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ISING MODELS ON LOCALLY TREE-LIKE GRAPHS'

BY AMIR DEMBO AND ANDREA MONTANARI
Stanford University

We consider ferromagnetic Ising models on graphs that converge locally
to trees. Examples include random regular graphs with bounded degree and
uniformly random graphs with bounded average degree. We prove that the
“cavity” prediction for the limiting free energy per spin is correct for any
positive temperature and external field. Further, local marginals can be ap-
proximated by iterating a set of mean field (cavity) equations. Both results
are achieved by proving the local convergence of the Boltzmann distribution
on the original graph to the Boltzmann distribution on the appropriate infinite
random tree.

1. Introduction. A ferromagnetic Ising model on the finite graph G (with
vertex set V, and edge set E) is defined by the following Boltzmann distributions
over x = {x;:i € V}, with x; € {+1, —1}:

1
(L.1) M(&)zmGXP{ﬁ(i’gme}*B;xi}.

These distributions are parametrized by the “magnetic field” B and “inverse tem-
perature” 8 > 0, where the partition function Z (8, B) is fixed by the normalization
condition ), u(x) = 1. Throughout the paper, we will be interested in sequences
of graphs2 G, = (V, =[n], E,) of diverging size n.

Nonrigorous statistical mechanics techniques, such as the “replica” and “cavity
methods,” allow to make a number of predictions on the model (1.1), when the
graph G “lacks any finite-dimensional structure.” The most basic quantity in this
context is the asymptotic free entropy density

(1.2) ¢ (B, B)= lim lloan(/S’, B)
n—-oon

(this quantity is also sometimes called in the literature also free energy or pres-
sure). The limit free entropy density and the large deviation properties of Boltz-
mann distribution were characterized in great detail [9] in the case of a complete
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graph G, = K, (the inverse temperature must then be scaled by 1/n to get a non-
trivial limit). Statistical physics predictions exist, however, for a much wider class
of graphs, including most notably sparse random graphs with bounded average de-
gree; see, for instance, [8, 15, 18]. This is a direction of interest for at least two
reasons:

(i) Sparse graphical structures arise in a number of problems from combina-
torics and theoretical computer science. Examples include random satisfiability,
coloring of random graphs and graph partitioning [21]. In all of these cases, the
uniform measure over solutions can be regarded as the Boltzmann distribution for
a modified spin glass with multispin interactions. Such problems have been suc-
cessfully attacked using nonrigorous statistical mechanics techniques.

A mathematical foundation of this approach is still lacking, and would be ex-
tremely useful.

(ii) Sparse graphs allow to introduce a nontrivial notion of distance between
vertices, namely the length of the shortest path connecting them. This geometrical
structure allows for new characterizations of the measure (1.1) in terms of corre-
lation decay. This type of characterization is in turn related to the theory of Gibbs
measures on infinite trees [17].

The asymptotic free entropy density (1.2) was determined rigorously only in a
few cases for sparse graphs. In [11], this task was accomplished for random regular
graphs. De Sanctis and Guerra [7] developed interpolation techniques for random
graphs with independent edges (Erdos—Renyi type) but only determined the free
entropy density at high temperature and at zero temperature (in both cases with
vanishing magnetic field). The latter is in fact equivalent to counting the number
of connected components of a random graph. Interestingly, the partition function
Z,(B, B) can be approximated in polynomial time for 8 > 0, using an appropriate
Markov chain Monte Carlo algorithm [14]. It is intriguing that no general approx-
imation algorithms exists in the case § < 0 (the “antiferromagnetic” Ising model).
Correspondingly, the statistical physics conjecture for the free entropy density [21]
becomes significantly more intricate (presenting the so-called “replica symmetry
breaking” phenomenon).

In this paper we generalize the previous results by rigorously verifying the va-
lidity of the Bethe free entropy prediction for the value of the limit in (1.2) for
generic graph sequences that converge locally to trees. Indeed, we control the free
entropy density by proving that the Boltzmann measure (1.1) converges locally to
the Boltzmann measure of a model on a tree. The philosophy is related to the local
weak convergence method of [2].

Finally, several of the proofs have an algorithmic interpretation, providing an
efficient procedure for approximating the local marginals of the Boltzmann mea-
sure. The essence of this procedure consists in solving by iteration certain mean
field (cavity) equations. Such an algorithm is known in artificial intelligence and
computer science under the name of belief propagation. Despite its success and



ISING MODELS ON LOCALLY TREE-LIKE GRAPHS 567

wide applicability, only weak performance guarantees have been proved so far.
Typically, it is possible to prove its correctness in the high temperature regime, as
a consequence of a uniform decay of correlations holding there (spatial mixing)
[3, 23, 26]. The behavior of iterative inference algorithms on Ising models was
recently considered in [22, 24].

The emphasis of the present paper is on the low-temperature regime in which
uniform decorrelation does not hold. We are able to prove that belief propagation
converges exponentially fast on any graph, and that the resulting estimates are as-
ymptotically exact for large locally tree-like graphs. The main idea is to introduce
a magnetic field to break explicitly the 4-/— symmetry, and to carefully exploit the
monotonicity properties of the model.

A key step consists of estimating the correlation between the root spin of an
Ising model on a tree and positive boudary conditions. Ising models on trees are
interesting per se, and have been the object of significant mathematical work; see,
for instance, [10, 16, 20]. The question considered here appears, however, to be
novel.

The next section provides the basic technical definitions (in particular concern-
ing graphs and local convergence to trees), and the formal statement of our main
results. Notation and certain key tools are described in Section 3 with Section 4
devoted to proofs of the relevant properties of Ising models on trees (which are of
independent interest). The latter are used in Sections 5 and 6 to derive our main
results concerning models on tree-like graphs. A companion paper [5] deals with
the related challenging problem of spin glass models on sparse graphs.

2. Definitions and main results. The next subsections contain some basic
definitions on graph sequences and the notion of local convergence to random
trees. Sections 2.2 and 2.3 present our results on the free entropy density and the
algorithmic implications of our analysis.

2.1. Locally tree-like graphs. Let P = {P;:k > 0} a probability distribution
over the nonnegative integers, with finite, positive first moment, and denote by

_ k Py,
Z?iﬂpl’

its size-biased version. For any ¢ > 0, we let T(P, p, t) denote the random rooted
tree generated as follows. First draw an integer k with distribution Py, and con-
nect the root to k offspring. Then recursively, for each node in the last generation,
generate an integer k independently with distribution pg, and connect the node to
k — 1 new nodes. This is repeated until the tree has ¢ generations.

Sometimes it will be useful to consider the ensemble T(p, t) whereby the root
node has degree k — 1 with probability pr. We will drop the degree distribution ar-
guments from T(P, p, t) or T(p, t) and write T(¢) whenever clear from the context.
Notice that the infinite trees T(P, p, 00) and T(p, oo) are well defined.

2.1 Pk
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The average branching factor of trees will be denoted by p, and the average root
degree by P. In formulae

. o o0
(2.2) P=> kP, p=> (k—1Dpx.
k=0 k=1

We denote by G, = (V,,, E,) a graph with vertex set V,, = [n] ={1,...,n}.
The distance d(i, j) between i, j € V,, is the length of the shortest path from i to
j in G,. Given a vertex i € V,,, we let B; (¢) be the set of vertices whose distance
from i is at most . With a slight abuse of notation, B;(¢) will also denote the
subgraph induced by those vertices. For i € V,,, we let di denote the set of its
neighbors 0i ={j € V,,: (i, j) € E,}, and |9i| its size (i.e. the degree of 7).

This paper is concerned by sequence of graphs {G,},en of diverging size, that
converge locally to trees. Consider two trees 77 and 7> with vertices labeled ar-
bitrarily. We shall write 71 >~ 7> if the two trees become identical when vertices
are relabeled from 1 to |T7| = | T3], in a breadth first fashion, and following lexico-
graphic order among siblings.

DEFINITION 2.1. Considering a sequence of graphs {G,},¢cnN, let P, denote
the law induced on the ball B;(¢) in G, centered at a uniformly chosen random
vertex i € [n]. We say that {G,} converges locally to the random tree T(P, p, o0)
if, for any ¢, and any rooted tree T with ¢ generations

(2.3) 1im P, {Bi (1) = T} =P{T(P, p,1) = T}.

DEFINITION 2.2. We say that a sequence of graphs {G,},en is uniformly
sparse if

1
(2.4) lim limsup — Y " 9i|(0i| > 1) = 0.

[—-00 p—oo !
ieVy

2.2. Free entropy. According to the statistical physics derivation [18], the
model (1.1) has a line of first-order phase transitions for B =0 and 8 > B [i.e.,
where the continuous function B — ¢ (8, B) exhibits a discontinuous derivative].
The critical temperature depends on the graph only through the average branching
factor and is determined by the condition

(2.5) ptanh . = 1.

Notice that 8. >~ 1/p for large degrees.
The asymptotic free-entropy density is given in terms of the fixed point of a
distributional recursion. One characterization of this fixed point is as follows.
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LEMMA 2.3. Consider the sequence of random variables {h\"} defined by
hO =0 identically and, fort > 0,

K—1
(2.6) RO LB 3" g(,0),

i=1
where K is an integer valued random variable of distribution p,

2.7 &(B, h) = atanh[tanh(8) tanh(#)],

and the hl@’s are i.i.d. copies of h'") that are independent of K. If B > 0 and p
has finite first moment, then the distributions of h" are stochastically monotone
and 'V converges in distribution to the unique fixed point h* of the recursion (2.6)
that is supported on [0, 00).

Our next result confirms the statistical physics prediction for the free-entropy
density.

THEOREM 2.4. Let {G,},eN be a sequence of uniformly sparse graphs that
converges locally to T(P, p, 00). If p has finite first moment (that is if P has finite
second moment), then for any B € R and > 0 the following limit exists:

(2.8) lim l1og Z.(B, B) = (B, B).
n—-oon

Moreover, for B > 0 the limit is given by

¢(B,B) = glog cosh(fB) — gElog[l + tanh () tanh(%) tanh(h7)]

L
(2.9) + Elog{ e? [ ][1 + tanh(B) tanh ()]
i=1

L

+e PTT0 - tanh(ﬁ)tanh(hi)]},
i=1

where L has distribution P; and is independent of the “cavity fields” h; that are

i.i.d. copies of the fixed point h* of Lemma 2.3. Also, (B, B) = ¢ (8, —B) and

¢ (B, 0) is the limit of $(B, B) as B — 0.

The proof of Theorem 2.4 is based on two steps:

(a) Reduce the computation of ¢, (8, B) = %log Z,(B, B) to computing ex-
pectations of local (in G,,) quantities with respect to the Boltzmann measure (1.1).
This is achieved by noticing that the derivative of ¢, (8, B) with respect to 8 is a
sum of such expectations.
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(b) Show that expectations of local quantities on G, are well approximated
by the same expectations with respect to an Ising model on the associated tree
T(P, p,t) (for t and n large). This is proved by showing that, on such a tree, local
expectations are insensitive to boundary conditions that dominate stochastically
free boundaries. The theorem then follows by monotonicity arguments.

The key step is of course the last one. A stronger requirement would be that these
expectation values are insensitive to any boundary condition, which would co-
incide with uniqueness of the Gibbs measure on T(P, p, 00). Such a requirement
would allow for an elementary proof, but holds only at “high” temperature, 8 < ..

Indeed, insensitivity to positive boundary conditions is proved in Section 4 for
the following collection of trees of conditionally independent (and of bounded
average) offspring numbers.

DEFINITION 2.5. An infinite tree T rooted at the vertex ¢ is called condition-
ally independent if for each integer k > 0, conditional on the subtree T(k) of the
first k generations of T, the number of offspring A ; for j € dT(k) are independent
of each other, where dT(k) denotes the set of vertices at generation k. We further
assume that the [conditional on T(k)] first moments of A ; are uniformly bounded
by a given nonrandom finite constant A.

Beyond the random tree T(P, p, o0), these include deterministic trees with
bounded degrees and certain multi-type branching processes (such as random bi-
partite trees and percolation clusters on deterministic trees of bounded degree).
Consequently, Theorem 2.4 extends to any uniformly sparse graph sequence that
converge locally to a random tree T of the form of Definition 2.5 except that the
formula ¢ (8, B) is in general more involved than the one given in (2.9). For ex-
ample, such an extension allows one to handle uniformly random bipartite graphs
with different degree distributions P and Qj for the two types of vertices.

While we refrain from formalizing and proving such generalizations, we note
in passing that our derivation of the formula (2.9) implicitly uses the fact that
T(P, p, 00) possesses the involution invariance of [2]. As pointed out in [1], every
local limit of finite graphs must have the involution invariance property (which
clearly not every conditionally independent tree has).

2.3. Algorithmic implications. The free entropy density is not the only quan-
tity that can be characterized for Ising models on locally tree-like graphs. Indeed
local marginals can be efficiently computed with good accuracy. The basic idea is
to solve a set of mean field equations iteratively. These are known as Bethe—Peierls
or cavity equations and the corresponding algorithm is referred to as “belief prop-
agation” (BP).

More precisely, associate to each directed edge in the graph i — j, with (i, j) €
G, a distribution v; _, ; (x;) over x; € {+1, —1}. In the computer science literature
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these distributions are referred to as “messages.” They are updated as follows:

(2.10) VD () =

; (l‘)
Vi j (z) H Z ePritty i)

ZH, ledi\j i

The initial conditions v ( ) may be taken to be uniform or chosen according

to some heuristic. We Wlll say that the initial condition is positive if v( ) (+1) >
:@ j( 1) for each of these messages.
Our next result concerns the uniform exponential convergence of the BP itera-
tion to the same fixed point of (2.10), irrespective of its positive initial condition.
Here and below, we denote by ||p — ¢g||lTv the total variation distance between

distributions p and q.

THEOREM 2.6. Assume B >0, B > 0 and G is a graph of finite maximal
degree A. Then, there exists A = A(B, B, A) finite, . = A(8, B, A) > 0 and a fixed
point {v} j} of the BP iteration (2.10) such that for any positive initial condition
w2 Yand all 1 >0,

2.11) S [v2; = vi Iy < Aexp(—Ar).
i,j)e

For i, € V let U = B;,(r) be the ball of radius r around i, in G, denoting by
Ey its edge set, by dU its border (i.e., the set of its vertices at distance r from i),
and for each i € dU let j (i) denote any one fixed neighbor of i in U.

Our next result shows that the probability distribution

(2.12) UU(xU)_—Uexp{ﬁ Y xixj+B > xl} [T vis i &,

(i,j)eEy ieU\oU iedU

with {v/ j(-)} the fixed point of the BP iteration per Theorem 2.6, is a good ap-
proximation for the marginal g (-) of variables x;; = {x; :i € U} under the Ising
model (1.1).

THEOREM 2.7. Assume B >0, B > 0 and G is a graph of finite maximal
degree A. Then, there exist finite c = c¢(8, B, A) and A = L(B, B, A) > 0 such that
foranyi, € G and U =B; (r), if B;, (t) is a tree then

(2.13) luy —vulitv < exple™™ — At —r)}.

2.4. Examples. Many common random graph ensembles [13] naturally fit our
framework.
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Random regular graphs. Let G, be a uniformly random graph with degree k.
As n — 00, the sequence {G} is obviously uniformly sparse, and converges lo-
cally almost surely to the rooted infinite tree of degree k at every vertex. Therefore,
in this case Theorem 2.4 applies with Py = 1 and P; = 0 for i # k. The distrib-
utional recursion (2.6) then evolves with a deterministic sequence #*) recovering
the result of [11].

Erdos—Renyi graphs. Let G, be a uniformly random graph with m = ny edges
over n vertices. The sequence {G,} converges locally almost surely to a Galton—
Watson tree with Poisson offspring distribution of mean 2y . This corresponds to
taking Py = (2y)%e=2 /k!. The same happens to classical variants of this ensem-
ble. For instance, one can add an edge independently for each pair (i, j) with
probability 2y /n, or consider a multi-graph with Poisson(2y /n) edges between
each pair (i, j).

The sequence {G,} is with probability one uniformly sparse in each of these
cases. Thus, Theorem 2.4 extends the results of [7] to arbitrary nonzero tempera-
ture and magnetic field.

Arbitrary degree distribution. Let P be a distribution with finite second mo-
ment and G, a uniformly random graph with degree distribution P (more pre-
cisely, we set the number of vertices of degree k > 1 to |nPy], adding one for
k =1 if needed for an even sum of degrees). Then, {G,} is uniformly sparse and
with probability one it converges locally to T(P, p, o). The same happens if G,
is drawn according to the so-called configuration model (cf. [4]).

3. Preliminaries. We review here the notations and a couple of classical tools
we use throughout this paper. To this end, when proving our results it is useful to
allow for vertex-dependent magnetic fields B;, that is, to replace the basic model

(1.1) by

1
G.) pw) = gome|s 2w+ 3 B .

(i,))eE ieV

Given U C V, we denote by (+)y [respectively, (—)y] the vector {x; = +1,
i € U} [respectively, {x; = —1,i € U}], dropping the subscript U whenever clear
from the context. Further, we use x;; < )_c’U when two real-valued vectors x and
x" are such that x; < x/ for all i € U and say that a distribution py(-) over RY
is dominated by a distribution p, () over this set (denoted py < py,), if the two
distributions can be coupled so that x;; < xj, for any pair (x;;, x};) drawn from
this coupling. Finally, we use throughout the shorthand (v, f) =3, f(x)v(x) for
a distribution v and function f on the same finite set, or { f) when v is clear from
the context.

The first classical result we need is Griffiths inequality (see [19], Theo-
rem IV.1.21).
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THEOREM 3.1. Consider two Ising models wu(-) and u'(-) on graphs G =
(V,E)and G' = (V, E'), inverse temperatures 8 and 8, and magnetic fields { B;}
and {B}}, respectively. If E C E', B < B’ and 0 < B; < B for all i € V, then
0 <(w,[licvxi) < W [liey xi) forany U C V.

The second classical result we use is the GHS inequality (see [12]) about the
effect of the magnetic field B on the local magnetizations at various vertices.

THEOREM 3.2 (Griffiths, Hurst, Sherman). Let 8 > 0 and for B = {B;:i €
V}, denote by mj(B) = u({x:xj = +1}) — u({x : x; = —1}) the local magnetiza-
tion at vertex j in the Ising model (3.1). If B; > 0 for alli € V, then for any three
vertices j, k,l € V (not necessarily distinct),

2.
02m;(B) _

3.2
(3-2) 0B, 0B, —

Finally, we need the following elementary inequality:

LEMMA 3.3. For any function f:X +> [0, fmax]| and distributions v, v' on
the finite set X such that v(f > 0) > 0 and v'(f > 0) > 0,
33 ¥ vx) fx) i) fx) < 3 fmax

1 v, f) W, f) max({v, f), (v, f))

In particular, if 0 < fmin < f(x), then the right-hand side is bounded by
(3 fmax/fmin) lv = V'l Tv.

v —v'llTv.

PROOF. Assuming without loss of generality that (v/, f) > (v, f) > 0, the
left-hand side of (3.3) can be bounded as

l / /
A 2O =V @@, )]

(v, f){
< L -l D @) fx) =V (x) f ()]
WL f) . f) 45
fmax / 2fmax ’
< W f) lv—2Tv + o f) [lv—viTv.

This implies the lemma. [

4. Ising models on trees. We prove in this section certain facts about Ising
models on trees which are of independent interest and as a byproduct we deduce
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Lemma 2.3 and the theorems of Section 2.3. In doing so, recall that for each £ > 1
the Ising models on T(£) with free and plus boundary conditions are

1
4.1) n0) = ﬁeXp{ﬁ Y xixj+ Y. Bix; }
(i/)eT(0) ieT()
1
nht @) = 70T eXP{ﬂ > oxixj+ Y Bixi}
42 (/)eT(®) ieT()

x Ixyre) = (Hate))-

Equivalently w0 is the Ising model (3.1) on T(£) with magnetic fields {B;} and
wb 7t is the modified Ising model corresponding to the limit B; 1 +oo for all i €
dT(¢). To simplify our notation we denote such limits hereafter simply by setting
B; = 400 and use u’ for statements that apply to both free and plus boundary
conditions.

We start with the following simple but useful observation.

LEMMA 4.1. For a subtree U of a finite tree T let 0,.U denote the subset of
vertices of U connected by an edge to W =T \ U and for each u € 0, U let (x,)w
denote the root magnetization of the Ising model on the maximal subtree T, of
W U {u} rooted at u. The marginal on U of the Ising measure on T, denoted ,ulT]
is then an Ising measure on U with magnetic field B, = atanh({x,)w) > B, for
u € 3,.U and B], = B, foru ¢ 3, U.

PROOF. Since U is a subtree of the tree T, the subtrees T, for u € 0,U are
disjoint. Therefore, with i, (x) denoting the Ising model distribution for 7,, we
have that

1 .
4.3) no@y) =) [T Aut)
z ued, U
for the Boltzmann weight
flay) = eXP{IB Z XuXy + Z Buxu}-
(uv)elU ueU\o, U

Further, x, € {+1, —1} so for each u € 9, U and some constants c,,
flu () = (1 + x4 (xu) w) = ey exp(atanh((x,) w)xy).

Embedding the normalization constants ¢, within Z we thus conclude that [,LE is
an Ising measure on U with the stated magnetic field B},. Finally, comparing the
root magnetization for 7, with that for {#} we have by Griffiths inequality that
{x,)w > tanh(B,), as claimed. []
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THEOREM 4.2. Suppose T is a conditionally independent infinite tree of aver-
age offspring numbers bounded by A, as in Definition 2.5. For 0 < Bpin < Bmax,
Bmax and A finite, there exist M = M (Bmax, Bmin, A) and C = C(Bmax, Bmax) fi-
nite such that if B; < Bmax for all i € T(r — 1) and B; > By for all i € T({),
L >r, then

(4.4) Ellust — 150lrv <86 —n)E[CTON)
ford(t)=M/t,allU CT(r) and B < Pmax-

PROOF. Fixing £ > r it suffices to consider U = T(r) [for which the left-hand
side of (4.4) is maximal]. For this U and T = T(£) we have that 9, U = 0T(r)
and U \ 0,U = T(r — 1), where in this case the Boltzmann weight f(-) in
(4.3) is bounded above by fmax = c/T®! and below by fiin = 1/fmax for ¢ =
eXP(Bmax + Bmax). Further, the plus and free boundary conditions then differ in
(4.3) by having the corresponding boundary conditions at generation £ — r of each
subtree T, which we distinguish by using ,&j/ 0 (x,) instead of [, (x,). Since the
total variation distance between two product measures is at most the sum of the
distance between their marginals, upon applying Lemma 3.3 we deduce from (4.3)
that

3
[, = /’LT(r)”TV—z ATOUSN af (=1 — )i = 1|
i€dT(r)

By our assumptions, conditional on U = T(r), the subtrees T; of T = T(¢) de-
noted hereafter also by T; are for i € 0T(r) independent of each other. Fur-
ther, Zﬁj/ O(x,- = 1) — 1 is precisely the magnetization of their root vertex un-
der plus/free boundary conditions at generation £ — r. Thus, taking C = ec?
(and using the inequality y < e”), it suffices to show that the magnetizations
m&+/0(B) = (ub+/°, x,4) at the root of any such conditionally independent infi-
nite tree T satisfy E{m*t(B) — m*%(B)} < X, for some M = M (Bmax> Bmin, A)
finite, all 8 < Bmax and £ > 1, where we have removed the absolute value since
m&t(B) > m*%(B) by Griffiths inequality. For greater convenience of the reader,
this fact is proved in the next lemma. [l

LEMMA 4.3. Suppose T is a conditionally independent infinite tree of average
offspring numbers bounded by A. For 0 < Bpin < Bmax, Pmax and A finite, there
exist M = M (Bmax, Bmin, A) such that

M
(4.5) Em""(B) —m"*(B)) <

where mt+/0(B) = (ubt/ 0,x¢) are the root magnetizations under + and free
boundary condition on T.
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PROOF. Note that (4.5) trivially holds for 8 = 0 [in which case ,u“r(xg) =
[,LE’O()CQ;)]. Assuming hereafter that 8 > 0 we proceed to prove (4.5) when each
vertex of T(£ — 1) has a nonzero offspring number. To this end, for H = {H; €
R:i € 0T(k)} let

MkH(—) Zkoexp{ﬂ Z Xixj+ Z Bix; + Z Hxl}

@ij)€eT(k) i€T(k) i€dT(k)

and denote by m* (B, H) the corresponding root magnetization. Writing H instead
of H for constant magnetic field on the leave nodes, that is, when H; = H for each
i € 9T(k), we note that m**(B) = m*(B, oo) and m*°(B) = m*(B, 0). Further,
applying Lemma 4.1 for the subtree T(k — 1) of T(k) we represent m*(B, 00) as
the root magnetization m*~!(B’,0) on T(k — 1) where B! = B; + BA; for i €
dT(k — 1) and B/ = B; for all other i. Consequently,

(4.6) m* (B, 00) = m" (B, {BA}).

Recall that 1f <Ofori=1,...,s,then applying Jensen’s inequality one vari-
able at a tlme we have that Eg(Zl, o Zs) < g(EZy,...,EZ;) for any indepen-
dent random variables Zi, ..., Z;. By the GHS inequality, this is the case for

H +— m*Y(B, H), hence with Ej denoting the conditional on T(k) expectation
over the independent offspring numbers A; for i € 9T(k), we deduce that

4.7) Ex—1m* (B, 00) < m* (B, {BEx—1A:}) <m (B, BA),

where the last inequality is a consequence of Griffiths inequality and our assump-
tion that E,A; < A forany i € dT(¢) and all # > 0. Since each i € dT(k — 1) has at
least one offspring whose magnetic field is at least By, it follows by Griffiths in-
equality that m*%(B) is bounded below by the magnetization at the root of the sub-
tree T of T(k) where A; =1 foralli € 0T(k — 1) and B; = B, forall i € 9T (k).
Applying Lemma 4.1 for T and U = T(k — 1), the root magnetization for the Ising
distribution on T turns out to be precisely m*~!(B, &) for £ = £(B, Bmin) > 0 of
(2.7). Thus, one more application of Griffiths inequality yields that

(4.8) mk(B,0) > m*~1(B, &) > m*~1(B, 0).

Next note that £(8, B) < 8 < BA and by GHS inequality H m (B, H) is
concave. Hence,

4.9)  m*Y(B, BA) —m (B, 0) < M[m* (B, &) — m* (B, 0)]

for the finite constant

BA
M= sup ——
0<B<Pmax g(ﬁ Bin)
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and all 8 < Bpax. Combining (4.7), (4.8) and (4.9) we obtain that
Ei—1{m*T(B) — m*°(B)} < m*~1(B, AB) — m*~1(B, 0)
<M[m*'(B,&) —m"1(B,0)]
< M[m*(B,0) —m*~'(B,0)].

We have seen in (4.8) that k —> m*9(B) is nondecreasing whereas from (4.6) and
Griffiths inequality we have that k > m**(B) is nonincreasing. With magnetiza-
tion bounded above by one, we thus get upon summing the preceding inequalities
fork=1,..., ¢ that

¢
(Ee—1[m" T (B) =m" OB < ) Egalm"*(B) - m*(B)] < M,
k=1
from which we deduce (4.5).

Considering now the general case where the infinite tree T has vertices (other
than the root) of degree one, let T*(¢) denote the “backbone” of T(£), that is, the
subtree induced by vertices along self-avoiding paths between ¢ and 0T(£). Taking
U = T*(¢) as the subtree of T = T(¢) in Lemma 4.1, note that for each u € 9, U the
subtree 7;, contains no vertex from 0T(£). Consequently, the marginal measures

,uf]’+/ 0 are Ising measures on U with the same magnetic fields Bi’ > B; > Bnin

outside aT(£). Thus, with mi’” 0 (B) denoting the corresponding magnetizations at
the root for T*(¢), we deduce that m*+/°(B) = m£’+/0(§/) where B/ > B; > Buin
for all i. By definition every vertex of T*(£ — 1) has a nonzero offspring number
and with B} > Bp;n, the required bound

E(n'*(B) — m"0(B)) = E(ml*(B) ~ miO(BY) < 5

follows by the preceding argument, since T*(£) is a conditionally independent tree
whose offspring numbers A¥ > 1 do not exceed those of T(¢). Indeed, for k =
0,1,...,€ — 1, given T*(k) the offspring numbers at i € dT*(k) are independent
of each other [with probability of {A} = s} proportional to the sum over ¢ > 0 of
the product of the probability of {A; = s + ¢} and that of precisely s out of the
s + t offspring of i in T(¢) having a line of descendants that survives additional
¢ — k — 1 generations, for s > 1]. U

Simon’s inequality (see [25], Theorem 2.1) allows one to bound the (centered)
two point correlation functions in ferromagnetic Ising models with zero magnetic
field. We provide next its generalization to arbitrary magnetic field, in the case of
Ising models on trees.

LEMMA 4.4. Ifedge (i, j) is on the unique path from @ to k € T(£), with j a
descendant of i € 0T(t), t > 0, then

(4.10) (g1 x0) 5 < cosh® (2B + Bi) g 2}y (3 1),
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where (-)l@ denotes the expectation with respect to the Ising distribution [1;(-)
on the subtree T; of i and all its descendants in T(r) and (x; y) = (xy) — (x)(y)
denotes the centered two point correlation function.

PROOF. It is not hard to check that if x, y, z are {+1, —1}-valued random
variables with x and z conditionally independent given y, then
(s ) (y; 2)
1—(y)?
In particular, under ;“ the random variables x, and x; are conditionally indepen-
dent given y = x; with
b4MWm=+U
w00 =—1)

(4.11) (x;2)=

NSKWW+BJ

Hence, if j is the unique descendant of i then |(x,-)g”/) | <tanh(28 + B;) and we get
from (4.11) that

)

0
é (i Xk)g

(i X)) < €(xgs 1)
for ¢ = cosh2(2,3 + B;). Next note that (x;y) <1 — (y)2 for any two {+1, —1}-
valued random variables, and since x; and x; are conditionally independent given
y = x; it follows from (4.11) that (x;; xk)g) < (xj;xk)éf). Further, if (-) is the
expectation with respect to an Ising measure for some (finite) graph G then for
anyu,veG

9 (xv)
0B,

From Lemma 4.1 we know that computing the marginal of the Ising distribution
for T = T(£) on a smaller subtree U = T; of interest has the effect of increas-
ing its magnetic field. Thus, combining the identity (4.12) with GHS inequality,
we see that reducing this field (i.e., restricting to U the original Ising distribu-

tion), increases the centered two point correlation function. That is, (x;; xk)g) <

(4.12) = (xpXy) — (X)) (Xu) = (X3 Xy).

(x.,-;xk)g.e). Similarly, considering Lemma 4.1 for U = T(¢) we also have that

(xg3 x,-)éf) < {xg; x,-)g) which completes our thesis in case j is the unique descen-
dant of i.

Turning to the general case, we compare the thesis of the lemma for T(¢) and
the subtree U = T’(£) obtained upon deleting the subtrees rooted at descendants of

i (and the corresponding edges to i) except for T;. While (x4; x;) g) and (x;; xk)y)

are unchanged by this modification of the underlying tree (as the relevant sub-
graphs are not modified), we have from Lemma 4.1 that ui}o(-) is an Ising measure
on U identical to the original but for an increase in the magnetic field at i. In view

of (4.12) and the GHS inequality, we thus deduce that the value of (x; xk)éf) is
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smaller for the Ising model on T(£) than for the one on T'(£) and since in T'(¢) the
vertex j is the unique descendant of i, we are done. [

Equipped with the preceding lemma we next establish the exponential decay of
correlations and of the effect of boundary conditions in Theorem 4.2.

COROLLARY 4.5. There exist A finite and X positive, depending only on Bmax.,
Bmin, Bmax and A such that

(4.13) E{ e m;@} < Ae ™

i€dT(r)
for any r <€ and if B;i < Bmax for all i € T(£ — 1) then Theorem 4.2 holds for
8(t) = Aexp(—At).

REMARK. Taking B; 1 400 for i € 3T(£), note that (4.13) applies when (-)®
is with respect to 1 (-).

PROOF OF COROLLARY 4.5. Starting with the proof of (4.13) take £ = r for
which the left-hand side is maximal (as we have seen while proving Lemma 4.4).
Then, denoting by (-)p, the expectation under the Ising measure on T(r) with a
magnetic field H, added to B at all vertices i € 0T(r), it follows from (4.12) that

)3 (x¢;xi)g)= )3 (xg) _ 9Xp)H,

i€dT(r) i€dT(r) 9B, OHr  Ih,=0

By GHS inequality the latter derivative is nonincreasing in H,, whence

NI
Z (xQ)v xi)gj =< B [<x¢>Hr=0_<x¢>Hr:_Bmin/2]'

i€dT(r) min

Let B = Bi — Bmin/2 if i € 3T(r) and B] = B; otherwise, S0 (Xg) H,——By,/2 =
m"%(B’). Further, from Griffiths inequality also (x4) i,—0 < (X} 5, =00 = m" (B’
and it follows that

@i ro=El 2 e} = B @) -nr @),

i€dT(r) min

In particular, setting ¢ = cosh? (2Bmax + Bmax), in view of Lemma 4.3 we find that
Fg—1 <1/(ecA) ford =1+ [2ecAM (Bmax> Bmin/2, A)/Bmin]. Further, since T
is conditionally independent, the same proof shows thatif t +d =r" <r and T is
the subtree of T(r) of depth d — 1 rooted at j € dT(¢ + 1) then

' 1
EH—]{ Z (Xj§xk>§~r)} = oA

kedT;
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Considering inequality (4.10) of Lemma 4.4 fort =r —d =ry and all k € 9T (r)
we find that

T, < cE{ > (Xsa;xi)g)Ef“[ 2 xk)i'r)“

i€dT(t) kedT;
JEITE+DN3i
1 -
S IR IE g e
2 et
Iterating the preceding bound at ry =r — sd, fors =1, ..., |r/d] and noting that

by (4.14) we have the bound I",» < 2/Bnjy, at the last step, we get the uniform in
B < Bmax exponential decay of (4.13).

Next, recall that the rate §(¢) in Theorem 4.2 is merely the rate in the bound
(4.5). For k = |0T(£)| we choose uniformly and independently of everything else
a one to one mapping i:{l,...,k} — 9T(¢), and let B for s > 1 denote the
magnetic field configuration obtained when taking B;(j) 1 +oo for all j <s (with
B© = B). Since

k—1
me,+(£) _ mZ,O(E) — Z[mE,O(E(s—H)) _ mZ,O(E(s))],
s=0
we get the rate §(t) = Aexp(—At) from (4.13) as soon as we show that for i =
is+1ands=0,...,k—1,
(415) mf,0(£(5+1)) _ me,O(E(S)) < <X¢; xi)g(f)-
To this end, let (-); denote the expectation under p*° with magnetic field B ) 5o
m®O(B®) = (x,4)s. Further, fixing i =i(s + 1)
me’O(B(H'l)) _ (XQH(xi = 1)) _ (xgxi)s + <x¢>s
o (I(xi =1))s 1+ (xi)s

[since I(x; = 1) = (1 4+ x;)/2]. Since (x;)s > 0 by Griffiths inequality, it follows
that

dmg(B®)
0B;

which by GHS inequality is maximal at s = 0, yielding (4.15) and completing the
proof. [

mbO(BOTD) —mbO(BO®) < (xpxi)s — (Xg)s (xi)s =

’

As promised, Lemma 2.3 follows from the preceding results.

PROOF OF LEMMA 2.3. Consider the Galton—Watson tree T(p, oo) of Sec-
tion 2.1 and the corresponding Ising models p/-*/9(x) of constant magnetic field
B; = B > 0 on the subtrees T(p, ). It is easy to check that the random variables
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h = atanh(m"°(B)) satisfy the distributional recursion (2.6) starting at hO =0.
By Griffiths inequality m’-(B), hence A", is nondecreasing in ¢, and so converges
almost surely as ¢t — oo to a limiting random variable #*. Further, the bounds
0=hO <p® <B4 Ag hold for all  and hence also for 4*. We thus deduce that
the distributions Q; of A®) as determined by (2.6) are stochastically monotone
(in t) and converge weakly to some law Q* of A* that is supported on [0, 00).

Next, recall that for any fixed k and F(-) continuous and bounded on Rk,
the functional Wr(Q) = [ F(hy,...,hx)dQ(hy) --- dQ(hy) is continuous with
respect to weak convergence of probability measures on [0, co) (e.g., see [6],
Lemma 7.3.12). Fixing g : R +— [—C, C] continuous, clearly

j—1
gj(hi, ..., hj) =g<B - st,hi))

i=1

are continuous and bounded. Further, it follows from (2.6) that for all ¢

< CP(K > k).

’/ngm ZP(K = )W, (0)

Taking t — oo followed by k — oo, we deduce by the preceding arguments [and
the uniform boundedness | Wy, (Q*)| < C for all j], that

0.¢]
[ ga0" =Y Bk = w0,
Jj=1
As this applies for every bounded continuous function g(-), we conclude that ~*
and its law Q* are a fixed point of the distributional recursion (2.6).
Next note that the random variables hgi) = atanh[m’" T (B)] form a non-
increasing sequence that satisfies the same distributional recursion, but with the
initial condition hf) = +o00. Consequently, by the same arguments we have used

before, the laws Q; 4 of h(i) converge weakly to some fixed point Q7% of (2.6) that
is also supported on [0, co). Further, Q; < O0** < Q; 1 for t = 0 and any (other)
possible law Q** of a fixed point 2** of (2.6) that is supported on [0, o). Cou-
pling so as to have the same value of K, evidently the recursion (2.6) preserves this
stochastic order, which thus applies for all ¢. In the limit # — oo we thus deduce
that Q* < Q™ < Q7. Since p has finite first moment, by (4.5) of Theorem 4.2,

E| tanh(hﬁ)) — tanh(h)| — 0 as t — oo. Thus, the expectation of the monotone
increasing continuous and bounded function tanh(%) is the same under both Q*
and Q% . Necessarily this is also the expectation of tanh(k) under Q** and the
uniqueness of the nonnegative fixed point of (2.6) follows. [J

We next control the dependence on 8 of the distribution of the fixed point #*
from Lemma 2.3.
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LEMMA 4.6. Let || X — Y|mk denote the Monge—Kantorovich—Wasserstein
distance between given laws of random variables X and Y (that is, the infimum
of E|X — Y| over all couplings of X and Y). For any B > 0 and Bmax finite there
exists a constant C = C(Bmax, B) such that if h*1’ h/’gz are the fixed points of the
recursion (2.6) for 0 < By, B2 < Bmax, then

(4.16) |l tanh(7%5,) — tanh( ) vk < C1B2 — i .
PROOF. Fixing a random tree T = T(p, 0o) of degree distribution p, recall

that while proving Lemma 2.3 we provided a coupling of the random variables
tanh(h/";) and the Ising root magnetizations m>+/%(8, B) at 8 such that

m"%(B. B) < tanh(hs) <m" " (B, B)

for each $ and all ¢. By Griffiths inequality the magnetizations at the root are
nondecreasing in 8 so from the bound (4.5) we get that for M = M (Bmax, B, p)

and any 81 < 2 < Bmax.

M
E| tanh(h,) — tanh(hj )| < Em"*(B, B) = Em"(B1, B) + —

<(Br—pB1) su E{amt,o}_i_%
= (P2 lﬂfﬂp 3,3 l"

where the expectations are over the random tree T(p, oo0). Considering t — o0 it
thus suffices to show that E[dm*° /0B8] is bounded, uniformly in £ and 8 < Bpax-
To this end, a straightforward calculation yields

om0

max

g BB = D (xgxixg) — (xg)(xix;)),
B i, J)ET(L)

with (-) denoting the expectation with respect to the Ising measure p©9. If i is on
the path in T(¢) between the root and j, then under the measure *° the variables
xgs and x; are conditionally independent given x;. Further, as x; € {—1, 1} itis easy
to check that in this case

(Xpxixj) — (Xg) (Xixj) =y (Xg} Xi),
where y is the arithmetic mean of the conditional expected value of x; for x; = —1

and the conditional expected value of x; for x; = 1. Thus, |y| < 1 and recalling
(4.12) that (xg4; x;) is nonnegative by Griffiths inequality, we deduce that

om0

—1
5 BB = D Ailxgixi) =) Vi,
p ieT(¢—1) r=0

where A; denotes the offspring number at i € T and by (4.12)

Vie= > Ailxgixi)= Y Aj.dpm (B.0)|p=sp
i€dT(r) [€dT(r)
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[with m*(B, H) the root magnetization for the measure wl-H of (4.6)]. In view of
Lemma 4.1 we have that m* (B, 0) = m*—1(B, H) for some nonnegative vector H.
By GHS inequality we deduce that for any i € T(k — 1)

dp,m" (B, 0) = dg,m"~' (B, H) < 9p,m" "' (B, 0).

Consequently, V;., is nonincreasing in £ and

-1 -1 o0
E|: :| = ZEVV,Z = ZEVr,r =< ZEVr,r-
r=0 r=0 r=0

Further, m" (B, 0) is independent of the offspring numbers at dT(r) whose ex-
pectation with respect to the random tree T(p, o) is p. Thus, applying (4.13) of
Corollary 4.5 for £ =r, T=T(p, o0) and constant magnetic field, we find that for
some A finite, A > 0, any r > 0 and all 8 < Bnax

8m€,0
ap

EV,., =ﬁE[ > dpm" (B, O)|§=Bj| =EE[ > (xgs xn} <pAe™.
i€dT(r) i€dT(r)

Summing over r gives us the required uniform boundedness of E[dm*?/3p] in ¢
and B < fBmax. U

5. Algorithms. The theorems stated in Section 2.3 are in fact consequences
of Corollary 4.5.

PROOF OF THEOREM 2.6. The proof is based on the well-known representa-

tion of the iteration (2.10) in terms of “computation tree” [26]. Namely, vi(t_)) j(-)
coincides with the marginal at the root of the Ising model (1.1) on a properly
constructed, deterministic tree T;_, j(t) of ¢t generations. While we refer to the lit-
erature for the precise definition of T7_, j (1), here are some immediate properties:

(a) One can construct an infinite tree T§ j (0o) such that, for any ¢, T?_, j (1) is

the subtree formed by the first  generations of T{_, ;(00).

(b) The maximal degree of Tj?_) j (o0) is bounded by the maximal degree of G
(and equal to the latter when G is connected).

(c) A positive initialization corresponds to adding Hj_,; = atanh(vl(gz (D —

v}ﬂ «(—1)) nonnegative to the field B on the rth generation vertices of T7_, (7).

i—j

Denote by vf_’)(;.)(.), v?,_()t])
vlj——’f([)) (+1) = 1 and U]?iol) (+1) = vl(()iol) (—1) = 1/2, respeCtiVely, By Grlfﬁths in_
—+,(1) 0.()

i (+1) is nonincreasing in ¢, v; j (+1) is nondecreasing in t and any

(-) the messages obtained under initializations

equality, v
.. e g . . (t)
positive initialization results with v, j (-) such that

s O’
DS} B R SO N ))
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By Corollary 4.5 we have that v, (+:1) — v} (+-1) < Ae™*' forall 1 > 0. Since
A < oo and A > 0 depend only on ,3 B and the maximal degree of G, this imme-
diately yields our thesis. [

PROOF OF THEOREM 2.7. We use an additional property of the computation
tree:

(d) If B;(k) is a tree then TC (k) is a tree rooted at i — j whose vertices
are the directed edges on the max1mal subtree of B; (k) rooted at i that does not
include j.

Without loss of generality we may and shall assume that ¢ > r. For U = B;_(r)
consider the local marginal approx1mat10ns vU( 9, vU( -) defined as in (2.12) ex-
cept that the fixed point messages v, ](l)( -) at i € aB;, (r) are replaced by those

obtained after (¢+ — r) iterations starting at v,j _fl (+1) =1 and v,?iol)(ikl) =

0 (0) ; (=1) = 1/2, respectively. Since B;, (¢) is a tree, here j (i) is necessarily the
nelghbor of i on the path fromi, toi € d B . (r) and from the preceding property (d)
we see that T7 j(l.)(t — r) corresponds to the subtree of i and its lines of descen-
dant in B;_(¢). By property (c) we thus have that vz;(-) and v?, (-) are the marginals
on U of the Ising model v on G with B; = oo atall i ¢ B;, (¢) and the Ising model
10 on the vertices of G and the edges within the tree B;, (). Such reasoning also
shows that the probability measure vy of (2.12) is the marginal on U of the Ising
model v on vertices of G and edges of B;, () with an additional nonnegative mag-
netic field H;_,; = atanh(v;", , (+1) — v/, (=1)) at 9B;, (¢). Consequently, with
xr = [l;ef xi we have by Griffiths inequality that for any F C U

WO xp) < (oxp) < (T xp), (00 xp) < (u,xp) < (VT xp),

and we deduce that for any F C U,

0

s xF) — (0, xp) ] < (T xp) — (00, xp) <20 — v v

Recall that since x; € {—1, 1}, for any possible value y = {y;,i € U} of x;,
Iy =y) =27+ yix) =271 3" ypxp,
ieU FCU

and with |yg| <1 it follows that

> yr((uu. xp) — (VUaXF>)‘
FcU

lnu () — vy () =271

0
< max [(uy, xp) = (vu, xp)| < 2]l = vg llrv.

This applies for any of the 2!U! possible values of Xy, SO

luw () —voOllry < 29N —vd O llry.
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Applying Corollary 4.5 for the deterministic tree B;, (#) rooted at iy, we get the
bound (4.4) on the right side of the preceding inequality with 6 (k) = A exp(—Ak),
some finite A and A > O that depend only on 8, B and A. Thus, noting that |U| =
|Bi, (r)| < A1 4+ 1 we establish our thesis upon choosing ¢ = c(A, C, A) large
enough. [J

6. From trees to graphs. We start with the following technical lemma.

LEMMA 6.1. Consider a convex set K C R and symmetric twice differentiable
functions Fy: K¢ — R with Fy constant, such that for some finite constant c,

32Fg
0x1 0x2

< 2c.

sup sup
L Kt
Suppose i.id. X, X; € K are such that E_IIE|8,C1 Fo(x, X7,...,Xyp)| is bounded

uniformly in £ and x € K and the independent, square-integrable, nonnegative
integer valued random variable L satisfies

6.1 E[LOy, FrL(x,X2,...,X1)]=0 Vx e K.
Then, for any i.i.d. Y, Y; € K also independent of L,

(6.2) 5
< cE[L(L = DIIX = Ylyuk-

PROOF. Our thesis trivially holds if either | X — Y|Mmg =0or | X — Y|Mk =
0o, so without loss of generality, fixing y > 1 we assume hereafter that (X;, ¥;)
are i.i.d. pairs, independent on L and coupled in such a way that E|X; — Y¥;| <
y | X — Y||mxk is finite. It is easy to check that almost surely,

Fe(Yr,....Y) — Fe(X1, ..., Xy)
(6.3)

£ £
=Y AiF+ Y P = X - X)),
i=1 i#]

where A; Fy = (Y; — X;) fy 0y Fe(X1,....tYi + (1 —1)X,, ..., X¢)dt and each of
the terms

1 et 32F,
0) 14
. fommt Y 1_ Xy"'?
flj /0 /(‘) 8xl~8xj(s 1+( S) !

tYi+(1—0)Xi,....,sYe+ (1 —s5)X,)dsdr,

is bounded by c. For i.i.d. (X;, Y;), by the symmetry of the functions F, with re-
spect to their arguments, the assumed boundedness of E_lElaxl Fo(x, Xo,...,Xp)]
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implies integrability of A; Fp with [EA; Fy independent of i and E‘lElAiFd uni-
formly bounded. This in turn implies the integrability of Zle A; Fr for any L
square integrable and independent of (X;, Y;), so by Fubini’s theorem and our as-
sumption (6.1),

L
E[Z A,-FL}
i=1
=E[LA F[]

—E[(ri - X))

1
X/ E[LaxlFL(l‘Yl + (1 -1X, Xs, ...,XL)|X1, Yl]dl‘i| =0.
0

Thus, considering the expectation of (6.3), by the uniform boundedness of figz)
and the independence of L on the i.i.d. pairs (X;, Y;), we deduce that

L
[ELFL(Y1,...,YL) = FL(X1, ..., XD < cE) Y — Xil|Y; — X/|
i#]
< y2cE[L(L — DI|IX = Y|}k
Finally, taking y | 1 yields the bound (6.2). [J

REMARK 6.2. It is not hard to adapt the proof of the lemma so as to re-
place F1:K — R by 0.5F;(x, y) for a twice differentiable symmetric function
F1:K? — R. Taking P, = P(L = ¢) the contribution of L = 1 to the left-hand
side of (6.1) is then P{E[d,, F1(x, X2)] and the bound (6.2) is modified to

P
‘TIE[E (Y1, Y2) — Fi(X1, X2)]

(6.4) + > PE[F(Y1, ..., Ye) — F(X1,..., X0)]
{>2

< cE[L]|X = ¥ |}
Consider the functional /& — ¢y, that, given a random variable %, evaluates the
right-hand side of Equation (2.9). It is not hard to check that ¢, is well defined and

finite for every random variable /. The following corollary of Lemma 6.1 plays an
important role in the proof of Theorem 2.4.

COROLLARY 6.3. There exist nondecreasing finite c(|B|) such that if p < 0o
and h* is a fixed point of the distributional identity (2.6) for some B, B € R then

6.5  lon(B. B) — @i(B, B)| < c(IB)) Pp|l tanh () — tanh(h*) |-
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PROOF. Setting u = tanh(8) so |u| < 1, we verify the conditions of
Lemma 6.1 when X; are i.i.d. copies of X = tanh(h*) and Y; i.i.d. copies of
Y =tanh(h), all of whom take values in L = [—1, 1] and are independent of the
random variable L. We apply the lemma in this setting for the symmetric, twice
differentiable functions

1

-1

F@(-xlv--~7-x€)=_ Z 10g(1+u.xlxj)

I<i<j<t

¢ ¢
—Hog{eB l_[(l +ux;)+e B H(l — ux,-)]
i=1 i=1
for £ > 2, and as in Remark 6.2,
F1(x1,x2) = —log(1 4+ ux1x3) + log{eB(l +ux) +e B —ux)))
+log{e® (1 4+ uxy) + e B (1 —uxy)}.
Indeed, setting ¥ (x, y) =uy/(1 +uxy) and for each £ > 1

¢
(6.6) ge(x2, ..., x0) = tanh(B + Z atanh(uxﬂ)
j=2

[so g1 = tanh(B)], it is not hard to verify that 9y, F1(x1,x2) = ¥ (x1,81) —
Y (x1, xp) while for £ > 2

1 Z
(6.7) Oy Fe(xi, ..., xe) =¥ (x1, ge(x2, ..., x¢)) — —1 Do v(xn, x)).
j=2

In particular, g,(-) are differentiable functions from K1 to K, such that 0x,8¢
are uniformly bounded [by a = |u|/(1 — u?)] and dy¥ (x, y) is uniformly bounded
on K? [by b = |ul/(1 — |u|)2]. Consequently, 9y, Fy and 82Fg/8x1 dxp are also
uniformly bounded [by 2/(1 — |u|) and b(a + 1) = 2¢(|B|), respectively]. Further,
h* is a fixed point of (2.6), hence X| < gx (X2, ..., Xg). With X; identically
distributed and P p; = k Py we thus find as required in (6.1) that

P\E[dy, Fi(x, X2)1+ > kPE[0y, Fe(x, X2, ..., Xp)]

k>2

(6.8) B

o
k=1
Noting that E[L?] = Pp our thesis is merely the bound (6.4) upon confirming that

P
on = Fo+ TEFI(YI, Y2) + E PEF(Yq,...,Yy),
£>2

Py
opx = Fo + TEFI(XI, X2)+ > PEF(X1,..., X¢)
£>2
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for some constant Fy and that both series are absolutely summable. [

Let T(p, 00) denote the infinite random tree obtained by “gluing” two indepen-
dent trees from the ensemble T(p, co) through an extra edge e between their roots
and considering e as the root of T(p, c0) denote by T(p, t) the subtree formed by
its first ¢ generations [i.e., consisting of e and the corresponding two independent
copies from T(p, #)]. An alternative way to sample from T(p, 00) is to have inde-
pendent offspring number k£ — 1 with probability px at each end of the root edge e
and thereafter independently sample from this offspring distribution at each re-
vealed new node of the tree. Equipped with these notations we have the following
consequence of the local convergence of the graph sequence {G,}.

LEMMA 6.4. Suppose a uniformly sparse graph sequence {G,} converges
locally to the random tree T(P, p, 00). Fixing a nonnegative integer t, for each
(i, j) € E, denote the subgraph of G, induced by vertices at distance at most t
from (i, j) by B;;(t). Let F(-) be a fixed, bounded function on the collection of all
possible subgraphs that may occur as B;j(t), such that F (T\) = F(T,) whenever
T1 x>~ Tz. Then,

.1 P _
(6.9) lim — > F(Bij(t))zaE{F(T(p,t))}.

n— 00 L4
(i,j)€En

PROOF. Denoting by [E(;;)(-) the expectation with respect to a uniformly cho-
senedge (i, j) in Ey, the left-hand side of (6.9) is merely (| E,|/n)Eq ;) {F (B;; (1))}
A uniformly chosen edge can be sampled by first selecting a vertex i with proba-
bility proportional to its degree |di| and then picking one of its neighbors j = j (i)
uniformly. Thus, denoting by E, (-) the expectation with respect to a uniformly
chosen random vertex i € [n], we have that

En {1011 F (Bij)(2))}
E.{l0i]} '

Eujp{FBij(1)} =

Marking uniformly at random one offspring of @ in T(P, p, t + 1) [as correspond-
ing to j(i)], let T,(# + 1) denote the subtree induced by vertices whose distance
from either ¢ or its marked offspring is at most ¢. Since B;;(;(t) € B; (¢ + 1) and
with probability ¢; y — 1 as k — oo the random tree T(P, p, t + 1) belongs to the
finite collection of trees with # + 1 generations and maximal degree at most k, it
follows by dominated convergence and the local convergence of {G,} that for any
fixed [,

lim E,[|0i[1(9i] < DF (Biji) ()]

=E,{Agl(Ay <I)F(Tu(t + 1))},



ISING MODELS ON LOCALLY TREE-LIKE GRAPHS 589
where E, () and A4 denote expectations and the degree of the root, respectively,
in T(P, p, 00). Similarly,

nl_i)rrgOIEn{lai|H(|8i| <D} =E,Asll(Ag <1).
Further, by the uniform sparsity of {G,},
limsup|E, [10i|1(|di| > 1) F (B;ji) ()]
n—oo

< I Flloc limsup E,[|0:|L(]0i] > I)]
n—o0
goes to zero as [ — oco. Since P has a finite first moment, A is integrable, so by
the preceding, upon taking / — oo we deduce by dominated convergence that
Ep{AQiF(T*(I + 1))}
Eo{Ag}

Jim By {F (B (1)) =

To complete the proof note that the right-hand side of the last expression is pre-
cisely E{F(T(p, 1))} and we have also shown that 2| E,|/n = E,{[0i|} — E, Ay =
P. O

PROOF OF THEOREM 2.4.  Since ¢, (8, B) = 1 log Z, (B, B) is invariant under
B — — B and is uniformly (in n) Lipschitz continuous in B with Lipschitz constant
one, it suffices to fix B > 0 and show that ¢, (8, B) converges as n — 0o to the
predicted ¢p«(B, B) of (2.9), whereby h* = hj; is the unique fixed point of the
recursion (2.6) that is supported on [0, oo) (see Lemma 2.3).

This is obviously true for 8 = 0 since ¢, (0, B) = log(2cosh B) = ¢;,(0, B).
Next, denoting by (-), the expectation with respect to the Ising measure on G, (at
parameters B and B), it is easy to see that

1
(6.10) Ipn(B. B)== D (XiXj)n-

@i, j)€En

Clearly |0g¢, (8, B)| < |E|/n is bounded by the uniform sparsity of {G,} so it
is enough to show that the expression in (6.10) converges to the partial deriva-
tive of Pn, (B, B) with respect to 8. Turning to compute the latter derivative, by
Lemma 4.6 and Corollary 6.3 we can ignore the dependence of h; on B. That
is, we simply compute the partial derivative in 8 of the expression (2.9) while
considering (the law of) h; to be fixed. Indeed, with notation u# = tanh(8) and
X; =tanh(h;) as in the derivation of Corollary 6.3, a direct computation leads by
the exchangeability of X; to

P P 5
9pp(B. B) = —u — —(1 —uDE[Y (X1, X2)]

+ (1 —uPHE[LY (X1, gL (X2, ..., X1))]
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for Y (x,y) =xy/(1 + uxy) and g¢(x2, ..., x¢) of (6.6). Further, the fixed point
property (6.8) applies for any bounded measurable ¥/ (-), so we deduce that

E[Ly (X1, gL(X2, ..., X)) = PE[Y (X1, gx (X2, ..., Xk))]
= PE[y (X1, X2)].
Consequently, it is not hard to verify that
u—+ X1Xp P
— Tt V= “E[(xix )],
1+uX1X2} 5 )]

where (-)7 denotes the expectation with respect to the Ising model

P
6.11) 9s0(B. B) = EIE{

1
uT(xi, xj) = = exp{Bx;x; + Hix; + Hjx;}
ij

on one edge (ij) and random magnetic fields H; and H; that are independent
copies of h/’g.

In comparison, fixing a positive integer ¢, by Griffiths inequality the correlation
(xixj)n lies between the correlations Fy(B;; (1)) = (x,-xj-)gij(t) and F(B;;(?)) =
(xix 1>Eir;/(t) for the Ising model on the subgraph B;;(¢) with free and plus, respec-
tively, boundary conditions at dB;; (¢). Thus, in view of (6.10)

1 1
— Y FoBij(1) <dppu(B.B)<— > Fy(Bij(1)).

(i, )€k, (i.J)€En

and taking n — oo we get by Lemma 6.4 that

ZEIF(T(p, 0)] = liminf i, (B, B)

P _
< linnl)solép dPn(B, B) < EE[FJF(T(,O, )]

To compute F0/+(T(,o, 1)) we first sum over the values of x; for k € T(p,1) \
{i, j}. This has the effect of reducing Fy,+(T(p,?)) to a form of (x;x;)s. Fur-
ther, as shown in the proof of Lemma 2.3, we get Fy,+(T(p,7)) by setting
for H; and H; two independent copies of the variables h® and hSﬁ), respec-
tively, which converge in law to A% when t — oco. We also saw there that the
functional Wy (v) = E[(x;x;)7] [for continuous and bounded U (H;, H;) = (u +
tanh(H;) tanh(H;))/(1 + u tanh(H;) tanh(H))], is continuous with respect to the
weak convergence of the law v of H;. Consequently, by (6.11)

P —
Am =B Fo/-(T(p. )] = dpe(B. B).

which completes the proof of the theorem. [
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