy, 11, p 7, from
which a regularity result can be obtained by arguments that can be adapted from
those in the proof Theorem 3.2 in [9]. Moreover, one also checks that the norms
IIWE llm41,r,(T: p) are bounded uniformly in & > 0.

Now, we impose additional conditions on the regularizing kernel ¢, namely:

(i) [pspx)dx =1.
(i) fg3 [x" T p(x)|dx < oo.
(iii) fg3xi, - X, 9(x)dx =0foralliy,...,i, €{1,2,3} and r <m.

Such function is called a cutoff function of order m + 1. Then, one has the follow-
ing approximation result (see Lemma 4.4 in [23]):

m—+1 ” Dm+1

lpe *x w —wll, < Ce w|,

for all w € WL Therefore, without any modification, for such function ¢, the
proofs of Lemmas 4.10 and 5.7 yield the same convergence results but at rate "1,

By following exactly the same steps as in the previous section, we finally de-
duce:

THEOREM 6.1. Assume the hypotheses of Theorems 5.3 and, moreover, that
(64) holds for some integer m > 1 and that ¢ is a cutoff of order m + 1. Then, we
have for all i <n,

B[ sup (1X0 R XI| 4 (@f R o]
1€[0,T]

1 1
= C(T7 wo, g, a)l:nl/z_a(lnn)l/() + (lnn)(m+1)/9i|

and

sup Yy (O E(IK™ (2" ®)(t, x) —u(t, x)|)
te[0,T],xeR3

ps (Inn)'3  (Ann)'/3 1

- nl/2—a ﬁ (lnn)(m+1)/9 ’

where y (t) was defined in Corollary 5.8, where the constants now, moreover, de-
pend on m.
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