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We propose a mathematical framework for the study of a family of ran-
dom fields—called forward performances—which arise as numerical rep-
resentation of certain rational preference relations in mathematical finance.
Their spatial structure corresponds to that of utility functions, while the
temporal one reflects a Nisio-type semigroup property, referred to as self-
generation. In the setting of semimartingale financial markets, we provide a
dual formulation of self-generation in addition to the original one, and show
equivalence between the two, thus giving a dual characterization of forward
performances. Then we focus on random fields with an exponential struc-
ture and provide necessary and sufficient conditions for self-generation in
that case. Finally, we illustrate our methods in financial markets driven by
Itd-processes, where we obtain an explicit parametrization of all exponential
forward performances.

1. Introduction. The present paper aims to contribute to the fruitful and suc-
cessful literature on utility maximization and optimal investment in stochastic fi-
nancial markets. Born in the seminal work of Merton [24, 25], the theory has been
further developed by Pliska [33], Cox and Huang [6], Karatzas et al. [19], He and
Pearson [16], Kramkov and Schachermayer [22], Cvitani¢, Schachermayer and
Wang [7], Karatzas and Zitkovié [21] and many others. In the setting similar to the
one employed in here—namely, incomplete semimartingale markets with utility
functions defined on the whole real line—the pertinent contributions include those
of Frittelli [14], Bellini and Frittelli [4], Schachermayer [36], Owen and Zitkovié
[32] and others.

The notion of forward performance or forward utility has appeared in the liter-
ature recently, and in various forms, in the work of Choulli, Henderson, Hobson,
Li, Musiela, Stricker and Zariphopoulou (see [5, 17, 26-30]). It refers to a family
of interrelated state-dependent utility functions parametrized by the positive time
axis [0, co). The glue holding these utility functions together is the following eco-
nomic principle of consistency: a rational economic agent should be indifferent
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between two random pay-offs as long as one can be produced from the other using
a costless dynamic trading strategy in a financial market. We lay no claim to any
originality in its formulation. In fact, it has existed in various forms in the financial
literature for a long time. Recently, it has been used in the context of risk mea-
sures and their generalizations (see [13] and [15], among many other instances).
An axiomatic treatment of a class of forward performances by Zariphopoulou and
Zitkovié in [38] is based on an implenetation of this idea in the context of the
risk-measure theory, but without a fixed finite investment horizon.

The main goal of the present manuscript is to establish a solid mathematical
footing for the notion of forward performances, provide a dual characterization and
illustrate the obtained results. Mathematically, the economic consistency criterion
described above translates into a Nisio-type semigroup property which we call
self-generation. The obstacles in the analysis, construction and characterization
of self-generating random fields come from several directions. First, the level of
generality needed for financial applications usually surpasses that of a finite-state-
variable (i.e., finite-dimensional Markov setting) and deals with random fields of
utilities whose dependence structure is quite general. Therefore, the classical PDE-
based control-theoretic tools no longer apply. Second, the market models we con-
sider are typically incomplete, as the complete case degenerates in a certain sense,
and lacks interesting mathematical or economic content. Incompleteness or, in an-
alytic language, lack of strict ellipticity renders the analysis much more delicate;
in particular, as is well known in the utility maximization literature (see [7, 19, 21,
22] or [39] for a sample), the dual formulation introduces nontrivial functional-
analytic difficulties. Our third obstacle is the lack of a terminal time-point. In fact,
in the presence of such a point, say 7" > 0, there is a one-to-one correspondence
between forward performances (random fields) and state-dependent utilities (func-
tions) defined on [0, T']. The whole semigroup is then constructed via a backward
projection-type operation, starting from its value at 7. This situation is completely
analogous to the one found in elementary martingale theory: martingales on the
finite horizon [0, T'] come in a one-to-one correspondence with their terminal val-
ues. On the other hand, when no time horizon is specified, there is no obvious
candidate for the terminal value, and the construction or characterization of self-
generating random fields is far from trivial.

The present manuscript starts with a construction of a proper framework for
the study of utility random fields in the context of financial markets driven by
locally-bounded semimartingales. In this context, we define random fields dual in
the convex-analytic sense to the utility random fields and study their properties.
Our first result states that a utility random field is self-generating if and only if
its dual is self-generating, where the notion of self-generation in the dual case is
defined naturally over sets of probability measures (local-in-time local-martingale
measures for the asset-price processes). The first benefit of the dual formulation
is that it always admits an optimizer, i.e., the minimum in its definition is always
attained, unlike in the case of the original, primal, problem where such a property
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is not required. This point is worth stressing as all the other treatments of forward
performances, save the one in [38], explicitly require that the corresponding utility
maximization problems admit maximizers, typically in a restricted domain. A re-
moval of such a difficult-to-check requirement, as illustrated in the sequel, allows
for much more flexibility in the theory and makes a symmetric dual characteriza-
tion possible. In addition to its pleasant analytic properties, the dual formulation
admits a convenient simplification when the utility random field takes some of the
special forms often used in applications. The second focus of the present paper
is the study of utility random fields of the exponential form. Here, the dual prob-
lem “separates” and we are able to use it to give a complete characterization of
all self-generating exponential utility random fields. Finally, we restrict our atten-
tion to the case of continuous financial models based on Itd6-process dynamics and
describe explicitly all exponential forward performances in that setting. By using
an argument based on the optional decomposition theorem, we find that the class
of all forward utilities is essentially no larger than the class of examples presented
heuristically in [29]. In particular, continuity of the market dynamics together with
the self-generation requirement automatically implies the continuity of the utility
random field.

With the notion of forward performances still being in its infancy, the literature
on the subject is rather scarce. In addition to the work of Choulli, Henderson, Hob-
son, Li, Musiela, Stricker and Zariphopoulou mentioned above, the only other in-
stance we are aware of is [3], where the authors focus on a notion of self-generation
defined under much more stringent assumptions, such as market continuity and ap-
plicability of the [to—Wentzel formula.

One of our major goals is generality, especially in the first part of the paper. That
adds to the technical difficulty of the presentation and involves several novel results
pertaining to the convex-duality analysis of random fields. In order not to interfere
with the presentation flow for the reader only interested in the final product, those
are relegated to the Appendix. The rest of the paper is presented in the logical
order: the modeling environment is set up in Section 2. Section 3 introduces the
notions of self-generation and the related dual concept and states the equivalence
of the two. Section 4 deals with the utility random fields of the exponential type,
while Section 5 studies the Ito-process models.

2. The financial set-up.

2.1. The market model. Let (5% 8) = (S?,S!,..., 8% ci0.00) be a (d + 1)-
dimensional cadlag semimartingale on a filtered probability space (2, F, I, P),
where F = (F;)re0,00) satisfies the usual conditions of right-continuity and
P-completeness and Fg is trivial, i.e., generated by the P-null sets. The d-
dimensional vector S models the price process of the d risky assets, while S°
corresponds to a risk-free asset. As usual, we quote all asset-prices in units of S°.
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Operationally, this amounts to the simplifying assumption S° = 1, which will hold
throughout.

In order to render the presentation simpler and the theory standard, we assume
that S is locally bounded. Most of what follows can be extended to a more general
setting in which S admits unpredictable unbounded jumps, but at a cost of over-
whelming additional technical complexity. The class of examples in Section 5 is
presented in the setting of Itd-process models and the reader interested solely in
those can assume from the outset that stock-prices follow Ito-processes.

2.2. Admissible portfolios. An F-predictable process m = (71;);¢[0,00) 18 said
to be an admissible portfolio (process) if:

1. = is S-integrable on [0, T], for each T > 0, in the sense of stochastic-
integration theory for semimartingales (see [34]), and

2. for any T > 0, there exists a constant a > 0 (possibly depending on 7 and T,
but not on the state of the world) such that the gains process X™, given by
X' = fé m,dS,, t >0, is bounded from below by —a, for all t € [0, T], P-a.s.

The set of all admissible portfolio processes is denoted by A. A separate notation
for the set of all portfolio processes giving rise to bounded gains processes will be
quite useful below: we set Apqg = AN (—A).

2.3. No free lunch with vanishing risk on finite horizons. The natural assump-
tion of no arbitrage is routinely replaced in literature by a slightly stronger, but still
economically feasible assumption of no free lunch with vanishing risk (NFLVR).
In our case, we do not require NFLVR to hold on the entire time-horizon [0, c0)—
that would lead to too strong a restriction on the available class of models. Instead,
we impose the local condition no free lunch with vanishing risk on finite horizons

(NFLVRFH).

ASSUMPTION 2.1. For each T > 0, there exists a probability measure Q, de-
fined on F7, with the following properties:

1. Q ~ P|x,, where IP| £, is the restriction of the probability measure P to F7,
and
2. each component of S is a Q-local martingale on [0, T'].

The set of all measures Q with the above properties will be denoted by M.
When we loosen the requirement of equivalence in Assumption 2.1 to the one
of absolute continuity, we get a possibly bigger set which we denote by M$.
The measures in M¢. (M) will be called finite-horizon equivalent (absolutely-
continuous) local martingale measures on [0, T'].

We leave it to the reader to check that Assumption 2.1 implies the following
relation forall 0 < T <T»

7 ={Qlr, : Qe M7}
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In other words, the restriction map turns the family (M?);c[0,00) into an inversely
directed system:

(2.1) (I} <« M7 < M7, <+,

In general, such a system will not have an inverse limit, i.e., there will exist no
set M¢_ with the property that M% = {Q|£, :Q € M} for all T > 0. In other
words, even though the market may admit no arbitrage (free lunch with vanishing
risk) on any finite interval [0, T'], there might exist an arbitrage opportunity if we
allow the trading horizon to be arbitrarily long. Therefore, we give the following
definition.

DEFINITION 2.2. A market model (S;);c[0,00) 18 said to be closed if there
exists a set M¢_ of probability measures Q equivalent to P such that

7 =1{Qlr Qe ML}

REMARK 2.3. Most market models used in practice are not closed. The sim-
plest example is the Samuelson’s model, where the filtration is generated by a
single Brownian motion (B;);¢[0,00), and the price of the risky asset satisfies
dS; = S;(udt + o dB;), for some constants u € R, o > 0. For T > 0, the only
element in M$ corresponds to a Girsanov transformation which turns By + %s,
s € [0, T'] into a Brownian motion. It is well known that in the limit as 7 — oo,
these transformations become “more and more singular” with respect to IP| 7,., and
no QQ as in Definition 2.2 can be found (see [20], remark on page 193).

In fact, it is useful to think of the closed market models as essentially finite-
horizon, perhaps under a time change. Moreover, just like classical notions of ad-
missibility (boundedness from below, etc.) rule out “nonphysical” arbitrage oppor-
tunities in the form of doubling schemes, the requirement of NFLVRFH does not
insist on closedness, but still rules out arbitrages based on strategies that have a
predetermined deterministic upper bound on time duration.

It will be useful in the sequel to introduce the so-called density processes for
local martingale measures: for 7 > 0 and Q € M., the process A= {Z;@},e[o,ﬂ
is defined as the cadlag version of the conditional expectation E[#%)LE],

T

t € [0, T]. In fact, the assumption of NFLVRFH guarantees that each ZQ can be
extended (nonuniquely) to a positive martingale (Z;);c[0,00) on [0, 00), so that:

1. Z is a strictly positive martingale with Zg = 1, and
2. ZS is a (component-wise) local martingale.

The set of all such processes Z will be denoted by Z¢. If the requirement of strict
positivity is replaced by the one of nonnegativity, the obtained, larger, family is
denoted by Z¢. The elements of Z¢(Z%) are called positive (nonnegative) densi-
ties. It can be argued that in our setting, they are a natural proxy for the family
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of sets of measures from Assumption 2.1. In fact, Assumption 2.1 is equivalent to
the statement Z¢ % &. Furthermore, a financial market is closed if and only if Z¢
contains a uniformly integrable element. We conclude the discussion of densities
with a useful convention: we shall often use quotients of the form Y;/Y;, s <,
where Y is a nonnegative cadlag supermartingale (a density process, in particular),
even when the random variable Y takes the value O with positive probability. The
supermartingale property and the regularity of paths of Y imply that ¥; =0, a.s.,
on {Y; = 0}, which allows us to set Y;/Y; := 1 on {Yy = 0}, so that:

1. Y, S% =Y;, a.s., for all cadlag supermartingales Y, and

2. E[%U—}] =1, a.s., when Y is a nonnegative cadlag martingale.

3. Utility random fields, self-generation and a dual characterization. Hav-
ing described the financial environment in the previous section, we turn to a class
of random fields used in behavioral modelling of economic agents.

3.1. Utility random fields and their associated value fields.

DEFINITION 3.1. A mapping U :Q x [0,00) x R — R is called a random
field if it is measurable with respect to the product O x B(R) of the optional o -
algebra on 2 x [0, co) and the Borel o-algebra on R. A utility random field is a
random field such that the following three conditions hold:

1. Urtility conditions. There exists ' € F such that P[2'] = 1 and for all (w, t) €
Q' x [0, 00), the mapping x — U (w, t; x) is:
(a) a strictly concave, strictly increasing C' (R)-function, and
(b) satisfies the Inada conditions

0 0

Iim —U(w,t;x)=00, lim —U(w,t;x)=0.

x——00 90X X—>00 9x

2. Path regularity. There exists Q' € F with P[Q2'] = 1 such that the function ¢ >
U(w, t; x) is cadlag on [0, o) for all (x, w) € R x €.

3. Integrability. Foreachx e Rand T € [0,00), U(-, T, x) € LY(Fr).

As usual in probability, we suppress the w from the notation and write simply
U (¢, x) in the sequel, unless we want to expressly stress the nondeterministicity
of U.

REMARK 3.2. The reader should note that U(z, x) is assumed to be finite-
valued for all x € R. A parallel theory can be built for utility functions taking
values in [—00, 00), i.e., in the case when U (¢, x) is only finite for x € (a, co0) (or
X € [a, 00)), for some a € R. As the authors have shown in [22], the duality theory
in this case requires a lot of care and interesting but technical subtleties appear.
Hence, we do not pursue it in the present paper.
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In addition to natural requirements of Definition 3.1, we will usually impose
the following, very mild technical condition which effectively precludes patholog-
ical appearance of noncountably-additive measures in the dual treatment. A theory
without this requirement is possible, but, similarly to the case described in Re-
mark 3.2, it will not be dealt with here as it would introduce a prohibitive amount
of technicalities without any real benefit. Moreover, as we shall see in the proof
of Theorem 4.4, this technical condition is automatically implied by the natural
integrability conditions for the class of exponential utility random fields on which
a large part of the present paper focuses.

DEFINITION 3.3. A utility random field U is said to be nonsingular if for
each T > 0, and for each nonincreasing sequence { D, },cn in Fr with (", D, = &,
there exists a sequence {a,},<n in (0, co) such that

1
ap — oo and limsup —E[U(T, —a,1p,)] > 0.
n an

REMARK 3.4. The nonsingularity condition of Definition 3.3 is automati-
cally satisfied for deterministic utility random fields U (w, t; x) = U (¢, x). Indeed,
thanks to Inada conditions, we have lim,_ _ —U(—x)/x = 0. So, for a se-
quence {D;},cN as above, we can find a sequence {a;,},en With a, — oo such
that —U (¢, —a,)/P[D,] < a, for all n € N. Then

U, —an)IP’[Dn]) 4 Tim U(,0) =0

n an

1
limsup —E[U (¢, —a,1p,)] =lim sup<
n an n an

More generally, one can apply the same argument to show that it is enough
for the random field U(T, x) to be (x, w)-uniformly bounded from below by a
deterministic utility function. This can be further relaxed due to the fact that we

are dealing with the expected value of U in the statement of the condition.

For a o-algebra G C F and I C [—o0, 00], let ILO(g; I) denote the set of all IP-
a.s.-equivalence classes of G-measurable (extended) random variables which take
values in /, a.s. For I =R, we simply write ]LO(Q).

The following definition introduces an object—called a value field—related to a
utility random field U, which can be interpreted as the field of indirect utilities for
an economic agent who invests in the financial market modeled by S and uses ¢-
slices of U as utility functions. In order to make the analysis easier, we parametrize
a value field by the initial and final time-points t < 7T in the generic investment
horizon [z, T'], as well as the initial (time-¢) wealth &, which is allowed to be an
JF:-measurable random variable.

DEFINITION 3.5. Let U be a utility random field. The value field associated to
U is a family of mappings {u(-; ¢, T):0 <t < T < oo}, withu(-; ¢, T) : L (F;) —
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LO(F;; R U {oo}) given by

3.1) u;t,T) =esssupE[U(T,$ + ‘/tTnu dSu>

T E€Apq

f,:| for & € L™°(F).

REMARK 3.6.

1. For0 <t < T < oo, the integral ftT 7, d S, should be interpreted as fti w7, dS,,
i.e., the possible initial jump AS; (where So— = 0) should be ignored.

2. Condition 4 of Definition 3.1 and the a.s.-monotonicity of the mapping x
U(T,x) imply that U(T, X) € L'(F7), for any X € L°°(Fr). Therefore,
UT, &+ ftT 7, dS,) € LY(Fr) and, consequently, u(-; ¢, T) takes values in
(—00, 00], a.s.

3.2. Self-generation. As already mentioned in the Introduction, self-genera-
tion is a mathematical expression of the replication-invariance property of a ratio-
nal agent’s preference structure when it admits a utility representation. Since the
main focus of the present paper is on the mathematical analysis, we refrain from
a deeper economic discussion of the concept. Instead, we direct the reader to [38]
for a risk-measure-theoretic approach, or to the forthcoming in-depth discussion
of the decision-theoretic and axiomatic foundations of the forward utilities and the
notion of self-generation in [40]. Finally, we note that self-generation is related to
a form of a Nisio-type semigroup property. The Nisio semigroup (introduced in
[31]) is a successful attempt at expressing the Bellman’s dynamic programming
principle in analytic terms, typically as a semigroup of nonlinear operators. In our
case, loosely speaking, the operators that form the semigroup are the maximization
operators U > esssup, ¢ 4, E[U(T, - + ftT 1w, dSy)|Ftl.

DEFINITION 3.7. We say that a utility random field U is self-generating or a
forward performance if u(§;t,T) =U(t,§), as.,forall 0 <t <T < 0o and all
Eell®(F),ie.,if

(3.2) Ut €) :esssupE[U(T,é+/1TnudSu)‘]-}} as.

T eApd

forO0<r<T <ooandall & € L®(F).

REMARK 3.8. The important novel feature of our definition of self-genera-
tion—and this is where our notion differs from that in the work of Musiela and
Zariphopoulou or Berrier et al.—is that we do not require that the essential supre-
mum in (3.2) be attained. This variation opens the door to a more general analysis
as one does not need to specify the exact domain (admissibility class) for the utility
maximization problems. It is well known [especially in the case of utility functions
defined over (—o00, 00)] that the precise choice of the said domain is a nontrivial
matter and that it, in general, depends directly on the utility function used.
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Let us also mention that the requirement that (3.2) hold for all & € L°°(F;)
can be shown to be equivalent to the seemingly weaker requirement where (3.2)
is assumed to hold only for constant £&. We choose this version to strengthen the
characterization results below, and to keep in line with the structure of the results
in Appendix A.

3.3. Duality for utility random fields. The use of convex duality in utility max-
imization (and optimal stochastic control in general) has proven extremely fruitful.
As we shall see below, analysis of utility random fields is no exception. We start
with a straightforward translation of the well-known Fenchel-Legendre conjugacy
to the random-field case.

For a utility random field U, we define the dual random field V : Q2 x [0, 00) x
(0,00) — R, by

(3.3) V(t,y)=sup(U(t,x) —xy) fort>0,y>0.

xeR
The value at y =0, given by V (¢, 0) = sup, g U (#, x) € (—00, 00] can be adjoined
to the definition of V, and we will use it in the sequel whenever the need arises
without explicit mention. We do not include it in the definition above because of
the fact that it can ruin the otherwise pleasant finite-valuedness which follows from
the Inada conditions [Definition 3.1, 2(b)].

PROPOSITION 3.9. The dual random filed V given by (3.3) inherits the fol-
lowing properties from the utility random field U :

1. V is measurable with respect to the product O x B(0, 00) of the optional o -
algebra on Q2 x [0, 00) and the Borel o-algebra on (0, 00).

2. There exists Q' € F with P[Q2'] = 1 such that for each (w, t) € Q' x [0, 00), the
mapping y — V(w,t;y), y >0, is:

(a) strictly convex, continuously differentiable, and
(b) satisfies limy_.o %V(a), t;y) = 00, limy_ 0 %V(a), 15 y) = oo.

3. There exists an event Q' with P[Q2'] = 1 such that for all (y, ) € [0, 00) x Q'
the functions t — V(w, t; y), t > 0, are right-continuous and admit no discon-
tinuities of second-order.

4. Foreach ¢ € ]L(J)r(]-"r), we have V(T,t) = U(T, 0). Moreover, max(0, —V (T,

¢)) € L'(Fr).

PROOF. The properties of the dual random field in Proposition 3.9 follow di-
rectly from the corresponding properties in Definition 3.1 of the (primal) utility
random field U. The only part that needs comment is, perhaps, 3. It follows from
the fact that pointwise convergence of a sequence of convex functions implies
uniform convergence on compacts, as well as pointwise convergence of the corre-
sponding convex conjugates (see Theorem 11.34, page 500 of [35]). O
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The notion of the value random field transfers to the dual case. However, in this
setting, the domain of optimization is chosen so that the full duality relationship
can be derived.

DEFINITION 3.10. Fory >0 and 0 <t < T < oo, we define the dual value
field v(-; 1, T): LY. (F) — LO(F;; RU {o0}),

(3.4) v(n;z,T)=assﬁijle[V(T,nZ;@/ZiQ)m], n el (F).
M

In analogy with the notion of self-generation for the utility random fields, we
introduce the same notion for the their duals.

DEFINITION 3.11. A dual utility random field V is said to be self generating
ifv(n; 1, T)=V(t,n),ie.,

(3.5) V(t,n) =essinfE[V(T,nZ%/ZD|F]  as.
QeM?

forall0 <t < T < oo andall n GL&(]—",).

The main technical result, whose proof is quite lengthy and occupies most of
Appendix A (Theorem A.5 and Corollary A.6), extends the conjugacy relationship
from random fields to their value fields. The reader should note that almost no
regularity conditions (except for the one of nonsingularity) are imposed. In partic-
ular, neither the primal nor the dual value field is assumed to be finite, or that the
optimization problems in their definitions admit optimal solutions. In fact, it may
very well happen that u and v have empty effective domains, i.e., that u = v = 00
identically. A similar result, but for nonrandom utilities and under more stringent
assumptions (finiteness of the dual value function and the existence of the dual
optimizer in the class of equivalent martingale measures) has been proved in [37].

THEOREM 3.12. Let U be a utility random field satisfying the nonsingularity
condition of Definition 3.3 and let V be its dual random field as defined in (3.3). If
u and v denote the primal and dual value fields, as defined in (3.1) and (3.4), then

(3.6) u(;t,T)= essinf (v(n;1,T)+&n) as. and
nelS (F1)

(3.7 v(n;t,T) = esssup (u(§;1,T) —&n) a.s.
el (F)

forall 0 <t <T < o0, &£ € L®(F,) and n € LO(F;). Moreover, for each & €
L°°(F,), there exist ij € L. (F;), Q € M% such that

w1, T) =EV(T, 7122/20)|F] + & e L, R U {00)).
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The following characterization follows directly from Theorem 3.12.

COROLLARY 3.13. A nonsingular utility random field is self generating if and
only if its dual random field is self generating.

A more practical version of the characterization above, still in terms of the
dual random field, is given in the following theorem. We adopt a definition of
a submartingale slightly weaker than the standard one: a process (¥;):¢[0,00) 18
called a submartingale if min(Y7,0) € LY(Fr) and E[Y7|F] > Y}, as., for all
0 <t < T < o0, where we use an extended, (—oo, oo]-valued, version of the con-
ditional expectation.

THEOREM 3.14. Let U be a nonsingular utility random field, and let V , given
by (3.3), be its conjugate. Then the following two statements are equivalent.

1. U is self generating.
2. For each y > 0, we have:
(a) the process (V(t,¥Z:))ie[0,00) is a cadlag submartingale for all Z € Z9,
and
(b) there exists Z € Z¢ such that (V(t, yZ;)):c[0,00) IS a martingale.

In particular, if the market is complete, i.e., if Z2° = {Z}, then U is self-generating
if and only if the process (V(t, yZ;))ie[0,00) is a martingale for each 'y > 0.

PROOF. We start by assuming that U is self generating. By Corollary 3.13,
the relation (3.5) holds. Therefore, for Z € 24, y >0and 0 <7 < T < 0o, we can
simply pick n = yZ; € L_IF(}}) and use (3.5) to conclude that (V (¢, yZ;)):<[0,00)
is a cadlag submartingale. To show (b), we take t = 0, and fix an arbitrary 7" > 0.
According to Theorem 3.12, for each x € R there exists @(x) € M%7 and y(x) >0
such that

U,x)=E[V(T, y(x)Z;@(x))] + xy(x).

Since U (0, x) = infy-o(V (0, y) + xy) and V(z, y(x)Z;@(X)) 4+ xy(x) is a sub-
martingale on [0, T'], the following two conclusions must hold:

o V(t, y(x)Z;Q(X)) is a martingale on [0, T'], and

e U(0,x)=V(0, y(x)) +xy(x).

The conjugacy relationship between U and V forces the relatlonshlp y(x) =
d ~U (0, x). Inada conditions imply that the mapping x > y(x) = 3)CU (0,x) is
onto (0, 00). Therefore, for each y > 0, there exists x € R such that y = y(x)

and V (¢, yZi@(x)) is a martingale on [0, T']. The extension to [0, c0) follows by a
simple “patch-up” over larger an larger time horizons [0, T].
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We start the proof of the converse implication 2 =1 by noting that 2 yields
V(t,nZ;) <E[V(T,nZr)|F:]  as.forZeZz"

as soon as n =Y y_; ykla, is a simple, positive and F;-measurable random vari-
able. For a general n € IL,E)Ir (F1), let the sequence {n,},en of simple functions in

Lg_(}'t) be given by
d
|_77J 1/ns UZT > _U(T’ O)’
0x
d
nn = n7 nZT = _U(T’ 0)7
0x

]
|—77—|1/n: T,ZT < U(Tv O)’
ox

where, for x e R, a > 0, | x|y =suplka:k € Z,ka < x} and [x], = inflka :k €
Z,ka > x}. The fact that V(T,-) is decreasing on (—oo, %U(T, 0)) and in-
creasing on (%U (T,0),00) implies that the sequence {n,},en of simple, Fr-
measurable random variables has the following two properties:

® 1y — 1, as.,

o V(T,mZr) /' V(T,nZr),as.

Recall that V (T, x) > U(T,0) € L'(Fr). Then the monotone convergence theo-
rem implies that

VT, nZr)|F:] = HmE[V(T, . Z7)|F+]

3.8)
>limsup V(¢t,n,Z:) =V (t,nZ;) a.s.
n

In particular, we have

(3.9) V(t,n) <essinf E[V(T,nZr/Z)|F+].
c a

The equality in (3.9) follows by a similar argument, where all the inequalities are
turned into equalities by the choice of the element Z € Z¢ for which V (¢, yZ;) is
a martingale. Therefore, V is self-generating, and by Corollary 3.13,s0is U. [

4. Utility random fields of the exponential type. Our next task is to special-
ize the structure of the utility random field and to use Theorem 3.14 to provide a
workable characterization of self generation.

DEFINITION 4.1. A random field U : 2 x [0, 00) x R — R is said to be of
the exponential type if there exist stochastic processes (A;)re[0,00) and (¥1):e[0,00)
such that

4.1 U(t,x) = —e V¥4 fort>0,x € R.
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The choice of the form in (4.1) can be explained by the success that the use of
exponential utility has had in the mathematical-finance literature (we single out
the seminal contribution of [8] among a myriad of other important papers). Fur-
thermore, as one varies the coefficient-processes y and A, one gets a remarkably
flexible family of preference structures. Finally, as we shall see shortly, the dual-
ity theory is especially generous in the exponential case; in particular, it admits a
detailed characterization of the forward utilities of the exponential type.

4.1. A necessary and sufficient condition for self-generation. Our analysis
starts with the notion of relative entropy tailored to the exponential random fields.

DEFINITION 4.2. Let (¥1)ie[0,00) and (A;)re[0,00) be adapted stochastic
processes with yr > 0, a.s. and E[exp(A7)] < oo for all T > 0. For 0 <t <
T < oo, the relative conditional (y, A)-entropy on [t, T], denoted by H(-; ¢, T),
is a functional acting on probability measures Q <« P|, on Fr with values in
LO(F;, R U {o0}), given by

1 1

(4.2) HQ:t,T) = E[h(—zg/zﬁ@) - Z;Q/Z;@—AT’]-',},
yr vr

where, 21(y) = ylog(y) —y, y = 0.

REMARK 4.3. Inequality 4(y) + exp(x) > xy, valid for all x e R, y > 0, and
assumption E[exp(Ar)] < oo, imply that (h(Y) — Y A1)~ € LY(Fr), forall Y €
]LO(]-"T). Hence, H takes values in (—oo, o0].

While the processes y and A are, initially, quite free in the specification of the
class of exponential random fields, the following theorem shows that the require-
ment of self-generation places quite a significant restriction on their structure.

THEOREM 4.4.  Let the financial market be as in Section 2 and let (¥;)te[0,00)
and (A;)te[0,00) be stochastic processes. Then for the exponential random field U ,
given by U(t,x) = —e V"t 1 >0, x € R, the following two statements are
equivalent.

1. U a self-generating utility random field.
2. The following three assertions hold.:
(a) y and A are cadlag semimartingales with yr > 0, for all T > 0, a.s., and
Elexp(Ar +nyr)] < oo, forall T >0 and all n € N.
(b) Forall0 <t <T < o0, and all Q € M%

E@[i\ft] @ T) <o),
YT

Vi
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(c) Forall0<t <T < o0,

1 1
h(—) — —A;=essinf H(Q; ¢, T) a.s.
Vi Vi QeMG

Furthermore, if U is self-generating, it is automatically nonsingular.

PROOF. 1 = 2 We first show that a self-generating exponential random
field U must satisfy all three parts of statement 2.

2(a) holds. Definition 3.1 of the utility random field implies that (y;x —
Ap)1el0,00) 18 an adapted and cadlag process for each x. The constant process 7 = 0
is in Apg, so the self-generation property (3.2) and part 2 of Definition 3.1 imply
that (U (¢, x)):e[0,00) 18 a cadlag supermartingale, for each x € R. Therefore, its
C?-transformation (Y1x — Ap)ref0,00) 18 @ semimartingale, and so are both y and A.
Finally, yr > 0, a.s. for all T > 0 by part 1 of Definition 3.1 and the random vari-
able exp(Ar + nyr) is in ! for each n € N by part 3 of the same definition.

U is nonsingular. Let 0 < T < oo be arbitrary but fixed, and let {D,},cN be
a decreasing sequence in Fr with (), D, = &. Since U(T,m) € LY(Fr), for all
m € N, we have

nlingoE[exp(myrlpn +Ap)]—>C where C = E[exp(A7)] € (0, 00).

In particular, for each m € N, there exists n,, € N such that
Elexp(myr1p, + A7)] <2C for all n > ny,.

We can choose the sequence {n,, },,cn to be strictly increasing so that the sequence
{an}nen, defined by

a, =sup{m € N:n,, <nj} where sup @ =1,

takes values in N and converges to oo as n — oo. Then, since n,, < n for large
enough n € N, we have

1 1
0 < —limsup —E[U(T, —a,1p,)] = liminf —E[exp(a,yrlp, + A7)]
n—oo an

n—oo dp
<limsup — =0.
n—oo dp

Thus, the condition of Definition 3.3 is fulfilled.

2(b) and 2(c) hold. An elementary calculation shows that the random field V,
dual to U in the sense of (3.3), has the form

1 1

4.3) V(t,y)= h(—y) — — VA, fort >0and y >0,
Vi Vi

with the function /4 as in Definition 4.2. Using the nonsingularity of U established
above, Corollary 3.13 implies that V is self-generating, i.e., that

1 1 1 1
h(—n) — —nA; =essinf E[h(—nZﬁZ,) — —nZT/Z,AT‘]-}] a.s.
Vi Vi Zeze Vi 143
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foreach n IL,E)|r (F1). A rearrangement of terms yields that

() +n(() - —a,)

Vi 143 Vi

(4.4) |
— essinf((n + h(n))IE@[— ‘f,} L nH(Q; 1, T)) as.
QeMt 124

forall0 <t <T <ooandalln € ILEr (F1). In particular, if we set n = exp(z), for
some z € R, and divide the inequality (4.4) throughout by exp(z) > 0, we get

1 1 1 Q 1
z— +h(—> ——A; <zE [—]E} +H(@Q;1,T)  as.
Ve Vi Ve YT

for all z € R and all Q € M$. Since both sides of the above inequality are linear
functions (in z), we must have

1 1
— :EQ[—‘]—}] a.s.on {H(Q;t,T) < oo} for all Q € M%.,
Ve yr
and
1 1 .
4.5) h(—) — —A; <essinfH(Q;¢t,T) a.s.
Vi Vi QeM$

The equality in (4.4) implies that the a.s.-equality holds in (4.5).

2 = 1 Let us assume that U is a random field of the form (4.1) which satisfies
2(a), 2(b) and 2(c). We first check that the requirements of Definition 3.1 hold.
Parts 1 and 3 follow directly from the cadlag semimartingale property of A and y.
Part 2 is a consequence of the elementary properties of the exponential function
and the strict positivity of y. Finally, part 4 follows from the requirement that
exp(Ar + nyr) € LY (Fr) and the monotonicity of the mapping x — exp(yrx +
Ar).

Next, the nonsingularity of U follows as in the first part of the proof by con-
dition 2(a) We can now use Theorem 3.14 to show self-generation. Indeed, the
conditions 2(b) and 2(c) imply that the equation (4.4)—which is equivalent to self
generation of the dual random field V—holds. [

4.2. On condition 2(b) of Theorem 4.4. Condition 2(b) of Theorem 4.4 im-
mediately hints at replicability of the process (1/¥:):¢[0,00)- This is, indeed, true
either under a mild additional assumption on the market model, or when restricted
to a certain, maximal, event. The purpose of this subsection is to expand on those
assumptions. Our main conclusion is Proposition 4.7, which is preceded by two
lemmas.

In addition to the existing notation, we introduce the following subset of M7

M ={Qe M4 :H(Q;0,T) < oo}
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For a probability measure Q on Fr, we define the “support” equp Q of Q with
respect to |7, and the aggregation Sﬁ of all such supports over the class of
finite-entropy martingale measures:

dQ
d(P|7)

where any two sets whose symmetric difference is P-null are identified.

eunQz{ >0}e]—"T and Sﬁ={eunQ:QGM¥},

LEMMA 4.5. For T > 0, assume that M';I %+ . Then there exists a P-a.s.-
unique event C € Fr such that:

1. forallAESH,AQC,a.s., and
2. C=equpQ, a.s., for some Q € M¥

PROOF. Let {A,},en be a sequence in Sﬁ with the property that P[A,,] — m,
where m = sup{P[A]: A € S;I}. Moreover, for n € N, let Q, € M;’ be such that
A, =equpQy,, and let o, =27"(H(Q,;0,T) + E[exp(A7)] + 1), so that 0 <
o, < 27", Then the sequence {Qn}neN of probability measures defined by

= ZZ:] o Qx
Qn =< .
Zk:1 (073

converges in the total-variation norm and, consequently, weakly in o (L!(F7),
L°°(F7r)) when we identify measures with their Radon—Nikodym derivatives with
respect to P. We denote its limit by Q. The functional H(-; 0, T) is easily seen to
be convex and o (L' (Fr), L®(Fr))-lower semi-continuous. Thus,

H(Q; 0,7) = H(limQ,; 0, T) < liminf H(Qy; 0, T)

Sl H@i0T) 1
D k=1 %% T D e

Using the fact that M7 is convex and closed with respect convergence in total
variation, we conclude that Q € ME . Moreover, C := equp Q@ = U,en equp Q,,
and so, P[C] = m. It remains to show that C is maximal in the sense of a.s.-
inclusion, and not only with respect to its size. Let us assume that there exists
A=equpQ € Sﬁ with P[A \ C] > 0. Using the same ideas as above, we conclude
that the probability measure Q, given by Q = %@ + %Q/ , lies in M? and has the
property Plequp @] =P[C U A] > m—a contradiction. [

< liminf 00.
n

The set C, whose existence is guaranteed by Lemma 4.5, will be denoted by
maxSﬁ. If M2 =&, we set maxSﬁ = .
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LEMMA 4.6. Suppose that for T > 0, we have

1 1
(4.6) EQ[—} =— VQeMmZ,
174 Y0
Then there exists w € A such that
1 1 T
4.7 V_T =— —i—/o T, dS, on maxSlTLI, a.s.

PROOF. Let Q be the element of M? such that equp@ = maxS}’ . We

first show that f € C_@, where (_)Q denotes the closure in ]Ll(@) while Cr =

{fOT mudSy:m € Apa} — L (Fr) and f = V—T — % Suppose, to the contrary, that

fé¢ C_g The Hahn-Banach separation theorem, applied for the duality between
]Ll(@) and L°°(Fr) guarantees the existence of an element y € 1L°°~(,7-"T) such

that EQ[XC] <0for¢ e C_;Q and E@[xf] > 0. Since —L3°(Fr) € (fQ, we have
x € L3°(Fr) \ {0}, and we can assume, without loss of generality, that IE‘,Q[ x]=1.

Therefore, the random variable {* = y 5= d( 5 € ]Lﬂr(}'r) satisfies E[¢*] =1 and

E[¢*¢]1 <0, forall £ € Cr. So, Q1 € M% w1th d(CIiP’((%l = ¢*. Moreover, we have

H(Q1:0.T) =E[h(y%;*) - :*iAT}

vr
18\ _,0 1 0
=E[{x(h|—Z )—Z TA7 || +E|xlog(x)—Z7 | <00,
yr vr

where the finiteness is substantiated by Qe M? and assumption (4.6). We deduce
that Q; € M, thus reaching a contradiction with the conjunction of the fact that
Eqg,[f]1> 0 and the assumption (4.6).

The newly established fact that f € (?9 implies that there exists a sequence
{fu}nen in Cr such that f, — f in ]LI(Q). Note that each f; can be represented

as
T
fu :/0 7, dSy — &n
for some 7" € Apd, gr € L, and
T
0 =EQ[f] = lignE@[fn] = hrlan@[/o 7, dS, — gn] = li%nE@[—g,,].
Thus, g, — 0 in LY(Q). Consequently, we can safely take g, =0, for all n € N,

without affecting the LY(Q)- convergence of f, to f. By Theorem 15.4.7 in [9],
there exists 7 € A such that f = fo m,dS,. O
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The following proposition, which effectively explains the role of condition 2(b)
of Theorem 4.4 in the majority of interesting cases, follows directly from Lem-
mas 4.5 and 4.6.

PROPOSITION 4.7. Suppose that the exponential utility random field U (x) =
—e VXAt s self-generating and that for each T > 0, there exists Q € M. such
that H(Q; 0, T) < co. Then there exists w € A such that

1 1

t
(4.8) —_—=— +/ 7, dS, forallt >0, a.s.
Vi Yo 0

REMARK 4.8.

1. The additional condition that there exists an equivalent local martingale mea-
sure with finite entropy is standard in the literature. It corresponds to the exis-
tence of the primal optimizer in related exponential-utility maximization prob-
lems (see [8, 14, 18]). Such a condition would follow immediately if we as-
sumed that the essential suprema in the definition of self-generating random
fields were attained in the appropriate domain (see [1]). A simple sufficient con-
dition for the existence of an equivalent finite-entropy local martingale measure
will be given in Lemma 5.4 in Section 5 below.

2. Identification of sufficient conditions for condition 2(b) reduces to the stipu-
lation that (4.8) holds for some 7 € Apg, together with the verification of the
Q-martingale property of the local martingale (1/y;);c[0,7], for all T > 0 and
allQ e M? . A simple (and far from necessary) criterion is that 1/y € I.*°, for
all > 0.

4.3. On condition 2(c) of Theorem 4.4. We turn to condition 2(c) of Theo-
rem 4.4, assuming throughout that conditions 2(a) and 2(b) hold. For T > 0 and
Q e M, we define a measure Q, on Fr by

dQ, _n dQ
dP\r)  yvrdPlr)

Thanks to condition 2(b), Q,, is a well-defined probability measure. It is known in
mathematical finance as the forward measure with respect to a numéraire-change
(D¢ero.71 = (Ve)eeqo,7)- It is notationally convenient to introduce the following set

ML ={Q,:Qe M¥}.

4.9)

Since VLT Z 9 / Z;@ = %Z gy / Z;@V , the relative conditional entropy H takes a partic-
ularly simple form when written in terms of Q,:

1 1
HQ:t,T)= h(;) - ;(mg(ZEQV) +EY [log(Zy") — A7l F).
t t
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For Q, € M?., define the process (Fto)te[o’T] as

Qy

FY — A, —log(z¥), 1€[0,T].

The following proposition is a simple consequence of Theorem 3.14.

PROPOSITION 4.9. Suppose that conditions 2(a) and 2(b) of Theorem 4.4
hold. Then condition 2(c) is equivalent to the conjunction of the following two
statements:

1. foreach T >0 and Q, € ./\/l;, the process (F,QV)IG[O’T] is a Q, -supermartin-
gale and

2. for each T > 0 there exists (@y € M; such that (F,Qy),e[oj] is a @y-
martingale.

5. Ito-process models.

5.1. The main result. Having characterized exponential self-generating utility
random fields in general locally-bounded semimartingale market models of Sec-
tion 4, we turn to a specific class of models where we can say a great deal more.

Consider a special case of the financial model of Section 2 with one risky asset
driven by a single Brownian motion (B;);c[0,00) On a filtration generated by two
independent Brownian motions (B;):c[0,00) and (W;);e[0,00). The price-process
(S1)1€[0,00), defined on the underlying filtration F = (F;);c[0,00)—a natural aug-
mentation of the filtration generated by B and W—admits the following differen-
tial representation:

(5.1) dS, =6,dt +dB;, t>0,5)=s0€R,

where (6;):¢[0,00) 18 an [F-progressively-measurable processes.

REMARK 5.1. Our choice of unit volatility and “arithmetic” evolution of the
stock price entails no loss of generality compared to the models usually found
in the literature; one can replicate exactly the same contingent claims. On the
other hand, such a simplification relieves the notation and renders the central idea
more transparent. Similarly, an extension to a model with several driving Brown-
ian motions—and several assets—is straightforward and its treatment would only
inflate the already heavy notation.

We assume that fOT 9142 du < oo, forall T > 0, a.s. and that the stochastic process
(Z2%)1¢10.00)» defined by

0.0 ! Lty
(5.2) 750 — exp —/ eudBu—E/ 02du), 120,
0 0
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is a martingale on [0, 00), so that the condition NFLVRFH of Assumption 2.1 of
Section 2.3 is satisfied.
The main result of this section is the following.

THEOREM 5.2. Assume that the price process (Si)ie[0,00) is given by (5.1),
let (V1)ie[0,00) and (A;)ic[0,00) be stochastic processes and define the mapping
U:Q2x[0,00) x R— Ras

(5.3) U(t,x) = —e ¥+
If U is a self-generating utility random field, and

1
(5.4) Vp>1 — e LP(Fp),
YT

(5.5) 3e>0  zZ80eL(Fp)
hold for all T > 0, then:

1. both y and A are continuous semimartingales, and
2. there exist progressively-measurable processes (8;)ie[0,00)> (P1)re[0,00) and

(01)1e[0,00) With fOT (85 + ¢>5 + ,03) du < oo, for all T > 0, a.s., such that for
all t > 0, we have

11 t 1
(5.6) —=—+( —4,dS,,
V43 Y0 0 Yu
and
1 t t
A, = Ao+ 5/ (6 —Su)zdu—}—y,/ pudS,
(5.7) 0 0

1/1 2 /t dw,
— = u— " -
20% O¢>

Conversely, suppose that the processes y and A are continuous semimartingales
admitting representations (5.6) and (5.7), and, additionally, that the following reg-
ularity conditions are met for all T > 0:

(5.8) vneN  exp(Ar +nyr) e L' (Fr)

and

(5.9) sup (16,1 + o] + |ge]) eL°(Fp),  Ele!/2ho 67d1) < oo,
t€l0,T]

Then U is self-generating.

REMARK 5.3. Thanks to Novikov’s criterion and the Holder’s inequality that
martingale property of Z%? and assumption (5.5) are implied, for instance, by the
following Novikov-type condition:

VT >0,3¢ >0 E[eu/usug egdu]_
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5.2. Proof of Theorem 5.2. Before we focus on the proof itself, we estab-
lish several auxiliary results. We choose a time-horizon 7 > 0 and keep it fixed
throughout the proof. If a different time-horizon is needed, the reader will be ex-
plicitly warned.

5.2.1. Martingale measures. Let P denote the set of all F-progressively mea-
surable processes (v;)¢[0,7] such that fOT vf du < 00, a.s., and let
N ={(v1,v2) € P x P:Z"""? is a true martingale},
where the positive local martingale (Z,"""?);c[0.7] is given by
dzZ;"" = -7 (vi(w)d By + va(u)dW,), Zy? =1.
For (v1, 12) € N, we define the probability measure Q""" ~ P| £, by
a2
d(PF;)
By virtue of Girsanov’s theorem (see [11] for details), a probability measure Q ~
PP| 7, belongs to M¢ if and only if there exists v € P such that (6, v) € N and

dQ
d®lr,)

= Z?’”. Let us introduce the following families:

P> = {v €P: sup v e]LOO],
t€[0,T]
Pl ={veP:(v,v) eN} for v, € P.

LEMMA 5.4. Suppose that the condition (5.5) holds and that the random
field U of (5.3) is self-generating. Then for each v € P°,

1. @,v)eN,and
2. HQ%V;0,T) < o0.

In particular, M% N M?I #* 0.
PROOF. We first show that Q%0 e M? . Holder’s inequality used in conjunc-
tion with assumptions (5.4) and (5.5) yields (VLTZ%O)HS e L1 (Fr), for small

enough ¢ > 0. Moreover, since Z(;’”/ZQT’0 € ﬂp>1 LP(Fr) for v € P°°, we have
(VLTZ?’”)HE e L(Fr), for small enough & > 0. Consequently,

1
(5.10) h(y—z’;”) el (Fr) VveP™.
T

Using the elementary inequality xy < xlogx — x +¢” forall x >0 and y € R,
condition (5.5) implies

1
(5.11) V—Tz"T"’AT eL'(Fp).

Assertions (5.10) and (5.11) yield H(Q%";0,T) < oo, forallv e P®. O



EXPONENTIAL FORWARD PERFORMANCES 2197

5.2.2. Proof of necessity. We first show that the self-generation property of U
implies (5.6). By Theorem 4.4, the processes % and A are semimartingales and by
Lemma 5.4 and Proposition 4.7, for each T > 0, there exists a progressive process

S(T)
(8" ")refo,17 such that

(5.12) —=—+/ 8, ' dSy.
yr Yo 0

For 0 < T < T, processes §T) and §(T2) agree dIP x dt on  x [0, T1]. So, there
exists a progressively measurable process (A;);c[0,00) such that

1 1 A
(5.13) - =— +f AudSy a.s.
V. Y 0

Finally, positivity of y implies (5.6) with §; = y,gt.

Next, we turn to the process A. To better understand its structure, we construct
a fictional constrained financial market, as a technical tool. It comprises of three
securities § = (5’0, S’l, 5'2), given by

~ t~ ~

S,O:B,+/ 6,du  where 6, =6, —§,,
0

Sl=t and

S2 =W,

1

(5.14)

with portfolios 7 = (JTO, T ,nz), representing the numbers of shares of each of
the three securities, constrained to take values in the convex set

(5.15) K={x" " 7% cR:x' + L(x?* <0}

Let AX denote the set of 3-dimensional S’—integrable processes (71;)e[0,00) With
;€ K forall t € [0, T], a.s.

The central argument in the proof below is based on a version of the Optional
Decomposition theorem. For the reader’s convenience, we rephrase the pertinent
content of Theorem 3.1 in [12] in our setting, noting that its technical conditions
are satisfied thanks to Proposition B.1 which establishes closedness with respect
to the semimartingale topology of the family

S:= {f.nudgu:n E.AK}.
0

THEOREM 5.5 (Follmer and Kramkov, 1997).  Let (V;):c[0,1] be a cadlag and
adapted process which is locally bounded from below. Then the following state-
ments are equivalent:

1. V has a decomposition of the form
Vi=Vo+(-8) + D, 1€[0,T],

for some portfolio process m € AKX and a nonincreasing adapted cadlag
process (Dy)e(0,11, with Do = 0.
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2. V,— A;@ is a Q-local supermartingale for all Q € M, where M is the set of all
probability measures Q on Fr with Q ~ IP|z, such that the Q-compensators of
the wealth processes 7 - S are bounded, in the sense of positive measures on the
optional sets, uniformly over all admissible = € AX (the process A;@ denotes
their least upper bound).

Let us first identify the set M and the processes A% for Q € M in our market S.
A generic wealth process 7 - S has the following differential representation under
a generic measure Q"1°"2;

d(m - 8); = (2°%0)6, — 7001 (1) + 7' (1) + 72 ()2 (1)) dt + d L,

for some QV!"*2-local martingale L. Note that for a fixed ¢ € [0, T],

sup (noét — 7%+t + nzvz(t)) = {

00, vi(t) # 6,
707!, 72)eK 2

—v3(t), i) =6,

Therefore,
~ G, g o _ L[,
M={Q"V:veP”} and A, =§/ v, du.
0

Thanks to the choice of the coefficient 6 and the already proven relation (5.6),
we have % = 5—2%, whenever EQQ’U[;’—?] = 1. By condition 2(b) of The-
orem 4.4, this equality holds for all v € P?, such that Q%Y M;I . In particu-
lar, by Lemma 5.4, it holds for v € P°°. In the notation of Section 4.3, we have

Qé*” = (Qe”’)y, ie., Qé”’ is the forward measure associated with Q%" and the
numéraire y . )

By Proposition 4.9, the process F U4 log(Zé"’) isa Qé’”—supermartin—
gale for each v such that Qé’” € M;I So, by Lemma 5.4, it is a Qé’”—
supermartingale for all v € P°°. Thus, for an arbitrary v € Pé, the process F' Q"
isa Qé*”"—supermartingale, for each n € N, where

t
v =v 1< where rnzinf{tEO: / v,fdu >n}.
0

Processes F@" and F Qg’v, as well as measures Qé’“" and Qé"’, agree on [0, t,,].
So, the stopped process (F Qa’”)’" is a @5*”—supermartingale, for all » € N and
P[t, < T]— 0. In other words, (FtQ),e[o,T] is a local Q-supermartingale, for each
QeM.A simple application of Itd’s formula implies that the process

Ar—= | 6;du—— | v, du, tel0,T],
0 0
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is also a local Qé’”—supermartingale, for each v with Qé’” € MYH . Theorem 5.5
yields the existence of a portfolio process 7 € AX and a nonincreasing adapted
cadlag process (D;);¢[0,7] such that

t ~

Thanks to part 2 of Proposition 4.9, the process D must vanish identically. For
the same reason, there can be no “slack” in the portfolio process 7, i.e., 711([) =
—%nz(t)z, dP x dt-a.e. Consequently, with ¢ = —x2, the process A has the fol-
lowing form:

1 1t . t - 1 rt t
At:A0+—/ 93du+/ ng(dBqueu)——/ ¢5du—/ by dW,.
2 Jo 0 2Jo 0

Let the process p be defined as p; = &0 + %nto, where p, = %fot 7%4S,.
A straightforward calculation using the identity d(y; fé & dSt) = v (& — & x
fé Cu dSu)(ét dt 4+ d By) which holds for any ¢ € P implies (5.7), for a fixed T.
Finally, the argument for the passage from (5.12) to (5.13) can be reused to show
the validity of (5.7) on the whole positive semi-axis.

5.2.3. Proof of sufficiency. The proof of sufficiency is based on Theorem 4.4.
Condition 2(a) of Theorem 4.4 is assumed in (5.8). Boundedness of the process §
ensures that % is a Q%V-martingale for all v € P?. In particular, condition 2(b) of
Theorem 4.4 is fulfilled. To verify condition 2(c) of Theorem 4.4, we turn to the

N .. f.v . .
characterization in Proposition 4.9: the process F&" of Section 4.3 can be written
as

Q@ T 2
F, =Mt—/ ¢uqu——/(vu—¢u> du,
0 2 Jo

where M; = y, fé pdS, and W, = W, + fé v, du. Thanks to (5.9), processes M;

and fot ¢ud Wu are martingales under the forward measure Qe’”. So, statement 1
of Proposition 4.9 holds. In order to verify statement 2, we take v = ¢, noting that
7% is a true martingale. By Proposition 4.9, U is a self-generating utility random
field.

APPENDIX A: CONVEX DUALITY FOR RANDOM FIELDS

For the purposes of this section, we fix 0 <¢ < T < oo and a random variable
k € L°(F;). Unless designated otherwise, all the IL”-spaces (and their duals),
p € [0, oo], will be with respect to (€2, Fr,P|£,). The space L! will always be
identified with its image in (IL°°)* under the canonical isometric embedding of a
Banach space into its bidual.

We (re-)introduce the following variations of the standard notation:
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1. The functional U, (-) :.°® — R is defined by U, (¢) = E[xU (T, ¢)], for ¢ €
L.
2. The convex conjugate V, : (IL°°)* — (—o0, oo] of Uy is given by

Vx(g*)= sup (UK(;‘)_<§*’§>) f()r;*e(]Loo)*_
cell>®

Kior ={f] midS,:m € Apa}.

Cz—>T = (ICI—>T - L(J)r) NILee.

Doy ={c* € (L®)*: (¢*, ¢) <0forall ¢ € Cisr).
u;t,T)=esssup,ca,, EIU(T, & + sz 7, dSy)|Ft], for & € L°°(F).

v(p; 1, T) =essinfge g ELV (T, 127 /ZDIF, for n € LL(F).

ue(§) =sup,ee, . Ue(C + p) € (—00, 0], for ¢ € L.

Dl ={¢* €Dinr:(¢*, &) = (n,§) forall § € L™°(F)}, for n € LY (F).
10. ve(n) = inf{*eD;’ , Vi (¢*), forn e ]L_IF(}',) and v, () = oo, for n € LI (F}) \
LY (F).

L XN kW

PROPOSITION A.1. For ¢y € L°°, we have
(A.1) ue(Go) = _inf (Ve (&™) +(¢%, ¢0)).
5*6D1—>T

where the infimum above is attained at some Z‘ *eDir.

PROOF. Suppose first that u, (o) = co. The definitions of V, and D;_.r
above ensure that for * € D, .1 and p € C,_, 7, we have

Vie@™) = Ue(Go +p) — (€%, S0+ p) = U G0+ p) — (£¥, %0)-
Taking a supremum of the right-hand side over all p € C;_, 7 implies that V,.(¢*) =
oo for all ¢* € D;_, 7, which, in turn, implies (A.1).
When u, ({p) < 0o, we define the following two subsets of L™ x R:

A={(¢,u) e L™ x R:u <u,e (5o + 0},
B =Ci1 X [u, (o), 00).
It is straightforward to check that:

1. both A and B are convex and nonempty,
2. Int B # & (since —LY° C C;—. 1), and
3. ANIntB =0@.

By the Hahn-Banach theorem (see Theorem 5.50, page 190 in [2]) there exists
a constant ¢ € R and a nonnull element (¢*, #*) of the dual space (L*°)* x R =
(IL*° x R)* such that

(E* ) +ul*+¢>0
(A.2)
Y(¢,u) such that u <U,(¢o + ¢ + p), for some p € C;, 7
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and
(A.3) o) +ui*+c<0  Vu>u (o). VpeCor.

From (A.3) and the fact that 0 € C;_, 7, we conclude that z* < 0. Using (A.3)
again, this time in conjunction with the positive homogeneity of C;_. 1, we get
(Z‘*, p) <0, for all p € C;_, 1, which, in turn, implies that Z‘* € D1 S (L®)7.

Our next task is to show that #* < 0. Suppose, to the contrary, that #* = 0.
Then (A.2) and (A.3) imply that (2*, ¢) = c for all ¢ in the intersection 7, (A) N
me (B) of the projections of A and B onto IL°°. Finiteness of U, (¢) for all ¢ €
L*° yields 7,00 (A) N 700 (B) = Cy— 7. Thus, (E*, Cy=c,forall { € C;_. 7. Since
—IL® € C;— 7, this can only happen if £* = 0, which is in contradiction with the
assumptions that i* = 0 and the nontriviality of the separating functional (Z*, ii*).

Having established that 1™ < 0, we can assume, without loss of generality, that
u* = —1. The equation (A.3) with p =0 and u = u, (o) implies that u, (o) > c.
On the other hand, (A.2) states that

(A.4) c>Ug(Co+¢+p)—(£*,¢) Veel® Vpelor.

The fact that (;C * p) <0, for all p € C;— 7, allows us to combine the previous
conclusions with (A.4) to get the inequality

e (50) = U (€) — (C*, ¢) + (E*, &o) + (¥, p)
> Ue(§) = (C*, &) + (£, Zo).

Taking the supremum over all ¢ € IL°°, we obtain

e (80) = sup (Ue(€) — (C*, &) + (¥, ¢o) = Vi (%) + (£, Zo)

cell>®

> . Jnf (Vie(€") + (7, o).

§*€ t—T

(AS)

On the other hand, by the definition of V,, we have

U@+ p) V(&™) +(¢", S0+ p) V(&™) + (¢", o)

for all {* € D7 and all p € C;_, 7. Maximization of the left-hand side over all
o € C;— 1 and minimization of the right-hand side over all {* € D;_, r yield

(A.6) e (80) < ;*ei%f T(VK(E*) + (&%, ¢0))-

One only needs to combine (A.5) and (A.6) to finish the proof. [J

COROLLARY A.2. Foreveryne ]Li_ (F1), we have

ve(n) = sup (Mx(é)-—<ﬁ,§))

el (Fy)
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PROOF. Proposition A.1 implies that u, :L°°(F;) — (—o00, 00] is the con-
vex conjugate of vy ‘LY(F) — (=00, 0], with respect to the pairing (€, n) —
(£,n) = E[£n] between L>®°(F;) and L!(F;). In order to complete the proof,
we need to show that v, is the convex conjugate of u,. It suffices to show
that v, is convex and lower semi-continuous with respect to the weak topology
o (L', L>®) (see, e.g., Proposition 4.1, page 18 in [10]). For convexity, let & > 0,
a € (0,1) and 11,2 € L., and choose ¢ € D" . and ¢§ € D/? ; such that
Ve (€]) < ve(m) +&/2 and V. (£5) < v, (2) + €/2. Then, by convexity of V,,
we have

ave(m) + (1 =) ve(m2) = —e +aVie (&) + (1 =) Vi (¢5)

> —&+ V(g + (1 —a)gs).

an+(1—a)n

T and conclude

It is straightforward to show that ¢ + (1 — )¢y € D
that v, is, indeed, convex.

To establish lower semi-continuity, we take a directed set A and a net (1y)gea
in L! with ne — n weakly, and aim to show that v, (n) < liminfy v, (ny). With-
out loss of generality, we assume that 5y € ]LiL and v, (ny) < 00, for all ¢ € A,
and that the limit lim,, v, (1) exists in (—oo, o0]. Let (g4)qeca be a net in (0, 00)
converging to 0, and let (¢})yeca be a net in D, 7 with ) € Dfi)T such that
Ve (Na) = V(L)) — €. By the Banach—Alaoglu theorem, there exist a subnet of
(Cq)aca (which we do not relabel) and ¢* € (IL°°)% such that ¢; — ¢*. By the
weak-* closedness of D,_, 7, we have ¢* € D,_,7. We claim that {* € D! In-

deed, for & € L°°(F;), we have =
(%, &) =lim(¢}, &) =lim{n. &) = (0, £).

By the weak-* lower semi-continuity of V, (guaranteed by its definition as conju-
gate functional), we have

ve(m) < VK(C*) = hH}xlanK (g(;k) = lin}yinf(v,( (M) + 80{) = lgn Vi (M) - OJ
PROPOSITION A.3. The following representation holds for any {* € D,

1 * * 1 *
V(¢ = E[KV(T, ;; )], ¢*elly and {¢* >0} C {x >0},
00, otherwise.
PROOF. We divide the proof into several cases, depending on the “region” in
which ¢* lies:
1. ¢* is not in (IL°°)7 . Then there exists ¢ € LY such that M = (¢*,¢) < 0. By
monotonicity, U, (n¢) > U, (0) for all n € N. So,

VK(E*) = hmsl\lllp([UK(n{) - l’l(;*, f))
ne

> limsup(Uy (0) + n|M|) = oo.
neN
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2. ¢* is in (IL>°)% but not in LL. The mapping ¢+ : Fr — [0, 1], defined by
pex(A) = (¢*,14), A € Fr, is a finitely-additive probability on Fr. The con-
dition that £* ¢ Lfr implies that ¢+ is not countably-additive. Thus, there exist
a constant ¢ > 0 and a nonincreasing sequence {A,},cN of events in F7 such
that (), A, = @ and ({*,14,) > ¢, for all n € N. Let {a,},en be as in Defini-
tion 3.3 and let the sequence {,},en in L™ be given by ¢, = —a,14,. Due to
nonsingularity of U,

V(@) = limSRIIJP(UK(é“n) )

> limsup(Uy (Z,) + an (¥, 14,))
neN

1
> limsup a, <—UK(—an1An) + 8) = 00.
neN an

3. *isin ]L,lL and P[{¢* > 0}N{x = 0}] > 0. Forn € N, define {,, = —nl4, where
A={¢*>0}N{k =0}. Then U,(¢,) = E[«U(T, ;)] = E[«U(T,0))] =
U, (0), so

VK(C*) > lim Sup(UK(gn) - @*’ {n))

neN

> limsup(Uy (0) + nE[£*14]) = oo.
neN

4, t*isin ]L,lr and {¢* > 0} C {k > 0}. For any ¢ € L*°, we have x;%;* =,
and so,

1 1 1
KU(T,§)§K§;§*+KV<T,;§*>=§;*+/<V<T,;§*) a.s.

for all ¢ € IL°°. Therefore, V,(¢*) < E[xV(T, %(*)]. To prove the opposite
inequality, let {¢,},en be given by

1
{n = _V/(T7 _§*>anv
K
where B, = {k > 0} N {—n < —V'(T, 1¢*) <n}, so that {, € L*. Then
1
KU(T, ¢n) = 5n8* =« U(T, 0)1p¢ —|—/<V<T, —;*)IBn.
K
The random variable « V (T, %;*) is bounded from below by an integrable ran-

dom variable [one can take kU (T, 0), for example]. So, the monotone conver-
gence theorem implies that

E[cU(T, &) — ¢ut*] — E[KV(T, %4)]

which, in turn, yields V. (¢*) > E[« V (T, %{*)]. O
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LEMMA A.4. A randomvariable {* is in D, HLL if and only if there exists
a local martingale measure Q € M$. and a random variable n € ]Lfr (Fy) such that

o =nZ3/Z7.
PROOF. Suppose, first, that * = nZQTQ/Zi@ for some n € ]LlL(]-",) and Q €

M. In order to show that ¢* € D;,7, pick a p € C;—.7 of the form p =
ftT 7, dS, — ¢ for some 7 € Apq and ¢ € LY. Then
ft]] = 07

T T
E[¢*p] < E[nz;@/zi@/ o dSu] = E[nEQ [/ 7. dSy
t t
Conversely, let ¢* be an element of D;_, 7 N ILL. We pick an arbitrary Q" € M,

by boundedness of ftT 7, dSy. Therefore, ¢* € Dy 7.
and define the random variable ;6, € ]L}r by

zY
=
E[¢*|F7]

We claim that ;“6, is the Radon—Nykodim derivative of a local martingale measure.

;6, =A%, where A = E[¢*|F]>0} € Lg(}—z)-

To substantiate this claim, take an arbitrary 7 € Apq and split E[;@, fOT 7, dS,]
into E[¢g, fg 7u dSu] and E[¢gy f; 7, dS,]. Then
7]

E[;@ fot T dSu] - E[E[;@ /Ot 7. dS,

(AD = E[E[dg@(%;) V‘] /ot i ds”}

t
IEQr[f HudSu] =0.
0

For the second summand, we define the process {77, },c[0.00) bY Tu = TuAl (s, 00) (1),
for u > 0. Then 7 is predictable and S-integrable, and

T T
A/ ﬂudSu:/ T, dS,.
t t

Similarly, processes 7", defined by 7)! = m,Al{—y<i<n}L(1,00) (1), for u > 0, are
also predictable and S-integrable. While the same cannot be concluded for 7, all
7" are in Apq. So, E[{*ftT 7} dS,] =0 and f,T w,dS, = lim, f,T aldS,, as.
Hence,

T T T
E[g@/t nudSu] :E[;*/l frudsu] :E[li%ng*/t ﬁ;’dsu]

T
=1imIE[§*/ A dSu} —0.
n t

(A.8)
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The above interchange of the limit and the expectation operator is due to the dom-
inated convergence theorem which can be used because
T
/ 7, dSy,
t

;*/Tfr”ds g*/Tfr ds
u u u u
t t
eLl.
]LOO

T
/ TudS,
t

We combine equations (A.7) and (A.8) to obtain E[{@, fOT m,dS,] =0, for all
7 € Apg- A standard localization argument can be employed to conclude that each

=

="

<4y

. . Cor
component of S is a Q-local martingale, where d(fé—%) = %. Thus,
t Q

1 1
§*=X§6,=n29/25@, wheren:xzi@.
Finally, n € L! since ¢*, Z%/Z2 e L' and E[Z2/Z2|F1=1,as. O
THEOREM A.5. The following relationship holds for the value functions u

and v for all &£ € L°(F;):

(A.9) u(;t,T)= essinf (v(n;t,T) +&n) a.s.
el (F)

Moreover, for each & € L°°(F;) there exist 1] € ]LlL(]-",) with {n = 0} D {u(§; ¢,
T) = o0} and @ € M7 such that
w1, T) =EIVHZ7/ZO|F) +Ei = v(ii 1, T) + £,

PROOF. We first establish the equality in (A.9). The relationship U (T, x) <
V (T, y) + xy holds for the functions U(T,-) and V(T,-) forall x e R, y > 0, a.s.
So, forany p € C;.7, 1 € ]LL(]—',) and Q € M%,

E[U(T, € + p)|Fi] < ELV(T, nZ3/ZD|F 1+ ELE + p)nZ 2/ 22 F ]
<E[V(T,nz¥/Z3)|Fl+&n  as.

It follows that the left-hand side of (A.9) is at most as large as the right-hand side,
a.s. To prove their equality, suppose, contrary to the claim, that there exists an
Fi-measurable set A and an & > 0 such that

(A10)  E[U(T.&+ p)|F]+ela <ELV(T. nZ3/ZD|F1+En a.s.

for any p € C;1, n € }LiL (F7) and Q € M%. The set A has the property that
u;t,T) < oo, as., on A, and we can assume without loss of generality that
there exists M < oo such that u(§;¢,T) < M, a.s., on A. After multiplying the
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inequality E[U (T, £ + p)|F/1+ €14 < E[V(T, nZ2/Z2)|F:1+ & throughout by
k =14, noting that k = 1/x on A and taking expectations, we get

1
Uk (€ + p) +eP[A] < E[KV<T, ;nz;@/ZEQ)} + E[kné]

forall peCis7, Qe M% and n € ]Lﬂr(}',). This inequality becomes
U (& + p) + eP[A] < Vi ($F) + (CF, E),

when ¢* = 7729/2;@, Qe M% and n € Lﬂr(}}) satisfies n = nl4. By Proposi-
tion A.3 and Lemma A.4, for any other ¢* € (L°°)* we have V, (£*) = co. There-
fore,

uc(®) <uc®) +ePlAl< inf | (V@) +(0%.5).

This, however, contradicts Proposition A.1, because u,(§) < M < oo.
It remains to justify the second claim of the theorem. Let

K= (maX(l, iiséleT)E[U(T’g + p)lfz]))_l,

and let f* be the minimizer of ¢* +— V,(¢*) + (¢*, &) over (IL°°)*, whose exis-
tence follows from Proposition A.1. Since V,(¢*) + (¢*, €) = 1, Proposition A.3
guarantees that £* € ]Lﬂr. Due to Lemma A 4, there exist Q € M¢% and 7] € ILiL (Fp)
with {fj = 0} 2 {esssup ¢, ., E[U(T, & + p)|F;] = oo} such that ¢* = 123/ Z2.
In order to show that £* attains the essential infimum on the right-hand side of

(A.9), assume, to the contrary, that there exist ¢ > 0, ' € Lfr(}",), Q e M% anda
set B C F; with P[B] > 0 such that

E[V(T,n'Z¥ )Z0) | Fil+&n +¢ <EBIV(T. 722/ Z)|F1+ &1  on B.

Let the random variable £* € ]Llr be defined as
=02} 12 + 023 2 e

It can be shown that g:* € D;_. 1 and, thus, itself of the form E* = ﬁZ;Q/Z;@, for

some Q € M and 7j € LL (F,). Using the fact that E[V (T, nZ%/Z2)|F] = oo
on {x = 0} for all n, Q, we conclude that B C {x > 0}. So,

Ve (%) + (£%,8) S V(@) + (L%, &) — eElk1p] < Vi (*) + (£*, 8),
which contradicts the choice of E* as the minimizer. [
COROLLARY A.6. Forallne LL(]—",), we have

v(n;t,T) = esssup (u(&;1,T) —&n) a.s.
§€L>®(F)
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PROOF. Note that Theorem A.5, equation (A.9) in particular, implies that

v(n;t, T) > esssup (u(§;t,T)—&n) a.s., foralln e ]Lfr(]-",).
§€L>(F)

Let us suppose, contrary to the statement, that there exist n € Lﬂr (Ft),e>0and a
nonnull F;-measurable set A such that

(A11) E[U(T.& + p)|F]+els <EIV(T, 2%/ 20| Fl+&n  as.

forall p € C;.7, Q € M% and & € L°°(F;). Since we can replace n by nl, with-
out violating the validity of (A.11) on A, we assume that 7 = 0 on A°. We multiply
both sides of (A.11) by « = 14 and use Proposition A.3 and Lemma A.4 to get

sup Uy (§ + p) + eP[A] < Vi (™) + (€, 1)

peCist
for all £ € L>°(F;) and all ¢{* € D} ;.. Therefore,
sup  (ue(§) — (5, 1) < ve(n) — eP[A] < v (n),
£el>™(F)

which is in contradiction with Corollary A.2. [

APPENDIX B: CLOSEDNESS OF A SET OF STOCHASTIC INTEGRALS

We finish the paper with a technical result needed in the treatment of the Itd-
process case of Section 5.

PROPOSITION B.1. Let the process S, the set K and the family AX be as in
(5.14), (5.15) and the paragraph below it. The set

5:{/ nudgu:ne.AK},
0
is closed with respect to the semimartingale topology.

PROOF. Were it not for the portfolio constraints, the result would follow di-
rectly from Mémin’s theorem (see Corollary II1.4, page 24 in [23]). With con-
straints, we need to work a bit harder. Let {X"},cn be given as X" = [y7) d S, €
S, and let X be a semimartingale on I such that X" — X in the semimartingale
topology. By Mémin’s theorem, X is of the form

t ~
Xt:/ ﬁudSu
0

for some S‘—integrable predictable process (7;)s¢[0,7]. Our task is to show that
7; € K dP x dt-a.e. By Theorem I1.3, page 15 of [23], convergence in the semi-
martingale topology implies convergence in the space M? x A of semimartingales,
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but only through a subsequence and under an equivalent change of measure. More
precisely, there exists a probability measure P ~ P and an increasing sequence
{ny}ren of natural numbers such that

T
IEP/O [(n,?k () — 710(14))2 + (n,fk () — 7'[2(14))2

+ () ) — 70 @)Bu| + |7y () — 7' @[] du — 0.

An extraction of a further subsequence (still labeled ny) and the fact that the mea-
sures P and P are equivalent yield

m, >, dPxdt-ae,i=0,1,2,

and so, 7; € K, dP x dt-a.e. U
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