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In Dolera, Gabetta and Regazzini [Ann. Appl. Probab. 19 (2009) 186—
201] it is proved that the total variation distance between the solution f(-, )
of Kac’s equation and the Gaussian density (0,02) has an upper bound
which goes to zero with an exponential rate equal to —1/4 as t — +oo.
In the present paper, we determine a lower bound which decreases expo-
nentially to zero with this same rate, provided that a suitable symmetrized
form of f{y has nonzero fourth cumulant «4. Moreover, we show that upper
bounds like Cg e~/ 4”,05 () are valid for some ps vanishing at infinity when
r |v|4'*"S Sfo(v) dv < 400 for some § in [0, 2[ and x4 = 0. Generalizations of
this statement are presented, together with some remarks about non-Gaussian
initial conditions which yield the insuperable barrier of —1 for the rate of con-
vergence.

1. Introduction. In order to determine the rates of relaxation to equilibrium
in kinetic theory, Kac derived the following Boltzmann-like equation, commonly
known as the Kac equation:

2w
%(v,t):%/o /R[f(vcosé’—wsiné’,t)

(D) X f(vsin® + wcosh, t)
—f(,t): f(w,t)]dwdo (vekR,t>0)

with some specific probability density function fy as initial datum. The resulting
Cauchy problem admits a unique solution within the class of all probability density
functions on R. Such a solution provides the probability distribution at any time
of the velocity of a single particle in a chaotic bath of like molecules moving on
the real line; see Kac (1956, 1959) and McKean (1966). It is well known that
the probability measure w(-, t) determined by f (-, #) converges to a distinguished
Gaussian law in the variational metric, namely

2)  drv(pn(0Div0) == sup |u(B,1) —ys(B)| >0  (t— +00)
Be#A(R)
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where y, denotes the Gaussian distribution with zero mean and variance o2 and,
for any metric space S, Z(S) stands for the Borel class on S. It should be recalled
that (2) holds true if and only if the initial datum has finite second moment and o2
is the value of this moment. The proof of the “if” part of this assertion is given in
Dolera (2007) by adapting arguments explained in Carlen and Lu (2003), whereas
the proof of the “only if” part is contained in Gabetta and Regazzini (2008).

In regard to the speed of approach to equilibrium, it has been proven that

A3) drv(p(,1); yo) < Cxe 1P (1> 0)

holds, with C, being some suitable constant depending only on the behavior of fj,
when fp has finite fourth moment and

4 Qo (&) == A; e fo(x)dx =o0(IE]7P)  (|&] = +00)

is valid for some p > 0; see Dolera, Gabetta and Regazzini (2009). This work
will be refered to as DGR throughout the rest of the present paper. Inequality (3)
is known as McKean’s conjecture and the above statement constitutes the first
satisfactory support of this conjecture. Other bounds with respect to weak metrics
have been given in Gabetta and Regazzini (2010).

At the end of Section 2.2 of DGR, the question of whether the upper bound in
(3) can be improved is posed. To the best of the authors’ knowledge, this problem
has not yet been tackled, except for a hint on page 370 of Carlen, Carvalho and
Gabetta (2005). The main proposition in the present paper states that the answer is
in the affirmative only in the rather peculiar case in which the fourth cumulant of
the density fo (x) :={fox) + fo(—x)}/2 is zero. The term “fourth cumulant” of a
probability distribution Q on Z(R) refers to the quantity

. - 2
4(Q) = /R (x — 0)*Q(dx) — 3( /ﬂ; - Q)2o<dx)) ,

with Q := Jr xQ(dx), under the assumption that the fourth moment is finite. This
cumulant is zero, for example, when Q is Gaussian.

In view of this fact, one could comment on the main proposition by noting that
improvements of the rate expressed by (3) turn out to be impossible when fy is
dissimilar to all of the members in the class of all Gaussian probability density
functions. For the sake of completeness, we recall that, given the Fourier—Stieltjes
transform ¢ of Q, the rth cumulant of Q is defined to be the coefficient of (i€)" /r!
in the Taylor expansion of log(q (£)); see, for example, Sections 3.14-3.15 of Stu-
art and Ord (1987).

As a further remark on the aforementioned proposition, it is worth noting its
resemblance to well-known facts related to the approximation of the distribution
function F,, of the “standardized” sum of n independent and identically distributed
random variables with finite variance, by the standard Gaussian distribution .
Indeed, in general, F, is approximated by @, except for terms of order 1/./n.
However, higher orders of approximation hold when the skewness and kurtosis of
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the common distribution of each summand are zero. Lyapounov (1901) was the
pioneer of these kinds of problems, followed by Cramér (1937), Esseen (1945)
and others.

The structure of the paper is as follows. Section 2 contains the presentation of
the main results. Section 3 deals with the basic preliminary facts which pave the
way for proofs of the main results. It is split into two subsections. The former con-
sists of a brief description of the probabilistic interpretation, according to which
u(-,t) can be seen as distribution of a random weighted sum of random variables.
The latter is devoted to the analysis of the error associated with the approxima-
tion of the law of certain weighted sums of independent random variables to the
Gaussian distribution. Section 4 contains the proofs of the main results stated in
Section 2. Finally, some purely technical details are deferred to the Appendix, to-
gether with the proofs of two lemmas formulated in Section 3.

2. Presentation of the new results. In order to present the main results we
intend to prove in this paper, it is worth mentioning the following weak version of
Kac’s problem (1) proposed in Bobylev (1984). Taking the Fourier transform of
both sides of (1) yields

A 1 2 )
®) 5 &N =5-| @Ecost.0)-¢Esinb,1)d0 —¢(E,1)
T Jo

with initial datum ¢o(§) := [ €'$* fo(x) dx. It should be noted that if ¢ is the
Fourier—Stieltjes transform of any (not necessarily absolutely continuous) prob-
ability distribution po on Z(R), then (5) can be thought of as a new problem
which generalizes (1). In any case, (5) admits a unique solution ¢(-, ), which
characterizes—in the form of a Fourier—Stieltjes transform—a probability distrib-
ution w (-, t) which, throughout the paper, will be said to be a solution of (5). Obvi-
ously, in problem (1), one has po(B) := [ fo(v)dv and (B, ) := [z f(v,t)dv
for every B in Z(R).

In order to formulate the new results exhaustively, let m, and m, denote the
rth moment and the absolute rth moment of g, respectively, and let fio be the
symmetrized form of 1o defined by

(6) fo(B) == {no(B) + no(—B)}/2, B e AR),

where — B denotes the set {x|—x € B}.
A precise statement of the fact that the rate —1/4 may be the best possible one
is contained in the following theorem.

THEOREM 2.1. Suppose that |1 possesses finite fourth moment ma and that
k4(fio) # 0. Moreover, let 0% be the value of my. There then exists a strictly positive
constant C, depending only on the behavior of g, for which

(7) drv(u(, 1); yo) = Ce™ /!
holds true for every t > Q.
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The proof of this theorem, deferred to Section 4, also contains a precise quan-
tification of C. Since

1
sup_[P(B) = Q(B) = 3 [ 1p(x) ~ gl dx
BeBR) 2 JR

is valid whenever P and Q are absolutely continuous probability distributions with
densities p and g, respectively, as an immediate consequence of Theorem 2.1, it
follows that

1 1 202
_ _ —v*/(207)
®) Z/R‘f(v’t) o\/ﬂe

is true for the solution f(-,t) of (1), provided that the initial datum fy yields a
probability measure o with the same properties as in Theorem 2.1. From (8), it
plainly follows that any inequality such as

1
flren- b

is not valid when p vanishes at infinity. This clarifies why inequality (3) can be
viewed as sharp.
We now analyze the effect of assuming that x4(fig) = 0.

dv > Ce~ /91 (t>0)

eV gy < Cie= V9 p (1) (t=0)

THEOREM 2.2. Consider Kac’s equation (1) with initial datum fy such that
Myts < 400 for some § in [0, 2] and x4(jrg) = 0. Further, let ¢g, the Fourier
transform of fo, satisfy the usual tail condition (4) for some strictly positive p.
There then exist a strictly positive constant Cs = Cs(fo; p) and a function
ps [0, +00[ — [0, 400 which vanishes at infinity, for which

1 _
©) /R ’f(v,t) - me—vz/@”z) dv < Coe™ W psty (12 0).
In particular, if § belongs to 10, 2[, one can take

(10) ps(t) = exp{(—3/4 + 2a415)1}

with os = 2 [ |sin|* d6.

Useful information for quantifying Cs can be found in Sections 4.3, 4.4 and
Appendices A.2 and A 4.

Since even cumulants k2, of the Gaussian distribution (0, o-2) vanish for m > 2
and supgcgle(§,7) —Rep(§,1)| < 2¢~", one is led to think that the approach to
equilibrium of (-, r) might become faster when the symmetrized form of the ini-
tial datum gives an increasing number of zero even cumulants.

THEOREM 2.3. Consider problem (1) and maintain the same notation as be-
fore for fo, o, Lo, 9o and ag. Further, assume that there exist an integer x greater
than 2 and a number § in [0, 2[ for which:
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() fg 1012 fo(v) dv < +o0;
(1) the cumulants ko, of fo vanish form=2,..., x;
(iii) g meets (4) for some strictly positive p.

There then exists a strictly positive constant 6)(,5 = Fx,a (fo; p) for which

(11) /‘ (0,8) = ——
A

e—v2/(2¢72) dv < 6)(758—(1—20(2)(%3)1‘ (t > 0)
holds true.

Useful information for quantifying fx,g can be found in Section 4.4 and Ap-
pendix A.2.

It should be noted that, except for the centered Gaussian law, the most common
distributions do not share condition (ii), at least for large values of y. Therefore, it
is reasonable to believe that Theorem 2.1 covers the usual applications.

It would be interesting to check when, under suitable conditions for the ini-
tial distribution, the value —1 for the rate of relaxation to equilibrium is actually
obtained. The following propositions resolve this issue, under the additional con-
dition that all moments of ug are finite. It therefore remains to check whether this
moment assumption can actually be recovered from this high order of relaxation
to equilibrium. This problem will be tackled in a forthcoming work.

PROPOSITION 2.4. If g possesses moments of every order and the solution
wu(-, t) of (5) satisfies
drv(i(-,1): yo) < Ce™’

for some strictly positive constant C, then

(12) mo() = vo () + 05 (),

where o, is a finite signed measure satisfying 0, (A) = —os(—A) and v, (A) +
05 (A) > 0 for every Borel subset A of R.

Observe that the Wild formula [cf. (13) in Section 3.1] implies that drvy (1 (-, t);
Ys) = |os|e”" when the initial datum is of the type (12). Therefore, if one as-
sumes there exists some p:[0, +0o[ — [0, +oo[ vanishing at infinity so that
drv(u(-,1); yo) < Ce 'p(t), then the total variation |o,| of o, satisfies |oy| <
Cp(t) for all positive ¢, which is tantamount to asserting that o, is the null mea-
sure. This provides a proof for the following result.

COROLLARY 2.5. If uo has moments of every order and the solution (-, t)
of (5) satisfies

drv(i(-,1); ¥5) < Ce™ p(t)
for some p vanishing at infinity and for some positive constant C, then u(-,t) =
Vs (+) for every t > 0.
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Thus, if all of the moments of wq are finite, then the value for the rate of con-
vergence to equilibrium that one cannot sharpen is just —1, unless ¢ is Gaussian.

3. Preliminaries. To pave the way for the proofs of the main statements,
this section presents some necessary preliminary facts and results. First, it ex-
plains the probabilistic meaning of Wild’s series, originally pointed out in McKean
(1966). Second, it gives new asymptotic expansions for the characteristic function
of weighted sums of independent and identically distributed random variables,
which complement analogous statements formulated in, for example, Chapter 8
of Gnedenko and Kolmogorov (1954), Chapter 6 of Petrov (1975) and Section 3.2
of DGR.

3.1. McKean’s interpretation of Wild’s sums. Following Wild (1951), one can
express the solution ¢(-, ) of (5) as a time-dependent mixture of characteristic
functions, that is,

(13) pE D= e '(1—e )4, g,
n>1
where
q1(&; 90) == o (&),

1 n—1
(& 00) = —= D G E ) *duiEie)  (122)
k=1

and * denotes the so-called Wild product defined by

1 2
81(5)*5’2(5)2:2— g1(Ecosf) - g2(£sinh) d6.
T JO

The Wild series, thanks to a symmetry property of the Wild product, yields a
useful decomposition of w(-,¢) which we will use later. Such a decomposition
involves the symmetrized form & of a probability measure u defined by i (B) :=
[t(B) + (= B)]/2 for any B in Z(R). It is well known that if ) (-, ) denotes
the solution of (5) with initial datum fi [see (6)], then one can write

(14) () — ¢, 1) = o0p(e™

with 09 (+) := po(-) — fto(-).

The next description of the probabilistic reinterpretation of (13) closely follows
Section 3.1 of DGR. Accordingly, we introduce, using exactly the same notation
adopted therein, the measurable space (2, .%#) as a product, together with its co-
ordinate random elements v, 7, 6 := (6,)n>1, U := (Up)n>1. We then recall the
definitions of the random elements §;, 7; given in terms of McKean trees and put
B = (v, 7, 0). Concerning the random variables 7 ;, recall the fundamental equality

v

(15) ansl,

j=1
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which holds true whenever t belongs to G(v).

Now, for some fixed initial datum ¢ for problem (5), define a family (P;);>0
of probability measures on (€2, .%#) according to (12) in DGR. Next, consider the
random variable

v
(16) V=> mjv;
j=1

and note, via the Wild formula, that
w(B,t)=P{V € B} (Be BR),t>0)

w (-, t) being the solution of (5) with pq as initial datum.

Consequently, the random variables v, turn out to be conditionally independent,
given B, with respect to each P;. Moreover, since § and v are independent, one can
think of the conditional probability distribution of V given g as the distribution of
a weighted sum of independent random variables. Indeed, for any fixed elementary
case w in €2, one can define the random variable

V()
(17) V()= ) mi@v;()
j=1
on (2, .%), for which
(18) P{V <xIB}@) =P{V<x} (xeR,1>0)

holds P;-almost surely in @. This last equality plays a central role in the rest of the
paper since it allows us to work on a finite sum of independent random variables
using typical tools of the central limit problem. In this context, it is important to
examine the behavior of the moments of the random variable V. Their evaluation
essentially depends on sums of powers of the 7; via the following identity proven
in Gabetta and Regazzini (2006):

v
(19) Et |:Z |T[]|m:| — e*(1*205m)l’
j=1

o, being the same as in Section 2.

3.2. Some asymptotic expansions for the characteristic function of weighted
sums of independent random variables. As in Section 3.2 of DGR, the subject
to be investigated here is the behavior of the characteristic function of weighted
sums of independent and identically distributed random variables. The expansions
given here turn out to be more careful than the analogous ones contained in the
aforementioned work since it is now assumed that the common probability law of
the summands possesses moments of arbitrarily high order. Cumulants will play a
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central role in the analysis of the remainder terms. Finally, the study of the conver-
gence of weighted sums will provide appropriate conditions to improve the rate of
approach to equilibrium for solutions of (1).

In the rest of this subsection, (X;);>; stands for a sequence of independent
and identically distributed real-valued random variables on some probability space
(E, &, Q) with common nondegenerate distribution ¢ on (R, Z(R)). It is assumed
that ¢ is symmetric [that is, {(B) = ¢(—B) for every Borel set B of R] and pos-
sesses finite moments up to order k + §, where k = 2y, x being some integer
greater than 1 and & being an element of the interval [0, 2[. Denote the rth moment
and the absolute rth moment of ¢ by m, and m,., respectively. Note that the vari-
ance o2 of ¢ coincides with my. Set ¥/ (§) := Jp eigxg(dx), which turns out to be an

even real-valued function, and for every positive integer n, define {c1 5, ..., Cq.n}
to be an array of real constants such that
n
(20) Z cin =1
j=1
holds for every n. Now, let V;, be the sum of Y; ,, ..., Y, ,, where

Yj,n :=gcj,an,n (j=1,...,n)

and let v, be the characteristic function of V,,. Consider the rth cumulant «, and
recall that, in general, it can be defined by

"1 /iy ki

=S =Dt =TT —(= =

Q) ke=ry (=D (s = D! ]j[kl!<“) (r=1,....k)
(%) =1

where the symbol () means that the sum is carried out over all nonnegative integer

solutions (ky, ..., k) of equations

ki +2ky+---+rk, =,
ki+ky+---+k-=s

with the proviso that 0° = 1. Symmetry of ¢ implies that existing cumulants of
odd order are equal to zero.

From a technical fact proved in the Appendix, Section A.1, after defining yg :=
{[—602 + (360* + 12m4) /2] /m4}1/2, one has ¥ (&) > 1/2 if |€| < yp and

X
K2r

(22) log ¥/ (£) = Z(—l)’msz’ + £ e (®),

r=1

where ¢, is continuous on [—yg, yo] and differentiable on [—yp, yo] \ {0}.
Moreover, this function satisfies €x(0) = 0 and limg_o0x(§) = 0, with

k k
o) =& - e,/((é). Consequently, M(g) = supge[,yo’yo]|ek(§)| and Ml() =
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SUPg c[—y,,yo1 10k (§)| are two finite constants which depend only on the behavior
of the common probability law ¢.

Now, following the same line of reasoning as in Chapter 6 of Petrov (1975), we
introduce the quantities

n
- K2
(23) Apn = Uzrr c?rn r=1,..., %)

j=1

and define the polynomials

ot d 1 )\m n fon r-+s r+s
(24) P, (8) ::Z(]‘[ m(ﬁ) )(_1) +5 £20r+5)

(x) \m=1

forr=1,..., x — 1. In addition, we introduce another family of functions ny ,,
which will be used to approximate the characteristic functions ¥, defined by

2 X_l ~ 2
(25) @) =e 54D P e Fr (¢ eR).

r=1

At this stage, we are in a position to state a couple of preliminary results that play
an important role in the rest of the paper.

LEMMA 3.1. Assume that x =2 (i.e., k = 4) and § = 0. There then exists a
positive constant Cj, depending only on the behavior of £, such that

a(225)
«(%)]

26)  [Yn(E) — nan(®)] < CrEde 12 [s“ Yot ca
j=1 j=1

@7 Wn®) — man(®)] = CJE41 + 54)e—52/2[2 .

j=1 j=1
and
V(&) — 11, ()]
(28) < CilEP (1 +%e¢/2

[Eetr St (5]

hold true for every |§| < A4, 1= oyo(Z’}:l c‘}’n)_l/“.

In (26)—(28), recall that €4 is defined by (22) with k =4, and p4(§) ;=& ef‘ &).
For general k =2y and &, we have the following result.
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LEMMA 3.2 If ] < Agsn =0y0(X)o; c},) 7/ &F), then

(29) Y (€) — i n (€)] < c;:,apo,k(sns|k+5e—52/2<2 |c,~,n|k+5>

j=1
and
s —e2 [
B0)  1Yn (&) = MW G < Cypra@®IEF et ”(Z |c,-,n|k+3),
j=1
where C; s 1s a constant depending only on the behavior of ¢ and po (&), p1,k(§)

are polynomials whose coefficients depend only on k.

The proofs of these lemmata are deferred to Section A.2, in which one can also
find instructions for the evaluation of C}, C,’("’ s> Po.k(§) and py x(§). Inequalities
(29) and (30) immediately entail that

Akdn 2 12 . k48
(1) ( [ 10 = @) ds) sc;f,sak(ch,ﬂ +)

—Aks.n j=1
and
Aksn / 2 12 & k48
(32) ( f &) — 1), (6] ds) sc;:,,;ak<2 el )
—Aksn j=l

where a; is the maximum between (fRSZk(l + :éz)Zpak(E)e_§2 dg)!/? and
&2+ )2} (E)e™F dg)'2.

4. Proofs of the main results. We first prove Theorem 2.1 and then focus
on Proposition 2.4. In fact, they rest on similar arguments. We will then provide
proofs for Theorems 2.2 and 2.3 by adapting methods used in Section 4 of DGR.

Before starting, it is worth introducing some new symbols which will be used
hereafter. First, choose a version of the conditional distribution function P;{V <
x|B} and call it F*(x). In view of (18), it does not depend on ¢. F*(x)[w] will
indicate dependence of F*(x) on a specific sample point @ in 2. The Fourier—
Stieltjes transform of F*(-)[w] will be designated by ¢*(-)[@w]. Moreover, an in-
tegral over a measurable subset S of Q2 will often be denoted by E[-; S]. Sym-
bols m, and m, for [ x" pno(dv) and [ |x|"o(dx), respectively, will continue to be
used and o will designate the value of my, while yo will stand for the quantity
{[—602 + (360* 4+ 12my4) /2] /my} /2.
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4.1. Proof of Theorem 2.1. Assume, initially, that po is symmetric. For
simplicity, introduce the rescaled solution s (-,t), defined by us(B,t) :=
u(oB,t), where 0 B := {y = ox|x € B} for every B in the Borel class of R.
By the homogeneity of the total variation distance, we have dry(u(-,t); o) =
drv(us (-, 1); ¥), where y is shorthand for the standard normal law y;. Now,
thanks to the elementary inequality

1 _%-2/2
(33) drv(pe (-, 1);y) = = suplep(§/o,1) —e l,
2 zer

one can employ the expansions given in Section 3.2. First, observe that for any
small ¢ in ]0, o yg], one has
suplp(& /o, 1) — e €72
EeR
> |p(e/0,1) — e~/
(34) . 2
= [E(ELeV/71p] — 72}

- /Q (0" (e/0) @] — e 2P, (dw)|.

Next, after fixing any @ in €2, substitute v(w) for n and 7;(w) for c;, (j =
1,2,...,n) in Lemma 3.1. This way, ¥, (§) changes into ¢* (& /o) and the restric-

tion that Lemma 3.1 imposes on ¢ becomes |¢| < oyg (Z'J)(wl) 7r4( y)~1/4 . Clearly,
this bound holds P;-almost surely for every ¢, whenever ¢ is not greater then o yyp.
Hence, (26) can be applied with

V(@)
(@] = e /2 4 f 4(Zn4(w)>s4 &/

in place of 14, (§). If R} (&)[®] stands for ¢*(e/0)[@w] — n4(§)[w], then the last
member in (34) can be written as

v(®)

‘ f R4<e>[w]Pf<dw>+ gl / (an‘(@))ﬂ(d@)
j=l1

_ * Ka 4 —22 —(1/4)
(35) _‘/52R4(s)dPt+4!U4e 12,
lkeal 4 —e272 —1an *
= mg e e - \/;2R4(8)dpz s
where the equality follows from (19) and the inequality follows from |a + b| >
[la] — |b]]. Now, the claim is that there exists an & independent of ¢ and small

enough to have

(36) ‘/ Rj(e)dP;| <

K4l 2
7846 £2/2,,~(1/4)1
!
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for every nonnegative ¢. To this end, recall the following: that €4 [see (22)] is a
continuous function depending only on the initial datum g9 so that €4(0) = O; that
|ic4| is strictly positive; that the constant Cy = C(10) can never be chosen equal
to zero. The inequality

sy < — 1l
4 416°C]

is surely satisfied for every x belonging to a suitable nondegenerate interval
[—X, x] included in [—yp, yo]. Thus, taking (26) into account, one can write

71;‘(6)8
“(%)

_ x4l eo—e2/2,— (/D1
~ 4.4104
for every ¢ in ]0, oX] and ¢t > 0. Moreover,

v(w)

f |:ije4e_82/2 > 71;‘(6)
Q

j=l1

] P (dw)
(37

&2 K4 _20
ngse £2/2,= (/41 < |4 4846 §2/2 ,—~(1/4)
4. 4lo
is valid for every nonnegative ¢, provided that ¢ is chosen not greater than X =

(aizl1)1/4_ Thus, in view of (26), (36) is satisfied for ¢ in ]0, min{o'¥; X}].
4

To conclude the proof in the symmetric case, fix € as above in order to have (36)
and use the following elementary fact: if |b| < |a|/2, then ||a| — |b|| = |a| — |b| =
lal/2. Applying this to (35), we get

% g4 o—e2/2,~(1/4)0 _ ‘ /Q Ri(e)dpy||= - -|IZ;<|;4 ghom 2= (1A
which, in view of (34), provides a lower bound for drv(u (-, 1); o). When ug is
symmetric, the constant C, which appears in Theorem 2.1, can be taken to be equal
%846_82/2 with ¢ in ]0, min{ox; X}].

When g is not symmetric, we employ its symmetrized form fig and recall (14)
to obtain

to

(B, 1) = yo (B)| = |(B, 1) — 00(B)e™" — o (B)]
< |u(B,1) = yo (B)| 4 2¢7"
<drv(n(-, 1); ¥s) +2¢ (B € BR)),
which plainly entails
(38) dry (1, 0); vo) < drv (-, 1); 7o) +2¢7".
From the first part of the proof, one can find a constant C‘([Lo) < 2 for which

drv(® (-, 1); v6) = C(jig)e V21,
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Hence,
drv(uC, 1) Vo) = drv(uV (. 1); vo) —2¢7"
> C(fig)e /P — 27" > %é(ﬁo)ef(l/@t

holds, provided that ¢ > 7 := —log[(C (f10)/4)*/?], where 7 is strictly positive. To
conclude the proof, observe that (7) is valid, taking, for example,

L (.
¢ = Cug) = mIH{EC(Mo); inf dry (e 0); ya)}.
t€l0,7]

Finally, inf, (o 7 d1v(e (-, 1); ¥ ) is strictly positive in view of the existence of the
minimum combined with the uniqueness of the solution of Kac’s equation. This
point is clarified in Appendix A.3.

4.2. Proof of Proposition 2.4. To prove this proposition under the assumption
that all of the moments of o are finite, it will suffice to prove that all of the
cumulants iy, of even order of fig are zero for m = 2, 3, .... Thanks to (38), the
inequality, which appears in the statement of Proposition 2.4, can be rewritten as

(39) drv(u® (-, 1); vo) < (C +2)e™".

In view of this fact, we can assume, without real loss of generality, that pg is
symmetric. Then, supposing that «p,, =0 form =2,...,s — 1 and ks # 0 for
some integer s greater than 2, we have contradicted (39).

As in the previous subsection, write

21y (40, 1); 7o) 2 Suplo(E/0.1) = e 72
(40) €
> / (0*(e/0) @] — e~ /2P (dw),
Q

where ¢ is any positive constant not greater than o yg. Following the general lines
of Section 3.2, define

nos (E)[@] = e § 72 4 (=1

v(w)
(2 o %(Z ﬂzs(w)) 20782,

After setting R (§)[@] := ¢*(¢/0)[@] — n2s(§)[@], the last part of (40) becomes

v(w)
’ [ B @R @) + (1) e fg(zn%m)w@)
j=1
(41) ‘/ RZs(S)dPI + (— )S (2 )21“:).25 236_82/26_(1_20[25)[

lkosl 25 —e20 _(1-2
2| G0 S8 /2gm (1202001 _ /QR’st(s)dP, .
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Now, if |¢| < oyg, an application of (29), with k = 2s and § = 1 combined with
(19), yields

lfQR;s(s)dP, §fQ|R§}(8)|dPt

(42) = Ciks,l |‘9|2S+1[9(1 + |8|h(s))]e_52/ze_(1—20!23+1)l
< G5yl P 91+ (030) ) 212

for every nonnegative ¢. Here, h(s) := 25> — s and the term [9(1 + |¢|*®))] is an
upper bound for the polynomial pg ; in (29); see also (81) in the Appendix. If ¢
satisfies the further restriction
1 1 |25 |
|8| = * . h(s) : 25
2C2s,1 91+ (oyp)*s)) (2s)!o=

then one can rewrite (42) as

_ o] 25 —e2/2 ,—(1=2a3,)1
~2.(25)lo%s

Hence, inequalities (41) and (43) entail that

“3) [ #s.ram,

|25 |
2-(25)lo2s

for every nonnegative ¢, which contradicts the fact that (1 —2a;) is strictly smaller
than 1. Thus, «p; must vanish, implying that ;o = y, since y, is uniquely deter-
mined by its moments. Finally, if 14 is not symmetric, then fio = 5.

2 e 2= (120001 < 201y (1 (-, 1); 7o) < 2(C +2)e™

4.3. Proof of Theorem 2.2 when k + 8§ =4. We shall closely follow the proof
of Theorem 2.1 in DGR. First, let us assume that the condition

H) fo and, consequently, f (-, t) are even functions

holds. This does not limit the generality of subsequent reasoning, thanks to (9)—
(10) of DGR. Since %F*(v) represents a version of the conditional probability
density function of V given 8, in view of basic properties of conditional expecta-
tion, one has

dv

1 2 2
(v, 1) = —z=e "/
/]R‘f o2

d
(44) =: ||f(v,t)—ga(v)||1SE;H%F*(v)—ga(v)

e ]

]

d .
‘% (0v) — g1(v)




444 E. DOLERA AND E. REGAZZINI

where g, (v) dv = y,(dv). Moreover, from Proposition 2.2 of DGR, which can be
applied to fy, thanks to the hypotheses in Theorem 2.2 and (H), there exist « and
A for which

)\’2 o
(45) l00(6)] < (m)

holds true for every real &. In particular, one can set o« = (2 [2/p] 7L, p being the
same as in (4) and [s] standing for the least integer not less than s. Define U C Q2
by

(46) U:={vgﬁ}u{]_[nj:0}u{2n;‘z§}
j=1 j=1
with 77 =17 - [2/p] and

§=

{ 1 o } 1

S < —.

27l 16ygms | ~ 2"n!

Next, check that U belongs to .# and rewrite the last term in (44) as
d

U|+E; )

@7) E,[ ‘—UF*wv)—gl(v) |

d -
‘E (<7v)—g1(v)1

U]
By the same arguments as the ones used to prove (22) in DGR, one obtains
Vv
P{v<n)<me ' and P,: H T =O} =0.
j=1

As for the third component of the union in the definition of U, one can combine
Markov’s (with power 2) and Lyapunov’s inequalities to get

[ ()b b

The exponent 3/8 follows from the application of (19) with m = 6. Now, com-
bining all of the above computations leads to an estimate for the probability of U
under P, that is,

(48) P, (U) <[+ 1/8%]e¥/®1 (t>0).

Inequality (48) leads immediately to the upper bound

(49) E/ [

d *
d—F (ov) —g1(W)|| ;
v |

U] <2P,(U) <2[n+ 1/8%]e~ /1,
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To control the integral over U¢ appearing in (47), we invoke the Beurling inequal-
ity formulated in Proposition 4.1 of DGR to obtain

d

—F*(ov) — g1(v)

E ;U°
t[ dv 1 ]

< %E[{/R A2 de +A;|A/|2ds}l/2; UC},

where A := ¢*(/0) — e=€/2 and A = %A. Applicability of this result is

justified by the fact that the restriction to U¢ of the conditional characteristic
function & — ¢*(§) := Jp e'* dF*(x) belongs to H'(R). To see this, note that
©*(&)[@] = o(|€]73*) is valid for |&| — 400 and for @ in U¢. Indeed, thanks to
conditional independence and (45), one has

. n 22 o
Gl SE(FH}EZ)

and the claimed “tail behavior” of ¢* follows from the definitions of 7 and «,
together with the fact that the random numbers 77; do not vanish on U¢. To com-
plete the argument for H'!(R) regularity, use Remark A.2 in Section A.3 of the
Appendix of DGR.

Now, the expectation in the right-hand side of (50) is dominated by

E’[</{s|<A} |A|2ds>1/2; UL} " E’[<f{|s|>A} |A|2d§>1/2; Uc}
el ) (] ) o

90
(Z"-:lﬂ;})l/“'
At this stage, we apply (27) to the evaluation of the first integral in (51) after

observing that the function 14, (€) here equals e % */2 almost surely since k4 = 0.
This leads to

12
( / |A|2ds)
{I51<A}
CON. 2/@@;(2 n;>

j=1

(50)

&1y

with
A=A(B) =

1/2

()«

+V2C; [/R £8(1 + 42 (Z wt
j=1
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with
log go(x) + (62/2)x% — (k4/4!)x* )
. 7] , if 0 < x| < oyo,
€4(x):=13 . X .
€4(0y0), if |x| > oo,
0, if x =0.

Note that €4 is a bounded continuous function. Take expectations of both sides of
(52) and recall (19) to obtain

1/2
e ([, 1ara)
(Ig1<A)
(53) <2,/2T(17/2)Cfe= G/

+V2C3E, [fRsSa +E42e € (

v

)"

4
. jTj

j=1

In view of Section A .4,

(54) Jim pg” (1)) =0,
where
) ce\? 17
(D gy . o(1/4)0 8(1 4 £4)2,8 P <L)’
(1) =e EZU]R&( +Eh% (;n, a(22)|) ae

Similarly, apply (28) to evaluate the second integral in (51) as follows:

1/2
</{|55A} 4 |2d§>
<4,/ (19/2)C} (Zvj nf)

Jj=1

(55)
- v it 2 1/2
+23/2C; /g6(1+g‘2)e—52< f 64<L)D dg}
R . o
L j=1
- v i 2 1/2
, e
+22C)| [ €80+ ( ! @4(f)]) ds]
L j=1
with
xd—E4(x), if 0 < |x| < oYyo,
- X
04(x) = L= lim g4, if x|z oo,

0, if x =0.
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Once again, take expectations of both sides of (55) and use (19) to get

1/2
e ([, 1ara)
{1E1<A)
<4,/T(19/2)Cie= /1

+2V2CJE; fRs;‘s(lJrslz)e—S (Z

(56)

A()) ]
] <n,g)‘)2d§}“?

Another application of Section A.4 leads us to state the following important facts:

+2V2CJE; /Rg6(1+s12)e—g (Z

[ PAEEET 3) sy —
(57) im_p? 0= lim_pf" (1) =0,

g4<ﬂé—_%_)‘)zdé}l/z

p(§3)(t)2 /A E [/5 (1+512)e—g (Z” < Jfg‘)‘) dg‘}]/z.

After determining upper bounds for integrals of the type |, {|E|<A}> it TEMAINS to
examine the remaining summands in (51). Minkowski’s inequality yields

(f{ISIZA} |A|2d€)1/2 = <£IE|2A} |¢*(§/O)|2dé)l/2 " </{IS|2A} |€_§2/2|2d§>1/2

and
1/2
{I£1=A}

([ ) ()

From a well-known inequality, proved in, for example, Lemma 2 of VII.1 in Feller
(1968), and since maxy=ox¥e~®** = [k/(2ea)]¥/2, one obtains

1/2 151 15/4 v
—g2 —15/4 -8 6
e d%) 5(—) e (oy0) T
</{|s|zA} 2 ; !

where

v
)
oy (1) =, [ [ s+ (Zﬂ}‘
j=1

and
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and

2 o4 3177 v
2,82 4 > - <_> —15/4 -8 6
</{|fszA}S ) =73 ¢ ;nl.

Equation (19) can then be applied to obtain

1/2 15 15/4
(58) E; (/ e—&‘z d;;:) < (_) 6_15/4(ay0)_8e_(3/8)f
{IEI=A} 2
and
/2 9 5 717\ 17/4
(59 E (/ g2t df) < +v2 (—) e 4 (o yg) e/
{IE1=A} 2 2

At this point, to control the remaining integrals over {|§| > A}, we proceed as in
formula (30) of DGR to write

[</{|€le} |(p*(g/a)|2d‘§)l/2 + (f{gle}‘%sﬂ*(é/a)rdS)l/z} Aye

< 2f2< [ 0 & o) d$>1/2 Aye + 200" AJo)] - Lye.

For w in U°¢, the bound

(60)

03
203 Y1) |7 @) 3

Aw) =

holds true, thanks to the definition of § and the Lyapunov inequality. Thus,
Lemma 12 in Chapter 6 of Petrov (1975) can be applied to the characteristic func-
tion ¢*(& /o) with b = 1/2 to deduce

J2l0*(AJ0)] < V2e A 12 < /2(48/e)* A
=V2(48/e)*(ay0)* Y m?,
j=1

which entails that

6 Ery/2l9*(A/0)| < V2(48/e)* (0 y0) e~/

It remains to analyze
1/2
&
of725) a6)
o

(/;OO |‘P*(§/a)|d5)l/2 e = (/A+oo ﬁ

j=1
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An estimate of this term is made using Proposition 2.2 in DGR, together with (33),
(34) and (35) therein, with € = 1/(2n!). We then have

+o00 1/2 +oo 1 \¢ 1/2
( / |¢*(£/o>|ds> Aye [Ao / (_ zﬁ) dn]
A INY AN

v (2na—1)/8
=D (Z n?) .
j=1

The definition of 7 in (46) yields (2an — 1)/8 = 2. Moreover,

(62)

1 (o)172
D= ean (@y0)®
(63) 17/4 17/4
<213/4[<i> /+<L> /(L )17/217]
- 202 1-M g
with
Ly :=sup[|§]” - lgo(5)I]
EeR
and
=ool- i s ) |
~ 1T 646 + (@12 \812/plo + 40m /T2 pTms )

Taking expectation in (62) gives

o 12
(64) E,[(f; |¢*(S/0)Id§) -1Uc}sDe—(3/8>ﬂ

The claimed upper bound (9) follows from (49), (53), (56), (58), (59), (61)
and (64).

4.4. Proof of Theorems 2.2 and 2.3 when 2 + § > 4. This proof differs from
the previous one only in the choice of the constants. One can start from (44) under
hypothesis (H). Thanks to (H) and the hypotheses of the theorems to be proven,
one can apply Proposition 2.2 of DGR to get (45) with o = (2 - [2/ p'|)*1.

Now, define U exactly as in (46) with 7 = [k(k +2) + 1] - [2/p] and

= ) { 1 o8 } 1
d =miny —; — (= V-
277 16y6‘m‘3‘ 277

The probability of U is then estimated, under each P;, using the facts that

v
P{v<n}<me ' and P,{Hn,-:O]:O,
j=1
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whereas, for the third component of the union in the definition of U, one can
combine Markov’s (with exponent k/2) and Lyapounov’s inequalities to get

e[Szt ssme(£) |
1

1
< Et [ n_k+2:| 7(1720[](_;_2)2‘.
=52 > 5k/2

Thus,
(65) P,(U) <[+ 1/8%/2]e~ (172042t (1 > ().

Now, split the term E;[]] %F* (ov) — g1(v)]l1] into the sum of two contributions,
exactly as in (47), and note that (65) entails that

(66) Et[

d *
—F"(ov) —g1(v)| ;
dv 1

U] <2P,(U) < 2[7i + 1/8"/* e~ (12042}t

To control the integral over U€, we once again invoke Beurling’s inequality (see
Proposition 4.1 in DGR) to write (50). Applicability of this result rests on the same
arguments as those provided in Section 4.3. The right-hand side of (50) is split into
a sum of four terms, exactly as in (51), with

Y0
(o mh V&)

A=Ap) =

Now, apply (31) to the evaluation of the first integral in (51), noting that the func-

tion 1k ,(§) equals ¢=5%/2 almost surely since ko, =0 for r =2, ..., x. This leads
to
1/2
(67) Et[(/ |A|2d$) :| < Cl’:aak _e—(l—2a2X+5)t
{1§1=A} ’
and
1/2
(68) Et|:(/ |A/|2 dg) :| < C;{k sqk - e—(1—20l2X+3)t.
{l51=A} ’

After determining upper bounds for integrals of the type f{l$| <A} it Temains to
examine the remaining summands in (51). Minkowski’s inequality gives

(/{|§|>A} |A|2d5>1/2 = </{|5>A} |¢*($/0)|2d5)1/2 " </{|s|>A} le_52/2|2d$>1/2
—</> “(&/0)

and
1/2 2 1/2
</{|s|zA}|A/|2d$> = </ l€1=A} | d§ dg)
* (/{|s|>A} |Se_$2/2l2d$>1/2
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Integrals involving the Gaussian density are controlled as in the previous subsec-
tion, giving

) 12
([, )
{IE1>A}

(69)
_ (k(k+2)—1)/4
S(k(k+22) 1) /(Gyo)—k(k+2)/ze—(1—2ak+2)t
e
and
, 1/2
e ([, et a)
>A
(70) {IE]1=A)}

—k(k+2)/2 ,—(1=2ap42)1

2+ 2 (k(k +2) 4+ 1\ kE+D+D/4
= ( ) (y0)

- 2 2e
To control the remaining integrals over the region {|£| > A}, we proceed as before,
writing (60). For w in U*€, the bound

o3

2m3 )iy | (@)

holds true, thanks to the definition of § and the Lyapunov inequality. We then set
b =1/2 in Lemma 12 from Chapter 6 of Petrov (1975) to deduce that

2|p*(A/o)
< \/567/9/12

3k(k +2) (k(k+2))/4 —(k(k4+2))/2 . 4
= V3(FEE2) o M (Yo
j=

3k(k +2) (k(k+2))/4 B v
< (D) v (e
e s
and, therefore,

3k(k +2) (k(k+2))/4 ~
E/\/2lp*(A/o) Sﬁ(f) (0y0) (k(k+2))/2

—(1=2e42)1

) (k(k+2))/(2(k+0))

(71)
X e

Finally, in regard to (f;oo lp*(&/0)| d§)1/2 - 1yec, one can write

’

+00 1/2 v (2na—1)/8
([ weeids) 1= Dk(z ] )
j=1
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where the constant Dy is given by

Ao (2N [ A\ @en=D/2
Qa7 — 1 <%> '

The definition of 7 given at the beginning of this subsection yields (2an —
1)/8 > k/2. Now, taking expectation in (72) entails that

o0 1/2
(73) E,[(f; P E/Nds ) ge] < DI,

To obtain (11), it will suffice to combine the previous inequalities.

APPENDIX

This appendix contains all of the elements which are necessary to complete the
proofs given in Section 4. It is split into four parts. The first focuses on a quantifi-
cation of the numbers yg such that the Fourier—Stieltjes transform of a symmetric
probability law turns out to be greater than 1/2 on [—Yp, yo]. The second presents
the proofs of Lemmas 3.1 and 3.2. The third aims to clarify the conclusion of the
proof of Proposition 2.4. Finally, the fourth provides a proof for (54) and (57).

A.1. Specification of y. Let  be the Fourier—Stieltjes transform of a sym-
metric probability law ¢ on (R, Z(R)), namely ¥ (§) := [p eisxg(dx) for every
real &. Assume that my = [p x*¢(dx) is finite and put 0° := [ x*¢(dx), yo =
{[=60° + (360 + 12m4)' 21 /my} /2. If |§] < yo, then (§) = 1/2.

PROOF. By the Taylor expansion for characteristic functions, one can write
V() =1— (0%/2)E% + R(&) with |R(£)| < (my/24)&%; see, for example, Sec-
tion 8.4 in Chow and Teicher (1997). The desired bound is obtained if

E 54 > l
24° T2
holds true for every & belonging to some interval. Now, one can note that the

biquadratic equation mg&* + 120282 — 12 = 0 possesses exactly two real solutions,
namely +yy, and the previous inequality is satisfied for every & in [—yg, yol. [

2
o

1— —&2—
25

A.2. Proofs of Lemmas 3.1 and 3.2.

PROOF OF LEMMA 3.1.  Set ¥, for the characteristic function of Y ,, (j =
1,2, ..., n) and use the definition of V,,, combined with independence, to write

@ =[] ¥in® =[] x/f("f”@).
j=1 j=1

o
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If |§| < A4, then it easily follows that

" —1/4
€j.n0 Y0
Jjon 4
| (v,

o r=1

= o-

cj,ng ‘

Now, using elementary properties of the logarithm, one can combine expansion
(22) with property (20) of each array {ci 5, ..., cn n} to obtain

log Y (&) =Y " logrj n (&)

J=1

2E2 1 AEY gt e
2 J” J:n J:n Jsn
_2[ 1 e g 64( )]

O'4 0'4 o

= g2 4 2MEt R
25t 8 TR,

where

(o2

n 4 5-4 Cink
n N
R4(§) == E o, ( ! )
Inverting the logarithm, one gets

: T
(74) (€)= 51 exp{%s“} explRa ()],

Itis easily verified that the restrictions |u| := |)~»z RE4 /41 < K4y0/4' and |R4(§)] <

M{Py¢ hold true when |£| < Ay, and that Xy ,£%/4! = Py ,(£). Finally, set
F(x):=e" — 1 — x. At this point, we have all the tools needed to prove (26)
and (27). Indeed,

V() = nan(®)] = e 2| exp{Ra(€)} — 1 — ul
— e 52| exp(Ra(£)) — e + F(u)]|
< e 8P exp{Ra(§)) — 1] + e 52| Fw)].

By elementary arguments, if x is any real number satisfying |x| < c, one has

c_q
|ex—1|§e|x|—1§(e )|x|.

c

This fact can be applied to R4() to get

M 1\ (&
|exp(Ra(6)) — 1] < &*- (7) - (ZCin ¢
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Moreover, since the inequality

2
F(x)] 8~ 4
F < .
| (”)l‘lng;;/m[ 2 1) ;C””
holds, one can conclude that
[Yn(§) — na.n(§)]
4 M(4)y4 n
_‘;;-2/2 4 K4y0 e’o 0 —1 ) 4 Cj’ns
75 =t exp{ TG 2 cajes( =5
j=1
F(x) n 2
—£2/2 8 4
+e 57 max [ . }& (;‘}m)-

x| <kayg/4!

After setting

4y, oM®
K 0 —1

Ccy* ::exp{ 4y0}(e 7 )—i— max |: :|,
4! o*y5 | <kcayd /41

the derivation of (26) and (27) follows by rewriting (75) in a more convenient form.
To get (26), it is enough to observe that Z’}:l c4 < 1, while to deduce (27), one

can combine the inequality (Z] 1 j”)z < ’]1 1€ J ,, With max{1; 5 1< +$ ).

To prove (28), we start from (74) and take the derivative with respect to £. Thus,
one obtains

[y (&) — 1, (E)

< exp{Ra(€)} - |RY(E)| - [nan(®) + F(u)e 72|
+ 14 0 ) - [exp{R4(£)} — 1

F(x)
2

d 2 2
+exp{R4(s>}‘ F)| - e 8 4 explRa(®)) - [F ()] - [E]e 512,

d§
Arguing as in the first part of this proof, we have

M4, (&) - lexp{Ra(§)} — 1|

(76) f(#) (1 gt s+ e

aty; 410

(25))

n
4
(et
Jj=1
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and
_£2
exp{R4(§)} - |F ()| - |Ele™ ¢/
(77) )
F(X)} @ ayy29 622X 4
< M : .
_|x§rxlf;§/4z[ w2 || piMo yollele ;CM
Moreover,
/ —£22
exp{R4(&)} - [R4(E)| - n4.n(§) + F(u)e I
_ g2
=exp{R4(£)} - |R4(E)| - ™5 /2e"
(78) .
[ S )]
. o . O
j=1 j=1
and
d _5\,2’;1 3 u
EF(M)_ 3l (e — 1),
whence
d 2
exp(R4 ()] - @F(u) N
7 2 4 2
@ 4y ki (exp{K4y0/4!}—l> 7 _&2p 2Ly
<expiM, e C: .
Now, set
M(4)y4
eMo ™o — 1 K4 F(x) @ 4
e =) (1309 5|t
! oy T a07) Bl | P tMo ol
4
4 K4y _
+exp{Mé )yg}‘exp{TO}4o 4
T exp{ M@ K2 (exp{x4yg/4!}—1>
X
PI0 01314108 \ ™ ey /4

and combine (76), (77), (78) and (79), after noting that |£° (1 4+ £*) + |£]° + |€|> +
I€]7 < 4|€)3(1 + £°) holds for every . Finally, in order to have the same multi-
plicative constant in the right-hand sides of (26), (27) and (28), replace C;* and
4C™ with Cj == max{C;*; 4C;**}. [
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PROOF OF LEMMA 3.2. In view of the independence of the random variables
X jn and (22), one gets

1 X rn
log Y (§) = =58+ 2 (=1 ),52’ + Rit:5 (),
r=2

where

k k
Riy5(8) —Z il a(cj(’:&),
j=1

whence

(80) Yn(E) =7 exp{ }'GXP{RH(S(S)}-

= (2>'

Now, consider the function z = f¢(z) = exp{gz(z)} with

x—1 by
Ar+l
— -1 r+1_Ar+lin  204-1) 1
8:(2) 2( IR

and its Taylor polynomial of order (x — 1) at z =0, say p,_1(z). Then, recall the
Faa di Bruno formula, that is,

400
dro

_ZmeXp{(y(t))}<y L )>kl(y(22)z(t))k2 ’ (y();z(t)>kx

exp{(y (1))}

with (*) meaning that the sum is carried out over all nonnegative integer solutions
(k1,...,ky) of the equation k; + 2k, + --- + xk, = x. An application of this
formula entails that

x—1
Pro1@ =1+ P,

r=1

the functions f’r, » (&) having been defined in (24). Thus, when z = 1, the Lagrange
remainder can be written with a suitable u € [0, 1] as

1)) PR ¢) k 09, k
U o0,y ! 85 U0\ (8 WONE /8 )\
ﬁféx (”)_fé(u)gkukz!---kx!< 1! ) ( 2! ) ( X! ) ’

which, after repeated application of the multinomial formula, leads to

<fg(u)Z]_[ > (&) ;%m<$>|

o) m=1{l;+-+Iy— m—km}

‘ A
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with Ay, (§) = (—1)h+m(h+;:_l)(ZA(Z:_";;’@)!EZ(Hm). We can then introduce the
quantity

W, —|;1_[2max{ 225;1}T

to obtain, after an application of the Lyapunov inequality,

S 1AL @A @)

{ll+"'+lx—m:km}

2mky, [ k
< XF Wy g2 (62 4 g5 (ch”) ,

whence

1
A

2 _ _ B n
< felw) O WETEE 8+ G 5 2>X]-< ﬁZ)
j=1
and, using the bound |&| < A 5.1,

X
lge ) <> k255" := By.
s=2

Then,
[V (§) — Ni,n(8)]

< e EP2[f:(1) = pyot (D] + [eRers® —1])

< 6_52/2 |:eBXXX2W))((—1%.k[(§2 + %-k—Z)z + (52 + Sk—2)x (Z Ck+2>

n (eXp{M(()k-l-S)y(];} — 1) 2My s <Xn: Ic; |k+8)|§.|k+8:|
k+38 k+6 Jon :
Mé )y(l)c klo pa

After observing that £F[(£2 + £572)% + (&2 + &F=2)x] < |g[FH0(1 + £)[282 +
2§2k_6 + 2 Sk_z + 2X§Xk_k_2] for every &, one can take po « in (29) to be equal
to 14 (1 +£2)[26% 4252470 - 2xgk=2 4 pxgxk=k=2],

As for |, — n;_,|, note that the inequality

[ (&) — mp (©)]

81

2 d
< [E] - 1Y (®) — mpn ()] + €7 /Z‘Efs(l)‘ lexp{Rers(®)) — 1]
82)
+ e 82| £ (1) exp{ Res s (E)) Ry y 5 8))

d
e ) - px_1<1>)‘
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obtains. As regards the first summand, it will suffice to multiply the upper bound
stated in (81) for |y, — k.| by |&|. The latter factor in the second addend of (82)
can be dominated by the last addend in (81), while, for the former factor, one has

2r+1
K2r+2Y *

‘ fs(l)‘ <exp{By }Z m

As for the third addend, recall that | fz (1)] < exp{B }and |Ri4+5(8)] < y’o‘ M, k+8),
Moreover, |R; ;&) < Xj_; 0 6 c;u* (klekts(cjng /o) + 5o ejn x
e,/c 1s(cjn§/0)|} and, in view of Theorem 1 in Section 8.4 of Chow and Teicher
(1997), (|ek4s(x)| + |xek+(S (x)|) < 4mk+5|x| Jk—1)L It remams to deal with the

last summand in (82). Since 2 98 Px—1 is a Taylor polynomial for -2 9% fe, one can use
the Bernstein integral form of the remainder to obtain

‘ai(fg(l) ~ (1)
ik -t (7 g

2(x —I+1) 2r+1 K2(r+1)
x Z Z €1 o 20+1)
j=1 r=x—I

du

X —IK km
<3 L S (o & S

() m=1

x—1 n n
2r+1 K2(r+1) 2042 2(x—I+1)
x Y Il o 2(+1) Cjn Cjn
Jj=1 Jj=1

r=x—I

To conclude, think of the last two sums of the c; ,’s as moments of order 2/ and
2(x — 1), respectively, and apply the Lyapunov inequality to each sum to write

n
<2c21+2) ( 2(x 1+1)> Z k+2.
j=1

O

A.3. A complement to the proof of Theorem 2.1. We clarify why
infte[o,ﬂ drv(u(-, 1); y5) must be strictly positive under the hypothesis that x4 (ftg)
is different from zero. Suppose, on the contrary, that inf, (o 7 dTv (i (-, 1); o) =0
Then, as t — drv(u(-,t); ¥») is continuous on [0, +o0o[, by the Wild expansion,
there exists ¢* in [0, 7] such that dry (i (-, t*); ¥») = 0. On the one hand, if t* =0,
then ug coincides with y,; and this contradicts the hypothesis that «4(fig) is differ-
ent from zero. On the other hand, if #* > 0, then one can conclude, in view of the
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Wild expansion, that 1o possesses moments of every order and is symmetric. A di-
rect consequence of (1) is that mo(r) := [ x2k u(dx,t) satisfies an ordinary first
order differential equation, which admits the constant [ x?*y, (dx) as a stationary
solution. Hence, since we are assuming that my; (¢*) is equal to such a constant,
the uniqueness of the solutions of the equations under consideration implies that
mor (1) = [p x2k ys(dx) for every ¢ in [0, oo[ and every positive integer k. In other
words, (o coincides with y,, which once again contradicts the fact that x4 (i) is
different from zero.

A.4. The proofs of (54) and (57). The proofs of (54) and (57) follow from the
following proposition. Let g : IR — [0, 4-00[ be an integrable function and € : R —
R be a continuous, bounded function with € (0) = 0. Then

v 2 1/2
t_l)igrnooH(t):=e(1/4)tEt[(Ag(&){;nfle(nj§)|] dg) }:0.

PROOFS OF (54) AND (57). We fix an arbitrary small positive § and show that
there exists a value 5 for which |H (¢)| < 8, for every t > t5. First, in view of the
fact that €(-) is continuous and €(0) = 0, there exists a strictly posityve number x
such that the inequality

)
3Vl

holds for every x in [—X, X] with ||g]l1 = [r g(§) d&. Set 7 := max<j<, 7; and
B :=X/|m|. B is well defined since, due to (15), @ # 0. Now,

v 2 172
!/Rg(g)[zﬂ;lk(ﬂjg)l} dg}
Jj=1
d 2 12
4 .
- {/{|s|<3}g(5)[j§nj|e(n,s)|} ds}

d 2 1/2
4 .
+{A|§|23}g(g)[;nj|€(T[j$)|:| ds} .

For the integral over the internal region, one can write

le(x)| <

v 2 1/2 y
8
Seor ol .
{/;ISISB}g(g)[;ﬂJ |€(7TJS)I:| S} = 3V Mglh (Z nj)\/ gl

j=1

and, taking expectation,

) 2 1/2
e(l/ME’{(/ussB}g@){Znﬂe(nﬁ)q dé) }58/3’

j=1
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after a standard application of (19). At this point, we define M to be the maximum
of |e| and determine a positive value 5 such that

/{|s|>§}g@)dg = <3iM>2

Given § := {w||7T (w)| < X/5}, we write

v 2 1/2
(1/4)t : |
: Et{(ﬁléIZB}g(s)[;nJ|E(”/E)|i| dé;:) }
i 2 1/2
— (/M : | |
e El{[/{lazmg(g)[;”]|€(7TJS)I} dg} , S}

) 2 1/2
[ B

j=1
One can observe that B(w) > 5 for w in S. We then have

e 2 1/2
(1/4)t s | |
) Et[[/{IélzB}g(é)[an|E(7Tj§)|:| d§:| ,S]

j=1

(1/4) 1/2 v A
< t{ d } ME E T <8/3.
=e v/{|§|zs}g(€:) 3 t|:j lnj] <é/

For the remaining term,

) 2 412
e(l/“)fE,Hf g(f)[Zﬂ;}|e(JTj§)|j| dé} ;SC} <YM /lig[P.(5).
(R I R et

An application of Markov’s inequality with exponent 6 yields an upper bound for
the probability of S, that is,

: _6 (5)° ool (5L e (T)°
P:(S9) < E/[I7| ](%) SE1|:Z7TJ':|'<%> <e /8 <):c> .
j=1

Hence,
<\ 6
_ s
N N NPT EY
Taking 5 = max{—81log[(§/3) - (X/5)° - M_1||g||1_1/2]; 1} makes the right-hand
side of the last inequality smaller than §/3 for every ¢ > t5. This completes the
proof. [
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