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ON MANY-SERVER QUEUES IN HEAVY TRAFFIC
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We establish a heavy-traffic limit theorem on convergence in distribution
for the number of customers in a many-server queue when the number of
servers tends to infinity. No critical loading condition is assumed. Generally,
the limit process does not have trajectories in the Skorohod space. We give
conditions for the convergence to hold in the topology of compact conver-
gence. Some new results for an infinite server are also provided.

1. Introduction. Heavy-traffic limits for many-server queues is hardly a new
topic. In particular, there exists a substantial body of literature on the Halfin—Whitt
regime which is singled out by the requirements of critical loading and certain
initial conditions. In many instances, by assuming that the service time distribution
lies within a specific class of probability distributions, it has been shown that in the
Halfin—Whitt regime the suitably centered and normalized processes of the number
of customers in the system converge in distribution for Skorohod’s J;-topology to
a process with continuous trajectories, which may be explicitly identified. This was
first accomplished in the work of Halfin and Whitt [10] for the case of exponential
service time distributions and has been continued by many additional authors as
well for different classes of service time distributions, see, for instance, Jelenkovic,
Mandelbaum, and Momcilovic [13], Mandelbaum and Momcilovic [18], Kaspi
and Ramanan [14], Puhalskii and Reiman [21], Whitt [25] and the recent survey
paper by Pang, Talreja and Whitt [19]. One exception to the above list is the work
of Reed [22] in which no assumptions beyond a first moment are placed on the
service time distribution. A related avenue of research concerns infinite servers in
heavy traffic; see, for example, Krichagina and Puhalskii [15], Pang, Talreja and
Whitt [19] and references therein.

The purpose of this paper is to extend the aforementioned results to allow non-
critical loading, generally distributed service times, and general initial conditions.
We consider a sequence of G/G 1 /n queues. The number of servers, n, tends to in-
finity and the service time distribution is held fixed. It is assumed that the centered
and normalized arrival processes converge in distribution. The main result asserts
the weak convergence of finite-dimensional distributions of the suitably centered
and normalized number-in-the-system processes to the finite-dimensional distribu-
tions of a unique strong solution of a stochastic differential equation of convolution
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type. In the general case, the trajectories of the limit process have discontinuities
of the second kind.

Under a certain condition on the fluid limit and the service time distribution, the
limit stochastic process has trajectories in a Skorohod space and the convergence
in distribution to this process holds for the J;-topology. The results of Halfin and
Whitt [10] and Reed [22] follow as particular cases. In fact, the convergence in
distribution is stated for the stronger topology of uniform convergence on com-
pact intervals, which we call the topology of compact convergence. This topology
plays a prominent role throughout the paper so much so that the supporting results
are established for this topology rather than for the Jj-topology. This emphasis is
necessitated by the need to rely on certain continuity properties of equations de-
scribing the evolution of the system’s population, which we are able to establish
only for the topology of compact convergence.

Furthermore, the topology of compact convergence is almost too strong. Since
it is nonseparable, the associated Borel o -algebra is strictly larger than the Kol-
mogorov (i.e., cylindrical) o -algebra, which leads to measurability problems; see,
for example, Billingsley [1], Section 15. As a consequence, one needs to extend the
notion of convergence in distribution. The relevant theory has been developed by
Hoffman—Jgrgensen and his followers and is expounded upon in van der Vaart and
Wellner [23]. Its primary motivation was to provide tools to tackle convergence
in distribution of empirical processes in strong topologies. Empirical processes
also play an important part in the study of heavy traffic limits for many-server
queues, see Louchard [17], Krichagina and Puhalskii [15]. This explains why we
find methods developed in a different context useful for our setting.

One of the challenges of working with convergence in distribution in nonsepa-
rable spaces has to do with Borel probability measures not being necessarily tight.
Recall that on complete spaces the tightness and separability properties are equiv-
alent. Many conclusions of the Hoffman—Jgrgensen theory rely on the assumption
that the limit probability measure is separable. It is therefore important to show that
the stochastic processes that appear in the limit have separable ranges, so their dis-
tributions are separable probability measures. We accomplish this by establishing
that certain limit processes are Gaussian semimartingales. Since Gaussian semi-
martingales jump at deterministic times, their ranges are separable sets. As a side
remark, there are no known examples of nonseparable Borel probability measures
and the axiom that such measures do not exist can be consistently added to the
Zermelo—Frinkel set of axioms; see Dudley [8], Appendix C, and van der Vaart
and Wellner [23], Section 1.3, for these and other observations. Our results, how-
ever, make no use of this fact.

Another ingredient in the proof of the main theorem is a martingale argument
which originates from Krichagina and Puhalskii [15]. It is instrumental in estab-
lishing tightness for the processes of interest. The key that makes an applica-
tion of the methods of [15] possible is the insight of Reed [22] that the process
of customers entering service in a many-server queue can be treated in analogy
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with the arrival process at an infinite server. There are, however, certain improve-
ments on the derivation of the needed martingale properties as compared with the
cited papers. In particular, our approach clarifies the connection with certain two-
parameter processes being planar martingales, which was implicit in Krichagina
and Puhalskii [15]. In addition, the construction of the limit process and a number
of proofs in [15] relied on the continuity of the fluid limit. Here it is not necessarily
the case, so a more subtle argument is called for. As a byproduct, in application to
a G/ G /oo system our methods enable us to remove the restriction of Krichagina
and Puhalskii [15] that the fluid limit for the arrival process should be continuous.

The paper is organized as follows. In Section 2, the main results are formulated
and discussed and proofs are presented. We first recall basic facts about conver-
gence in distribution for nonmeasurable mappings. We then state in Theorem 2.1
the fluid limit result of Reed [22], which is given a different proof. This proof
is useful when dealing with a more general result of Theorem 2.3. Theorem 2.2
presents the stochastic approximation result. The proof relies heavily on the con-
tinuity property of convolution equations, on the one hand, and on a result of con-
vergence in distribution of certain stochastic processes, on the other hand. The
former result is proved in Appendix B and the latter result is proved in Section 4.
The Gaussian limit for a G/ G 1 /oo system is stated in Section 2.3. This subsection
also contains extended versions of Theorems 2.1 and 2.2. These results are proved
by similar means, so we omit the actual proofs. Appendix C contains the martin-
gale arguments. In Appendix D, we summarize the properties of convergence in
distribution for nonmeasurable mappings which are, for the most part, borrowed
from van der Vaart and Wellner [23].

Notation and conventions. The set of real numbers is denoted by R, the set
of nonnegative reals is denoted by R, the set of nonnegative rational numbers is
denoted by Q., the set of nonnegative integers is denoted by Z_, and the set of
natural numbers is denoted by N. For real numbers x and y, x A y = min(x, y),
x Vy=max(x,y),xT =x V0, and | x| denotes the integer part. Integrals of the
form ff are understood as [, ;1 except when a = 0: we interpret [y as [jg -
Similarly, fRi = J10.00)x[0.00)+ FOr a function g(x) of a nonnegative real-valued
argument, g(x—) denotes the left-hand limit at x, g(x+) denotes the right-hand
limit at x, and Ag(x) = g(x) — g(x—). We always assume that g(0—) =0, so
Ag(0) =g(0). If f(x,y) is a function with domain Ri and x; < x; and y; < y»,
we define O f ((x1, y1), (x2, ¥2)) = f(x2, y2) — f(x2, y1) — f(x1, y2) + f(x1, y1).
14 denotes the indicator function of set A. Products of topological spaces are as-
sumed to be equipped with product topologies. All random entities are assumed
to be defined on a common complete probability space (€2, F, P) with E denot-
ing the associated expectation. Filtrations are defined as right-continuous flows of
complete o -algebras.
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2. Main results.

2.1. Extended convergence in distribution. We recall the concept of conver-
gence in distribution due to Hoffmann—Jgrgensen as presented in van der Vaart
and Wellner [23]. Let £ be a real-valued function on €2, which does not have to be
arandom variable, i.e., to be appropriately measurable. The outer expectation E*&
of & is defined as the infimum of E¢ over all random variables ¢ on (€2, F, P) such
that £ > & a.s. and E¢ is well defined. Let S be a metric space made into a measur-
able space by endowing it with the Borel o-algebra B(S). Given a sequence X,, of
maps from €2 to S and a measurable map X from (2, F) to (S, B(S)), we say that
the X, converge to X in distribution in S if

Jim E*f(X,) =Ef(X)

for all bounded continuous real-valued functions f on S.

In this paper, S will have as its elements right-continuous with left-hand limits
functions from an interval I on the real line to a complete metric space U. We
denote this set by D(/, U). If U is, in addition, separable, then it is customary to
equip D(/, U) with Skorohod’s Ji-topology and a complete separable metric; see,
for example, Jacod and Shiryaev [12], Ethier and Kurtz [9]. The resulting Polish
space will also be denoted by ID(/, U). We hope that no confusion will arise out of
this ambiguity.

For the most part, though, we will be concerned with the stronger topology of
compact convergence. This topology is compatible with a complete metric which
can be defined by

dx,y)=Y_ sup (LApx®),y@))2F,
k—1 t€l0.kINI

where x = (x(¢),t € I) and y = (y(¢),t € I) are elements of D(/, U) and p is the
metric on U. We denote this metric space by D.(/, U) and equip it with the Borel
o-algebra. One of the nice properties of the topology of compact convergence is
that D. (1, Uy x Us) is homeomorphic to D, (1, Uy) x D, (I, U;) for arbitrary metric
spaces U and U,. [Recall that, by contrast, the topology of D(R ., R?) is strictly
finer than the topology of D(R,, R)?].

The space D.(/, U), though complete, is not separable unless either / or U
represent a one-point set. Therefore, the Kolmogorov o-algebra on D.(I, U) is
strictly smaller than the Borel o -algebra, so a stochastic process X with trajecto-
ries in ID(/, U) need not be a random element of D.(/, U). However, if the range
of the mapping from Q to D.(/, U) defined by X is a separable set, then X is
a random element of D.(/, U). We call such X a separable random element. In
particular, if X has continuous trajectories a.s., or more generally, if its jumps oc-
cur at deterministic times a.s., then X is a separable random element of D.(/, U).
We say that X is a tight random element if its distribution is a tight probability
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measure on D.(/, U). As mentioned, X is a tight random element if and only if it
is a separable random element.

Suppose X is a stochastic process which is a random element of D.(1, U). We
say that a sequence of stochastic processes X, with trajectories in ID(/, U) con-
verges in distribution in D.(/, U) (or, for the topology of compact convergence)
to X if the associated maps X, converge to X in distribution in D.(/, U). Con-
vergence in distribution in ID(/, U) is defined in a standard fashion, provided U
is Polish. If the latter is the case, convergence in distribution in D.(/, U) implies
convergence in distribution in D(Z, U) and convergence in distribution in D(Z, U)
to continuous-path processes implies convergence in distribution in D.(Z, U).

2.2. Limit theorems for the many server queue. We assume as given a se-
quence of many server queues indexed by n, where n denotes the number of
servers. Service is performed on a first-come—first-serve basis. We denote the num-
ber of customers present at time O— by Qg. Out of those, Qfj A n customers are
in service at time 0— and (Qg — n)™ customers are in the queue. We denote the
remaining service times of the customers in service at time 0— by 71, 72, ....
The service times of the customers in the queue at time 0— and the service times
of customers exogenously arriving after time 0— are denoted by ny, 12, ... and
come from an i.i.d. sequence of nonnegative random variables with distribution
F = (F(x),x € Ry). The n; are not equal to zero a.s. Equivalently, we require
that

2.1 F(0) < 1.

We let E"(t) denote the number of exogenous arrivals by 7. The entities Qj,
{n1.12,...}, {m, 2, ...}, and E" = (E"(¢),t € R;) are assumed to be indepen-
dent.

Let Q"(¢) denote the number of customers either in the queue or in service at
time ¢, let A”(¢) denote the number of customers that enter service after time 0—
and by time 7, and let 0" (¢) denote the number of customers remaining in service
at time ¢ out of those that were in service at time O—. The introduced stochastic
processes are assumed to have trajectories from D(R, R). The following equa-
tions appear in Reed [22], cf. also Krichagina and Puhalskii [15]: for t € R

i oo A (s)
22a)  Q"(1) = (Q} —n)* + 0" (1) + E"(1) — /0 /0 Vsxend ; Lp<)s
22b)  A"(1) = (O — )t + E"(t) — (Q"(1) —n) ™,
~ Qonn
22c) Q") =Y 1=y

i=1
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We note that the integral on the right-hand side of (2.2a) represents the number of
departures by time ¢ of the customers that enter service after time 0— as seen from
the representation

Al (5) Al ([)

t t
/0 /0 Lra<nd Y ey = D Yengn <),
i=1 i=1

where
7' =inf{r e Ry : A" (1) > i}.

It is shown in Lemma A.1 below that, given E”, Qg, and the sequences
{n;} and {7;}, equations (2.2a)—(2.2c) admit solutions A", Q" and 0". The
processes A" and Q" are specified uniquely a.s. under the additional require-
ment that n; > 0 a.s. We also provide an example of nonuniqueness when the 1;
can equal zero. Since our results do not assume that the service times be positive
a.s., we interpret processes A” and Q" in what follows as some solutions to (2.2a)
and (2.2b) [the process Q" is specified uniquely by (2.2¢)].

We now introduce the fluid limit equations. Let F = (F (t),t € Ry) repre-
sent the distribution function of a nonnegative random variable. According to
Lemma B.1, given qg € R and a nondecreasing function e = (e(¢),r € R}) €
D(R4, R), there exists a unique function q = (q(¢),¢ € Ry) € D(R4, R) which
satisfies the equation

Q) =qo— (qo— DTF(@t) —qo A LF (1) +e(t)
2.3) . .
—/ e(t —s)dF(s) —i—f (q(r —s) — 1)+dF(s).
0 0

One can easily see that q is R -valued. We also define a function a = (a(¢), t €
R4) € D(R4, R) by the relation

2.4) a(t) = (qo— D +en) — (qr) — 1)"
The next theorem is, in essence, due to Reed [22]. Let F" = (F"(1),1 € Ry)
denote the empirical distribution function of 7y, ..., 7, that is,

~ 1
i=1

THEOREM 2.1. Suppose that, for arbitrary T > 0 and ¢ > 0,

lim P(
n—oo

n
&—q0’>8>=0,
n

lim P( sup |F"(1) — F(1)] >8> —0

=00 NMel0,T]
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and
: E" (1)
lim P( sup —e(t)| > 8) =0.
o0 \selo Tyl M
Then, for arbitrary T > 0 and ¢ > 0,
"(t
lim P( sup Q ()—q(t)‘>s)=0
o0 \sefo Tyl M
and
. A" (1)
lim P( sup —a()| > 8) =0.
oo \eeoTyl 1

Since A"(t) represents the number of customers that enter service by time ¢
out of those that are either queued at time O— or exogenously arrive after time
0—, the process A" is R -valued and nondecreasing. Hence, under the hypotheses
of Theorem 2.1, a = (a(t),t € R;) is a nondecreasing R -valued function from
D(R+, R). According to the Glivenko—Cantelli theorem, the compact convergence
in probability of the F” to F in the hypotheses holds if the 7; are i.i.d. with distri-
bution F.

An interpretation of equation (2.3) can be as follows. By (2.4), the function
a=(a(r),t € Ry) represents “fluid customers entering service after time 0—.” If
we write (2.3) in the form

- t
(2.5) q@®) =qo +e() — (qo ALTF(t) —I—/O a(t —s) dF(s)),

then the first two terms on the right have the meaning of “the number of fluid
customers” seen by time ¢ and the sum in parentheses represents “fluid departures”
by time ¢.

Condition (2.1) cannot be disposed of in general. If we suppose, for instance,
that F(0) =1, and F (to) = 0 for some 79 > 0, then we may obtain different fluid
limits for the cases where Qj =n and Qj =n — 1. In the former case, Q" (t) =
E"(t) + n for all t < 1y as all servers remain occupied until 7, while in the latter
case Q"(t) =n — 1 for t < 1y as the only available server will let all exogenously
arriving customers out of the system immediately.

We now state the stochastic approximation result. Define processes X" =
(X"(1),teR4), S"=(S§"(),t € Ry),and Y"' = (Y (¢),t € Ry) by

2.6) X" = va( ey _ am).

2.7) §"(t) = /n(F"(t) = F (1)),
En

(2.8) Y'(r) = ﬁ( n(t) — e(t)).
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We note that X", S” and Y” are random elements of D(R,, R). However, X"
and Y” might not be random elements of D, (R, R). Let us also denote

n

0
Xg = \/ﬁ<70 - qO).
We introduce the following condition:

t
(2.9) lim sup / 1{0<|q(t—s)—l|<s} dF(s) =0 forall T > 0.
£>0¢¢[0,71/0

THEOREM 2.2.  Suppose that, as n — 0o, the X converge in distribution
in R to a random variable X, the S" converge in distribution in D.(R4+, R) fo
a process S = (S(t),t € Ry), and the Y" converge in distribution in D.(R4, R)
to a process Y = (Y (t),t € Ry), where S and Y are separable random elements
of D.(Ry, R). Then finite-dimensional distributions of the processes X" weakly
converge to finite-dimensional distributions of the process X = (X (t),t € Ry) that
is a unique strong solution to the equation

X (1) = (Xolge=1) + Xg Ligo=1))
x (1= F(0) + (Xoligy<1) + Xo A Olygo=1)) (1 = F (1))

t
+ quls<r)+Y<r)—/0 Y(t —5)dF(s) + Z(1)

t
+/0 (Xt — ) {ques)=1} + Xt — ) Liq—s)=1}) dF (s),

where Z = (Z(t),t € R}) is a zero-mean Gaussian semimartingale with trajecto-
ries from D(R 4, R) specified by the covariance

EZ()Z(t) = /(;Mt F(snt—u)(l—F(sVvt—u))da(u),

the entities Xo, S, Z and Y being independent. The trajectories of X are Borel
measurable and locally bounded a.s. If, in addition, condition (2.9) holds, then X
is a separable random element of D, (R, R) and the X" converge in distribution
inD.(Ry,R) ro X.

We now comment on this theorem. As with Theorem 2.1, the convergence of
the S in the hypotheses holds when the #; are i.i.d. with distribution F. In such a
case, S(1) = WO(F (1)), where WO = (WO(¢), r € [0, 1]) is a Brownian bridge.

Since the process Z is a Gaussian semimartingale, its jumps occur at determin-
istic times which are the jump times of its variance, see Jacod and Shiryaev [12],
Chapter II, Section 4d, and Liptser and Shiryayev [16], Chapter 4, Section 9, so
this process is a separable random element of D. (R, R). If either F or a is a con-
tinuous function, then Z is a continuous path process. In particular, if ¥, F and F
are continuous (with F(0) = 0), then X is continuous (see Lemma B.1).
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Similarly to Krichagina and Puhalskii [15], Z admits a representation as a sto-
chastic integral, which follows from the proof of Lemma 4.4 below. Specifically,
we may assume that a.s.

(2.10) 2= [, rnzn dV (s, ),
RZ -

where (I'(s, x), s € Ry, x € R}) is a zero-mean Gaussian process with covariance
EL (s, x)L (1, y) = (a(s) A a(n)(F(x) A F(y) = F(x)F(y)).
The integral on the right of (2.10) is understood as a mean-square limit of

I
‘42QA&@dF@J)zE]F@Lr—#A)—F@Lpt—ﬁ4D+F®JL
+ i=1

_ o l l [ _ _ 1
where 0 = 55 < s7 < 855 < -+ < 8 =1, [;;(5,x) = Zizll{se(s{_l,sf]}

l{OsxSt—S§_1} + 15=0;1{0<x<s}, and max; (sf — sf_l) —0asl— oo.

As mentioned, the trajectories of X may have discontinuities of the second
kind. To illustrate, suppose that F'(#) = 1;;>1y, q is continuous, q(¢) < 1 forz < 1,
q(2) =1and, as ¢ 1 2, q(¢) infinitely many times changes from being less than 1 to
being greater than 1 and back. Suppose also that e, F, and Y are continuous. Then
the function a is continuous, so Z is continuous. Consequently, all terms in the
equation for X (¢) except for the last one have limits as ¢ 1 3. The last term equals
X (t — 1) when q(t — 1) > 1, equals X (t — 1)™ when q(t — 1) = 1, and equals 0
when q(# — 1) < 1. Therefore, there are three subsequential limits as # 1 3: X (2),
X (2)*, and 0, which shows that X (3—) may be undefined. For example, we may
take

—i—(a D2+ 7t +1) 0<t<l

- - T 9 = = 1,

1—11—7r

e)={ —(—-@1—-2)? r—1

(1) 1+n<( )=+ 7 ( )
+1+u—m%m£%>+L 1<t <2

and qo = 0. Then q(¢) =e(t) <1 fort €0, 1], so

(t —2)?sin

— — —_ - - +_
a=e@) —et =D+ (q0 -D—1)"=1+—— 21

fort e[1,2).

As follows by Lemma B.1, if any interval [0, T'] can be partitioned into finitely
many intervals such that on each of these intervals the function q either stays be-
low 1, or stays at 1, or stays above 1, then the trajectories of X admit left and right-
hand limits. To show that even then X does not necessarily have trajectories from
D(R4, R), consider the example where Q= 0, E" is a Poisson process of rate n,
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and F(t) = 1;;>2). Then e(r) =1, Y is a standard Wiener process, and Z(r) = 0.
For the fluid limit, we have q(t) =t fort <2,q(t) =2for2 <t <3,q(t) =t —1
for3<t<4,q(t)=3ford<t<5,q(t)=t—2for5 <t <6, etc. The process
X is of the form: X(t) =Y (@) fort <2, X(#)=Y(@) — Y@t —2) for2 <t <3,
XB)=YB)-YMDHANOX(t)=Y(@)for3<t <4, X(#t)=Y(@)—Y(—4) for
4<t<5 X05)=Y05)-Y() A0, X(t)=Y(t) for 5 <t <6, etc. To sum up,
there are two alternating patterns: X (¢) = Y (¢) which occurs when 0 <7 <2 or
2k+1<t<2k+2forkeNand X(t) =Y(t) — Y(t — 2k) which occurs when
2k <t <2k + 1 for k € N. We can also see that the trajectory X (¢),t € R4, is
right-continuous when Y (1) > 0 and is left-continuous when Y (1) < 0. To see that
convergence in Skorohod’s Jj-topology to the right-continuous version of X does
not hold for this example, note that [cf. (3.21) in the proof of Theorem 2.2]

X')y=Y"(t) -Y"(t — D>
+ (X"t —=2) + V/n(qt —2) = 1)) = V/n(qt —2) — 1) )12

It follows that sup, ;g 41 |AX" ()| < 3sup,cjg.4|1AY"(t)| = 3/+4/n. On the other
hand, X(3+) — X(3—) = Y (1), so the jumps of X" “do not match” the jumps
of X, which rules out convergence in distribution of the X" to the right-continuous
version of X for the J-topology. One can talk of convergence in the M;-topology,
see Whitt [24] for the definition and basic properties.

A sketch of the proof of the latter mode of convergence is as follows. It is
obvious that the X" converge in distribution to ¥ on [0, 2] for the topology of
compact convergence. It is also easy to see that on [2,3 — ¢] and on [3 + ¢, 4], for
arbitrary ¢ € (0, 1), there is convergence for the topology of compact convergence
to Y(t) — Y (¢t —2) and to Y (¢), respectively. Suppose ¢ € [3 — ¢,3 + ¢]. Then on
assuming that the X" converge to Y in the topology of compact convergence on
[0, 2] a.s. and noting that

sup (X"t —2) + Va(at —2) = 1)) = Ju(at —2) - 1)T)

te[3—e,3+¢]

— (YD) + Va(qt —=2) — 1)) = Vu(q —2) — 1))

< sup [X"()-Y®|+ sup |Y(1)—-Y(DI,
t€[0,2] te[l—e,1+e]

we have by continuity of Y that the latter left-hand side can be made arbitrarily
small if n is large enough and ¢ is small enough. Now it is an easy matter to
verify that the (Y (1) + /n(q(t —2) — 1))t — /n(q(t — 2) — 1)* converge to
Y (1) 1¢[3,3+¢)) as n — oo in the Mi-topology on [3 — ¢, 3 + ¢], cf., Whitt [24],
page 82. It follows that the X" converge to the right-continuous version of X for the
M -topology on [0, 4]. Because of the periodic pattern observed above, we derive
M -convergence on R . We conjecture that convergence in the M1-topology holds
more generally.
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Th~e Halfin—Whitt regime is obtained when qo = 1, e(t) = At for some A > O,
and F(t) = Afot(l — F(s))ds. By (2.3), q(t) = 1 for t € R. The equation for X
in the statement of Theorem 2.2 takes the form

X(t) =X (1= F@)+ XoA0(1 — F(t)) + S(t) + Y (1)
—/tY(t—s)dF(s)—FZ(t)—|—/tX(t—s)+dF(s).
0 0

Usually, instead of there being a limit for the processes Y” as defined in (2.8)
one assumes that fooode(s) < 00 and that there exist p" € (0, 1) with /n(1 —
p") converging to a finite limit as n — oo such that the (/n(E"(¢)/n —
p"t/ [5° sdF(s)),t € Ry) converge in distribution. These hypotheses imply con-
vergence of the Y” with e(r) =1/(f5° s dF(s)).

We discuss condition (2.9). It obviously holds for the Halfin—Whitt regime.
By Lemma B.3, it also holds when F is a continuous function with F(0) = 0.
If the function F has atoms, then (2.9) holds if and only if q does not attain
level 1 “in a continuous fashion,” loosely speaking. More precisely, if and only
if limg_, ¢ . = 00, where 1, = inf{t : |q(t) — 1] € (0, )}. To see that, note that if #
represents a jump time of F and ¢, < 0o, then the left-hand side of (2.9) is greater
than or equal to AF (tp) forall T > t¢ + ¢,.

For instance, if F contains atoms, e is continuous, qg < 1, and there exists some
t > 0 such that q(#) > 1, then (2.9) cannot hold. This follows by the fact that if e
is continuous, then by (2.5) q cannot have upward jumps. Therefore, upcrossings
of level 1 occur in a continuous fashion. On the other hand, q may have downward
jumps. If it starts above 1, then it may get below this level without spending time in
small neighborhoods of 1, so it is possible for (2.9) to hold. Consider the following
example. Suppose that qo = 2 and e(¢) = 0 for ¢ > 0 so that (2.3) becomes

~ t +
q(t):2—F(t)—F(t)+/O (qt —s) = )T dF(s).

Furthermore, suppose that F(¢) = F (t) = 1y;>1). We then have that q(¢) =2 for
O0<t<l,q@t)=1forl1 <t <2,and q(t) =0 for t > 2.

2.3. Extensions. In this subsection, we state a number of results which admit
similar proofs.

We begin by extending Theorems 2.1 and 2.2 to the case where the customers in
the queue at time 0— and the customers exogenously arriving after time 0— may
have differently distributed service times and where there can be available servers
at time 0— even when there are customers awaiting service. Thus, ny, 2, ... rep-
resent service times of the exogenously arriving customers. Condition (2.1) is still
assumed. We denote the number of customers in the queue at time 0— by QS Their
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service times are denoted 71, 72, ... and come from an i.i.d. sequence of nonnega-
tive random variables with distribution F'. As with the n;, it is assumed that the 7;
are not equal to zero a.s., that is, F (0) < 1. We retain the rest of the previous nota-
tion and assumptions. The entities Qg, Qg, i, m,...L 002, .- (o, g2, .. L),
and E" = (E"(t),t € R) are assumed to be independent.

Let A"(t) denote the number of customers that enter service by time ¢ out of
those that have arrived after 0—, let An (t) denote the number of customers that
enter service by time ¢ out of those that were in the queue at time 0—, and let
Q” (t) denote the number of customers out of those present at time 0— that have
not left by time 7. The introduced quantities satisfy the following equations for
t e R+Z

A"n (s)

Q" (1) = Qn(l) + E"(t) — /t/tl{H—xSt}d Z 1y <xy,
0J0 i=1

A"(t) = E"(t) + (0"(1) —n) " — (Q"(t) —n) ™,
A"(s)

n R - 1t t
Q" (1) = Q0+ Q" (1) —/0 /O Lra<nd D i<
i=1

A'(t) = Q8 — (0" (1) —n)™,
) o
Q"(1) = Zl{ﬁi>z}-

i=1

The fluid limit equations are of the form
t t
_ _ _ A~ _ N _ +
a) =)~ [ et =9)dF©) +a0 - [ @@ -9 -1 dF )
t
—s)—1)TdF(s),
+[@e-9-1are

Q) = 4o(1 — P(0) +do(1 — F(1)) + /0 (@t —s)— )T dF(s).

Existence and uniqueness of solutions to these equations are addressed in
Lemma A.1 and by Lemma B.1.

We also define functions a = (a(z),t € Ry) € D(Ry,R) and a = (a(t),r €
R4+) € D(R4, R) by the equalities

a0 =e®)+ @0 -1)"—(@n-1",
Al =Go— @ —1".
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THEOREM 2.3. Suppose that, for arbitrary T > 0 and ¢ > 0,

Qn

i (|52~ o] o) =o.
An

i (|8 ~a| =) =0

lim P( sup |F"(t) — F(1)] >e) =0

=00 NMel0,T]

and
. E" (1)
lim P( sup —e()| > 8) =0.
=00 Nselo,r]l N
Then, for arbitrary T > 0 and ¢ > 0,
(e
lim P( sup Q ()—q(t) >s)=0,
=00 Aeefo,r)l 1
5 (s
lim P( sup 0 ()—ﬁ(t) >8)=0,
=00 \seo,r]l 1
A" (¢
lim P( sup ()—ﬁ(t) >8)=0
=00 \segfo,7]l 1
and
. Ay,
lim P( sup —a(t)| > s) =0.
=00 \sepo,7)l 1

For a stochastic approximation result, we assume that the processes X" =
(X"(t),t e Ry), S" = (§"(t),t € Ry), and Y" = (Y"(¢),t € R;) are defined by
(2.6)—(2.8), respectively. We also denote

X 1. _ Lo
XSZ\/E(;QS_(IO), onx/ﬁ(;Qo_QO)-

THEOREM 2.4. Assume that the )A(g and }261 converge in distribution in R
to random variables Xo and X, respectively, as n — o00. If the S" converge in
distribution in D (R, R) to a process S = (S(t),t € Ry) and the Y™ converge in
distribution in D, (R4, R) to a process Y = (Y (t),t € Ry) such that S and Y are
separable random elements of D.(R4, R), then the processes X" converge in the
sense of finite-dimensional distributions to the process X = (X (t),t € Ry) that is
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a unique strong solution to the set of equations

t - ~
X)) =Y —/(; Yt —5)dF(s)+Z(@)+ X(1)
t A A
- /0 (Rt — ) igupoty + X = g0_per) dF (5)

t
+ [ (X =9 Tigson+ X =) Vigum) dF ()
and

X(t) = Xo(1 = F(0) + Xo(1 = F@) + /a0 S () + 2(1)
t A A A
+/0 (Xt — ) Lig—s)>1) + X — )T Lge—s)=1)) dF (s),

where Z = (Z(t), t eRy) and 7= (Z(I), t € Ry) are zero-mean Gaussian semi-
martingales with trajectories in D(R ., R) and with respective covariances

EZ(s)Z(t) = /W F(sAt—u)(l—F(sVt—u))dau)
0
and

EZ(s)Z(t) = /OSM F(s At —u)(1— F(s v i—u))dau),

the entities )A(o, )~(0, 7 R 7 , S and Y being independent. The trajectories of X are
Borel measurable and locally bounded a.s.
If, in addition, for all T > 0,

t
lim sup [ (Lo<gr—s)—11<e) + Lo<lq—s)—1]<e}) dF (s) =0
¢=>04¢0,71/0

and

A

t
lim s / L0160 —o)— dF(s)=0,
€—>Oze[l(1)pr] {0<|§(—s)—1]<e) A F (5)

then X and X are separable random elements of D. (R4, R) and the X" converge
in distribution in D.(Ry, R) fo X.

We conclude this subsection with the Gaussian approximation result for an in-
finite server. Consider a sequence of G/G 1 /oo systems indexed by n. Adapting
the earlier notation, we denote by En (t) the number of customers present at time ¢
and we denote by E" (¢) the number of exogenous arrivals by 7. We also reuse the
introduced earlier sequences {7;,i € N} and {;,i € N}. As above, they represent
the remaining service times of customers in service at time 0—, whose number is
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denoted by Qg, and the service times of exogenously arriving customers, respec-
tively. The n; are assumed to be i.i.d. with distribution F, however, by contrast
with condition (2.1) we allow these random variables to equal zero a.s. The enti-
ties E" = (E"(t),t € Ry), Qg, {ni,i e Ry} and {n;,i € R, } are assumed to be
independent. The evolution of the process 0"'=(0"(n),t ¢ R4 ) is governed by
the equation

op E"(s)

o topt
Qn(f)=21{ﬁ,->t}+En(f)—f0 /o Lisia<nd Y 1<)

It specifies the process 0" uniquely. In analogy with the earlier notation, given
qo € R and a nondecreasing function e = (e(¢),t € R;) € D(R, R), we define
— ~d N =N —
q(1) = qo(1 — F(2)) +e(t) — Joet —s)dF(s), X' (t) = /n(Q" (1)/n —q(1)),
Xi = +/n(Qf/n — qo), and we define S"(¢) and Y"(¢) by (2.7) and (2.8), respec-
tively.

THEOREM 2.5. Suppose that, as n — oo, the X converge in distribution
in R to a random variable X, the processes S" = (§"(t),t € R}) converge in
distribution in D.(Ry,R) fo a process S = (S(t),t € Ry), and the processes
Y"="(@),t € Ry) converge in distribution in D.(Ry,R) to a process Y =
(Y(t),t €e Ry), where S and Y are separable random elements of D.(R4, R).
Then the processes X" = (Yn (t),t € Ry) converge in distribution in D. (R4, R)
to the process X = (X (t),t € Ry) defined by

J— ~ t p—
X(@)=(1 —F(t))Xo—l-\/%S(t)—l—Y(t)—/(; Yt —s5)dF(s)+ Z(1),

where Z = (Z(1),t € Ry) is a zero-mean Gaussian semimartingale with trajecto-
ries in D(R, R) and with covariance

_ SAL
EZ(S)Z([):/ Fsnt—u)(1—F(sVvt—u))de(u),
0
the entities X, S, Z and Y being independent.

For the case of a continuous Y, the latter limit theorem generalizes the earlier re-
sults by Borovkov [2] (which result can also be found in Borovkov [3], Chapter 2,
Section 2) and Krichagina and Puhalskii [15]. We recall that Borovkov [2] imposed
a Holder continuity condition on the function ( fé (1—-F(t—s))de(s),t e Ry) and
Krichagina and Puhalskii [15] required e to be continuous.

3. Proofs of the main results. This section contains proofs of Theorems 2.1
and 2.2.
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3.1. Preliminaries. We start by developing semimartingale representations for
certain processes. On introducing

A" (t)
1
(3.1 Vit x)=—= > (Lip<x — F),
\/ﬁ P ( {ni<x} )
we have by (2.2a)

1, 1, L
1o (t)=(—Qo—1> 4150
n n n

3.2)
+ lEn(t) — l /t A"t —s)dF(s) + LZ"(t)
n n Jo Jn ’
where
(3.3) 2 =-  Nirac dV"65.)
Let
. 1AW A dF (u)
(3.4) L*(t,x) = Jn 2 (1{771'SX} —/0 m)
Then by (3.1),
(3.5) Vi =— [ YD ey £
. ,X) = 0 1-Fuo) u ,X).
Hence, by (3.3),
(3.6) Z"t)y=G"(t) - M" (1),
where
no [PVI@—x,x—)
(3.7) G" (1) _/0 T FaD R
and
(3.8) wo= [ g
We note that by (3.1), (3.4) and (3.8)
3.9 M (t) =V"(,0) + %;%2 1{x>0}1{s+x5;}dLn(S, X).

We also define, for k e Nand r € Ry,

(3.10) MO = [, ssren dLiG. )
+
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where
A" (s)Ak

) 1 i AX dF(u)
GIn Lfen=—7 Y (1{0<m-fx}— fo 1{”>°}‘1_F<u—))’

i=1

and
(M')(1) = /R , Bsresn 4L )

where

A" (s)Nk niAX 1 — F(M)

For t € Ry, let Qf denote the complete o -algebra generated by the random vari-
ables 11 <1y, <x}, Wwhere x +s <t and i € N, and by the A" (s) (or, equivalently,
by the 11 <) for i € N), where s < 7. We introduce “the right-continuous modifi-

cation” by GI' =0 Qf+g. Then G" = (G}, t € Ry) is a filtration.

The next lemma originates in Krichagina and Puhalskii [15], Lemma 3.5, see
also Reed [22], Lemma 1, where larger filtrations are used. Our conditions are
closer to minimal ones. The proof is also different from those in the cited papers
and is more direct.

w0 =

LEMMA 3.1. For each k € N, the process M} = (M}/(t),t € Ry) is a G"-
square integrable martingale starting at O with predictable quadratic variation
process (M) = ((M[)(t),t € Ry).

PROOF. According to Lemma C.3 it suffices to prove that, giveni € N, s € R
and x € R, the random variable 7; is independent of the random variables 7 ; for
j # i, of the t]’? for j <i, and of the r]’-’ A (s + x) for j > i, when conditioned
on the event {7/ > s,n; > x} and that »; is independent of the r]’.’ for j <i. By
(2.2a)—(2.2c), the rj’.‘ for j <i are measurable with respect to the o-algebra gen-
erated by Qg, Qg, nj,j€N,nj,j<i,and E"(t),t € Ry. By the independence
assumptions in the hypotheses, this o -algebra and n; are independent, hence, 1‘7
for j <i and 7; are independent.

Let A = (A™i(t),t € Ry) denote the process of exogenous arrivals entering
service that would occur if the ith exogenously arriving customer had an infinite
service time and let r}” = inf{t: A™(¢) > j}. Then by (2.2a)—(2.2c) the r}” for
Jj € N are measurable with respect to the o -algebra generated by Qg, Qg, nj.J €
N, n;,j <i,and E"(¢),t € R;. Hence, they are independent of n;. Therefore, ;,
on the one hand, and n; for j # i, r;? for j <i, and rj’.”i for j > i, on the other
hand, are independent. In addition, as it follows by (2.2a)—(2.2c), on the event
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{t/' = s, n; > x} the ith exogenously arriving customer does not depart until after
time s + x, which means that she has the same effect on the epochs before time
s +x when exogenously arriving customers enter service as if she never completed
service. To put it precisely, r?’i A(s+x)= T;l A (s 4+ x) for j € N on the event
{t}! = s5,n > x}.

By the established independence property, we have for natural numbers
ri,72,...,r; none of whichequalsi andi < p; < pa <--- < pm, and for bounded
Borel functions f1,..., fi, g1,.-., &, h1,..., hm, and f, on assuming that con-
ditional probabilities given events of probability zero equal zero and adopting the
convention that 0/0 =0,

l i m
E(l"[ fiaep) TT i@ [T hi(ep, A s +0) f) | 2 = s,mi > x)
j=1 j=1 j=1

I i
=E(H Fime) [ 85D

J=1 j=1

m
X 1_[ hj(ij A (s +X))f(ni)l{r;’zs,m>x}>/P(Ti" > 8,1 > x)
j=1

1 i
=E(1‘[ fiap [Teih
j=1 j=l1

m
X 1_[ hj(f;ylj’-l A (s +x))f(ni)l{ri”zs,m>x})/P(Tl‘n >, 0 > X)
j=1

l i m
= E(H Fio) TTai@D [Thi(ep At +x>)1{,,.nzs})
j=1 j=l1 j=1

X E(f ) 1y=0) [P = )P > x)
B E(T— £ T2 85D T, iyt A (s + ) =g i >x)
B P(t! > 5,1 > x)
E(f(ni)l{m>x}1{ri"zs})

P(z' > 5,1 > x)

BTy @) Moy 8 O Ty iy (T, A G+ 20) gz L)
B P(t)' > 5,1 > x)
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y E(f(’?i)l{npx}l{ri”zs})
P(! > 5, > x)

l i m
j=1 j=1 j=1

xE(fm) 7' =s,ni >x).

n
‘El stni>x>

An application of Lemma C.3 completes the proof. [

REMARK 3.1. We stop short of claiming that M”" is a G"-locally square in-
tegrable martingale because there might not be a sequence of stopping times such
that the “stopped” processes A" are bounded. Howeyver, if, in addition, the jumps
of A" (including the “jump” at zero) are uniformly bounded, then M" is a G"-
locally square integrable martingale.

3.2. Proof of Theorem 2.1.

LEMMA 3.2. Under the hypotheses of Theorem 2.1, for T > 0,

lim limsupP( sup |Z"(1)] >b) —0.

b—>0o n—oo  Ve[0,7]

PROOF. In view of (3.6), it suffices to prove that

(3.12) Jlim hmsupP( sup |G"(1)] >b):0
b—00 n—so0o  Me[0,T]

and

(3.13) Jim hmsupP( sup |M"(1)| >b) —0.
b—00 n—soo  Me[0,T]

Let us firstly note that, for # > 0 and b large enough,

(3.14) lim P( A (t) > b) 0,
n—o0
which follows by the bound A" (1) < (Qp — n)t 4+ E"(¢) [see (2.2b)] and the con-
vergence in probability of Q/n to qo and of E"(¢)/n to e(¢) in the hypotheses of
Theorem 2.1.
The proof of (3.12) is analogous to the proof of (3.23) in Krichagina and Puhal-
skii [15]. Let

Lt
(3.15) Vit x) = — Zl{m<x} F(x)).
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We have, for ¢ > 0, on taking into account (3.1), (3.7) and (3.15),

P( sup |G"(1)] > b) < P(lA"(T) > cT>
n

t€[0,T]
+P</oo e, VI 2o dF(x) > b)
0 l—F(x—) '

By (3.15), for fixed x, Vi(t,x) is a locally square-integrable martingale in ¢
relative to the natural filtration with predictable quadratic variation process
(lnt]/n)F(x)(1 — F (x)) Theorem 1.9.5 in Liptser and Shiryayev [16] yields

the bound E sup, 9 .7 |V (t,x—)| <3/cT(1 — F(x—)). Hence,

n

/oo E sup;¢io.c7 |V (t, F(x—))| dF(x) < 67T
0 - F(x—)

so (3.12) follows by an application of Markov’s inequality and (3.14).

Next, on noting that M"(t) = V"(A”(t)/n, 0) + M} () when A"(t) <k, we
have by (3.9), Lemma 3.1, Kolmogorov’s inequality, and the Lenglart—-Rebolledo
inequality; see, for example, Liptser and Shiryayev [16], Theorem 1.9.3, for b > 0
and ¢ > 0,

. b
P( sup |M"(t)| > b) <P(A(T) > |nbT]) —i—P( sup |V"(t,0)| > 5)
1€[0,T] 1€[0,bT]

b
+P< sup M7 ()] > 5)
1€[0,T]

4(T +¢)
b2
4(T +¢)
b2

LnbT | P
+P< Z / {u<n;} WdF(u)>c>.

P(A"(T) > [nbT]) + +P((M] 7 )(T) > c)

P(A"(T) > |nbT]) +

By Markov’s inequality,

b7 — F(u) bT
( Z / {u<n;} —F(u—))2 dF(u)>c> ST’

s0, on picking ¢ = b3/2T1/2,

4T T
P( sup |M"(1)| > b) <P(A(T) > |nbT]) + — +5\/:

1€[0,T] b?

The convergence in (3.13) now follows by (3.14). 0
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PROOF OF THEOREM 2.1. Denote €"(t) = E"(t)/n, q5 = Qy/n, q"(t) =
Q"(t)/n,and q"(t) = Q”(r)/n so that by (2.2b) and (3.2),

t
q" )=y — D" +q"@) +e" 1) - / €'t —s)dF(s)

0

(3.16)
+ /t(q”(t —5)—1)TdF(s)+ iz"(t)
0 Jn

By Lemma 3.2, the sup, ¢ 112" (1)]/ /n converge to zero in probability for every
T > 0as n — oo. By hypotheses, the (q — 1)t and qp A 1 converge in probability
to (qo — 1)™ and qo A 1, respectively. By (2.2c) and the hypotheses, the q"' (1)
converge in probability uniformly over compact intervals of # to qo A 1(1 — F(¢)).
Also, the compact convergence in probability of the e” to e implies that

e'(t) — fote”(t —8)dF(s) — (e(t) — /Ote(t —s)dF(s))‘

sup

t€[0,T]
converges to zero in probability. Hence, on applying part 1 of Lemma B.2 to (3.17),
we conclude by the fact that a sequence of random variables converges in proba-
bility if and only if its every subsequence contains a further subsequence that con-
verges a.s. that the sequence sup, ¢ 119" (1) — q(7)| converges in probability to
zero as required.

The convergence

A" (1)

n

lim P( sup

=00 \t¢€[0,T]

— a(t)‘ > e) =0
follows by (2.2b) and the part of the theorem already proven. [J

3.3. Proof of Theorem 2.2. The key to the proof of Theorem 2.2 is the follow-
ing result whose proof is deferred until the next section. Denote

(G17) H@)=Y(@) — /0, Y(t —$)dF(s),
t
(3.18) Hn(t)ZYn(t)—/O Yt —s)dF(s),
. . _
(.19 X'0) =i 0"~ a A1~ F))

(320) X (1) = (Xoligy<1) + X0 A Oligy=1))(1 — F (1)) ++/qo A 15(2).

Let H = (H(t),1 € Ry), H" = (H"(1),t € R}), X = (X(1),1 € Ry), X" =
(X"(t),teRy),and Z" = (Z"(¢t),t € R;). We also denote

N 1
X1 = ﬁ(;(gg ) (g0 — 1)+),

Xo = Xoligy=1) + X Ligo=1)-
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THEOREM 3.1. Under the hypotheses of Theorem 2.2, the processes X,
H and Z are separable random elements of D.(Ry,R). As n — oo, the
(Xy, X", H", Z") converge in distribution in R x D¢ (R4, R)3 10 (Xo, X, H, 7).

Given Theorem 3.1 and Lemmas B.1 and B.3, the proof of Theorem 2.2 is now
routine. On recalling that X" () = \/n(Q"(¢)/n — q(t)), we have by (2.2b), (2.3),
(2.4), (3.2), (3.18) and (3.19), that

X"(t)=Xp(1— F(0)) + X"(t) + H" (1) + Z" (1)
t
(3.21) +/0 (X" (t — s) + /n(q(t —s) — 1))"

— V(g —s) = 1)) dF(s).

On writing (3.21) as X" = ¥" (X2, X" H", Z"), we have by applying part 2 of
Lemma B.2 with f"(y, 1) = (y + va(a() — D) — /(@) — DT and f(y, 1) =
ylgn>1y + y+1{q(t):1} that if X" — x in R x D (R, R)3, then V" (x")(t) —
y(¢) for all ¢, where y = (y(¢),t € R;) is determined by the following equations
assuming that x = (xy, X3, X3,Xx4) with x; € R and x; = (x;(¢),t € R}) for i =
2,3, 4:

y(0) =x1(1 = F()) + x2(t) + x3(t) + X4(1)

t
+/o (y(t — ) iqi—s)>1} + ¥t — )T Liqu—s)=1)) dF (s).

These equations specify y uniquely by Lemma B.1. The hypotheses and The-
orem 3.1 imply that, as n — oo, the ()A(g,ff”, H",Z™) converge in distribu-
tion in R x D¢ (R4, R)3 to (}A(O, X, H, Z), which is a separable random element.
Therefore, by the continuous mapping principle (see Theorem D.2), the X" con-
verge in the sense of weak convergence of finite-dimensional distributions to
X = \D(Xo, f(, H,Z), where ¥ (x1, X2, X3, X4) =Y. The trajectories of X are a.s.
Borel measurable and locally bounded by Lemma B.1.

If, in addition, condition (2.9) holds, then, by Lemmas B.2 and B.3, X has tra-
jectories in D(R, R) and the convergence W (x") — y holds in D.(R4, R). An
application of the continuous mapping principle implies convergence in distribu-
tion in D (R, R) of the X" to X. By Lemma B.2, W is a continuous mapping
from R x D, (R4, R)3 to D, (R4, R), so X is a tight random element. Hence, it is
a separable random element.

4. Proof of Theorem 3.1. In Section 4.1, we derive certain properties of the
processes that appear in the limit, emphasizing the property of being a separable
random element. In Section 4.2, results on joint convergence in distribution are
established. These developments culminate in the proof of Theorem 3.1 in Sec-
tion 4.3. The hypotheses of Theorem 2.2 are assumed.
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4.1. Properties of processes associated with the Kiefer process. Let K =
((K(t,x),x €]0,1]),t € R;) be a Kiefer process such that K, Y, Xo and X are
independent. Recall that this means that K is a zero-mean Gaussian process with
EK(t,x)K(s,y) = ({t As)(x Ay —xy). In particular, K (¢, x) is a Brownian mo-
tion in ¢ for fixed x. We choose a modification of K which is continuous in both
variables a.s. Introduce for t € Ry and x € Ry,

4.1) V(t,x) = K@), F(x)),
4.2) U(t,x) = K(t, F(x)),
and define
Vt,u—)
(4.4) L'(t.x)=U(, x)-l—/x U(tFizt_))dF(u),
_ LVt —u,u—)
4.5) G(1) _/0 T Fao FaD) dF (u).

The integrals on the right of (4.3)—(4.5) converge absolutely a.s. To see this, note
that V (¢, x) is a locally square integrable martingale in ¢ for fixed x relative to
the natural filtration with predictable quadratic variation process a(¢) F(x)(1 —
F(x)). Therefore, by Theorem 1.9.5 in Liptser and Shiryayev [16], for T > 0,
Esup,cio.7 |V, x—)| < 3/a(T)(1 — F(x—)). We thus obtain

/oo Esup,cpo.7) 1V (@, u—)] AF ) < o 3./a(t) dF @)
46) 0 1—F(u—) 0 1—F(u—)
<6va()
so that
4.7 / > SuP’el[O*T];z/(t’)”_)l dF(u) <oco  as.forT > 0.
— F(u—

A similar argument shows that for arbitrary 7 > 0 and § > 0

X V(t,u—)
/0 ———LFu)>1-edF(u)

4.8) lim P< sup sup [ Fu)

=0 \se[0,T]xeRy

>8>=0
>8>=0.

and

4.9) limP< sup sup

¥ U(t,u—)
/‘71{F(u7)>178}dF(’4)
=0 \re[0,T]xeR, 1/0

1 —F(u—)

Denote

4.10 Foy= [ 12 p
(+-10) = T Fas) AW
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Let U = (U(t,x),x € Ry), 1 € Ry), V = (V(t,x),x € Ry),r € Ry), L =
(L(t,x),x €RL), 1 €RL), L' = (L'(t,x),x € Ry),7 € Ry), and G = (G(1),
IER+).

LEMMA 4.1. The process L is a zero-mean Gaussian process with trajectories
in D(R4, D. (R4, R)). Its covariance is given by
EL(t,x)L(s,y) =a(t As)F'(x Ay).
Furthermore, the pair (L, V) is Gaussian.
PROOF. By (4.1), (4.7) and Lebesgue’s dominated convergence theorem, the

definition of L(¢, x) in (4.3) implies that L(¢, x) is right-continuous in x with left-
hand limits for a given ¢. Similarly,

. o0 |V(t’ u_)_ V(sau_)| _

ltlfvl,/o [~ Fluo) dF(u) =0,
. R |V(tau_)_ V(s_vu_)| _
ltlTr?/() I Fluo) dF(u)=0.

It follows that L has trajectories in D(R, D. (R, R)) a.s.

Since the integrand in the integral on the right of (4.3) is left-continuous in u,
Lebesgue’s dominated convergence theorem shows that this integral can be as-
sumed to be a Stjeltjes integral, that is, to be a limit of Riemann sums. Since finite-
dimensional distributions of V are Gaussian, it follows that finite-dimensional dis-
tributions of (L, V) are Gaussian too. The formula for the covariance of L is ob-
tained by a direct calculation. [J]

Lemma 4.1 implies that L defines an orthogonal random measure on Ri in that
EOIL((21, x1), (t2, x2))TIL((s1, y1), (52, ¥2)) = 0, where 11 < 12, x1 < x2, 51 < 52,
and y; < y», whenever the rectangles with the vertices (¢1, x1), (t1, x2), (f2, x1),
(t2, x2) and (s1, y1), (51, ¥2), (52, ¥1), (52, y2) are disjoint. Similarly, ELIL ((z{, x1),
(2, x2))(L(0, y2) — L(0, y1)) =0, EDJL((1, x1), (t2, x2))(L(52,0) — L(s1,0)) =
0, E(L(0, y2) — L(0, y1))(L(s2,0) — L(s1,0)) =0, E(L(#2,0) — L(#1, 0))(L(s2,
0) — L(s1,0)) =0 when (#1, £2) and (s1, s2) are disjoint, E(L(0, x2) — L(0, x1))
(L0, y2) — L(0, y1)) = 0 when (x, x3) and (y1, y2) are disjoint, ECIL((¢1, x1),
(t2, x2))L(0,0) =0, E(L(#2,0) — L(#1,0))L(0,0) =0, and E(L(0, x2) — L(0, x1))
L(0,0) = 0. These properties enable us to define in a standard fashion integrals
with respect to L.

To recapitulate, suppose 4 is a Borel function with

(4.11) /Rz h(s,x)>da(s)dF'(x) < co.
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If
k [
h(s,x) =Y ailiseis; o xer i + 2 bilis=0)Lixe(n )
i1 i=1
m

+ Y cilisetzy iz liv=0) + d1{s=0)Lx=0).

i=1

(4.12)

where the a;, b;, ¢; and d are real numbers, 0 < x1; < x2;, 0 < y1; < y2,
0 <z1,; <=z2,,and the sets (s1;,52,;] X (x1,i, x2,i1, (¥1.i» y2.i], and (z1,, 22,;] are
pairwise disjoint, we set

k
[ 1600160 = 3 @D (1010, G20 3200)
R i=1

!
(4.13) + ) bi(L(0, y2.0) — L(0, y1.1))

i=l

+ Y ci(L(z2,i.0) — L(z1,i, 0)) + dL(0,0).
i=1

Note that by Lemma 4.1

2
4.14) E(/Rih(s,x)dL(s,x)) =/Rz+h(s,x)2da(s)dF/(x).

If h(s, x) is an arbitrary Borel function satisfying (4.11), then there exists a se-
quence h* of functions of the form (4.12) such that

lim (h(s, x) —hk(s,x))zda(s) dF'(x)=0.

2
k— 00 R:

This implies by (4.14) that the sequence fRi h*(s, x)dL(s, x) is Cauchy in
Lo(R2, F,P), so it converges. We define fRih(s,x)dL(s,x) as the limit. One

can see that the integral is a zero-mean Gaussian random variable and that
(4.14) still holds. By polarization, if g(s,x) is another function with ngr g(s,

x)?da(s)dF’(x) < oo, then

E/Rih(s,x)dL(s,x) /Ri g(s,x)dL(s, x)
4.15)
:/Rz h(s, x)g(s, x)da(s) d F(x).

The martingale property asserted in the next lemma is understood with respect
to the natural filtration. Recall that Gaussian martingales are locally square inte-
grable.
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LEMMA 4.2. If g(s, x) is a Borel function on R%_ such that, for all t € Ry and
X € R+,

[ Lo yeng(s. ) da)dF () < oo,
+
then the process N = (N (t),t € Ry) with
N() = /Rz 8(s, x) y4x<rydL(s,x)
+

is a zero-mean Gaussian martingale with predictable quadratic variation process
(N)=(N)(),t € Ry), where

W0 = [, 860 Vs da(s) dF ().
+
The process N has a modification with trajectories in D(R4, R).

PROOF. By construction, finite-dimensional distributions of N are limits of
Gaussian distributions, so they are Gaussian too. The covariance of N is given,
according to (4.15), by

ENON® = [ | 807 tazonn) da) dF' ).
T

It follows that N has uncorrelated, hence, independent increments. It is, thus, a
zero-mean Gaussian martingale. By the independence-of-increments property, the
natural filtration of NV is right-continuous; see, for example, Doob [6], Part 2, Chap-
ter VI, Section 8. Consequently, N admits a right-continuous with left-hand limits
modification; see, for example, Doob [6], Part 2, Chapter IV, Section 1. [

Let
(4.16) M(t) =/I;£2 Lis1x<ydL(s, x).
+

By Lemma 4.2, the process M = (M (t), t € R} ) admits a modification which is a
Gaussian martingale with trajectories from D(R, R). We further consider such a
modification throughout. The variance of M (¢) is given by

t
4.17) C() :/0 a(t —s)dF'(s).

We study measurability properties of the introduced processes. Recall that H
was defined in (3.17).

LEMMA 4.3. The processes H, G and M are separable random elements of
D.(Ry, R) and the processes L, L', U and V are separable random elements of
D.(R4, D (R, R)). The pair (G, M) is Gaussian. The process G is a Gaussian
semimartingale.
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PROOF. By the hypotheses of Theorem 2.2, the process Y is a separable
random element of D.(R,, R), so its distribution is a tight probability measure.
By (3.17), H is obtained from Y by an application of a continuous operator on
D. (R4, R). It follows that the distribution of H is a tight probability measure,
hence, H is a separable random element of D. (R, R).

Since the process V is bounded on bounded domains [see (4.1)], by (4.5) the
process G is of locally bounded variation a.s. By (4.7) and Lebesgue’s domi-
nated convergence theorem, the trajectories of G are right-continuous and admit
left-hand limits on a set of full probability. Since the integrand in (4.5) is a left-
continuous function of y, the integral can be interpreted as a Stjeltjes integral, that
is, as a limit of Riemann sums. As (L, V) is a Gaussian pair by Lemma 4.1, the
definition of M in (4.16) implies that (G, M) is a Gaussian pair.

Hence, the processes G and M are Gaussian semimartingales with paths in
D(R4+, R). By Liptser and Shiryaev [16], Theorem 4.9.1, their jump times are
deterministic, so the ranges of these processes as elements of D. (R, R) are sep-
arable. Since balls in D, (R4, R) belong to the Kolmogorov o -algebra, the traces
of the Kolmogorov and Borel o-algebras on a separable set coincide, hence, G
and M are separable random elements of D, (R, R).

By (4.2) and continuity of the Kiefer process in both variables, U (¢, x), as
a function of x, jumps only when F jumps, so its range is separable, hence,
(U(t,x),x € Ry) is a separable random element of D.(R,, R) for each ¢. Next,
the map t — (U(t, x),x € Ry) from R to D.(R, R) is continuous, so U has
a separable range in D, (R4, D.(Ry, R)). It is, therefore, a separable random
element of the latter space. The process V is a separable random element of
DR+, D.(R4, R)) for a similar reason.

The range of (L(¢,x),x € R;) for a given ¢ is separable by the fact that
the jumps of (L(f,x),x € R;) occur at the times of jumps of F, hence, this
process is a random element of D, (R, R). Since the jumps of L as an element of
D (R4, D.(R4, R)) coincide with the jumps of a, it is a separable random element
of ]D)C(R-I—a DC(R-F’ R))

The assertion of the lemma for L’ is obtained analogously. [

In what follows, we always assume the modifications as described in Lem-
mas 4.2 and 4.3.

We now construct the process Z = (Z(¢),t € R,) in the statement of Theo-
rem 2.2. We define

(4.18) Z(t)=G(t)—M(@).

By Lemma 4.3, Z is a Gaussian semimartingale, so it is a separable random ele-
ment of D.(R;, R). In order to verify that its covariance function has the form
stated in Theorem 2.2, we find it convenient to approximate this process with
Gaussian processes of simpler structure.
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For/eN,let0= sé < s{ < sé < --- be a strictly increasing to infinity sequence

of real numbers. Following the notation used in the Introduction, we set, for ¢ €
R4,

00
(4.19) IIJ(S’ X) = Z l{se(sf_l,sf]}l{()fxit—sf_l} + I{SZO}I{OSXSZ}'
i=1

We also define

/ I+ (s,x)dV (s, x)
RZ

+

(4.20)

IoF

—

(Vs e —sl )=Vt |t — sf_l))l{slgilﬁ} +V(0,1)

1

and introduce
(4.21) Zi(t) = —/2 11 :(s,x)dV (s, x).
R+

On recalling (4.1), we see that (Z;(¢),t € R}) is a zero-mean Gaussian process
with covariance

o0

EZi(DZi(s) = Y _(als}) —als/_))F(t As —s]_y)
i=1
(4.22) x (1= F(@tvs—si_)),

vfﬁlft/\s}
+a(0)F(t As)(1—F(Vs)).
LEMMA 4.4. If sup,-(sf — sf_l) — 0 as | — oo, then the Z;(t) converge
to Z(t) in the mean square sense for each t as | — o0o. The covariance of Z is

given by

EZ()Z(s) = /OMS Fitns—u)(l—F@Vvs—u))da(u).

PROOF. By (4.3), (4.13), (4.19) and (4.20),

/ 11t<s,x>dV<s,x>=/ I.(s,x)dL(s, x)
R2 R2
T T

00 =5t Vsl y=) = Vsl y—)
(4.23) - gl{sf_lst}fo 1-F(y—) arm
"t V(@O,y-)
— | 2= aFy).
/0 1 —F(y—) o)
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Given ¢ > 0, for all [ large enough, 1j4r<nlis>01lx=0) < 11:(s,x) <
l{s+x§l+g}1{szo}1{x20}. Therefore,

L a5 = Lieszn)? da) dF o)

+
= [, (crazrin = Niszn) dats) dF'(2)
+

The right-hand side converges to zero as ¢ — 0, so by (4.16) and the definition of
the integral

4.24) M(t):l.i.m./ I (s, x)dL(s, x),
[—o0 ]Ri

where l.i.m. stands for mean-square limit. Also

00 t=si_ Vst y=) = Vst |, ty
Sty f G y2) = Visiopy D), arm+ [ 5 YOID 4y
i=1

1—F(y-) - F(y-)

where s! O R = st (y)—1- By right continuity of V (¢, x) in ¢, (4.5), (4.8) and
Lebesgue’s dominated convergence theorem,

e st Vst y=) = Vs, v-)

G(t) = P'}E&(_X} l{s,[lfz}/o 1—F(y—) o)
1=

(4.25)

LVO,y-)
+ / —————dF )
o 1— F(y—) (y))
where P-1im denotes limit in probability.

By (4.18), (4.21), (4.23)—(4.25), Z(t) = P-lim;_, o, Z;(¢). Since the Z; are
Gaussian processes, the latter limit holds in the mean square sense too; see, for
example, Ibragimov and Rozanov [11], Lemma 1.3.1.

By (4.22), we can write

EZ;(1)Zi(s) = /OOO F(tAs—r' @)1= F(tvs—r )11y <irs da),

where
r (”)—Zsz ety

Since max; (sf — sf_l) — 0as! — oo, rl(u) — u from the left. By right continuity
of F, Ft As—rlu) — F(t As —u)and F(r Vs —rl(u)) —> F(t Vs —u) as
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I — o0o. Also, 1i,1(,)<sas) = liu=tns). Therefore, by Lebesgue’s dominated con-
vergence theorem,

tAS

llim EZ;()Z(s) = FitAs—u)(l—F(tVvs—u))da(u). 0
—00 0

4.2. Convergence in distribution. Let

—

nt

—

(4.26) U (t,x) = (1py<x) — F (1)),

nirx dF(u)
( ti=x) _/o 1—F(u—>>‘

(4.28) Vi, x)=U" <A’;(t) , x).

S -

N
I
—_

(4.27) L"(t,x) =

S\
i M_

By (3.1) and (4.26),

For what follows, we note that, given arbitrary 7 > 0 and § > 0,

X Ut(t,u—)
—1 el-adF
/0 = Fuo) (Fu—)>1—g} dF (u)

~5)

The limit in (4.29) is analogous to that in equation (3.23) in Krichagina and Puhal-
skii [15] [see also (3.24) in that paper], so a similar proof applies.

We introduce the processes L = (L (t,x),x e Ry),t € Ry), U" = ((U"(¢,
X),x € R+), te R+), and L' = ((L/(l, X), X € R+),l € R+)

lim limsupP< sup sup
=0 n—o00 1e[0,T] xeR
(4.29)
=0.

LEMMA 4.5. As n — o0, the ()A(”, )N(”, U", L") converge jointly in distribu-
tion in R x De(R4, R) x De(Ry, De(Ry, R))2 10 (Xo, X, U, L').

PROOF. Recall that, by Lemma 4.3, L’ and U are separable random elements
of the space D.(R4, D.(R4, R)). The process Xisa separable random element
of D.(R4, R) by (3.20) and the assumption that S is a separable random element.
The hypotheses of Theorem 2.2 and (2.2¢) imply in a standard fashion that the
(X, X" converge in distribution in R x D, (R, R) to (Xo, X).

Since (X”, X") and (U", L") are independent and (X, X) and (U, L’) are
also independent and are separable random elements of the associated metric
spaces, by Theorem D.8 it suffices to establish convergence in distribution in
De(Ry, DRy, R))? for (U", L™). By (4.26) and (4.27) (cf. (3.5)),

X U™(t,u—)

(430) Un(l',X)Z— 0 T(u_)dF(M)-i-Ln(t,X).
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Let

Lnt)
(4.31) K"(t,x) = — Zl{glq —Xx),

where the ¢; are independent and uniform on [0, 1]. By Krichagina and Puhal-
skii [15], the K" = ((K" (¢, x),x € [0, 1]),t € R) converge to K in distribution
in D(Ry, D([0, 1], R)). Since K is continuous in both variables, it follows that
the convergence takes place in D, (R, D.([0, 1], R)) too. (One can apply Corol-
lary D.1.) Since by (4.26), we can assume that U" (¢, x) = K" (¢, F(x)), the U"
converge in distribution in D, (R, D. (R, R)) to the process U.

Let, for e € (0, 1),

X Un
L™, x) =U"(t, x)—i—/ %1{”% y<1-e} dF (),
x U(t u— )

L) = U0 + [ T 10 AP ),

-)
L™ = ((L"™*(t,x),x e R}),t € Ry), and L/S =((L"*(@#,x),x e Ry),t e Ry).
An argument analogous to the one used in the proof of Lemma 4.3 shows
that L’® is a separable random element of D.(Ry, D.(R4, R)). The continuous
mapping principle (see Theorem D.1) yields the convergence in distribution in
DR, D (R4, R))? of the (U™, L"™*) to (U, L’®). Thus, in view of (4.9), (4.30)
and Theorem D.10, the result follows by (4.29). [

LEMMA 4.6. Asn — 00, the ()A(”, X", H",G",L", V™) converge in distrib-
ution in R x D (R4, R)? x Do (Ry, De(Ry, R)2 10 (X, X, H,G, L, V).

PROOF. By Lemma 4.3, the processes H, G, L, V and U are separa-
ble random elements of the associated function spaces. Since the exogenous
arrival process E" and (X(, X",U", L") are independent, on the one hand,

and Y and (Xo, X ,U, L") are independent, on the other hand, and are separa-
ble random elements, Lemma 4.5, the hypotheses of Theorem 2.2, and Theo-
rem D.8 imply that the ()A(", X", yn un, L™) converge in distribution in R x
D.(Ry, R)? x De(Ry, Do (Ry, R))? to (Xo, X, Y, U, L). Since the random ele-
ment ()A(O, X ,Y,U, L) is separable, by Theorem 2.1 and Slutsky’s lemma (The-
orem D.9) the ()2”, X”, Y", U", L™, A" /n) jointly converge in distribution in
R x DRy, R)? x De(Ry, De(Ry, R)? x DRy, R) to (Xo, X,Y,U, L', a).
On recalling that V"(¢,x) = U"(A"(t)/n,x), V(t,x) = U(a(t),x), L"(t,x) =
L™ (A"(t)/n,x), and L(t,x) = L'(a(t), x) [see (3.4), (4.1), (4.4), (4.27) and
(4.28)], we conclude by the continuous mapping principle (Theorem D.1) that
the ()A(”, f(", Y, V" L™) converge in distribution in R x D.(R, ]R)2 X D (R4,
D.(Ry,R)? to (Xo, X, Y, V, L).
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Let, for e € (0, 1),

TVt —u,u—)
G™4(t) 2/0 T(u_)l{F(u—)gl—s}dF(u)’

TVt —u,u—)
Gs(f):/o T(u_)l{F(u—)sl—S}dF(u)’

G"® = (G™*(t),t € Ry), and G® = (G®(¢),t € R;). We note that the G® are
separable random elements of D.(R,, R). On applying the continuous mapping
principle and recalling (3.18), we have that the (X*, X", H", G™¢, L", V") con-
verge in distribution in R x D (R, R)3 X DR+, De (R4, ]R))2 to ()20, f(, H, G¢,
L, V). In view of Theorem D.10, (3.7), (4.5) and (4.8), the assertion of the lemma
will follow if for arbitrary 7 > 0 and § > 0,

lim lim supP( sup sup
e—~>0 n—o0 1[0, T]xeR+

The latter limit is implied by (4.28) and (4.29). U

X Vit u—)
——Liru—)>1-dF
/0 [~ Flao) WFe=1-) (u)

>8>=0.

Let, for e > 0,
(4.32) M50 = [, Liaawareee Lz dL" 6.0
+
and
(4.33) M) = [ Ysararmeilistazn dLG. ).
+
We note that these two integrals are, in fact, finite sums:
(4.34) M@= ) OL"((s— x—),(s.x))
s, x:5+x<t,
Aa(s)AF(x)>e
and
(4.35) Mfty= Y OL(s—.x-), (s, x).
S, XS +x<t,
Aa(s)AF (x)>e

In particular, M? = (M?(t),t € R;) is a separable random element of D, (R,
R) and M™% = (M™¢(t),t € R,) is a continuous function of L" for spaces
De(R4, R) and D (R4, De (R4, R)).

LEMMA 4.7. Given t; < --- < t, € R4, as n — oo, the (X!, X", H", G",
I\/IA”’S,~M" (1), ..., M"™(t,,)) converge in distribution in R x D.(Ry, R)* x R™ 1o
(XO’ X? H’ Ga MS, M(tl)’ cee M(tm))
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PROOF. Since Z"(t) = G"(t) — M"(¢t) by (3.6) and Z(t) = G(t) — M(t)
by (4.18), the continuous mapping principle implies that it suffices to prove
that the (X”, X", H",G", M™¢, Z"(t1), ..., Z"(tm)) converge in distribution in

R x D.(Ry, R)* x R™ to (X, X, H, G, MS, Z(t1), ..., Z(tn)).

Let0= s(l) < s{ < sé < --- be such that s,lC — oo as k — oo and sup,-:mw(sf —
sf_l) — 0 as [ — oo. Recall that the function /; ; and the process Z; = (Z;(t),t €
R ) are defined by (4.19) and (4.21), respectively. We also set

(4.36) Z(t) = —A{z I+ (s, x)dV" (s, x),

where the integral on the right is defined in analogy with (4.20), that is,
oo
/ l / /
/Ri I (s, x)dV" (s, x) = ; L gV st =si) = V' (sip, 0 = 5i1)

+ V"(0,1).

Lemma 4.6, (4.34), (4.35) and the continuous mapping principle yield convergence
in distribution in R x D¢ (R4, R)* x R” of the (X”, X", H",G", M™*, Z(t1), .

Z['(tm)) to (Xo, X, H,G,M?, Zi(t)), ..., Zi(ty)) as n — oco. By Lemma 4.4, for
arbitrary t e Ry and y > 0,

lim P(|Z(t) — Zi(1)| > y) =0.
[—o00
It thus remains to prove that, for arbitrary r € R} and y > 0,
4.37) lim limsupP(|Z"(t) — Z}(¢)| > y) =0.
[—>00 n—oo
By (3.1), (3.3) and (4.36), for s e R,
ZM(s) — Zj'(s)

1 W&
=EZZ iz e(sh_ st
i=1 j=1

I
X (l{me(s—r,.",s—s;_l]} —(F(s =sj_) — F(s —1/))).
For k € N, introduce
A"($)Nk oo

= 2 2N =gligec ol

i=1 j=1
x (1

sl

meG-rrsst ) — (F6 =851 = Fs = 11)).

Since the A" (s)/n converge to a(s) in probability as n — oo by Theorem 2.1,
(4.37) would follow by

(4.38) hm 11msupP(|Zl (] >y)=0.

n—oo
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Let 7} be complete o -algebras generated by the random variables tj’.’ AT ()41
and njaan(s), where j € N. By Brémaud [4], Appendix A3, Theorem 25, the
flow F" = (F},s € R,) is right-continuous, so it is a filtration. By part 4 of
Lemma C.1 (see also Lemma 8 in Reed [22] and Lemma 5.2 in Krichagina and
Puhalskii [15]), the process (ZZ «(8),s € Ry) is an F"-square integrable martin-
gale with predictable quadratic variation process ((Z}';)(s), s € Ry), where

| A"k o

!
(Z]))(s) = — Z Z L Li<s) {r"e(s ,AA]}(F(S —s;i) = F@s—1")
i=1 =

x (1= (F(s =s5_) = F(s = 1))

¢ A" ()

1 &
; 2:11{5 / Z l{f e(sj I / {xe(s_rin’s_si'—l]}dF(X)

~.

ol
S

1 s—sh_
=;2_: K ' 1(A”(s§/\s)—A”(s—x))dF(x).

In view of the compact convergence in probability of the A" /n to a as n — o0
(Theorem 2.1), the latter sum converges in probability as n — oo to

S*Slz_
1{35715”/ ] H(aGs! As) —als —x))dF(x)
= Z l{y. <S} (F(s — s?j_]) —F((s — s§)+))a(s§ AS)

—/Osa(s—x)dF(x)

) S
=/ a(ul(s—x))dF(x)—/ a(s —x)dF(x),
0
where u! (x) = j ls Nl ! <s}1{xe[s’. Lsh)) for x € [0, s]. Note that u/ (x) > x
- J=1r7y

and u'(x) —> x as | > oo. Hence, ul(s — x) > s — x from the right, so a(u'(s —
x)) — a(s — x). By Lebesgue’s dominated convergence theorem, fos a(u'(s —
x))dF(x)— f(f a(s —x)dF(x) as | - co. We conclude that, for arbitrary 6 > 0,

hm hmsupP((Z, (@) >8)=

[— 00 n—oo
Limit (4.38) follows by an application of the Lenglart—Rebolledo inequality; see,
for example, Liptser and Shiryayev [16], Theorem 1.9.3. [J

LEMMA 4.8. As n — o0, the ()A(”, X", H", G", M", M™) converge in dis-
tribution in R x D.(Ry, R)* x DR+, R) 10 (Xo, X, H, G, M®, M). The latter
random element has a tight distribution.
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PROOF. Let us show that the sequence M" is tight in D(R4, R) (for Skoro-
hod’s Ji-topology). By Lemma 3.1, the process MZZ is a G"-square integrable
martingale with predictable quadratic variation process

(M™) (1) = /R Loz (L) (5, 0)

O S
=[] = N X).
o n {0<X§T],} (1 _ F(x—))2
Since the A" /n tend to a in probablhty uniformly over compact sets, by the law of
large numbers and (4.10), for T > 0 and § > O,
> 8) =0.

By Theorem VI1.5.17 in Jacod and Shiryaev [12], the sequence M”;2 is tight in
D(R4, R). Since the A" /n converge in probability to a, the definition of V" (¢, x)
in (3.1), Donsker’s theorem, Slutsky’s lemma (Theorem D.9) and the continu-
ous mapping principle imply that the sequence V" = (V"(z,0),7 € Ry) con-
verges in distribution in D, (R4, R) to (/ F(0)(1 — F(0))W(a(z)),t € Ry), where
(W(2),t € Ry) is a standard Brownian motion. Thus, this sequence is asymptoti-
cally tightin D, (R, R) (Theorem D.3). By Theorem D.7, the sequence V', M :2)
is asymptotically tight in D, (R4, R) x D(R4, R). Since the map (x,y) - x+y
is continuous as a map from D, (R, R) x D(R;, R) to D(R,, R), it follows that
the sequence Vi4+M ;’2 is asymptotically tight in D(R, R), see Theorem D.4. By

Ulam’s theorem, V" + M ;’2 is a tight random element of D(R, R) for each n.

Therefore, the sequence V" + M7, is tight in D(R4, R), van der Vaart and Well-
ner [23], Problem 1.3.9. Since, for T > 0, by (3.9)—(3.11),

lim P< sup

=00 \te[0,T]

t
(") () — /O 1x=0)a(t — x)dF'(x)

P( sup [M" (1) — V(A" (1)/n, 0) — M"(1)| > o) <P(A(T) > n?)
t€[0,T]

and the latter probability tends to zero as n — oo, it follows that the sequence M"
is tight in D(R, R) (e.g., by Theorem VI1.3.21 in Jacod and Shiryaev [12]).

By Lemma 4.7, the (XO, X" H",G", M™*¥) converge in distribution in R x
De (R4, R)* to (XO, X,H,G, M* ), which is a separable, hence, tight, random el-
ement (recall the definition of X in the statement of Theorem 2.2, Lemma 4.3,
and (4.35)). Therefore, the sequence ()A(”, X", H",G", M™*) is asymptotically
tight in R x D.(Ry,R)*, see Theorem D.3. Since the sequence M” is tight in
D(R., R), it follows that the sequence (X7, X", H", G", M™¢, M") is asymptot-
ically tight in R x D. (R, R)* x D(R,, R), see Theorem D.7.

Since the topology of R x D(R,,R)> is coarser than the topology of R x
D (R4, R)* x D(R4, R), the sequence ()A(”, X", H", G", M"¢, M'™) is asymptot-
ically tight in R x D(R, R)>. It is thus tight because the ()A((’)’, X", H",G", M™¢,
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M") are random elements of R x D(R+,R)5, see van der Vaart and Well-
ner [23], Problem 1.3.9. Lemma 4.7 and Prohorov’s theorem imply that the
()A(”, X", H", G", M™¢, M'™) converge in distribution in R x D(R., R)S to
()A(o, X ,H,G, M¥?, M). On taking the set of Skorohod-continuous bounded func-
tions as the separating subalgebra in Theorem D.6 we conclude that the sequence
()A(”, X", H", G", M"*, M'™) is asymptotically measurable in R x D, (R4, R)* x
D(R4, R). The latter property, coupled with the asymptotic tightness of this se-
quence in R x D, (R, R)* x D(R,, R), yields by Theorem D.5 the existence of
a subsequence that converges in distribution in R x D.(Ry, R)* x D(R4, R) to
a random element with a tight probability law. The limit must be the same as in
R x D(R4, ]R)S, that is, it is ()A(O, X, H,G, M*, M). Tt thus does not depend on a
subsequence. [

4.3. Completion of the proof of Theorem 3.1. Let

(4.39) M(t) =M () + Ma(2)

be the decomposition of the Gaussian martingale M into the sum of a continuous
Gaussian martingale M; = (M(¢),t € R;) and a pure-jump Gaussian martingale
My = (M3(t),t € Ry) with jumps occurring at the jump times of C(¢); see Jacod
and Shiryaev [12], Chapter II, Section 4d, Liptser and Shiryayev [16], Chapter 4,
Section 9. Formally,

t
M1(1)=/0 Liac(s)=0ydM(s),

(4.40) .
Mz(t)=/0 Liac(s)>0dM(s).

Let also

4.41) Me@t)=M() — M(¢t).

We show that, for 7 > 0 and § > O,

(4.422) lim P( sup |ME(r) — Ma(r)| > 5) —0,
e=>0 Nef0,7]

(4.42b) lim P( sup |M™(t) — My(1)] > 5) —0.
=0 NMelo,7]

Since by (4.17) AC(t) =Yy, —, Aa(s)AF'(x), by (4.16),
M (1) = /Rz Liaae)aF)=0)1(s+x=r) dL(s, X).
+
Hence, by (4.33) and (4.40),

Mo (1) — M*(t) :/]RZ Lo<na)aF)<e}lis+x<ry dL(s, x).
+
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Lemma 4.2 implies that (M(¢t) — M®(t),t € R;) is a Gaussian martingale
relative to the natural filtration with predictable quadratic variation process
(fR%r Lio<aa(s)AF()<e}ls+x<iyda(s) dF'(x),t € Ry). The latter function tends
to zero as ¢ — 0 for every t € R4, so the Lenglart—Rebolledo inequality
yields (4.42a). The limit in (4.42b) follows by (4.41), (4.42a) and the identity
in (4.39).

We introduce processes M™% = (M™¢(t),t € Ry) by letting M"™4(t) =
M"(t) — M"™*(t). Letalso M = (M"*(t), t € Ry). By Lemma 4.8 and the contin-
uous mapping principle, as n — oo, the (X?, X", H", G", M"™¢, M"™¥) converge
in distribution in R x D.(R,, R)* x D(R4, R) to ()A(o, X,H,G, M?, M’®). The
latter random element has a separable range. Therefore, by Theorem D.11,

llm dEL] ((X(r)lv Xnv Hn? Gnv Mn’ga M,n’g)a (XO’ X? H7 Ga Mga M,S)) = 0
n—oo

where dp; | is the distance on the space of mappings from Q to R x D¢ (R, R)* x
D(R+, R) as defined in Appendix D. The limits in (4.42a) and (4.42b) imply that
llm8_>0dBL ((X(), ,H, G, M%, M'®), (X(),X H,G, My, M) =0, so

lim limsupdEL ((Xg, Xn, H" G", M™¢, M/n,s)’ (Xo, X, H,G, My, M))=0
e—>0 n—o0 !

Therefore, there exists a sequence &, — 0 such that
lim df (X3, X", H",G", M™*, M"™*"), (X0, X, H, G, M3, My)) =0,
n—oo

which implies by Theorem D.11 that the ()A(g, X", H", G", M™én, M) con-
verge in distribution in R x D (R, R)4 x D(R4, R) to ()2'0, )~(, H, G, M>, My).
Since the process M; has continuous paths and convergence in Skorohod’s Ji-

topology to continuous functions is equivalent to compact convergence, by Corol-
lary D.1 the (X”, X" H" G", M™® M'"*n) converge in distribution in R x

D: (R4, R)> to (Xo, X.H,G, M>, My1). By the continuous mapping principle, the
()A(”, f(”, H",G" — M"-¢n — M'™-*n) converge in distribution in R x D, (R, R)3
to (Xo, X, H, G — M| — M>). Recalling that M" = M"™¢ + M'"¢, Z" = G" — M",
M = M| + M>, and Z = G — M completes the proof of Theorem 3.1.

APPENDIX A: EXISTENCE AND UNIQUENESS FOR THE QUEUEING
EQUATIONS

We prove existence and uniqueness of solutions to (2.2a)—(2.2c).

LEMMA A.1. Given a nondecreasing nonnegative integer-valued process E"
with trajectories in D(Ry, R), a nonnegative integer-valued random variable Q,
and sequences of nonnegative random variables {n;} and {1;}, there exist nonneg-
ative integer-valued processes Q" and Q" and nonnegative integer-valued non-
decreasing process A" with trajectories in D(R4, R) such that equations (2.2a)—
(2.2¢) are satisfied. The process Q" is specified uniquely. If n; > 0 for all i, then
the processes A" and Q" are specified uniquely.
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PROOF. We fix w € Q throughout. Obviously, Q" is specified uniquely
by (2.2c). For Q" and A", we start with the case where Qf < n. First, the ex-
istence issue is addressed. Introduce the process ol =(0"1),1 € Ry) as the
process of the number of customers in the infinite server with the same arrival and
service times and the initial number of customers, that is,

E" (S)

- tpt
(A.1) Qn’](t)Z Qn(f)+En([)—/0 /0 lis4x<nyd ; l{mfx}-

Let ! = inf{r: Q™'(r) > n} < co. Suppose ! > 0. We define Q" () =
Q™1(t) and A™(t) = E"(¢) for t < ™!, Obviously, equations (2.2a) and (2.2b)
are satisfied for r < v/,

If 7! = oo, the proof of existence is over. Suppose the contrary. Clearly, 7!
is a jump time of E”. We choose A" (z™!) such that

AN (tn,l)

Yo o

i=E"(t"1-)+1
(A.2)
E" (.[n,l _)

=n— (Qn(_[n,l_) + AQ”(T”,I) - Z l{fin“‘ni:fn'l})'
i=1

It exists and is not greater than E" (z1) due to the facts that Q" (¢"*'—) < n and
that Q"1 (¢1) > n, so by (A.1),
En(.[n,l_)

Q"' )+ AQ" "+ AE" ") = Y Ly
i=1

(A.3)
Erl(.[n,l)
- 2 Ag=gzn
i=E"(tm1-)+1
We also let
(A4) Qn(rn,l):n_i_En(rn,l)_An(rn,l)‘

Hence, Q" (™) > n, so (2.2b) holds for = t™!. By (A.2) and (A.4),
Qn(l.n,l) — Qn(rn,l_)+AEn(rn,l) + AQ”(TH,I)

A"(T"‘l)
= 2 L=y
i=1

We obtain that equations (2.2a) and (2.2b) are satisfied on [0, 1], We next ex-
tend the construction past 7! Let us define a nondecreasing nonnegative integer-
valued process A™? = (A™2(t),t € Ry) with right-continuous trajectories admit-
ting left-hand limits and with A”2(0) = 0 by specifying its jumps AA™?(¢) for

(A.5)
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t > 0 as follows:

A2 (1—)+k
AA D) =inflkeN: Y Lo
=AM+l
(A.6)
A2 (1) ~
> Y Lo e, —A0MOY,
l:1 1 l
where 7/ = inf{t: A"2(t) > i}, % = NitAn(zn1)> and
5 ~ An(.[n,l)
(A7) Qn,Z(t) — Qn(t + .L,Vl,l) + Z l{rin_,’_ni>t+tn,l}.

i=I

It follows by (A.1) and (A.2) on recalling that Q" (¢!—) = Q!(¢"»!—) and
A"z =) = E"(¢"1—) that 0"2(0) = n and Q™2(r) < n for ¢ > 0 as the right-
hand side of (A.7) is decreasing in ¢.

In words, A™2(¢) is the number of customers that enter service by time ¢ for
an n-server queue that always has a nonzero queue length and for which residual
service times of customers in service at time O are those of customers in the n-
server queue under consideration at time ! and the service times of customers
entering service after time zero are equal to the service times of customers entering
service after time 7! in the queue in question. We note that this process can
run away to infinity on finite time. (For instance, if Q”vz(t) has its first jump at
s >0 and n?’z =0 for all i, then A™2(r) = oo for t > s5.) We therefore introduce
71 = sup{r: A% (1) < oo} and note that 7! > 0 by the right continuity of on2.

By (A.6), we have for t < ™! that

An,Z(t)
_ An,2
A YD ey ey =—A0" @),

i=1
S0, since Q"’Z(O) =n,

AM2(1) 3
(A.8) Z l{fi”‘2+ﬂ?’2>t} + Qn,z(t) =n.

i=1
Introduce
(A9) O’n’1 = inf{t : An’z(l) > Qn(‘[n’l) —n+ (E"(t + ‘L'n’l) . En(tn,l))}‘

By right continuity of A”2, ¢"! > 0. Also, o™! < !, Intuitively, " is the
time when A™2(¢) and A* (1 4+ 11— A" (z™1) diverge. To substantiate this, define
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forr € [t™!, o1 4 o™ 1),
Q"= Q") —n+ Q" — ") + (E"(1) - E"("))

An,Z(t_.[n,l)

—_ Z 1{1’1-”’2+77n'2§t7t"’l}'

i=1 !

(A.10)

By (A.8), we can also write
A1) Q") =0""+(E"(0) — E"(x"") — AW — ™).
Therefore, Q" (t) > n by (A.9), and by (A.4),

(A.12) O"(t)=n+ E"(t) — A"z — A2 — ™).
On letting
(A.13) A" (1) = A" () + A2 (r — o,

we can see that (2.2b) holds on [z, 1 + o™ 1). To obtain~(2.23), we substi-
tute (A.4) in (A.10) and recall the definitions of =%, n* and 0™2(z).
If 6™! = 00, the proof of existence is over. If o™l < 00, we let
(A14) AAn(_L,n,l +O.I’l,1) — Qn((l_n,l +O_n,1)_) —n + AEI’!(_LJZ,I +O,I1,1)
and
AQ”(Tn’l +o_n,1) — AEn(‘L'n’l +O_n,1)

An,2(0n,l7)+AAn(Tn,l+Un,l)

(A.15) -

i=1 (x40 2 =om 1)
i=

+AQ"M (™).
We note that by (A.11) and (A.14),
AAn(Tn,l _J’_O_I’L,l)

(A.16)

— Qn(l.n,l) —n + (En(_rn,l +O_n,1) _ Eﬂ(rn,l)) _ An,Z(O_n,l_)’
so by (A.9)
(A.17) 0<AA (" + 0™ < AAM2 (™).

Let us show that Q" (™! + ¢”!) < n. By (A.6) and the right-hand inequality
in (A.17),

Al‘l,z(o.ﬂ,l7)+AAI‘1(TH,1+O.VL,1) An,Z(O.n.li)

An,2, n,l
> Lop2og) < > Lion2 n2_gnny — AQT (),
i:An,Z(Un,l_)+1 i=1
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SO

A"’Z(Un’l—)+AA"(‘["’1+U”’1)
AA (" 4+ o™ < Z 1

i=1
(A.18)

,2 2
(" “=o™ 1)

~AQ"2 (0",
and by (A.15) and (A.14),
AQ" (" + o™y < AE" (") + o™ 1) — AAT (2 4 67
— Qn((rn,l +0n,1)_).
Hence, 0" ("' +o™1) < n.
Also, Q"(t™! + ™) > 0 which is shown as follows. By (A.15) and (A.16),
0" (" 4oy > Qn((rn,l +o_n,l)_)+AEn(Tn,l+o,n,l)_ AA" (2" 4 ™1y

An,Z(a.)Ll_) ~
= > Loy ea Ly +AQ" (™M

i

(A.19)

i=1
An,2(o,n,[7) )
- Z{ l{fl-n’z-l-n?’z:o-n,l} + AQV!,Z(G}'[,I).
1=
Since —AQ"%(0"™!) < 0"%(c™!—), we have by (A.8) that

An2(n 1) 3
> ey e — AQM(@™)
i=1
An.Z(O.n,li)
D D T A T
i=1
The required inequality has been proven.

By (A.14), (2.2b) for t < t! + ¢!, and the inequality Q" (("' +o™1)—) >
n, AA"(t"1 + o™y = Er(e 4o ) — AP (¢ + 6™ 1) —). We thus have (2.2b)
for t = ! 4+ o™!. Equation (2.2a) for t = t™! + ¢! follows by (A.15)
and (A.7). Existence has been proven on [0, 7*! 4+ o™ 1].

Attime t1 461, we are in a similar situation to the one we faced at r = 0. We
can thus define t”»? and o2 and proceed until we get to the desired time 7. This is
bound to happen after a finite number of steps the reason being that in any interval
[Z’j_:ll (T 4 o™, Z’j_:ll (T 4+ o™y + 1], where 0’1 = 0 by definition, we
have at least one upward jump of E”. Since E" is finite-valued, there are only
finitely many such intervals on any interval [0, ¢].

We now prove uniqueness. Thus, we suppose that Q" and A” satisty (2.2a)
and (2.2b) and that n; > O for all i. Assume for the moment that > 0. If Q"
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and A" differed from those defined above on [0, T 1 ), then there would exist ¢’ <
1 with Q"(t') > n. We note that ¢’ > 0 which is checked as follows. By (2.2a)
and (2.2b) for t =0,

A™(0)

0"(0) = 0" (0) + (Q"(0) —n)" 4 A"(0) — Zlm

E"(0)

< 0"(0)+(Q"©) —n)" + E"0) - Zlm =0)

=(Q"(0) —n)" + Q"1(0) < (Q"(0) —n)" +n,

so 0"(0) < n.

For ! = inf{r < t™!: Q"(t) > n} € (0, 00), we would have that Q"(r) =
0™ 1(t) and A™(r) = E"(t) when 1 < T%!. Also, A*(#"!) < E™"(#"1). Since
by (2.2a) and (A.1),

E"(f"vl)
Qn(~n 1) _ Qn,l(fn,l) + Z 1{771 —0) <n+En(~n 1) An(i:n,l)’
i=A"(F1)+1

we arrive at a contradiction with (2.2b). We have thus proved that a solution
to (2.2a) and (2.2b) is specified uniquely on [0, 7>1).

Next, (2.2a) and (2.2b) imply (A.5), so by (A.3) and the inequality E" (1) >
A1 (1) we have that Q"(t™') > n, and (2.2b) implies (A.4). Also, (A.4)
and (A.5) imply (A.2). Since n; > 0, the latter condition specifies A" (z™!)
uniquely. Uniqueness on [0, 7] follows.

We now show that Q"(r) > n for ¢ € [t!, 7! + ™). Let 6! = inf{r >
™1 0"(t) < n} and suppose that 6! < ¢! + ™1, By right continuity of Q",
we have that 61 > 71, By (2.2b), for t € [z%1, &™)y,

(A20) A1) — A" =E"(t) - E"("N) + Q"™ - 0" (1).
Since by (2.2a) and (A.7) for t > ™!,
Q" =Q" " —n+ 0" — ")+ (E"(1) - E"(z"1)

A (1)

- > L

i=An (T )41

(A21)

we have that, for 7 € [t"!, 6”’1),

A"(l‘)
(A.22) > Loy =1 — oMt — oy,
i=A"(t"1)+1
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so that

An(f)
A Y gggen=—A0" -1,
i=A" ()41

Consequently, if 7 is a jump time of A", then

Al (1) A (t—) )
Z Lini>0) = Z L AQ™2(t — ™).
i=A"(t—)+1 i=A”('L’”s1)+1

It follows by (A.6) and the assumption that n; > 0 that A"(r) — A*(z™!) =
A™2(t — t™1), which implies that Q" (¢) is given by the right-hand side of (A.10)
(or the right-hand side of (A.11)) for t € [z, 5™ ). Besides, 6! — 1 < 71,

We also have by (2.2b) since Q"(6™') < n, that A"(6™") — A"(t™!) =
E™M6™ ) — En(™ Yy + 0" (™) — n, so by (A.21) with r = &™!

An(&n,l)
Z I{T{l+r}i>&nvl} — Qn(a,l’l,l) _ Ql’l,Z(&n,] _ ,L,n,l)

i=A"(zm1)+1
<n— Qn,Z(&n,l _ _L_n,l).

It follows by (A.22) on noting that ™! is a jump time of A" that

An(&n,l) An(a_n,l_)
Yoo dpsa< D Loy —AQMEM =,
ARG —)+1 i=An(zn1)+1

so by the fact that A" (r) — A"(t™1) = A2t — t™!) for t < &™! and (A.6),
AA" (G < AA2 (6™ — ¢ 1), Therefore,

An(a.n,l) An,2(6.n,l_.[n,l)
Z l{Ti’l'f'YliE&"’l} = Z l{ri"’2+17?'2§6”"—r"~'}'
i=An (tn )41 i=1

Since the right-hand side of (A.10) is not less than n at ", so is the right-hand
side of (A.21), which contradicts the definition of 6™!. The obtained contradiction
proves that Q" (¢) > n on [z!, o™y, Consequently, (A.20) holds for ¢ from this
interval. By (A.21), (A.22) holds for those ¢, hence, as we have seen, (A.13) holds.
By (A.13) and (A.20), Q"(¢) is given by the right-hand side of (A.11). Thus, Q"
and A" are specified uniquely on [0, t! 4+ o™ 1).

For t = ™! 4+ 6™, we have that (2.2a) implies (A.15) (with possibly different
AA™M (™! 4+ 6™ 1)), By (2.2b) on [0, T ! + o™ 1],

AA"(‘L’"’I +an,1) — AE"(‘L’”’I +0J’l,1) _ (Qn(tn,l +O,n,1) _n)+
(A.23)
+ (0" ((e™ ' + o™ =) —n).
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In particular, AA™ (t"! 46" 1) is not greater than the right-hand side of (A.14), so
by (A.11) it is not greater than the right-hand side of (A.16), and we obtain (A.17)
by applying (A.9). A similar argument to the one we used above yields (A.18).
Then, in analogy with (A.19) on taking into account (A.23),

AQl’l(rn,l +O,I’l,1) < AEl’l(rn,l +O,I’l,1) _ AAn(rn,l +O,I’l,1)
—nv Qn(fn,l +o,n,1) _ Qn((_’:n,l +O_n,1)_)’
so that Q"(z™! + o™ ) < n v Q"(=™! 4+ o™1). Hence, Q" (™! + ™) < n.
By (A.23), we have (A.14). Having established uniqueness on [0, o1 we
can use this argument repeatedly until a given ¢ is reached.
We have thus established existence and uniqueness for the case where Q < n.

If O > n, then we can use an analogous argument to the one employed when
=0, O

We now provide an example of nonuniqueness in the case where there are
zero service times. Consider a single server queue (so n = 1) with no cus-
tomers initially. There are two arrivals: the first arrival occurs at ¢+ = 1 and the
second at ¢+ = 2. The service times are n; = 2 and iy = 0, respectively. Thus,
E"(t) = 1y;>1y + 1;>2). The equations for Q" (¢) and A" (¢) are as follows

0" (1) = 1y=1) + Ly=2) — L n=nlp2<) — Lan =2 2401y,
A1) = 1pzn + 1=y — (Q" () = 1)

They admit two sets of solutions: Q"(f) = 1{1</<3), A"(t) = 1j1<t<2) + 21>
and Q" (1) = 1j1<;<2) +21p</ <3}, A" (1) = L1 <1 <3) + 211>3).

APPENDIX B: CONTINUITY PROPERTIES OF CONVOLUTION
EQUATIONS

Let B = (B(x), x € R;) be a distribution function on R with B(0) < 1. Given
T > 0, let Loo([0, T], R) denote the Banach space of R-valued bounded Borel
measurable functions on [0, 7] which is equipped with the uniform norm ||x||, =
sup, o, 77 IX(#)|, where x = (x(¢), 7 € [0, T']). Consider the equation

t
(B.1) ¥(O) = x(1) + /0 F(—5).1—5)dB(s),

where x = (x(¢),t € [0, T]) € Loo([0, T], R) and the function f:R x Ry — R is
Borel measurable.

LEMMA B.1. If|f(y,D| <|yland |f(y1,0) — f(y2, )| < |y1 — y2l forall y,
Y1, y2, and t from the domain, then for every x € Loo([0, T], R) there exists

a unique y = (y(t),t € [0, T]) € Loo([0, T1, R) which satisfies equation (B.1).
This solution can be obtained by the method of successive approximations and
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there exists a function p(t) which only depends on the function B such that
supeio.71 Y1 < p(T) sup,po. 71 1X(#)]. The latter bound holds more generally
if

t
ly(O] = [x(0)] +/O ly(r —s)|dB(s).

If, in addition, X is right-continuous with left-hand limits (respectively, admits
limits on the right and limits on the left) and f(y,t) is right-continuous with left-
hand limits (respectively, admits limits on the right and limits on the left) in the
second argument, then y is right-continuous with left-hand limits (respectively,
admits limits on the right and limits on the left). If X is continuous and either
f (v, t) is continuous in the second argument, f(0,0) =0, and x(0) =0, or f(y, )
admits limits on the right and limits on the left in the second argument, and B is
continuous on [0, T] with B(0) =0, then y is continuous.

PROOF. Let 1y € (0, T] be such that B(tp) < 1. Define the map ¢« by

t
(B.2) ox(z)(t) =x(1) +/0 f(z(t —s),t—s)dB(s).

The boundedness condition on f implies that ¢x is an operator on L ([0, 7], R).
We show it is a contraction. Since |@x(z)(t) — ¢x(Z)(1)]| < f(g |z(t —s) —2'(t —
$)|dB(s), we have that sup, g 1, |$x(@) (1) — dx (@) ()] < Blto) Supyeqo, ) [2() —
z/(t)|, which proves the claim because B(fp) < 1. Since L ([0, 7], R) is a Banach
space, the operator ¢x has a unique fixed point so that the equation y(z) = x(¢) +
fot f(y(@ —s),t —s)dB(s) has a unique solution for ¢ € [0, #9], which is obtained
by the method of successive approximations.

Next, on introducing y;, (1) = y(t + to), X4, (1) = X(t + 19) + ftt+t° fy@+1—
s),t+t9o—s)dB(s),and fy,(u,v) = f(u, t9+v), we can write (B.1) forz € [0, T —
to] in the form

t
(B.3) Vo (1) = iy (1) + fo Fio Wit —5).1 — 5)dB(s).

The function x;, = (X4, (¢),t € [0, T —1p]) is uniquely specified by x and the values
of y(¢) for t < t9. The preceding argument applied to (B.3) shows that given y(¢)
for t € [0, #p], there exists a unique extension of y(¢) to the interval [fg, 2t A T']
that satisfies the equation. The method of successive approximations converges
to this solution. By applying this argument repeatedly, we deduce existence and
uniqueness of a solution in L ([0, 7], R). This solution is obtained by the method
of successive approximations.

If x is right-continuous with left-hand limits (respectively, admits limits on the
right and limits on the left) and f(y, t) is right-continuous with left-hand limits
(respectively, admits limits on the right and limits on the left) in ¢, then the suc-
cessive approximations starting from the zero function are right-continuous with
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left-hand limits (respectively, admit limits on the right and limits on the left), so y is

right-continuous with left-hand limits (respectively, admits limits on the right and

limits on the left). A similar argument applies in the case where x is continuous.
Suppose that

t
Iyl < [x(0)] +/0 ly(t —s)|dB(s)  forrel0,T].

Then
sup |y(#)| < sup [x(®)[+ sup [|y@®)|B(t0),
t€[0,19] tel0,19] t€[0,19]
SO
ly(®] < ! 1x(2)]
sup |y <—— sup (X .
t€l0,10] 1 — B(0) t[0,10]
Next,
sup  |y(®l= sup  [x(?)|+ sup [y(?)]
telty, 2tg) AT telty, 2tg)AT] t€[0,1p]
+  sup  [y(@®)I(1 = B(1)).
telty, tg) AT
Thus,

1 1
sp [yl < sup |x<r)|( + )
1€10,(2t0)AT] 1€[0,(210))AT] 1= B(t9) (1 — B(1))?

It follows that

[T/to]+1 1
sup [y() < sup [x()] Y .
1€[0,T] " 1el0,7] = (d—=B(0)) O

The next lemma is concerned with convergence of solutions to (B.1). Let y" =
(y'(2),t €10, T]) € Loo([0, T], R) solve equations
t
(B4) YO =X"W+ [ f1y =91 - 5)dB).
0
where X" = (x"(¢),1 € [0, T]) € Lo([0, T], R) and the f" satisfy the hypotheses

on f in Lemma B.1 (in particular, are Lipshitz continuous in the first argument).

LEMMA B.2.

1. If
lim sup t|f"(y(t—s),t—s)—f(y(t—s),t—s)|dB(s)=0
00 4e[0,71/0

and the X" converge to x in Ly ([0, T],R), then the y" converge to 'y in
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2. Suppose that f*(y,t) — f(y,t) asn — oo for every y and t and that f"(y,t)
is monotonically decreasing in n and monotonically increasing in y, that

is, f"(y,t) < f"(y, 1) for m = n and f"(y1,t) < f"(y2,1) for y1 < y2. If
x"(1) = x(t) for all t € [0, T] and sup,, sup, o ) X" (t)| < 00, then y" (1) —
y(t) forallt € [0, T].

PROOF. In order to prove part 1, introduce

t
i"(t):x”(t)—x(l)—i—/o (f"(y(t —s),t —s) — f(y(t —s),t —5))dB(s).

‘We have,

t
ly" (1) —y(@®)| < X" (1)| +/0 ("t =)t —s)— "yt —s),t —5)|dB(s)

t
< IR0 +f0 V't —5) — y(t — )| dB(s),

so by Lemma B.1 sup, g 7 ¥y () —y@®)| < p(T) SUP;¢(0,7] |X" (¢)]. The hypothe-
ses imply that limy,—, o0 SUP, (o 77 X" (£)| = 0. Thus, lim,— o0 sup, o7 [¥" () —
y(®)I=0.
We now prove part 2. Given m € N, we define
(B.5) X" (t) = sup x" (1), x" () = inf X" (¢).
n>m

n>m

Let y"™ and y"" be defined by the respective equations
t
Bo) Y O=X"O+ [ f1F )1 -5)dBE).
0

t
(B.6b) YU () = X" (1) + /0 FY"M (@ — ), 1 —5)dB(s).

Since f"(y,t) is monotonically increasing in y and is monotonically decreas-
ing in n, an application of the method of successive approximations to (B.6a)
and (B.6b) with the initial approximations being zero functions shows that the
y""™(t) and y*™(t) monotonically decrease in n for every ¢ and m. Besides,
the sequences {sup;cpo. 7 1" ()|, n € N} and {sup,cjo 71 [¥"" (1), n € N} are
bounded, as it follows by Lemma B.1. Thus, for ¢ € [0, T'], there exist finite
limits ¥ () = lim,— 5o Y (¢) and y" (¢) = lim;,— 50 Y (¢). On letting n — oo
in (B.6a) and (B.6b) and applying Lebesgue’s bounded convergence theorem, we
obtain that

t
(B.7a) ym(t)zim(t)—i—/o FE" @ —s),t—5)dB(s),

t
(B.7b) X’"(t):gm(t)—i-/o f(Xm(t—s),t—s)dB(s).
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As m — oo, the X" (¢) monotonically decrease to x(z) and the X" (¢) monoton-
ically increase to x(¢). An application of the method of successive approxima-
tions to (B.7a) and (B.7b) shows that the y" () monotonically decrease and
the y” (¢) monotonically increase. The limits satisfy (B.1), so ¥"(¢) — y(¢) and
y" (1) — y(t), as m — oo. Also, since X" (¢) < x"(¢) <x"(¢) for n > m by (B.5),
we have by (B.1), (B.7a) and (B.7b) that y*™(r) < y"(t) < ¥>™(t) for n > m. It
follows that y"(t) — y(t) asn — oo. [ B

We now study regularity properties of solutions to (B.1) for equations arising in
Theorem 2.2. Given z = (z(t), t € [0, T]) € Lo ([0, T'], R), consider the condition

t
(B.8) lim sup 1(0<|z(t—s)|<e) dB(s) = 0.
8_)01‘6[0, 1/0

Note that (B.8) implies the condition of part 1 of Lemma B.2 for f"(y,t) = (y +
nz(t))t —nz(t)* and f(y,1) = ylgn =0y + ¥y ize)=0)-

LEMMA B.3. Ifz admits limits on the right and limits on the left and B(t) is
continuous on [0, T] with B(0) = 0, then condition (B.8) holds.

Assume that f(y,t) = ylzn>o) + y+1{z(,):0} in (B.1). If both z and X are
right-continuous with left-hand limits and condition (B.8) holds, then y is right-
continuous with left-hand limits. If Z is right-continuous with left-hand limits, X is
continuous, and B(t) is continuous on [0, T with B(0) = 0, then y is continuous.

PROOF. If z admits limits on the right and limits on the left, then the function
1{0<|z(s)|<¢} has at most countably many points of discontinuity, which implies
that the function fot 1(0<|z(s—s)|<¢) d B(s) is continuous in  when B(¢) is a contin-
uous function with B(0) = 0. By Dini’s theorem, the monotonic convergence of
f(; 1(0<|z(t—s)|<e) d B(s) to zero as ¢ — 0 is uniform in ¢ € [0, T'], as required.

Suppose that x and z are right-continuous with left-hand limits and condi-
tion (B.8) holds. Let y" = (§"(¢), t € [0, T]) solve the equation

y' () =x(t) + /(;[((ffn(t —5) +nz(t — s))+ —nz(t —s)T)dB(s).

By Lemma B.1, the functions §" are right-continuous with left-hand limits. By
part 1 of Lemma B.2, the " converge to y for the topology of compact conver-
gence. Therefore, the latter function is also right-continuous with left-hand limits.
The argument for the case where z is right-continuous with left-hand limits, x is
continuous, and B(¢) is continuous on [0, 7] with B(0) = 0 is similar. [
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APPENDIX C: MARTINGALE LEMMAS

This section contains results on certain processes being martingales which are
instrumental in the proofs above. Let A = (A(f),t € Ry) be an integer—valued
nonnegative process with nondecreasing trajectories from D(R, R). We denote
Ty =inf{t: A(t) > i},i € N, so the jumps of A occur at the 7;. Obviously, A(¢) =
> Lig;<ny- Let &, i € N, be nonnegative random variables.

The next lemma is an extension of Lemma 5.2 in Krichagina and Puhalskii [15]
(see also Lemma 8 in Reed [22]).

LEMMA C.1. Let A= (A;,t € Ry) be a filtration such that the random vari-
ables TjinA@w)+1) and Ejaa(r), where j € N, are A;-measurable. Let ./Zli represent
the complete o -algebras generated by the events A N {t; > t}, where t € R} and
A € A;. Suppose that (B;i(x,y),x € Ry,y € Ry),i € N, are real-valued Borel
functions such that EB; (t;, éfi)z < 00. The following assertions hold.

1. The t; are A-predictable stopping times.

2. Suppose, in addition, that there exists a nondecreasing sequence of o -algebras
A,,l e N, such that A, C .A, and such that the random variables t;, where
J=L12,...,i,and &§j, where j =1,2,...,i — 1, are .Al -measurable. Let, for
keN,

A(t)Nk
Ri()= Y Bi(ti.&),
i=1
A(t)Nk R
(R)() =Y EBi(ni. &) A.
i=1
IfE(Bi(t;, $i)|./Al,~) =0, then the processes Ry = (Ri(t),t € Ry) and (R (t)* —
(Ri)(t),t € Ry) are A-square-integrable martingales.

3. The inclusions A; C A; hold provided the A; are the complete o -algebras gen-
erated by the random variables TjnA)+1) and &jna(), where j € N, and the
./Zl,' are the complete o-algebras generated by the random variables t;, where
J=12,...,i,and &§j, where j =1,2,...,i — 1.

4. Ifthe &;,i € N, are independent, and if, for each i € N, &; is independent of the
Tj for j <i,and EB;(x,&;) =0 for every x, then, for A and A; defined as in
part 3 and for Ry and (Ry) defined as in part 2, the processes Ry are A-square-
integrable martingales with the predictable quadratic variation processes (Ry).

PROOF. The t; are A-stopping times because, forr e Ry andi e N, {r; <t} =
{Tinca@)+1) <t} which follows on noting that 441 > ¢. The latter set belongs
to A[.

The proof of the A-predictability of the 7; follows the argument of Krichagina
and Puhalskii [15]. The time 17 is A-predictable since the times (1 — 1/1)1y,/ =
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1,2,..., are stopping times predicting t; (note that t; is .Ap-measurable). For
i > 1, introduce 0;; = 7; — (t; — Ty(;))/1, | € N, where 7,;) = max{t,:1, < 7;}
and 1,(;) = 0 if no such p exists. Obviously, 0;; 1 7; as | — oo and 0;; < 7; on
the set {r; > 0}. We show that the o; ; are A-stopping time. For ¢t € R, in view of
the fact that {t; <1} C {0;; <t} C{tv4) <t},

{oii <t} ={u <t} U ({ois <t} N{rvi) <t} N {tincamr)+1) > 1})-

The first set on the right belongs to A;, as has been proved. Let 7,;) =
max{TpaAD)+1) I TpaAD+1) < Tia(An+1} and 6; 1 = Tiaamn+1) — (TiaA@n+1) —
Ty())/ 1. The random variables 7,y and 6;; are A,-measurable. If 7,y <t and
Tin(A()+1) > 1, then Ty() = fv(i)- On the other hand, if fu(i) <tand Tin(A()+1) > 1,
then 7,;) = 7y(;). We conclude that

{oi1 <t} N {rvi) <t} N {tinam+1) >t}
={6i; <t} N{%vi) <t} N {tincamy+1) > 1}

The set on the right is in A;. Thus, the o;;,/ € N, are A-stopping times which
predict 7;. Part 1 has been proved.

We prove part 2. As {A(t) > i} = {Tina()+1) < t}, the random variables A, are
A;-measurable, so the Ry () are A,-measurable. Since sup,cr, ERk (1)? < o0, to
prove that Ry is an A-square-integrable martingale, it is enough to prove that

A(sAno)Nk
(C.1) E Y Bi(u.&)=0
i=1
for any A-stopping time o (see, e.g., Jacod and Shiryaev [12], 1.1.44). We have
A(sAno)Ak

E Z Bi(zi, &) = ZEI{‘[, <sAo} ,81 (Ti, &).

i=1 i=1

Since {7; > s Ao} =J({7 > u}N{u >s Aac}), where the union is over all pos-
itive rational u, we have, by the fact that s A o is an A-stopping time and hence
{u>sn 0} € A,, and the definition of A;, that {t; > s Ao} € A;. By the inclu-
sion A; C A;, Eljg;<sn01Bi (i, &) = E( g <s a0 E(Bi (Ti, &) |A)). The latter con-
ditional expectation equals zero by hypotheses. Equahty (C.1) has been proved.

In order to prove that (Ry (1)? — (R)(1),t € R, ) is an A-square-integrable mar-
tingale, we show that ER; (s Ao)? = E(Ry) (s Ao) for any A-stopping time o. The
definition implies that

k
Ri(s Ao ) = Z L, <sno) Bi (T, €)*
i=1
ko k

+2) > Vg=snoi iz <sno)Bi(ti. E)Bj (1), €)).

i=1j=i+1
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Next, for i < j, in analogy with an earlier argument, using the facts that t; and §;
are A; j-measurable and that ; is A -measurable,

El(r; <sno}liz;<sno)Bi(Tis §) B (T, &)
= E(Lir; <sno}Lir; =50} Bi (T, EDE(Bj (zj, §))|A))) =

Therefore,

k
ERi(s A o) =E Y 1in<onoE(Bi (5, &)1 A1) = E(Ri) (s A 0).
i=1
Part 2 has been proved.

By Brémaud [4], Appendix A3, Theorem 25, the flow A4;,r € R, is right-
continuous, so we prove part 3 by showing that each generator of A; is in A;.
Since {r; > t} = {A®) + 1 < i}, we have that, if j > i, then {Tj\(a@)+1) =<
up N {t; > t} = {Tir(aw)+1) < u} N {r; > t} which event is seen to be in /All-,
and {Tjna@)+1) < u} N {t > 1} € A; when j <i. Similarly, if j > i, then
Ejnae sutN{z >t} ={Ei—prap SutNiy >t} e A;, and if j < i, then
{Ejnam SuynNit >t} e A,-. Part 3 has been proved.

We prove part 4. Under the hypotheses, E(B;(z;, Si)lfl,-) = E(Bi(x, &)]
fli)l x=r; = 0. By parts 2 and 3, it remains to prove that (Ry) is A-predictable.
As (Rk)(t) = Z 1, <nEB;i (x, ";‘,) |x=7, the 7; are A-predictable, and the
EB; (x, 5,) |x=r; are .A,, -measurable, it follows that (Ry) is A-predictable, Del-
lacherie [5], Subsection 5 of Section 1 of Chapter 4. [

For k € N, introduce the two-parameter processes Ly = (Li(t,x),t e Ry, x €

ANk

&inx
€2 Lio= Y (1{0<s,-<x}— [ e

i=1

dFi(u) )
1= Fi(u—))’

where F; denotes the distribution function of &;. Define also

ANk E/\X Fiu)

(C.3) (Lp)(t,x) = Z / =0 Wdﬂ(u)'

Let, for r € R4 and x € Ry, complete o-algebras ]t',’x be generated by the ran-
dom variables Tix(a(t)+1)> §irna@), and 1g,<gy, wherei e N, s e Ry ,and s <7 +x,
and by 1{;; < 1ig;<y), where i e N, s e Ry, y e Ry, and s +y <t + x. We de-
note F;x = (Ne=0.6-0 ]—",+8,x+5 (see Figure 1) and note that both L (¢, x) and
(Lk)(t, x) are F; x-measurable. (As a matter of fact, these random variables are
Fi 0-measurable.) In the next lemma, we define conditional probabilities as being
equal to zero when the conditioning events are of probability zero.
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§i

t t+zx T

FIG. 1. The o-algebra F; .

LEMMA C.2. Suppose that, given i € N, s € R, and x € Ry, the random
variable &; is independent of the random variables & for j #1, of the t; for j <1,
and of the T; A (s +x) for j > i, conditioned on the event {t; > s,&; > x}. Suppose
also that each &;, for i € N, is independent of the T for j <i. Then for s <t and
x <y,

E@L((s,x), (1, )| F5.x) =0

and

E(OLi((s, %), (¢, y)))*1Fs ) = O(Li) (s, %), (7, ).

PROOF. Assuming x and y are held fixed, we apply Lemma C.1 with 4, =
Fi.x and A being the complete o -algebra generated by &; for j < i, by 7; for j <
i,by l{rjgs}l{r,->t} for j >i,t € R4, and s <t +x, and by l{rjﬁs}l{r,->t}1{0<$j§u}
forj>i,seRy,teR,ueR,ands+u <t +x.

Let us check that fli C fli. Pick j € N. The inclusions {zjrA()+1) < u} N {r; >
t} e fli and {&ja) <uyN it >t} e fli follow by part 3 of Lemma C.1. For
teRyand s <t+ux, {t; <s}N{y >t} e fli by definition. Similarly, {z; <
s}N{0 <& <uyn{z; >1) € A, wherei eN,s e Ry, u e Ry, and s +u <1 +x.
Thus, if A € A, then AN{t; >t +¢} € A; forall e > 0, hence, AN{t; > 1} € A;.

Introduce

vAY dFi(u)
(C4 Bi(v) = 1{x<v5y} - [mx 1{u>0}Ti(u_)a
so that
A() Ak

(C.5) Li(t,y) = Ly(t,x) = Y Bi(&).

i=1
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‘We show that
(C.6) E(B; (£)] A1) =0.
We have for natural numbers i < ky <ky < --- <kp, i <njy<ny<---<

Ny, nonnegative real numbers i, 1, §, t1, 12, ..., tp, S1,52, ..., Sp, 1], 5, .. Ly,
/

S1s S5y vy Spysand ur, ..., upy such thats; <tj +x, 5+ <i+x,ands; +u; <
t} + x, and for Borel bounded functions fi,..., fi, g1,..-, &, h%l),...,hg),

R, ... hS), and f, on noting that by (C.4) Bi(v) = 1~,)8i(v) and that the

condition § + & <7 + x implies the identity Vg~ xyli<r, <5y L{0<g;<a) = 0,

i—1 i p
E(]‘[ FiENTT &5 TTAS (M, =5 V=)
j=1 j= j=I

m
2
2 1_[ h(/ )(l{fnj fs;}l{fi>l‘j/-}1{0<€nj Suj})
j=1

x f (1{f<ri§s”}1{0<$,~§ﬁ})ﬁi(Si))
i—1 i p 1 1
=E<l_[ FiENTTein Il (h§. )(1{rkj5s,-})1{zi>t,} n h; )(O)l{rl-szj})
Jj=1 j=1 j=1

m
2 2
<1 (h§' )(l{t,,j <51 0<60, <up) V=) + h; )(O)l{rift}})
j=1
(C.7)

x f(0) g > Bi (Ei))

i—1 i
()
=0 > E(l_[fj(fj)ngj(fj)l_[hj (L, <)V mi>17)
Jc{1,2,...,p},  \j=1 j=1 jeJ
Jcil,2,...,m)

SR I B ' (1) T

Jell,2,....p\J
2
X l_[ h§ )(I{Tnj559}1{0<§nj§uj})1{fi>tj/-}
jelJ’

2
x l_[ hg' )(O)I{Tifl}}1{5i>x}ﬂi (51))

jell,2,...mN\J’

We show that a generic term in the sum on the rightmost side of (C.7) equals zero.
For given J and J', let f = max e, ¢; V max ;e t;. and 7 = minjeq1 2, ppstj A
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. / . ~ / ~
minje(1,2,...m\J 1 Since s; <t + x and s;p<t+x,we have

i—1 i
E(]_[ FHE) T i@ TTh M=) lim=p [T 4 Oz

i=1 =1 jeJ jell, 2, p\J
(2)
X l_[ h I,,]<s 1{0<§n SM]})I T,>tj/.}
jeJ’

% 1_[ h§2) (O)I{Tiit}}l{fpx}ﬂi (Sz))

je{l,2,...mN\J’

= I o 1 5o

JE(1,2,.,p\J JEl1,2,m\J’
X E(H Ji ) l_[ 8;(T)) l_[ Y rk,A(f+x)§s_;})
jeJ

@
< TT 457 (U, aen =iy 0=, <03)
jelJ’

Vi <iyBiED|Ti > 1,6 > X>P(fi >1,& > x).

The independence hypotheses imply that

(H fi&)) 1_[ 8j (1)) 1_[ h( Tk»A(f+x)SS_j})

jeJ

(2)
X 1_[ h 1{‘[,1 /\(t+x)<s 1{0<£n <uj})
jel’

X 1{f<ri§f}:6i (gz)

Tizf,5i>x)

(H fiG)) 1_[ gi @) [1h5 l{rk AG0<s)})

jeJ

(2
X 1_[ h l{rn /\(t+x)<s }1{0<§n <MJ})1{t<t <t}
jeJ’

x E(Bi (&)& > x).

By (C.4), E(B;(&)|& > x) = 0. We conclude that the leftmost side of (C.7) equals
zero, which establishes (C.6).

i >, §,>x)
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A

X
t
t 5=
FI1G. 2. The o-algebra M;.
‘We now show that
. Einy 1— Fi(u)
C.8 E(Bi () A; :/ 1o —————— dFi(u).
(C8) &A= | M0 7 o 4@
Denoting
Bi(&) = Bi () /Wl 2Rk
(EN) — B (£)2 _ o —— " dFi(u
i\Si i\Si £ A {u 0}(1—F,~(u—))2 i

and replicatiEg the argument that established (C.6), we can see that (C.8) follows
provided E(B;(§;)|& > x) =0, which is a consequence of (C.4).
The required properties now follow by part 2 of Lemma C.1.

Let M, denote the complete o -algebra generated by the events {t; <s}N{& <
x} and {r; <s} where i e N, s e Ry, x e Ry, and s + x <1, and let M; =
MNe=0 /\;l,+g (see Figure 2). The flow M = (M;, t € R} ) is a filtration. Note that
Li(t,x) and (Lg)(¢, x) are M,y ,-measurable and F; , D M;4,. Define, fork e N
andt e R,

(C9) Mo = [ Nz dLis,)
and
(C.10) MO0 = [, srrzn d(Le) 6.0,

LEMMA C.3. Under the independence hypotheses of Lemma C.2, the pro-
cesses My = (M (t),t € R}) are M-square integrable martingales with pre-
dictable quadratic variation processes (My) = ((My)(t),t € Ry).
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PROOF. Since M} and (My) are right-continuous, it suffices to prove that My

is a square integrable martingale relative to the flow M= (M, te R4) with pre-
dictable quadratic variation process (Mp).
Fix s < t. We first show that

(C.11)  E((Li(0, 1) — L (0, 8))|M,) =0,
(C.12) E((Li(0, 1) — Li(0,5))* | My) = E((Li)(O, 1) — (L) (0, 5)|Ms).

The argument is similar to the one used in the proof of Lemma C.2. Denote

§int dF;(u)
C.13 i =1 < —/ 10—,
( ) gi {s<§i<t} £ As {u>0} 1 — Fi(u—)

_ Eint F;(u)
C.14 ;= .2—/ 1 —‘dFu.
( ) 4_1 {z £ ns {u>0} (1 _ ( _))2 z( )
Let M{ denote the o- -algebra generated by the & for k < j and by M when
j € Nand let M = M. Obviously, ¢; is Ms -measurable. We prove that

(C.15) E@G M =0,

(C.16) E@Z; M) =0.

We have for distinct natural numbers ki, k2, ...,k, and ny,ny, ..., n,, none of
which equals i, nonnegative real numbers 7, §, X, 51, 52, . caSpy X1, X2, ..., Xp,
and f1,t,..., 1y, suchthat s + X% <s,f <s, sj+xj<s,andt; <s, and for Borel
bounded functions f1, f2, g1,..., &> h(ll), e h;,l), and h(12>, e h,(,%),

E(f 1 (Mg <y g, <qy) 2 (g, <iy)

X 1_[8](51) 1_[ h I{Tk <Y]}1{§k <x;j} 1_[ h( l{fn <tj} )§>
j=l1
i—1
_fl(O)E<f2 1{f1<f ng]@] Hh() ‘L'k As<s;} l{ék <xj})

Jj=1 Jj=1

||:]s

l{rn AS<t;} )1{§,>s}§l)

i—1

1
—f1(0)E<fz L <) [ ]2 1'[ 15 (L ns=sp g <o)

Jj=1 Jj=1

x E(gi[§ > s)P(&; > ).
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Since E(¢;1&; > s) = 0 by (C.13), (C.15) follows. Equality (C.16) is obtained anal-
ogously.

By (C.2) and (C.13), L(0,7) — Li(0,s) = Zf:l 1{;,—0)¢;. Since {r; =0} €
M, by (C.15)

k
E((Li(0,1) — L (0, 5)) M) = Y 1= E(5i| M) =0.
i=1

By (C.15),if j < i, then E(¢;&i|M;) = E(¢;E(¢;|Mi~")) = 0. We thus obtain on
recalling (C.3), (C.14) and (C.16),

E((Li(0, 1) — Lz (0, $))*| M)

k
=Y 1B M) + 2 1,0 Lr—0 B 61| M)
i=1 j<i
=E((Lt)(0.1) = (Li)(0, )| M;).
This completes the proof of (C.11) and (C.12).
By (C.2) and (C.9),
A(t)Nk

Einit—1;) dF;(u)
C17 M () = 1 <& <t—1; _/ 1 > 7)’
( ) k(1) ; < {0<&i<t—7;} 0 {u 0}1_ Fi(u—)

which implies that M (¢) is M (-measurable. We prove that My is a martingale.
LetO:sé <si <sé <. <sll =tbesuchthatmaxi(sf —sf_l) —0as/— o
and s = s,ln for some m. Define (see Figure 3)

m

(C.18a) Ji,s(u, x) = X} Vel s livss—st ) T Lu=01x<s)
=
1

(CA8b) s x) =Y Mot Lyt )+ =0 lix=n,
i=1

C180) M) = [ sl ¥)dLiGu, ),
R+
CI88) Mg = [ Jusae.x) dLiGu, ).
+
Note that

m
(C.192)  Mpy(s) =Y OL((s!_1,0), (s, s —s1_1)) + Ly (0, 5),
i=1

)
(CA9b)  Myi(t) = OLi((s1_,0), (L, 1 —sL_)) + Li(0, ).

i=I
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A
z

>
éf t S

FI1G. 3. Approximating martingales.

Since Jy s (u, x) = Ljyqpx<sy and Jy (u, x) — 1 x<s) as | — 00, it follows by
(C.9), (C.18c) and (C.18d) that M ;(s) — My (s) and My ;(t) — My (t) as — oo.
By Lemma C.2 and (C.19a),

EM(s)* =Y EO(Li)((s!_1, 0), (s s — st 1)) S E(Lg) (s, 5) < o0.

i=1
Similarly, EMy ;(t) < E(Lg)(¢,t) < oo. Hence,
(C.20a) llim E(Mk,z(S)IMs) = My (s),
—> 0
(C.20b) Jlim E(My;(1)|My) = E(My (£)| M).

Lemma C.2 implies that E(@OLk((s!_;,0), (sl t — sH)IF, L) =

—15 78—
E(OLk((s!_,,0), (s},s — sf))|fs571’s_sl;71) for i = 1,2,...,m and that

E@Li((s{_1,0), (5f. 1 = SOHIFyt ) =0 for i =m + 1,...,1. Since M; C
(Miz1.2....m ‘7:5?_1’5—#_1) N (Nizmt1... ]:Sf_lvo)’ by (C.11), (C.19a) and (C.19b),
E(Mkyl(t)l./\%s) = E(Mk,l(s)lj\%s). The martingale property of M follows by
(C.20a) and (C.20b).

We now compute the predictable quadratic variation process. By (C.17), recall-
ing (C.19b),

M () — My (1)

ANk
(C.2D) == 2 Zl{rie<s§_1,s§-1}(1{sie<z—r,~,r—sj-_1]}
i=1 j=1

/sw(t—sﬁ_l) ) dF;(u) )
EiN(t—T;) =0} 1 —F(u—) .
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We apply part 4 of Lemma C.1 with Bi(x,y) = —le 11{xe(sj Lty
YA(t— st

(l{ye(t_x’t_si;l]} — fyA(t_x) 1{u>0 dF;i(u)/(1 — F;(u—))). According to the
lemma,
2
E(M (1) — My (1))
ANk |

- s - l(u)
=E Z Z r,e(sj 158 j]}/ u>0}1_F( 5 dF;(u)

i=1 j=1

!
5 Z (e st (Fi(t —S§—1) — Fi(t — 1))

k
k
Z t=Sfi-1) = Filt =),

where j(t;) is defined by the requirement that t; € (sﬁ.(m_l, Sé(r,-)]' Since t —

sﬁ.(m_l converges from the rightto t — 7; as ! — oo, F(t — Si’(ri)—l) converges to
F(t — 1;). By bounded convergence,
(C.22) lim E(M (1) — My ;(1))* =
[—o00
Similarly,
(C.23) Jlim E(My(s) - My (s))* =
—> 00

By (C.19a) and (C.19b),

1
My (t) — My (s) = > OLg((si_y, s —si_y As). (sl —si_))
i=1

+ (Li(0,1) — Lk (0, 5)).

(C.24)

By Lemma C.2, fori < j,
E(OLi((sj_y, 5 —si_y AS), (s}, 1 —s{_)))
) ) )
X DLk((SJ 1>S sj—l NS), (Sja r— sj—l))|fs$._1,s—s§._1/\s)

=DLk((sf_1,s —sf_l AS), (sf,t—sf_l))
x E(OLi((s5_ s — by As) (hot =5t D) Fy !

j—1 $i_1,8—85_ 1/\?)_0
and

((DLk((sl 155 sf_l AS), (sf, t —sf_l)))2|.7:/ !

sj_l,s—sj_l/\s)

= DL (G5} _ s =51y AS), (st —s]_)),
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80, due to the fact that M, C “7:S§-_1,S—S§_1/\S’
E(DLk((st N (sf, t—sh )
(C.25) o C
xDLk((sj_l,s —S; AS), (s),t —sj_l))l./\/ls) =0
and
E((DLk((sf_ , 5 — sf_ As), (sl — sf_ )))2|/\}(S)
(C.26) 1 1 i 1

=E(O(L)((s]_y.s —st_y As) (st —sT_))IM).
Since L (0, ¢) and L (0, s) are Fp o-measurable,
E(OLk((5- 105 = 8i 1 A$), (571 = 5 D) (La0.0) = LeQ. )| Fyr ()

= (Li(0,1) = Ly (0, 5))
X B(OL((5j-1,5 =S A9, 1t =S DIFg ) =0,

i~ 1S TS NS
SO
E(DLk((sf_l, 5 — sf_l AS), (sf, t— sf_l))
x (L (0, 1) — L (0, 5))| M) = 0.
Putting together (C.12), (C.18a), (C.18b), (C.24)—(C.27) yields

E((My1 (1) — My 1(5))*| M)

(C.27)

I
= E(Z L) () s = sty As), shr—sl )
(C.28) =1

+ (L) (0.1) = (L) O, s>)Ws>

:E(/R2 (Jre(u, x) — Jz,s(u,x))d(Lk)(u,x)‘/\}ls).
T
Since Jy s (u, x) = Ljyqx<gy and Jp ;(u, x) = Ljyqx<s) asl — 00,

lim / J1s Gty x) d{LE) (i, x) = / Lsnss) (L), %),
[—o00 ]R%_ R%_

(C.29)
lim / J1e Gy ) d{L) (ut, x) = f Vwsx <) d{Li) (s %),
|—00 Ri ]R%r

so by bounded convergence, a.s.,

lim E([;{ (Jl,,(u,x) — Jl,s(u,x))d(Lk)(u,x)‘Ms>

2
[—o0 Z

(C.30)
:E</Rﬁ_ 1{s<u+x§t}d(Lk>(u’x)‘Ms)-
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Putting together (C.22), (C.23), (C.28) and (C.30) and recalling the definition of
(My) in (C.10) obtains the equality

E((Mi (1) — My ()’ | M) = E(Mi) (1) — (Mi)(s))| M) as.

It remains to verify that the process (My) is M—predictable. By (C.3),

k
(Lot x) =Y Li(t,x),

i=1

where
. §inx 1— F )
C.31 Li(t,x)=1,< / lysq0——=dFi(u).
(C31) it,x) =1i5<n A =0 T F (0m))? i (u)
Denote
(C32) W0 = [, Vurazn dLiu. ).
+

Since (My) = Zle M,-, it suffices to prove that each process A;I[ = (M,- (1),t e
Ry)is M—predictable. Itis M—adapted which follows by the representation

W0 =120 [ E L/ O N
= Jo (1— F;(u—))?
By (C.31) and (C.32),
(C.33) M;(t) =1(5, <) / e 1{x>0}ﬂdﬂ(x).
= Jo (1 - F;(x—))?

Consider the decomposition M; = A;Il‘ + I\;Il-d , Where Mf is a continuous-path
adapted process and A;Ild is a pure-jump adapted process. By being continuous
and adapted, A;Il‘ is M—predictable. The process Mid is of the form

(C.34) VHOEDY 1{Ti+u<t}1{u<$i}%AFi(u)a

where the sum is taken over all posmve times of jumps of F;. Note that 7; is an
M- stopping time by the definition of M,. Since u > 0 in (C.34), t; + u is an M-
predictable stopping time. We show that 1, <, is /\/l(tiﬂ,)_ -measurable. Note that
{& <u} = Uze@+ ({ri + & <t} N{ri +u > t}). By the representation {t; + & <
t} = XEQy: six<r({Ti = s}N{§ <x}), we have that {7; +§ <1} € Mt, hence,
{& <u} e M (ri4+u)—- By Dellacherie [5], IV.1.5, each summand on the right of
(C.34)is an M- -predictable process. It follows that M 4 jstoo. O

u>0
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APPENDIX D: HOFFMANN-JJRGENSEN’S CONVERGENCE IN
DISTRIBUTION

In this section, we state the properties of Hoffmann—Jgrgensen’s convergence
in distribution envoked in the proofs of Section 4. We recall the definition stated
in the introductory part of the paper. Let (€2, F, P) be a probability space. Given
a real-valued function & on €2, the outer expectation E*¢ of & is defined as the
infimum of E¢ over all random variables ¢ on (€2, F, P) such that ¢ > £ a.s. and
E¢ exists. Let S be a metric space made into a measurable space by endowing it
with the Borel o-algebra B(S). Given a sequence X, of maps from 2 to S and a
measurable map X from (€2, F) to (S, B(S)), we say that the X,, converge to X in
distribution if

(D.1) Jim E* f(X,) =Ef(X)

for all bounded continuous functions f on S. We also define E, f(X,) =
—E* (= f(Xn)).

The next result is the continuous mapping principle, which is Theorem 1.3.6 in
van der Vaart and Wellner [23].

THEOREM D.1. Let S’ be a metric space and function f:S — S’ be Borel
and continuous at all points of a set So C S. If the X,, converge in distribution to
X in S and X assumes values in So, then the f(X,) converge in distribution to

fX)in§'.
Let t denote the topology on S.

COROLLARY D.1. Suppose that T’ is a metric topology on S which is coarser
than t and that open balls in (S, T) are Borel sets in (S, 1'). If the X,, converge in
distribution to X for topology t’, a subset Sy of S is such that convergence to the
elements of Sy in t’ implies convergence in t, and X assumes values in Sy, then
the X,, converge in distribution to X for topology t.

The next theorem relaxes the requirement of the separability of the range of X
in the extended continuous mapping principle of van der Vaart and Wellner [23],
cf., Theorem 1.11.1 in [23]. The proof is modelled on that of Lemma 3.1.13 in
Puhalskii [20].

THEOREM D.2. Let f,, and f be maps from S to a metric space S’. Suppose
that f is measurable and that the f,(x,) converge to f(x) whenever the x, con-
verge to x and x € Sy, where Sy is a Borel subset of S. If the X, converge in distri-
bution to X and X assumes values in Sy, then the f,(X,) converge in distribution

to f(X).
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PROOF. Note that f(X) is a random element of S’, so convergence in dis-
tribution of the f(X,) to f(X) is well defined. Let g be a continuous bounded
function from S’ to R. Let Bs(x) denote the closed ball of radius § about x € §
and introduce

hi(x) = inf sup supg(fn(y)).
>YyeBs(x) n>k

The hj are bounded upper semicontinuous functions on S and A (x) > g(f,(x))
for n > k, so, for arbitrary k, envoking the Portmanteau theorem (Theorem 1.3.4
in van der Vaart and Wellner [23])

limsupE*g(f(X,)) <limsupE*h;(X,) < Ehi(X).
n—oo n—o0
The convergence hypotheses on the f; and the continuity of g imply that the Ay (x)

monotonically decrease to g(f(x)) as k — oo for all x € Sy. By bounded conver-
gence, limg Eh; (X) = Eg(f (X)), and we conclude that

limsupE*g(f(X,)) <Eg(f(X)).

n—oo
Applying this inequality to the function —g, we have that
ljlrggéfE*g(f(Xn)) > Eg(f(X)).

Since E*g(f(X,)) > E.g(f(X,)), the proof is over. []

We now review the extensions of Prohorov’s theorem. We say that the sequence
X, is asymptotically measurable if

(D.2) Jim (E* f (X,) — Es f (X0)) =0

for all bounded continuous functions on S.
Define P*(A) = E*14 for A C Q. We say that the sequence X, is asymptoti-
cally tight if for every ¢ > O there exists a compact set K such that
limsupP*(X, € S\ K% <e
n—oo

forall § > 0, where K® ={x € S:m(x,K) <8}, m being the metric on S.
The next four results are copied from van der Vaart and Wellner [23].

THEOREM D.3. If the sequence X, converges in distribution to a random
element with a tight probability law, then it is asymptotically tight.

THEOREM D.4. If the sequence X, is asymptotically tight and f:S — S’ is
a continuous mapping, then the sequence f(X,) is asymptotically tight.
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THEOREM D.5. Ifthe sequence X,, is asymptotically tight and asymptotically
measurable, then it has a subsequence which converges in distribution to a random
element with a tight probability law.

THEOREM D.6. Suppose that the sequence X, is asymptotically tight and
(D.2) holds for all functions f from a subalgebra of the algebra of bounded con-
tinuous functions which separates points in S. Then the sequence X, is asymptot-
ically measurable.

The next group of results is concerned with joint convergence. Let Y, be a se-
quence of maps from Q2 to a metric space S’. The following is Lemma 1.4.3 from
van der Vaart and Wellner [23].

THEOREM D.7. Each of the sequences X, and Y, is asymptotically tight if
and only if the sequence (X, Y,) is asymptotically tight in S x S'.

We use the following corollary of Example 1.4.6 in van der Vaart and Wellner
[23].

THEOREM D.8. Suppose that the X,, converge in distribution in S to a sepa-
rable random element X and the Y, converge in distribution in S’ to a separable
random element Y. If X,, and Y, are independent for each n, then the (X, Yy)
converge in distribution in S x §' to (X, Y), where X and Y are independent.

The next result is usually referred to as Slutsky’s lemma; see Example 1.4.7 in
van der Vaart and Wellner [23].

THEOREM D.9. If the sequence X, converges in distribution in S to a sepa-
rable random element X and the sequence Y, converges in distribution in S’ to a
constant element ¢ € §’, then the sequence (X,,Y,) converges in distribution in
Sx S8 to((X,c).

The following result is in a similar vein.

THEOREM D.10. Suppose that X, where ¢ > 0, converge in distribution in
S to random elements X¢ as n — oo and that the X¢ converge in distribution in S
to a random element X as ¢ — 0. If

lim limsup P* (m(X,, X;) > 8) =0

=0 n—o0

for arbitrary § > 0, then the X, converge in distribution in S to X.
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PROOF. As it follows by the Portmanteau theorem (Theorem 1.3.4 in van der
Vaart and Wellner [23]), it suffices to prove that (D.1) holds for any real-valued
bounded uniformly continuous function f on S. We have

[E* f(Xn) —Ef(XO| < [E* f(Xy) — E* f(X;)] + [E* f(X;) — Ef(X°)]
+[Ef(X*) —Ef(X)|.
The hypotheses imply that
limsuplimsup |E* f(X,,) — Ef(X)| <limsuplimsup [E* f(X,) — E* f(X})].

e—0 n—00 e—0 n—oo
By the triangle inequality for the outer expectation, |E* f(X,) — E* f(X?)| <
E*| f(X,)— f(X})|. Given arbitrary y > 0, let § > 0 be such that | f (x) — f(y)| <
y ifm(x,y) <. Then | f(Xn) — f(X)| <y +2supyeg | f () Lpmx,, xz)>5)- We
conclude that
limsuplimsup |E* f(X,) — E* f(X})|
o0

e—0 n—

<y +2sup|f(x)|limsuplimsupP*(m(X,, X;) > 8) =y.

xes e—~0 n—>00

Convergence (D.1) follows. [

Convergence in distribution to separable random elements can be metrized. Let
X and Y be mappings from €2 into S. Suppose that Y is measurable. We define

dg (X, Y)= sup [E*f(X)—-Ef(Y)],
feBL;
where BL; denotes the set of real-valued functions on S that are bounded in ab-

solute value by 1 and admit a Lipshitz constant of 1. The next theorem appears in
Dudley [7]; see also van der Vaart and Wellner [23], Section 12.

THEOREM D.11. The sequence X, converges in distribution in S to a sepa-
rable random element X if and only if lim,_, oo dng (X,, X)=0.
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