The Annals of Applied Probability

2009, Vol. 19, No. 3, 899-948

DOI: 10.1214/08-AAP560

© Institute of Mathematical Statistics, 2009

A KHASMINSKII TYPE AVERAGING PRINCIPLE FOR
STOCHASTIC REACTION-DIFFUSION EQUATIONS

By SANDRA CERRAI

Universita di Firenze

We prove that an averaging principle holds for a general class of sto-
chastic reaction—diffusion systems, having unbounded multiplicative noise,
in any space dimension. We show that the classical Khasminskii approach
for systems with a finite number of degrees of freedom can be extended to
infinite-dimensional systems.

1. Introduction. Consider the deterministic system with a finite number of
degrees of freedom

dX. . . .
(1) =eb(X: (1), Ye(r)),  X.(0)=x eR",
1.1) dcg
d; (1) = g(Xe (1), Ye(1)), Y:(0) =y e R

for some parameter 0 < ¢ < 1 and some mappings b:R” x R¥ — R” and
g:R" x R¥ — RF. Under reasonable conditions on b and g, it is clear that as the
parameter € goes to zero, the first component X, (t) of the perturbed system (1.1)
converges to the constant first component x of the unperturbed system, uniformly
with respect to ¢ in any bounded interval [0, T'], with T > 0.

But in applications that is more interesting is the behavior of X, (t) for ¢ in
intervals of order £~! or even larger. Actually, it is indeed on those time scales
that the most significant changes happen, such as exit from the neighborhood of an
equilibrium point or of a periodic trajectory. With the natural time scaling ¢ — /¢,
if we set X (1) := )Afg (t/e) and Y (1) := f’g(t/s), (1.1) can be rewritten as

dX,

(1.2) dfg,fg

dt

and with this time scale the variable X, is always referred as the slow component
and Y, as the fast component. In particular, the study of system (1.1) in time inter-
vals of order ¢! is equivalent to the study of system (1.2) on finite time intervals.

(1) = b(X (1), Ye (1)), X:(0)=x eR",

1
(t)=gg(Xs(t),Ys(t)), Y:(0) =y e R
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Now, assume that for any x € R” there exists the limit

- 1 (T
(1.3) b(x)= Tli_)moo ?/0 b(x,Y*(t))dt,

where Y*(¢) is the fast motion with frozen slow component x € R"

dy*
dt

Such a limit exists, for example, in the case the function Y*(¢) is periodic. More-
over, assume that the mapping b: R"” — R” satisfies some reasonable assumption,
for example, it is Lipschitz continuous. In this setting, the averaging principle says
that the trajectory of X, can be approximated by the solution X of the so-called
averaged equation

(1) =g, Y* (1)), Y*(0)=y.

X o ER©). RO =
X =b&ey.  XO=x.

uniformly in ¢ € [0, T'], for any fixed T > 0. This means that by averaging prin-
ciple a good approximation of the slow motion can be obtained by averaging its
parameters in the fast variables.

The theory of averaging, originated by Laplace and Lagrange, has been ap-
plied in its long history in many fields as, for example, celestial mechanics, os-
cillation theory and radiophysics, and for a long period it has been used without
a rigorous mathematical justification. The first rigorous results are due to Bogoli-
ubov (cfr. [3]) and concern both the case of uncoupled systems and the case of
g(x,y) = g(x). Further developments of the theory, for more general systems,
were obtained by Volosov, Anosov and Neishtadt (to this purpose, we refer to [23]
and [28]) and a good understanding of the involved phenomena was obtained by
Arnold et al. (cfr. [1]).

A further development in the theory of averaging, which is of great interest in
applications, concerns the case of random perturbations of dynamical systems. For
example, in system (1.1), the coefficient g may be assumed to depend also on a pa-
rameter w € 2, for some probability space (2, ¥, P), so that the fast variable is
a random process, or even the perturbing coefficient b may be taken random. Of
course, in these cases, one has to reinterpret condition (1.3) and the type of con-
vergence of the stochastic process X, to X. One possible way is to require (1.3)
with probability 1, but in most cases this assumption turns out to be too restrictive.
More reasonable is to have (1.3) either in probability or in the mean, and in this
case one expects to have convergence in probability of X, to X. As far as aver-
aging for randomly perturbed systems is concerned, it is worthwhile to quote the
important work of Brin, Freidlin and Wentcell (see [4, 12—-14]) and also the work
of Kifer and Veretennikov (see, e.g., [2, 17-19] and [27]).
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An important contribution in this direction has been given by Khasminskii with
his paper [16] which appeared in 1968. In this paper, he has considered the follow-
ing system of stochastic differential equations:

l
dXF(1) = AX°(), Y (0))dt + Yo" (X[ (1), Y*(1)) dw, (1),
r=1

(1.4) XS(O):)CO»
dY*® (1) = B(Xg(t) Ye@)de + 7 Z @ (X5(1), YE(1) dw, (1),
YE(O) =
for some /-dimensional Brownian motion w(t) = (w1 (t), ..., w;(¢)). In this case,

the perturbation in the slow motion is given by the sum of a deterministic part and
a stochastic part

eb(x,y)dt =eA(x,y)dt + Jeo (x, y)dw(t)
and the fast motion is described by a stochastic differential equation.
In [16], the coefficients A : R/l x R2 — R and o : R x R2 — M( x [1) in
the slow motion equation are assumed to be Lipschitz continuous and uniformly
bounded in y € R2. The coefficients B:R/! x R2 — R2 and ¢:R" x R2 —

M (I x I) in the fast motion equation are assumed to be Lipschitz continuous, so
that in particular the fast equation with frozen slow component x,

l
dY*Y(1) = B(x, YY) dt + Yo" (x, YV (1) dw, (D), Y*Y(0) =
r=1

admits a unique solution Y7, for any x € R’ and y € R2. Moreover, it is assumed
that there exist two mappings A : R — R/ and {g; i} R — M (I x 1) such that

1 rT _
(1.5) ‘—/ EA(x, Y™V (1)) dt — A(x)| < a(T)(1 + |x]?)
T Jo

andforanyi=1,...,[1and j=1,...,0,

1

T I
?/0 E;oi’o;(x, Y5 () dt —aij(x)| <a(T)(1 + 1x]%)

for some function «(7) vanishing as T goes to infinity.

In his paper, Khasminskii shows that an averaging principle holds for sys-
tem (1.4). Namely, the slow motion X*(¢) converges in weak sense, as & goes
to zero, to the solution X of the averaged equation

dX(t) = A(X (1)) dt + & (X (1)) dw(z), X (0) = xp,

where o is the square root of the matrix {a;;}.
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The behavior of solutions of infinite-dimensional systems on time intervals of
order ¢! is at present not very well understood, even if applied mathematicians
do believe that the averaging principle holds and usually approximate the slow mo-
tion by the averaged motion, also with n = co. As far as we know, the literature on
averaging for systems with an infinite number of degrees of freedom is extremely
poor (to this purpose it is worth mentioning the papers [25] by Seidler—Vrko¢ and
[21] by Maslowskii—Seidler—Vrko¢, concerning with averaging for Hilbert-space
valued solutions of stochastic evolution equations depending on a small parame-
ter, and the paper [20] by Kuksin and Piatnitski concerning with averaging for a
randomly perturbed KdV equation) and almost all has still to be done.

In the present paper, we are trying to extend the Khasminskii argument to a
system with an infinite number of degrees of freedom. We are dealing with the
following system of stochastic reaction—diffusion equations on a bounded domain
D CRY, withd > 1,

e
a—ut(t,é)=A1ue(t,§)+b1(é,ue(t,§),vs(t,é))
w1

+g1(é’u8(tvs)vv8(t9§)) 8t (I’S)v

Vg 1

(1.6) a—vt(t,é)=g[a‘%zvs(l,é)+b2(§,us(t,é),vs(t,é))]
L e, 00,80 )

+\/§g2$’ub‘(a§’v8(’g at (a's;:a

ug(0,8) =x(§), ve(0,8) = y(§), §eD,

NMug(t,§) = Mu(1,§) =0, 1=0, §edD

for a positive parameter ¢ < 1. The stochastic perturbations are given by Gaussian
noises which are white in time and colored in space, in the case of space dimension
d > 1, with covariances operators Q| and Q». The operators 4| and A, are sec-
ond order uniformly elliptic operators, having continuous coefficients on D, and
the boundary operators N and N> can be either the identity operator (Dirichlet
boundary condition) or a first order operator satisfying a uniform nontangentiality
condition.

In our previous paper [8], written in collaboration with Mark Freidlin, we have
considered the simpler case of g =0 and g, = 1, and we have proved that an
averaging principle is satisfied by using a completely different approach based on
Kolmogorov equations and martingale solutions of stochastic equations, which is
more in the spirit of the general method introduced by Papanicolaou, Strook and
Varadhan in their paper [24] of 1977. Here, we are considering the case of general
reaction coefficients b1 and b, and diffusion coefficients g and g», and the method
based on the martingale approach seems to be very complicated to be applied.

We would like to stress that both here and in our previous paper [8] we are
considering averaging for randomly perturbed reaction—diffusion systems, which
are of interest in the description of diffusive phenomena in reactive media, such
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as combustion, epidemic propagation and diffusive transport of chemical species
through cells and dynamics of populations. However, the arguments we are using
adapt easily to more general models of semilinear stochastic partial differential
equations.

Together with system (1.6), for any x,y € H := LZ(D), we introduce the fast
motion equation

dv dw2
E(t’ §) = [Axv(t,8) +Da(§, x(§), v(r,8))] + g2(8, x(§), v(z, §)) 57

v(0,8) = y(&), §eD, Muv(t,§) =0, 1=0, §edD

(t.8),

with initial datum y and frozen slow component x, whose solution is denoted by
v*7Y(¢). The previous equation has been widely studied, as far as existence and
uniqueness of solutions are concerned. In Section 3, we introduce the transition
semigroup P;* associated with it and, by using methods and results from our pre-
vious paper [7], we study its asymptotic properties and its dependence on the pa-
rameters x and y (cfr. also [5] and [6]).

Under this respect, in addition to suitable conditions on the operators +; and Q;
and on the coefficients b; and g;, for i = 1,2 (see Section 2 for all hypothe-
ses), in the spirit of Khasminskii’s work, we assume that there exist a mapping
a(T), which vanishes as T goes to infinity, and two Lipschitz-continuous map-
pings By:H — Hand G: H — £L(L°°(D), H) such that for any choice of T > 0,
t>0andx,ye H

1 pt+T _
E‘?/t (By G, v (). B gy ds — <Bl<x),h>H'

(1.7)
=a(T)(A + x|l +1ylmlhla

forany h € H, and

1 t+T _ _
‘; / E(G1(x, v (s)h, G1(x, v (s))k) iy ds — (G (x)h, G(x)km‘
(1.8)
<a(T)(1+ [x13; + [¥I3)IAl LoDy k| oo ()

for any h, k € L°°(D). Here, B; and G are the Nemytskii operators associated
with by and g1, respectively. Notice that unlike B; and G| which are local opera-
tors, the coefficients B and G are not local. Actually, they are defined as general
mappings on H, and also in applications, there is no reason why they should be
composition operators.

In Section 3, we describe some remarkable situations in which conditions (1.7)
and (1.8) are fulfilled: for example, when the fast motion admits a strongly mixing
invariant measure w”, for any fixed frozen slow component x € H, and the diffu-
sion coefficient g; of the slow motion equation is bounded and nondegenerate.
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Our purpose is showing that under the above conditions the slow motion u,
converges weakly to the solution u of the averaged equation

ou B _ _ Jw?!
(1.9) 5(1,5) =Au(t,§)+Bw)(t,§) + G, §) a7 (,8),

u(0,8)=x(%), EeD, Mu(t,§) =0, t>0, EeoD.

More precisely, we prove that for any 7 > 0

(1.10) Lug) = L(u)inC(0,T]; H) ase — 0

(see Theorem 6.2). Moreover, in the case the diffusion coefficient g; in the slow
equation does not depend on the fast oscillating variable v,, we show that the
convergence of u, to u is in probability, that is, for any n > 0

(1.11) lim P(|lu; — itlco,11:0) > 1) =0
e—0

(see Theorem 6.4).

In order to prove (1.10), we have to proceed in several steps. First of all, we show
that the family {£(u¢)}ee(0,17 18 tight in P (C([0, T']; H)) and this is obtained by a
priori bounds for processes u. in a suitable Holder norm with respect to time and
in a suitable Sobolev norm with respect to space. We would like to stress that as
we are only assuming (1.7) and (1.8) and not a law of large numbers, we also need
to prove a priori bounds for the conditioned momenta of ..

Once we have the tightness of the family {L£(u¢)}cc(0,1], We have the weak
convergence of the sequence {.L(u¢,)},eN, for some g, | 0, to some probability
measure Q on Cy ([0, T]: H). The next steps consist in identifying Q with £ (i)
and proving that limit (1.10) holds. To this purpose, we introduce the martingale
problem with parameters (x, A1, B, G, Q1) and we show that Q is a solution to
such martingale problem. As the coefficients B and Q are Lipschitz-continuous,
we have uniqueness, and hence we can conclude that Q = £ (u). This in particular
implies that for any ¢, | O the sequence {L(u,)}nen converges weakly to £L(u),
and hence (1.10) holds. Moreover, in the case g; does not depend on v., by a
uniqueness argument, this implies convergence in probability.

In the general case, the key point in the identification of Q with the solution of
the martingale problem associated with the averaged (1.9) is the following limit

lim E

e—0

15}
[ B ), v00) = Lang eI dr| =0,
1

where L and £,, are the Kolmogorov operators associated, respectively, with
the slow motion equation, with frozen fast component, and with the averaged
equation, and {¥;},>¢ is the filtration associated with the noise. Notice that it is
sufficient to check the validity of such a limit for any cylindrical function ¢ and
any 0 <11 <t <T. The proof of the limit above is based on the Khasminskii
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argument introduced in [16], but it is clearly more delicate than in [16], as it con-
cerns a system with an infinite number of degrees of freedom (with all well-known
problems arising from that).

In the particular case of g not depending on v, in order to prove (1.11), we do
not need to pass through the martingale formulation. For any 2 € D(A1), we write

t r_
<us<r>,h>H=<x,h>H+/O <ue(s>,A1h>Hds+/0 (B (ue(s)), h) iy ds

t
+ [ (Grtus)h dwl )a + Re0)
where
t -
Re(0):= [ (BiGue(5).ve(6) = B (s 5)). W)

and we show that for any 7 > 0

(1.12) limE sup |R.(t)|=0.

=0 10,7
Thanks to the Skorokhod theorem and to a general argument due to Gyongy and
Krylov (see [15]), this allows us to obtain (1.11).

2. Assumptions and preliminaries. Let D be a smooth bounded domain
of R, with d > 1. Throughout the paper, we shall denote by H the Hilbert space
L%(D), endowed with the usual scalar product (-, ) and with the corresponding
norm | - | . The norm in L°°(D) will be denoted by | - |o.

We shall denote by Bp(H) the Banach space of bounded Borel functions
¢:H — R, endowed with the sup-norm

ll@llo := sup [¢(x)].
xeH
Cp(H) is the subspace of uniformly continuous mappings and C l’f(H ) is the sub-
space of all k-times differentiable mappings, having bounded and uniformly con-
tinuous derivatives, up to the kth order, for k € N. C Ib‘(H ) is a Banach space en-
dowed with the norm

k k
lolk == lglo+ Y sup [D'o(0)| gicry =: lolo + Y _[@li,
i=1X€H i=1
where L (H) := H and, by recurrence, LI(H) = L(H, LI71(H)), for anyi > 1.
Finally, we denote by Lip(H) the set of functions ¢ : H — such that

) lp(x) — ()]
[¢lLip(H) *= sup ————— <0
x,yeH |x - y|H
Xy
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We shall denote by .L(H) the space of bounded linear operators in H and we
shall denote by £, (H) the subspace of Hilbert—Schmidt operators, endowed with
the norm

1Qll2 =vTr[Q*Q].

The stochastic perturbations in the slow and in the fast motion equations (1.6)
are given, respectively, by the Gaussian noises dw 2! /91 (¢, £) and dw 22 /91 (z, £),
for t > 0 and £ € D, which are assumed to be white in time and colored in space,
in the case of space dimension d > 1. Formally, the cylindrical Wiener processes
w9 (z, &) are defined as the infinite sums

o0
we (@, §) =) QieaxE)pe(r),  i=1.2,
k=1
where {ey}ren 1S a complete orthonormal basis in H, {B;(¢)}ren is a sequence of
mutually independent standard Brownian motions defined on the same complete
stochastic basis (2, ¥, #;, P) and Q; is a compact linear operator on H.

The operators 41 and -y appearing, respectively, in the slow and in the fast
motion equation, are second-order uniformly elliptic operators, having continuous
coefficients on D, and the boundary operators N and N> can be either the identity
operator (Dirichlet boundary condition) or a first-order operator of the following

type

d
Y BiEDj+yE1,  EedD

j=1
for some B,y € C'(D) such that
(B(&),v(&))] >0,

inf |
EedD
where v(§) is the unit normal at § € d D (uniform nontangentiality condition).
The realizations A; and A, in H of the differential operators +; and >, en-
dowed, respectively, with the boundary conditions N and N, generate two ana-
lytic semigroups e'A1 and ¢'42, t > 0. In what follows, we shall assume that A 1
Aj and Q1, Q3 satisfy the following conditions.

HYPOTHESIS 1. For i = 1,2, there exist a complete orthonormal system
{eik}keny In H and two sequences of nonnegative real numbers {o; x}reny and
{Ai ik }ken, such that

Ajej = —aj ke k, Qieix = Aik€ik, k>1.
If d =1, we have

o

. . —bi 2

(2.1) Ki :=SUpA; < 00, gi= Zaif’ lei kly < o0
keN k=1
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for some constant §; € (0, 1), and if d > 2, we have

o0 o
2.2) ki= Y aleixld <00, gi= Y o leixld < oo

k=1 k=1
for some constants 8; € (0, +00) and p; € (2, +00) such that

(i —2
2.3) bilei =2) |
Pi

Moreover,
2.4 inf =:A>0.
(2.4) Inf oy >

REMARK 2.1. 1. In several cases as, for example, in the case of space di-
mension d = 1, and in the case of the Laplace operator on a hypercube, endowed
with Dirichlet boundary conditions, the eigenfunctions e are equibounded in the
sup-norm and then conditions (2.1) and (2.2) become

o0 o0
Ki=ZA£7<<OO, §i=2ai’f’<oo
k=1 k=1
for positive constants j;, p; fulfilling (2.3). In general,
leiklo~ k%,  keN
for some a; > 0. Thus, the two conditions in (2.2) become
e.¢] e.¢]
Ki = Zkﬁi,(kZaf < 00, Gi= Za;,f"kzai < 00.
k=1 k=1
2. For any reasonable domain D C R?, one has
aip~k*?  keN.

Thus, if the eigenfunctions ey are equibounded in the sup-norm, we have

o0 o
e o~ Y
k=1 k=1
This means that in order to have ¢; < 0o, we need
d
Bi > 5
In particular, in order to have also k; < oo and condition (2.3) satisfied, in space
dimension d = 1 we can take p; = 400, so that we can deal with white noise, both

in time and in space. In space dimension d = 2, we can take any p; < oo and in
space dimension d > 3, we need
2d

Ky
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In any case, notice that it is never required to take p; = 2, which means to have
a noise with trace-class covariance. To this purpose, it can be useful to compare
these conditions with Hypotheses 2 and 3 in [6].

As far as the coefficients by, by and g1, g» are concerned, we assume the fol-
lowing conditions.

HYPOTHESIS 2. 1. The mappings b;: D x R> > R and g;: D x R> - R
are measurable, both for i =1 and i =2, and for almost all £ € D the mappings
b;i(,") ‘R? > R and gi, ) ‘R? > R are Lipschitz-continuous, uniformly with
respect to & € D. Moreover,

sup [b2(§, 0, 0)] < oo.

&eD
2. It holds
b N 5 - b 3 9’
2.5) sup  sup |b2(§, 01,02) — b2(§, 01, p2)| Ly, <2,
£eD o3, pmeR loo — p2|
o1€ER o2#p

where A is the constant introduced in (2.4).
3. There exists y < 1 such that

(2.6) sup [g2(€,0)| < c(1 + |o1]| + |o2]"), o = (01,02) € R%.
EeD

REMARK 2.2. Notice that condition (2.6) on the growth of g (&, o1, -) could
be replaced with the condition

sup [g2(§, 01, )]Lip <7
EeD
aleR

for some 7 sufficiently small.

In what follows we shall set

I - 182(§, 01, 02) — g2(8, 01, p2)|
¢ i= Sup sup .

£eD o3, meR loo — p2|
o1€R or#p

Moreover, we shall set

Bi(x,y)(§) :=bi(§,x(5), y(&))

and

[Gi(x, y)z](§) == gi(§, x(§), y(§))z(§)
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forany £ € D, x,y,z€ H and i =1, 2. Due to Hypothesis 2, the mappings
(x,y)¢e Hx H— Bij(x,y)e H,
are Lipschitz-continuous, as well as the mappings
(x,y) € H x H Gj(x,y) € L(H; L' (D))
and
(x,y) € Hx H Gi(x,y) € L(L®(D); H).

Now, for any fixed T > 0 and p > 1, we denote by Fr , the space of processes
in C([0, T]; LP(2; H)), which are adapted to the filtration {#; };>¢ associated with
the noise. #7 , is a Banach space, endowed with the norm

» 1/p
Julser, = ( sup E|u<z>|H) .
t€l0,T]

Moreover, we denote by Cr_,, the subspace of processes u € L?(2; C([0, T']; H)),
endowed with the norm

» 1/p
lulle,, = (E sup. |u<t>|H) .
[STAVA

With all notation we have introduced, system (1.6) can be rewritten as the fol-
lowing abstract evolution system

dug(t) = [Aue(r) + By (ue (1), ve (1)) ds
+ G1(ue (1), ve (1)) dw @1 (1), ue(0) = x

1
@7 dve () = (A0 (1) + B0, ve (1)1 ds
+ %szsm, v () dw (1), ve(0) = y.

As known from the existing literature (see, e.g., [9]), according to Hypotheses 1
and 2 for any ¢ > O and x, y € H and forany p > 1 and T > 0 there exists a unique
mild solution (u¢, ve) € Cr,), X Cr,) to system (1.6). This means that there exist
two processes u, and v, in Cr p,, which are unique, such that

t
u () = ' Aix + / UM B (ug(5), ve(s)) ds
0

+ / L IAG (e (5), ve(5)) dw? ()
0
and

1 1! )
(1) = e oy 4 - /O 1=942/% By (1, (5), ve (5)) ds

n % /Ote(z—S)Az/b“Gz(ug(s), Ve (5)) dw@2(s).
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2.1. The fast motion equation. For any fixed x € H, we consider the problem

d
a—f(r, £) = Arv(t, £) + ba(E. x(£), v(1, £))

(2.8) + 8205, x(8),v(1,§)) o7 (t,8),
v(0,8) = y(§), §eD,
Nov(t,E)=0,  t>0, £eaD.

Under Hypotheses 1 and 2, such a problem admits a unique mild solution v*Y €
Cr,p, forany T > 0 and p > 1, and for any fixed frozen slow variable x € H and
any initial condition y € H (for a proof, see, e.g., [10], Theorem 5.3.1).

By arguing as in the proof of [7], Theorem 7.3, is it possible to show that there
exists some §; > O such that for any p > 1

(2.9) E[v™ 0l <cp(I+ Ixlf +e P yly), 120,
In particular, as shown in [7], this implies that there exists some 6 > 0 such that
forany a > 0

(2.10) sup E[v* (1) p(—ayy0) < ca(l + 1x|a + Y1)

t>a

Now, for any x € H, we denote by P;* the transition semigroup associated with
problem (2.8), which is defined by

Pro(y) =Ep™ (1)), t>0, yeH

for any ¢ € Bp(H). Due to (2.10), the family {L(v*Y(?))};>, is tight in
P(H,B(H)) and then by the Krylov—Bogoliubov theorem, there exists an in-
variant measure p* for the semigroup P;*. Moreover, due to (2.9) for any p > 1,
we have

@2.11) fH 21D 1" (d2) < ep(1+ [x]5)

(for a proof see [8], Lemma 3.4).
As in [7], Theorem 7.4, it is possible to show that if A is sufficiently large and/or
Lp,, Lg,, {2 and k7 are sufficiently small, then there exist some ¢, §; > 0 such that

(2.12)  sup E[v™V1 (1) — v 2 (1) g <ce |y —yalg,  t>0
xeH

for any yi, y» € H. In particular, this implies that ©* is the unique invariant mea-
sure for P;* and is strongly mixing. Moreover, by arguing as in [8], Theorem 3.5
and Remark 3.6, from (2.11) and (2.12), we have

(2.13)

PXo(y) — /H P (d2)] < c(1+ x| + ¥l e TolLipmn

for any x, y € H and ¢ € Lip(H). In particular, this implies the following fact.
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LEMMA 2.3. Under the above conditions, for any ¢ € Lip(H), T > 0, x,
vyeHandt >0

1T ] N ¢ n 0
(2.14) E‘;/ o (v (5)) ds — sto(zm @] = = (Hy () + IO,
where
(2.15) Hy(x,y) = [elLip (1 + |xlg + |ylH).

PROOF. We have
1 pi+T 2
E(; [ w(vx’ws))ds—gb")
t

1 t+T pt+T
-T2 /, /t E(p™(s)) — ¢") (9™ () — ¢*) ds dr

9 t+T pt4T
_ = X,y =X X,y =X
=5 [ Beem ) - ) e - ) dsdr,
where
7= [ eu o).
From the Markovianity of v*-Y(¢), for r <'s, we have
E(p(™Y(s)) — ") (™Y (r)) — ¢¥)
=E[(e"7 (1) — @") P—r (" (r)) — ¢V)],
so that in view of (2.9) and (2.13),

1 rt+T 2
2 X,y _=x
E(Tft o™ () ds — ¢ )

t+T pt+T
= %ft f (lelLipen B (D2 + 19(O)] + [6%)
x (E[Ps—rp (™ (1) — 1) ds dr

C . t+T t+T (s
< S (Hyx, ) + |0 (0)] + 16 |)H¢<x,y>/t / e=826-D) g dr

Nl N

< —(Hy(x,y) + 19 O)| + |¢" ) Hy(x, )
with Hy(x, y) defined as in (2.15). As from (2.11), we have
19" | < [@lLipc (1 + |x15) + [@(0)],

we can conclude that (2.14) holds. [
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2.2. The averaged coefficients. In the next hypotheses, we introduce the coef-
ficients of the averaged equation, and we give conditions which assure the conver-
gence of the slow motion component u, to its solution. For the reaction coefficient,
we assume the following condition.

HYPOTHESIS 3. There exists a Lipschitz-continuous mapping B: H — H
such that forany 7 > 0,t >0 and x,y,h € H

1 [t+T _
‘?/ E(Bi(x,v*(s)), hyu ds — (B(x), h)n
t
(2.16)
<a(MA+|x|g +|ylu)lhlu

for some function «(7T") such that

lim «(T)=0.
T—o00
Concerning the diffusion coefficient, we assume the following condition.

HYPOTHESIS 4. There exists a Lipschitz-continuous mapping G:H —
L(L*®(D); H) such that forany 7' > 0,¢ >0, x,y € H and h, k € L°°(D)

1 t+T _ _
‘;ft E(G1(x, v Y (s)h, Gi(x, v Y (s)k)p ds — (G(x)h, G(x)k)n

(2.17) ) )
<a(T)(L+ |x[z + |yl)1hlcolkloo

for some o (T') such that
lim «(T)=0.
T—o0
3. The averaged equation. In this section, we describe some relevant situ-
ations in which Hypotheses 3 and 4 are verified and we give some notation and

some results about the martingale problem and the mild solution for the averaged
equation.

3.1. The reaction coefficient B. For any fixed x, h € H, the mapping
y€H— (Bi(x,y),h)n €R
is Lipschitz-continuous. Then if we define

B(x) := /H Bi(x,z2)u*(dz), xeH,

thanks to (2.13) we have that limit (2.16) holds, with «(T) = ¢/ JT.
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Due to (2.16), for any x1, x2, y, h € H, we have

(Bi(x1) — Bi(x2), h)
T
= lim l]E (B1(x1, v (s)) — Bi(x2, v (s)), h) g ds.

T—oo T 0
Then as the mapping By : H x H — H is Lipschitz continuous, we have
[(B1(x1) — Bi(x2), h) |
T

1
<clh|glimsup — [ (lx; —x2|g +E[v*"7 (s) — vV (s)| 1) ds
T—>oo 1 JO

g
= clbly (b1 =l +timsup . [ Blo()ln ds).

T—o00

where p(t) := v*"Y(t) — v*27(¢), for any ¢ > 0. In the next lemma, we show that
under suitable conditions on the coefficients there exists some constant ¢ > 0 such
that forany 7 > 0

1 T
—/ Elp(s)|u ds < clx1 —x2|u.
T Jo

Clearly, this implies the Lipschitz continuity of Bj.

LEMMA 3.1. Assume that

-2)/2
Loy (P2 Papa=2l "2)§<p2—2>/<2p2),(2/<2p2>
Y 2|7, 2 2
3.1)
( 0 ) 1/2—B2(0p2—2)/(2p2)
X —_—
AMp2 +2)
Then under Hypotheses 1 and 2, there exists ¢ > 0 such that for any x1, x2,
veHandt >0

=: My < 1.

1 t
;/ E|o™Y (s) — v (s)| g ds < clx1 — xal .
0

PROOF. We set p(t) := v*1"Y(¢) — v*2Y(¢) and define
t
L(t):= / U2 Go (x1, 117 (5)) — Galxz, V27 (5)) ] dw @2 (s)
0

and set A(t) := p(t) — I'(¢). For any n € (0, 1/2), we can fix ¢y ; > 0 such that

1d
Mmmﬁ, < =AM + (clx1 — x2li + Ly | o) 1) IA@) |1

2

A Ly
<—(5 = 0)IAOR + 22 1o + ety ol
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This implies
2c L;% t
A(t) < + )x —X 2+_2/ e~ A=2m=9)1 5(5)12, ds,
MO = (147250 ) = wl + =5 | PN

so that for any ¢ > 0 and n < A/2

2 2
Emaan(r+w( z)ul o

(1+e)L},

t
(32) +Tfo e G p(5)]F; ds

(l—l—s)

EIT )|H

Thanks to Hypothesis 1, for any J € £L(L*(D), H) N £L(H, L' (D)), with
J = J* and for any s > 0, we have

le**27 Qo113

o0

2 : 2 A 2
= )Lz’k|€s 2J€23k|H

k=1

00 2/p2 ) . ) i
= (Z )‘g,zk|€2,k|(2)) (Z 542 J e, Nar; P2/ (2= )Ieg,k|l_{ /(p2— ))
k=1

(02=2)/p2

00 (02—2)/p2

2/p A —4 A 2

<k 2/ sup |e* 2J€2k|1-1/p2|€2k| I, dole 2J€2,k|H> :
keN k=1

Hence, thanks to (2.4), we obtain

le**2J 013
3.3)
. 00 (02—2)/p2
< KZ/P2||J”£/(/O£OO(D) H)e—4)»/,025 (Z |€SA2~IeZ,k|%])
k=1
We have
[o.*lNe o)

Z 42 T e |3, = Z Z e Ter . eomul? =D leak. Je e n) I

k=1h=1 h=1k=1

oo
2 =2 —As 2 2 — K
Z |Jeanlpe =" <e ™ 1T 2 oo py. ) Z le2,nlge™ """
= h=1

Then as for any 8 > 0,

B
(3.4) e ¥ < (é) tPaP, o, t >0,
e
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if we take B, as in condition (2.2), we get

- A 2 p2 P B —h 2 - )
N — —AS -
> le 2T er il < <?) s I N2 woo oy D le2nlooa
k=1 h=1

B2 & —Br —As 2
< " Sas P2e I 1oy, 1)
and from (3.3) we can conclude

Ba(p2—=2)/p
15427 0a)2 < (@) 2 2é—z(m—z)/PZKg/PZS—,32(/02—2)//02e—)x(p2+2)/pzs
“\e

3.5 5
This means that if we set

62 Ba(p2—2)/p2 ) 5
Kz = (—) ;-(PZ— )/,02K /02
and if we take

J = Ga(x1, v (s)) — Galxg, v™27(s))
forany 0 <n < A/2,

t
Ewan%:3AImw“*MHqubv“J@»——Gxva”*m»sz@n

<K / " ) P22 2 =02 D) p2t=5)
0

x E(clx1 — x2l i + Ly, |0 ()| 1) ds
_cll+m

2
|x1 —X2|H

t
+(1+ 77)L§2K2‘/(; (t — S)_'32(’02_2)/’)2e_)‘(p2+2)/p2(t_s)E|p(s)|%_I ds,

last inequality following from the fact that, according to (2.3), B2(02 —2)/p2 < 1.
Now, if we plug the inequality above into (3.2), forany ¢ > 0and 0 < n < A /2,
we obtain

2c1 1+eN\/1+4+7n
2 5 2 2
EI,O(I)IHS(lJre)(lJrx 2"}7>IX1—Xz| +C( A >(—n )le—szH

(1+¢)Lj,

A
(I+¢)
&

" / "t — 5) P2 P2 o2t I (5) 2, dis
0

t
/(; e—(}»—zn)(l‘—S)Elp(SN%I dS

+

2
(I +nL,, K>
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and hence, if we integrate with respect to ¢ both sides, from the Young inequality
we get

t
| Elp)i ds

20177) c(l—i—n)] 2
=1 ’ —|— ) [+ e)]x; —
(145728 )+ 5(=0) Ja o =l

Ly, (' _oa
+(1+s)[—2/ e~ s g
A Jo

ek, f L5222 92~ 1(p24D) p2s ds}
& 0

t
x [ Bl ds
0

t
< epetlrr — x12 + My /O Elp(s)|% ds,

where

2 -2
Lb2 1_|_;7L2 <&)/32(p2 )/ P2

A —2n) | e &

1- -2

% g(Pz—z)/PzKl/pz(L) Ba(p2 )/p2:|‘
i > 2 +2)

Now, by taking the minimum over ¢ > 0. we get

t t
| BBy ds < st =l + 03 [ Elp(s)fy ds.

My =+ e)[
(3.6)

where

L, B2(p2—2)/(2p2)

M, =
7 VRO —21)
;(Pz 2)/(2/02)K2/(2,02)( P2
AMp2+2)

Then as in (3.1) we have assumed that My < 1, we can fix 1 € (0, »/2) such that
M5 < 1, and hence

+\/ﬁLg2(ﬁz>

)1/2—/32(/02—2)/202

2
l|X1 X1|H.

/ Elp(s)lf ds < —

This implies

1t csn /2
—/ Elp(s)|pds < ( 3 ) [x1 —x1lH
t Jo - 1—M§

and the proof of the lemma is complete. [J
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3.2. The diffusion coefficient G. If we assume that the function g : D x R? —
R is uniformly bounded, the mapping G is well defined from H into L(H).
Moreover, for any fixed x, i, k € H the mapping

z€H— (G1(x,2)h,Gi(x,2)k)g € R,

is Lipschitz continuous. Thus, under the assumptions described above, if we take
(3.7) (S K = [ (G105, G (x. k) i ()

we have that S: H — JL(H) and, due to (2.13), for any 7 > 0, t > 0 and
x,y,h,ke H

1 pt+T
’; [ BG1 G v 60k G v )R ds — (SO K

(3.8) , )
<a(T)(A + x|y + IyIi)Ihlalkly

for some function «(T") going to zero as T 1 oo.

It is immediate to check that S(x) = S(x)* and S(x) > 0, for any x € H. Then
as is well known, there exists an operator G(x) € L(H) such that (_}(x)2 = S(x).
If we assume that there exists § > 0 such that

i f ’ >81
gl?D g1¢,0)>
oeR?

we have that S(x) > 82, and hence G(x) > §. In particular, G (x) is invertible and

- _ 1
G (x) ‘||£<H>sg.

Next, we notice that for any x1, x» € H
(3.9) S(x1)8(x2) = S(x2)S(x1).
Actually, according to (3.7) for any h, k € H,

(SGSCh ki = [ (G161, S Gk, G er, D) (@)
- fH /H<G%(x2’ w)h, G (x1, 2)k) 1t (dw) ™! (dz)

B /H /H<G%(x1’ 2h, G1(x2, wk) g™ (dz) w2 (dw)

=(S(x2)S(xh, k) g .
In particular, from (3.9) for any x1, x, € H, we have

(3.10) G(x1)G (x2) = G(x2) G (x1).
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Now, as g1(§,-) ‘R? — R is bounded and Lipschitz-continuous, uniformly
with respect to & € D, we have that g%(é ,-):R? — R is Lipschitz-continuous as
well, uniformly with respect to & € D. This implies that for any x,x2,y € H,
helL®(D)and ke H

([GT(x1, v (5)) = GT(x2, vV ()], k) |
<c(lxr = x2lm + 017 (s) = vV ()| g)hlolk|H,
so that according to (3.8),

{(SCet) = SGr2))h, k)

1 T
<clhloolk|glimsup — | (Ix1 —x2|lg +E[*7 (s) — v*>7(s)|g) ds
Tooo 1 J0

1 rT i
= c|h|00|k|H<|x1 — x2|g + limsup T E|v*"Y (s) — vV () |g ds).
0

T—o00
Then thanks to Lemma 3.1, we can conclude that S: H — L(L*°(D), H) is
Lipschitz-continuous.

This implies that G: H — £L(L°°(D), H) is Lipschitz-continuous as well. Ac-
tually, thanks to (3.10) and to the fact that G(x1) + G(x3) is invertible, for any
helL®(D)and k € H,

G.1D)  ([G(x) — Gx)Ih, k) g = ([S(x1) — S, [G(xp) + G(x)] k) .
Then as

_ - 1
(3.12) G (x1) + G )1 ey < %
we obtain

- _ 1
KIG(x1) = G(x)]h, k) u| < clxr — x2|H|h|005|k|H

and this implies the Lipschitz-continuity of G:H — L(L®(D), H).

We conclude by showing that the operator G introduced in Hypothesis 4 satis-
fies a suitable Hilbert—Schmidt property which assures the well-posedness of the
stochastic convolution

t _
/e“*”AlG(u(s))del(s), t>0
0

in LP(2;C([0,T]; H)), for any p > 1 and T > 0 and for any process u €
C([0,T]; LP(2; H)).

LEMMA 3.2. Assume Hypotheses 1, 2 and 4. Then for any t > 0 and xi,
xy € H, we have
leM11G (1) = G Q112 < e(O)lxy — x| e~ P12/

for some continuous increasing function c(t).
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PROOF. According to Hypothesis 1, we have
le" 1[G (x1) = G(x2)1 Q113

= Z |etA1[(_;(xl) — G(Xz)]Qlel,kl%-l

k=1

00 2/p1
2
- (zxf3k|e1,k|oo)
k=1

(r1=2)/p1
(Ziem =D A G (xy) — G () ler il 77 1 ”)
k=1

< csupler |27 e MG (x1) — G(x)ler iy
keN

00 B ) (p1=2)/p1
x (Z e MG (x1) — G(xz)]el,u%,)

k=1
and then as G : H — L(L*°(D), H) is Lipschitz-continuous, we conclude

e 1[G (x1) — G(x2)101 113
(3.13)

00 (p1=2)/p1
< c(0)|x1 — x2[ " (Z le' MG (x)) — G(XZ)]el,kﬁ-])
k=1
for some continuous increasing function c(t). _
Now, by using again the Lipschitz-continuity of G: H — L(L*(D), H), we
have

S 1eMG () — Goleraly = Z Z ¢ MG (x1) — Gler. ernhn

k=1
w - -
=Y G (1) — G(xp)ler 3 e 2o
h=1

o0

2 -2 2

<clxi —xlf Y e e nly
h=1

and then, if we take B as in Hypothesis 1, we obtain

Y e MG (x) — Gx)lerly
k=1

o0
2 - - 2 2 -
<clxp — x2| gyt ﬂ‘ZaLflIeLhIHSCIM—X2|Hf AL,
h=1
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Thanks to (3.13), this implies our thesis. [

3.3. Martingale problem and mild solution of the averaged equation. Since
the mappings B:H — H and G:H — L(L°°(D); H) are both Lipschitz-
continuous and Lemma 3.2 holds, for any initial datum x € H the averaged equa-
tion

(3.14)  du(t) =[Au(t) + Bu@®))]dt + Gu@)) dw? (1), u(0) =x,

admits a unique mild solution & in L? (2, C([0, T]; H)),forany p>1and T > 0
(for a proof, see, e.g., [6], Section 3). This means that there exists a unique adapted
process u € LP(2, C([0, T]; H)) such that forany t < T

t _
Mﬂ:émx+/emﬂm8@@Dw
0

t _
+1/ TN G (i (s) dw?! (s)
0

or equivalently,
t -
WU%MH=(ﬁMH+AﬁW@LAmﬁFHB@“»ﬁﬁﬂﬁ

ro_
+/ (Ga(s)) dw? (), h) i
0

forany h € D(Ay).

Now, we recall the notion of martingale problem with parameters (x, A1, B,G,
Q1). For any fixed x € H, we denote by C,([0, T']; H) the space of continuous
functions w: [0, T] — H such that w(0) = x and we denote by 7 (¢) the canonical
process on Cy ([0, T']; H), which is defined by

nt)(w) =w(t), tel0,T].

Moreover, we denote by &; the canonical filtration o (5(s),s <t), fort € [0, T],
and by & the canonical o-algebra o (n(s),s <T).

DEFINITION 3.3. A function ¢ : H — R is a regular cylindrical function as-
sociated with the operator A; if there exist k € N, f € CSO(R"), ai,...,ar € H
and N € N such that

px) = f(x, Pva)n, ..., (x, PNax)n), xX€eH,

where Py is the projection of H onto span(ej i,...,e1 n) and {e] n}nen 1S the
orthonormal basis diagonalizing A and introduced in Hypothesis 1.
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In what follows, we shall denote the set of all regular cylindrical functions by
R(H).For any ¢ € R(H) and x € H, we define

1 - _
Lavp(x) =2 Tr[(G (x) 01)* D*e(x)G (x) Q1]

+ <A1D<p<x> X)u + (Dp(x), B(xX))n

= Z D} f({x, Pyai)u, ... (x. Pna) m)
(3.15) 2 ) )
X (G(x)Q1Pya;,G(x)Q1Pyaj)n

k
+ Y Dif((x, Pyal)n..... (x, Pya) )
i=1
x ((x, A1 Pyai) g + (B(x), Pnai)H).

L4y 18 the Kolmogorov operator associated with the averaged equation (3.14).

Notice that the expression above is meaningful, as forany i =1, ...,k
N
Q1Pya; =) A lai.erx)merx € L®(D)
k=1
and
N
A1Pya; ==Y ailai, erx)nerr € H.
k=1

DEFINITION 3.4. A probability measure Q on (Cy ([0 T]; H), &) is a solu-
tion of the martingale problem with parameters (x, Ay, B, G, Q1) if the process

(1) — / Lap((s)ds,  1€[0,T]
0
is an &;-martingale on (C, ([0, T']; H), &, Q), for any ¢ € R(H).

As the coefficients B and G are Lipschit_z—cg)ntinuous, the solution Q to the
martingale problem with parameters (x, Ay, B, G, Q1) exists, is unique and coin-
cides with L (i) (to this purpose see [9], Chapter 8, and also [26], Theorems 5.9
and 5.10).

4. A priori bounds for the solution of system (1.6). In the present sec-
tion, we prove uniform estimates, with respect to ¢ € (0, 1], for the solution u,
of the slow motion equation and for the solution v, of the fast motion equation
in system (1.6). As a consequence, we will obtain the tightness of the family
{L(ug)}eco,11in C([0, T]; H), forany T > 0.
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In what follows, for the sake of simplicity, we denote by |-|s the norm
| |p((—4,)%)- Moreover, for any & > 0, we denote

4.1) Te(t) = /Ote“—”/*l(;l(ug(s),vg(s))del(s), t>0.

LEMMA 4.1.  Under Hypotheses 1 and 2, there exists 0 >0and p > 1 such
that forany e >0, T >0, p > p and 6 € [0, 0]

T
(4.2) Esup L1 (1)) SCT,p,Q/O (1+ Eluc () + Elve(r)f) ds

t<T

for some positive constant ¢t p 9 which is independent of ¢ > 0.
PROOF. By using a factorization argument, for any « € (0, 1/2), we have

t
Fe(6) = ca /0 (t — )% L=y, o (s)ds,
where
S
Yea(s) = /O (s — 1)~ AGy (5)dw? (1)

and

G1,e(5) 1= G1(ue(s), ve(s)).

For any p > 1/« and 6 > 0, we have

t p—1 ,t
sup|rl,s<s>|55ca,p(/o s<“”"/<'”>ds) /0 Yea()I? ds

sS<t

(4.3) t
:ca,,,zal’—‘f Yoo (s)]] ds.
0

According to the Burkholder—Davis—Gundy inequality, we have

t
E / Yea ()] ds
0

t s p/2
< cp/O E(/O (s — 1) 2 (=AM G o (5) 0 ||§dr> ds.
By the same arguments as those used in the proof of Lemma 3.1, we have
[(=A)7 MG ()013

< sup|(=AN NG (s)er k|1 el
keN
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o (p1=2)/p1
« K12/p1 (Z | (_Al)ee(sfr)Al Gre(s)erk ﬁq)
k=1

2 - 4
< cor! P (s = 1) PG eI ey 1y

00 (01—2)/p1
_ 2
X (Z|(—A1)9€(S ’)A1G1,3(5)61,k|H) :
k=1

By proceeding again as in the proof of Lemma 3.1 we have

o0
Y (AN TING L (s)er i
k=1

o0

2 E: 20 —api(s—

= ”GLS(S)”“C(LOO(D)’H) |el,k|0a1’k6 ayk(s—r)
k=1

and then thanks to (3.4), we get

o
Y I(=ADTS NG L (s)er iy
k=1

<

(,31+9

B1+6 0 5
e ) o (s —r)~ Bt )||G1,e(s)||£(L°°(D),H)'

Therefore, if we set

B1+6 ) (B1+6)(p1—2)/p1

-2 2
y é.1(101 )/mKl/m

Kip:= C@(

and fix & > 0 such that

Bi(p1 —2) +0(p1 +2) -
P1

1

for any 6 € [0, 6], we have
t
E [ ¥l ds

t N
< KPP /0 E( fo (s — 1)~ ot BipI=D+0(p1+2)/p)

5 p/2
X ||G]’g(r)“£(L00(D)’H)dr) dS.

Hence, if we choose & > 0, such that

—2)+6 2
2&+51(/01 ) +0(p1 + )<
P1

1

923
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and p > p:=1/a, by the Young inequality this yields for ¢ € [0, T]

t
E /0 Yea ()5 ds

o2 [ —asBror-2100 4200 1.\
fcpKlg(fS 1(p1 o1 P ds)
2\ Jo

t
X IE/O 1G 1.6 e LoDy, 1y 45

t
< cT,,,/O (1+Elug ()1 + Elve(s)]%) ds.
Thanks to (4.3), this implies (4.2). [

Now, we can prove the first a priori bounds for the solution u, of the slow motion
equation and for the solution v, of the fast motion equation in system (1.6).

PROPOSITION 4.2. Under Hypotheses 1 and 2, for any T > 0 and p > 1,
there exists a positive constant c(p, T) such that for any x,y € H and ¢ € (0, 1]

(4.4) E sup |us(0)5 <c(p, TYA + |xlh +yI5)
tel0,T]
and
T P )4 p
4.5) fo Elve )% di < c(p. Y1+ x5 + [y15).
Moreover, there exists some ct > 0 such that
(4.6) sup Elve(0)% < cr(1+ x4 + 1y1%).
t€l0,T]

PROOF. Let ¢ >0 and x,y € H be fixed once for all and let I'; () be the
process defined in (4.1). If we set A1 ¢(¢) ;= u.(¢t) — I'1 o (¢), we have

d
EAl,a(t) =A1A1 (1) + Bi(A1(t) + T (1), v:(1)), A (0)=x

and then for any p > 2 we have
1d 14 p—2
;E|A1,E(I)|H =(A1A1,:(0), A (D) HIAL (D]
+ (Bl (Al,s(t) + Fl,s(t)» Ue(t))
— Bi(T1(0), ve(1), A1 ()| A1 eI

F (BI(T1 o (1), ve(t)), ALe(®)) | A1 o ()]
< cplALe(OIF + cpl BI(T1e(t), v}
<cplAreOE +cp(1+ Tre]F + [ve()]5).
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This implies that

!
|AL(OI5 < e x5 +c)p fo e P14 Ty e ()5 + |ve(s) |7 ds,
so that, for any ¢ € [0, T'],

lue ()15 < cp|T1e(®)5 +cper|x|h

t
—|—c,)/0 e P (14 Ty e ()5 + [ve()15) ds

t
< cr,p(l +lalfy +sup Pl + [ o)l ds).

s<t

According to (4.2) (with 8 = 0), we obtain

t
E sup ue (s)|%) < cr.p(1+ [x|5) +cT,pfO Elve(s)|% ds
s<t

t
+cr,p/0 <1+Esup|u8(r)|€1> ds

r<s

and hence by comparison,

t
4.7) E sup |ug(s)|? gcT,,,<1 +|x|§’,+f0 E|ve(s)|% ds>.

s<t

Now, we have to estimate
/OtIE|vg(s)|[;{ ds.
If we define
IPORE % /Ot "R G (ue(s), ve(s)) dw @ (s)

and set Ao ¢ (f) ;= ve(t) — I'2 ¢(¢), we have
d

1
EAz,s(l) = E[AZAZ,S(I) + Ba(ue (), Ap e (1) + T2 6 (1))], Ar(0) =y.

Hence, as before, for any p > 1, we have

1d , 1 b2
;ElAZ,e(I)ly = g(AZAZ,s(l)» AZ,S(I)>H|A2,S(I)IH
1
+ g(BZ(us(t), A2,s(t) + F2,e(t))
— Bi(ue (1), Tae (1), Age (D)) | Aze()]5 2

1 _
—(Balus (1), Ta.o(0). Az.e(0) 1| A (01} :

A—Lyp c
= 5 Ol + (1 el + T2 (O1)-
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By comparison this yields

[oe (D)5 < cpl Ao+ cplTae (0|5
< Cpe—P()»—Lhz)/(ZS)l|y|lgl
(4.8)

I t
+ e T e )y + Mo (0)1) ds

+cplT2.e (D15

Therefore, by integrating with respect to ¢, we easily obtain

t t t

@9 [roeoyds <cp (et + [ Telfds + [ sl ds 1)

According to the Burkholder—Davis—Gundy inequality and to (3.5), we have
E[T2.6 ()1}

s p/2
< cpe‘P/ZIE(fO le“ ™ 7E 42 G (g (r), e (U)Qzll%dr)

—r\ P2(m=2)/p
< c,,Kf/zg—p/zE( / S<S r) T koD ()5
0

&
(4.10) y
X G2 ue (). ve ) a1y )
—r\ Be2=-2)
§c,,K§/28—p/2E( / s(s r) O oD ) 5-)
0 &
2 2y p/2
X (14l + o) dr)
so that

t t
4.11) /O E|r2,£(s)|;;ds5c,,/0 (1 +Elue(s)I% +Elve ()5 ) ds.
Due to (4.9), this allows to conclude
t t t
/0 E|vg(s)|’,’,ds5cp(s|y|’;,+/o (1+]E|ug(s)|’;1)ds+/0 E|vg(s)|gyds+1>

and then as y is assumed to be strictly less than 1, if ¢ € (0, 1] and ¢ € [0, T'], we
obtain

t 1 t t
fOE|v8(s)|1;;ds§§fO Elve ()15 ds +cplylly +c,,/0 Elue(s)|5 ds + cp,1.

This yields

t t
(4.12) fOE|v8(s)|;;ds5cp|y|§;+c,, A Eiggms(rngdwc,,,r.
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Hence, if we plug (4.12) into (4.7), we get
t
Esup |ue ()| < crp(1+ x|+ y15) +erp | Esuplue(r)|y ds
s<t 0 r<s

and from the Gronwall lemma (4.4) follows. Now, in view of estimates (4.4)
and (4.11), from (4.9), we obtain (4.5).
Finally, let us prove (4.6). From (4.10), with p =2, we get

2
supE|T2. (1% < calyly + 02(1 + supElus ()] + sugJEwg(mHV)
<

t<T t<T

and then if we substitute in (4.8), we obtain

2
Elvs (01 < c2(1 Iyl + supﬂ*:we(t)ﬁ,) +easupElue (0.
t<T t<T

As y <1, forany n > 0, we can fix ¢; > 0 such that

2
c supIElvg(t)IHV < HSUPEWS(UHZLI + ¢y
t<T t<T

Therefore, if we take n < 1/2, we obtain

LsupElue ()1 < 62(1 TN supEme(r)@)

t<T t<T

and (4.6) follows from (4.4). [

Next, we prove uniform bounds for u, in L*°(0,T; D((—A1)*)), for some
o> 0.

PROPOSITION 4.3. Under Hypotheses 1 and 2, there exists @ > 0 such that
forany T >0,p>1,x € D((—A)*),witha €[0,a),andy € H

(4.13) sup Esup ue (DI} < c7.0,p(1+ 115 +1¥15)
e€(0,11 =T
Jfor some positive constant ¢t 4, p.

PROOF. Assume that x € D((—A[)%), for some o > 0. We have

t
o (1) = A1 x + / DA B (1, (5), ve(s)) ds
0

+ /Ol UG (ue (5), ve(s)) dw2i (s).
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fa<1/2,t<Tand p>2

. p
'/0 e(z—S)AlBl (Mg(s)’ vg(s)) ds

o

t )4
< cp,a( fo (6 — )" B1 (s (5), ve ()l ds)

t P
Scp,a(/o (r—s)—“(l+|ug(s>|H+|vg<s>|H)ds)

- cp,o,<1 + sup |us<s>|’;,)T“—“>P

s<T

T p/2 T
+Cpa (/ 5T ds> (/ |ve(s) |7 ds)T<P—2>/2,
0 0

so that, thanks to (4.4) and (4.5),

p
<crap(l+ |x1h + |yl5).
o

(4.14) Esup
t<T

/ DA B (1, (), v (5) ds
0

(;oncerning the stochastic term I'y ¢ (1), due to Lemma 4.1 and to (4.4), there exists
6 > 0 such that forany o <6 and p > 1

(4.15) Esup Ty ()2 < cr o p(1+ |xI5 +1y[5).
t§T

Hence, if we choose @ := 6 A 1/2, thanks to (4.14) and (4.15), for any p > 2 and
o < a we have

t p
E sup ue(1)|2 < sup e'*1x|2 + Esup / UM By (ug(s), ve(s)) ds
t<T t<T t<T1J0 o
+ Esup Ty ()2
t<T
SCT,a,p(1+|x|£+|y|pH)- O

Next, we prove uniform bounds for the increments of the mapping ¢ € [0, T'] —
u.(t) e H.

PROPOSITION 4.4. Under Hypotheses 1 and 2, for any o > 0, there exists
B(a) > 0 such that forany T >0, p>2,x € D((—A1)%) and y € H it holds

4.16)  sup Elug(t) — us(s)|5 <craplt —sP@P(x|2 + [y|5 + 1),
£€(0,1]

s,t€(0,T].
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PROOF. Foranyt,h >0, with¢,¢t + h € [0, T], we have
ue(t +h) — ug(t) = ("' — Du (1)

t+h
+ f DAL (1 (s), ve () ds
t

t+h
+/ TG (U (5), ve(s)) dw @ (s).
t

In view of (4.13), if we fix « € [0, @) and p > 1, we have
@.17)  E|(" — Duc )15 < cph®PEluc(t)|E < 1.0, ph®" (14 |x |2 + [y15).

In view of (4.4) and (4.5),

p

t+h
IE/ UTR=DA1 By (ue (5), ve(s)) ds H
t

t+h
Sch”_lft (1 + Elue()|?, +Elve ()15 ds
(4.18)

T
< cTh”<1 + sup E|ug(s)|’,j,> + chP—1/O Elve(s)|% ds

s<T
<cr (L4 x5 + 1y l5onP =1

Finally, for the stochastic term, by using (3.5), for any t < T and p > 1, we have

t+h
E / MG (1, (s), ve(5)) dw @ (s)

t

p
H
t+h r/2
< cpIE</ [T =ON G (g (s), ve(s)) O ||§ds>
t

t4h
< cpKf/zE(/ (t + h — 5) P22/
t

p/2
X 1G 1 (ute (5, ve () I 1oy 1) ds) .

Then, if we take p > 1 such that

Ba(p2—2) p
o p—2

<1

for any p > p, we have

t+h
E / S DAG (1, (5), ve () dw 2 (5)
t

p
H

T
< CT’ph(p—2)/2—/32(/02—2)/0217/2‘/0 (1 +E|ug(s)|z +E|vg(s)|2)ds
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and, thanks to (4.4) and (4.5), we conclude

t+h p
E f A G (1 (5), ve(s)) dw 2 (5) ;

4.19) B
< CT,p(l + |x|lf71 4 |y|II’{)h(l—Z/P—ﬂz(Pz—Z)/Pz)P/Z'

Therefore, collecting together (4.17), (4.18) and (4.19), we obtain
Elus (1 +h) —us(1)|5;
< e ph™ (L4 1215 + [y15)
+ chp(h(1—2/15—,32(,02—2)//02)1!7/2 + hp_l)(l + |x|1f)1 + |y|€1)
and, as we are assuming |i| < 1, (4.16) follows for any p > p by taking

Bla) = min{a, %(1 - % — W)}.

Estimate (4.16) for p < p follows from the Holder inequality. [
As a consequence of Propositions 4.3 and 4.4, we have the following fact.

COROLLARY 4.5. Under Hypotheses 1 and 2, forany T > 0,x € D((—A1)%),
witha > 0, and y € H the family {L(ug)}ec(0,1) is tight in C([0, T]; H).

PROOF. Let @ > 0 be fixed and let x € D((—A)%) and y € H. According
to (4.16), in view of the Garcia—Rademich—Rumsey theorem, there exists § > 0
such that for any p > 1

sup Elue|” <crp(I+1xIZ +Iyl5).
cc@.1]  CPAOTYLH) b o H
Due to Proposition 4.3, this implies that for any n > 0 we can find R;, > 0 such
that

P(us € Kg,) = 1—n, e €(0, 1],

where, by the Ascoli—Arzela theorem, K R, is the compact subset of C ([0, T']; H)
defined by

Ke, o= | € CUOTE H): g gy + S0 (0l < Ry .
’ t€[0,T]
This implies that the family of probability measures {<£(u¢)}ec(0,17 1S tight in
c(o, T; H). O

We conclude this section by noticing that with arguments analogous to those
used in the proof of Propositions 4.2, 4.3 and 4.4, we can obtain a priori bounds
also for the conditional second momenta of the H-norms of u, and v,.
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PROPOSITION 4.6. Assume Hypotheses 1 and 2. Then forany 0 <s <t <T
and any ¢ € (0, 1] the following facts holds.
1. There exists & > 0 such that for any x € D((—A1)%),witha € [0, a],and y € H
E(lue)31F) < cr.o(l + ue@)G +1ve®)F),  P-as.

for some constant cr o independent of .
2. Foranyx,y€e H

(4.20) E(|ve()51Fs) <cr(1+ lue()y + [ve(s)[%),  P-as.

for some constant ct independent of €.
3. For any o > 0, there exists (o) > 0 such that for any x € D((—A1)%) and
yeH

E(jus(t) —us(9)[}155) < cr.at =)@ (lue )5 +ve@)f +1),  Peas.
for some constant cr o independent of .
5. The key lemma. We introduce the Kolmogorov operator associated with

the slow motion equation, with frozen fast component, by setting for any ¢ €
R(H)andx,ye H

Lsip(x, y)

1
= 3 THQ1G1(x. Y)D*p(x)G1(x,y) Q1]

+ (A1 Do(x), x)n + (De(x), Bi(x, y))

1 k
(5.1) =5 ._Zl D} f((x, Pyai)n, ..., (x, Pvar) )
i,j=

x (G1(x,y)Q1,nai, G1(x,y)Q1,Naj)H

k
+ Y Dif({x, Pyai)p. ... (x, Pxai) )
i=1

x ({(x, Ay nai)m + (B1(x,y), Pnai)g).

LEMMA 5.1. Assume Hypotheses 1-4 and fix x € D((—A1)%), with a > 0,
andy € H. Then forany g € R(H) and0<t; <tp <T,

(52) limE
e—0

1
/, T E(Lyt e (), ve(r)) — Lavg (e (F))|F) dr| = 0.
1

PROOF. By using the Khasminskii idea introduced in [16], we realize a parti-
tion of [0, T'] into intervals of size §, > 0, to be chosen later on, and for each ¢ > 0
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we denote by v, () the solution of the problem

| ' A
Do (1) = RO ey, (k5 ) 4 g/kg =942/ By (u, (k8,), De(s)) ds
(5.3) . !
+_JE /ks e(t—s)Az/er(ug(k(Sg),ﬁg(s))dwgz(s)’

t € [kSe, (k +1)3;)

for k=0,...,[T/§;]. In what follows, we shall set ¢, := §./¢.
Step 1. Now, we prove that there exist k1, k2 > 0 such that if we set

1\
le = (log 372) ;
then

(5.4) lim sup E|dg(r) — ve(£)]3 =0.
e=>0¢¢(0,7]

Ifwefixk=0,...,[T/5:] and take ¢ € [ké,, (k + 1)5.), we have

1 t
(1) = eI 5, [ I By, (), ves) ds
& Jkég

1 t
e(z—s)Az/SGZ(ug(s), Ve (5)) de2 (),

+_
Ve Jis,

so that
Elbe (1) = ve (017
26 [ ) ,
=5 [ EIBaue (k8. 5:(5)) = Balues(5), ve () ds
2

2
+°E
&

/k ; U2/ [Go (ug (kSe), De(5)) — Ga(ue(s), ve(s))1dw 22 (s)
B H

For the first term, we have

8s (! A
8—2 /];5 E|Ba(ue(kée), ve(s)) — Ba(ue(s), vs(s))l%—] ds
(5.5) :

=< g‘/];; ;e(E|Mg(k5g) - I/tg(s)ﬁ_[ +E|ﬁg(s) _ Ug(s)|%_1) ds.

For the second term, by proceeding as in the proof of Proposition 4.2, we obtain

t 2
E‘ / U2 [Go (ug (KSe), De(5)) — Ga(ue(s), ve(s))1dw2(s)
kée H
_ —p2(p2—2)
(5.6) <c / t (’ s) PRI oD e -s)
kée &

X (Elug (k8e) — e ()% + ElDe(s) — ve(s)|5) ds.



AVERAGING PRINCIPLE FOR REACTION-DIFFUSION EQUATIONS 933

In view of (4.16), we have

1 rt t — g\ B(o2=2)/2
L) PRI 4 ¢ 1B, (k8,) = s (o) ds

— 5\ P02=2)/p
_er (! [(i S) e ze—x(pz+2)/(spz>(r—s>+§8}
& Jkse €

X (5 — k8:)*P@ ds(1 + |x 2 + 1y%)
<er8?POU + 20+ |x 2+ 1y3).

Moreover,

1 rt 1/t —s\ B202=2/p2
Efka [( : ) e_””z“)/(””("”+¢E}E|ﬁg(s>—v8(s)|%,ds

< S(ePrDIm g 5P 02)

&
t
x| (t —5) P27 DI 15, (5) — v (5)|; ds.

Then thanks to (5.5) and (5.6), we obtain
Elde (1) — ve ()3 < erdZP @1+ ¢+ x5 + Iy[F)
(5.7) + ceﬁz(pz—Z)/m—l(] + §;+ﬁ2(pz—2)/02)

t
x| (t —5) P22 DIPR 5, (5) — ve(s5)|5; ds.

Now, we recall the following simple fact (for a proof, see, e.g., [11]).

LEMMA 5.2. IfM, L, 0 are positive constants and g is a nonnegative function
such that

t
gO<M+L|[| t—s50"g)ds, t>1,
0]
then

gty <M+ %(I —10)? + L2/01 Pta—rnftar /tot(t — s)zg_lg(s)ds,
t> 1.
Notice that if we iterate the lemma above n-times, we find
g) <craoM(1+ L7 7' =10 ) +c2n6L” tt<r — )" g(s) ds
0

for some positive constants ¢ , ¢ and ¢2,,.¢.
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If we apply n-times Lemma 5.2 to (5.7), with n € N such that

132(/)2—2))
- ) >1,

279 = 2"’(1
02

we get
E[De (1) — ve ()17
< er8P O+ g+ Ixlg + Y17
x (1 +e_(2ﬁ—1)9(1 + §.8(2’7—1)(2—9))5£2ﬁ—1)0)

- i t i ~

on+l

<crdPOU 4+ x2 + 1y2)a+2)

c il [ R
F g™ [ Bl) - (o)l ds.
8¢ 2
From the Gronwall lemma this yields

A n+l n+l1
E[De(r) — ve ()% < cr8ZP @1+ x2 + [y13) (L + 22 )exple? ).

Now, since we have

it IGEAE
exp(csy )= exp(c (log 872) ),

if we take k1 :=2~*+D and k» < 28(a)c™!, we conclude that (5.4) holds.
Moreover, as for ¢ € [ké,, (k + 1)3.] the process v, (¢) is the mild solution of the
problem

du(t) = %[sz(t) + Ba(ue(kde), v(1))]dr + %Gz(ug(k&s), v(1) dw? (1),

v(kd;) = ve (kde)
with the same arguments as those used to prove (4.6) and (4.20), we obtain

(5.8) sup E[0: ()% <cr(1+ x5 +1y3)
t€l0,T]

and, for any ¢ € [k§,, (k + 1)d,],
E(10e (0151 Fks,) < (1 + |ue (k) 3y + 1ve (kS [3),  P-ass.
Step 2. Now, we fix ¢ € R(H). We can assume that

px) = f((x, Pnat)u, ..., {x, PNax)H)
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for some f € CSO(]R") and k, N € N. According to (3.15) and (5.1), we have

k
L5109 (r), ve(r)) — Laypue(r)) = Z S+ Y JE),

l ,j=1 i=1
where
If. == D} f ((ue, Pvan)u. ... (ue. Pxai)n)
X ((G1(ug, ve) Q1,nai, G1(ue, v) Q1. Naj ) H
—(G(ug) Q1.nai, G(ug) Q1.NG; ) 1)
and
J{ =D; f((ug, Pnan)u, ..., (e, Pyak)m)(Bi(ue, ve) — B(ue), Pyai)n.
Hence, if we prove that forany i, j =1, ..., k,
(5.9) hm IEV E(If (r)|3~“tl)dr =0
1
and
[5)
(5.10) hmE E(Jf (r)|F,)dr| =0
e—0 f
we immediately get (5.2).
We have
15 3 (5]
/ll E(IE ()| F)dr =Y / E(f (M%) dr,
I=1
where

If ;) := D}, f (ue(r), Pyai) . ..., (ue(r), Pyag)p)
X (G1(ue(r), ve(r)) Q1 ,nai, G1(ug(r), ve(r)) Q1,naj) 1
DY, f ((ue([r/8c18), Pxar)u. ... (ue([r/8c18:), Pyax)u)
x (G 1(ue([r/8:18¢). e (1) Q1 v,
G1(ue([r/8c18e), Ve (r)) Q1,naj)
and
Izsyij(r)

=D}, f ({ue([r/8:18¢), Pyar)m, ..., (e ([r/8¢18¢), Pnag) H)

935

X ((G1(ue([r/8618¢), Ve (r) Q1 ,nai, G1(ue([r/8:18:), Ve(r)) Q1 ,naj) H

— (G ue([r/8:18:)) Q1.nai, G (ue([r/8:18:)) Q1. v a,)

H)
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and
I5 5 (r) = D} f (e ([r/8:18). Pvan)u. ... (ue([r/8:18). Pyva)n)
x (G (ue([r/8:18:)) Q1.nai, G(ue([r/8:18:)) Q1.naj)
— D} f((ue(r), Pva) . - .. (ue(r), Pya) i)

x (G(ug(r) Q1.nai, G(ue(r) Q1,Naj) .
It is immediate to check that

15 ;] + 115 ()]
= C(|u€([r/88]88) —ug(r)|g + ve(r) — ﬁe(r)|H)
X (1+ [ue(r)[3; + [ve ()1 + lue([r/8618) |1 + 10 (M) | 1),
so that

f & e 2
(E/ (55 O]+ 115 )l
2 2 2
= C/; [E|”£([r/38]88) - Mé‘(r)|H + Elve(r) — ﬁs(")“ﬁ[] dr
1

1§)
X / [1 4+ Elus ()3 + Elve (M| + Elue([r/8:18:) |3 + El:(r) %] dr.
1
According to (4.16), (4.4), (4.5) and (5.8), we conclude

f2 € € 2
<E/n (155001 + 115 )

Scr(8§ﬂ<“>+ sup EJve (1) —ﬁs<r>|%1)(1+|x|‘}1+ 1+ 12,
tel0,T]

so that due to (5.4),

15}
(5.11) m]E/z [|If’ij(r)|+|I38’ij(r)|]dr:0.
1

li
e—>0
Next, let us estimate 15 ;;. We have
15}
E(lp,ij(r)|F,)dr
1
[12/8¢1-1 (k4+1)8;
= > [ EELy 01| F) dr
k=11 /8¢1+1 7 Ko

([t1/8¢]41)é¢
+ / (L. ()| F:,) dr
1

n
+ / E(E(12,ij (") Firay5.15.) | F1, ) dr.
[Q/as]se
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The distribution of the process
V1 6(r) = Ug (kég + 1), r €0, 8],
coincides with the distribution of the process
v2,6(r) 1= 5O ey e (0,8,

where §e*k8).ve(k3) ig the solution of problem (2.8) with random frozen slow

component u.(ké;), random initial datum v, (k§,) and noise w2 independent of
us(kdg) and v (ké.). Then if we set

h(x):= D f((x, Pvai). ... (x, Pyax)u).  x€H

forany k =[t1/6:1+1,...,[t2/3:] — 1, we have
(k+1)é,
| Bty 0)1Fis) dr

e
Z/o E(h(us(k8:)[(G1(ue (kSs), v1,6(r) Q1,nai,
Gi(ug(kde),v1(r)Q1,naj)H
— (G (us(k8:)) 01, nai,
G (ue(k8e)) Q1. naj)ul| Fis,) dr
e
=/0 E(h(ue(k8:)[(G1(ug(k8e), v2,6(r) Q1 nai,

Gi(ug(kds), v2£(r)Q1,naj)H
— (G (ue (k8¢)) 01, N4,
G(us(k8:))Q1.na;) 11| Frs,) dr

and, with a change of variables,
(k+1)8¢
| Bty )1 Fis,) dr

8s/6
e [ E(he (k.
< [(G1(ue(kse), 5 ®) @) 1)) 0y yay,
G (ue(kse), 9e®3e)ve k) (1)) 0 ya;),
— (G (ue (k8:)) Q1,nai, G(us(k8:)) Q1 naj) || Fis, ) dr.
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Therefore, due to the Markov property, we obtain

(k+1)6;
/k By (01T dr

Se/e
:gfo (E(G1(x, v (r)) Q1 nai,

G1(x, v (r)) Q1.na;) mh(x)
—(G@)Q1,nai, GX) Q1N HI)) | . 52, y—vs (k8 4T

and hence according to (2.17),

< ¢;;8:0(8e /&) (1 + e (k8e) |3 + |ve (k8e)|3),

(k+1)6¢
’ f E(li;(F)| Fis,) dr
kdg
P-a.s.

Analogously,

([t1/8¢]+1)8¢ o
f (L. (r)| %) dr
n

< cijde(1 —{n1/8eDa((1 = {t1/8:1)8¢ /&) (1 + lue (1) + [ve (1) 7).

P-a.s.
and
19}
/[tz/sg]ag B(12,ij ()| Fioafs.15.) dr
< ¢ii8:(12/8 ({12 /8: 8¢ /€) (1 + e ([12/8:186) 3 + |ve ([12/8:18:) 1% )
P-a.s.

Thanks to (4.4) and (4.6), the three inequality above imply

5]
lim E‘/ E5;:(r)|F,)dr| =0,
e—0 1 1
so that from (5.11), we conclude that (5.9) holds.
In an analogous way [just by replacing assumption (2.17) with assump-
tion (2.16)], we can prove that (5.10) holds and then combining together (5.9)

with (5.10), we obtain (5.2). [

6. The averaging limit. Before concluding with the proof of the averaging
limit, we introduce an approximating slow motion equation.
For any n € N, we define

fxl,n = A1 Py, £21,n = £21 Py,
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where P, is the projection of H into spam(e;j 1, ..., €1 ), and we denote by u; ,
the solution of the problem

(6.1)  du(t) =[Araut) + By(u(t), ve(t)]dt + G (), vs (1)) dw@'n (1),
u(0) =x.

Notice that as Ay, € L(H) and Q1 , has finite rank, u, , is a strong solution
to (6.1), that is,

t
Ugp(t) =x +/ [A1nten(s) + Bi(uen(s), ve(s))lds
(6.2) 0

t
+ / Gt (ten(s), ve(s)) dw @ (s).
0

By standard arguments, it is possible to show that for any p > 1 and € > 0,

(6.3) lim E sup |u.(¢) — usn(t)|H =0.

=00 te[0,7]

Moreover, for any p > 1 and ¢ > 0, it holds

(6.4) supE sup |u8,n(t)|Z<oo.
neN  t€[0,T]

In analogy to (5.1), we introduce the Kolmogorov operator associated with the
approximating slow motion equation (6.1), with frozen fast component y € H, by
setting

LGe(x,y)

1
=5 Q1. G (x, Y)D*0(x)G1(x,y) Q1]

+ (A1, De(x), x) i + (Do(x), Bi(x, y))H

= Z D f (x, Pxai)p, - (%, Pya) i)
l] 1

X (G1(x, ) O1,Nanai, G1(x, ) Q1 Nanlj)H

k
+ ) Dif((x, Pyai)p..... (x, Pya) )
i=1
X ((x, At Nanai)H + (B1(x,y), Pnai)n).

In the next lemma, we show that the Kolmogorov operator L, approximates in
a proper way the Kolmogorov operator £;.

LEMMA 6.1. Assume Hypotheses 1 and 2. Then for any ¢ € eR(H) and ¢ > 0,
(6.5) lim K SUP | L5190 Wen (1), Ve (1)) — Ls1p(ue (), ve (1)) =

n—o0 ]
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PROOF. Let

p(x) = f((x, PNai)u, ..., {x, Pnak)H), xeH
forsome k, N €N, ay,...,ax eHandfeCfo(Rk).Ifn > N, then

Lpx,y) = Lygx,y) =0,  x,y€H,
so that forany ¢ >0andn > N,
Lo WUen(t), ve(t)) — Ls1¢ (e (1), Ve (1))
= Ls1pUe,n (1), v6(1)) — L@ (ug (1), ve(1)).
Now, due to the assumptions on the coefficients By and G| and on the function f,
it is immediate to check that for x;, x2, y € H,
| Lo, y) = L2, W < elxr = xalm (1 + x1l3 + 12l + [y15)-
Then

sup | Ls1@(Ue,n (1), ve(t)) — L@ e (1), ve(1))]
tel0,T]

<c sup |ug,(t) —us(t)|u
tel0,T]

XO+swlwﬂm%+8wlwm%+swlwm%>
t€l0,T] t€l0,T] t€l0,T]

According to (6.3) and (6.4), this implies (6.5). [
Finally, we conclude with the proof of the averaging limit.

THEOREM 6.2. Assume Hypotheses 1-4 and fix any x € D((—A1)%), with
o >0,and any y € H. Then if u is the solution of the averaged equation (3.14),
forany T > 0,

w— lir%£(ug)=£(ﬁ), inC(0,T]; H).

PROOF. Due to the tightness of the sequence {£(u¢)}ec(0,1] in P (Cx ([0, T'];
H), &) (see Proposition 4.5), there exists a sequence {€x}xen | 0 such that the se-
quence {L(ug, ) }ken converges weakly to some Q. If we are able to identify Q with
L (1), where u is the unique mild solution of the averaged equation (3.14), then
we conclude that the whole sequence {£(u¢)}s(0,1] Weakly converges to /L (i) in
C([0,T]; H).

As u, , verifies (6.2), for any ¢ € R(H) we can apply Itd’s formula to ¢ (ue ),
and we obtain that the process

t
1€[0, T @ue (1) —o(x) —fo L@ (e n(s), ve(s)) ds
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is a martingale with respect to {¥;}:c[0,r]. Then by taking the limit as n goes to
infinity, due to (6.3) and to (6.5), we conclude that for any ¢ > 0 the process

t
r [0, T] > pue(r) — px) — /O L (e (s), ve()) ds

is an F;-martingale. In particular, for any 0 <s <¢ < T and any bounded ¥-
measurable random variable W

t
6.6) E(‘P[wus(t))—w(ug(w)— / ocsm(w),vg(r))dr]) o0,

We denote by EQ and E% the expectations in (C, ([0, T']; H), &) with respect
to the probability measures (Q and Qx, where Qx = £ (u,, ), and we denote by 7(z)
the canonical process in (C ([0, T]; H), &). Then for any bounded &;-measurable
random variable

D =F(n(t),...,nkn))

with F € C,(R¥)and 0 <1y < --- < tn, any function ¢ € R(H) and any 0 < s <
t < T we have

5%( @00 - o) - [ Lawmnar])
= Jim 5% (@lo0@) o) - [ Lo ar])

t
= Jim B(® o, [0l 0) — 9l 6 = [ Lonplu rar ).

In view of (6.6), this implies

t
EQ (<D[<P(n(t)) — o - [ ocavso(n(r))dr])

k— 00

t
— lim E(cbougk f [ L1ty (), vs, (7)) —ocamp(ugk(r))]dr).
We have

E(cb oty [ L9 ), vy (1) = Lapluey (r))]dr)

t
_ ‘E(<I> ot [ Lt (1), 00, ) = Lani i (r))m)dr)

< 1PlleoE

t
f E(L319 (e (1), Ve (7)) — Lav s, ()| F5) dr

Hence, according to (5.2), we can conclude that

t
EQ(CD[WU(I)) —o((s)) —f £av¢(n(r))er =0.
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This means that Q solves the martingale problem with parameters (x, Aq, B,G,
01), and due to what we have see in Section 3.3, Q = L(u). O

6.1. Averaging limit in probability. In the case the diffusion coefficient g; in
the slow motion equation does not depend on the fast variable, it is possible to
prove that the sequence {u}qc(0,1] converges in probability to # and not just in
weak sense.

To this purpose, we need to replace Hypothesis 3 with the following stronger
condition.

HYPOTHESIS 5. There exists a mapping B : H — H such that for any T > 0,
t>0andx,y,he H

1 rt+T -
(6.7) E‘?/ (Bi(x, v (), by ds — (B1(x), h)
t

<a(T)(I+ x|z + Iyl
for some «(T") such that

Tli)mooa(T) =0.

In Section 2.1, by referring to our previous paper [7], we have seen that if the
dissipativity constant of the operator A is large enough and/or the Lipschitz con-
stants L, and L, and the constants ¢, and k; introduced in Hypothesis 1 are small
enough [in this spirit see condition (3.1)], then the fast transition semigroup admits
aunique invariant measure @, which is strongly mixing and such that (2.13) holds.

In Lemma 2.3, we have seen that this implies that for any ¢ € Lip(H), T > 0,
x,yeHandt >0,

1 t+T X x
E‘?f v "nds - [ o <dz)‘

< ﬁ([QD]Lip(H)(l + x5 + 1yla) + 190)]).
Then if we apply the inequality above to ¢ = (Bj(x, -), k) and if we set By (x) =
(B1(x,-), u*), we have that Hypothesis 5 holds.

As u, is the mild solution of the slow motion equation in system (1.6) [see
also (2.7) for its abstract version] and g; does not depend on v, for any & €
D(A1) N L°°(D), we have

t r_
(ug(t),h)g ={(x,h)g +/ (ug(s), Athyp ds +/ (B1(ug(s)), hym ds
(6.8) 0 0

+ /(:(Gl(”e(s))h, dw? (5))m + Re (1),
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where
t _
R (1) 2=/0 (B1(ug(s), ve(s)) — Bi(ug(s)), h) g ds.

In order to prove the averaging limit, we need the following key lemma, which is
the counterpart of Lemma 5.1.

LEMMA 6.3. Assume Hypotheses 1, 2 and 5 and fix T > 0. Then for any
x e D((—A)%),witha >0,and y,h € H, we have

limE sup |R.(¢)|=0.
=0 1e[0,7]

PROOF. Step 1. We prove that
(69) ImE sup
e=>0 1ef0,7)

where ¥, (¢) is the solution of problem (5.3). Let k =0,...,[T /3] be fixed. If
we take a noise w<2 (t) independent of u(ké;) and v (k§;) in the fast motion
equation (2.8), it is immediate to check that the process

t -
/0(B1(ua([S/5€]38),ﬁe(S))—B1(us(S)),h)Hds =0,

21e(s) = 01O e) 5 €10,5],
coincides in distribution with the process
22,6(8) := Ug (k8e + ), s €10, 8]

This means that

(k+1)é, _
E‘/ka (B (ue(kde), 0s(s)) — Bi(us(kde)), h)m ds

8¢ .
:E‘/(; (Bl (Ms(kag)v ZQ,S(S)) — Bl(ué‘(k(sg)),h>[_]ds

5 )
- E‘/(; (B1(ue(k8e), 21.6(5)) — Br(ue(k8e)), h)m ds

1 ¢ _
= 8E| - f (B1 (e (k8y), 5 W00 (5)) — By (u (kSe)). h)yy ds|.
e JO

Hence, according to Hypothesis 5, due to (4.4) and (4.6), we have

(k+1)5¢ _
E /a (B (e (kde), 0o (5)) — Bi(us(kde)), h)m ds

<8,0(¢e)(1 + Elug (kée) | i + Elve (kSe) | ) 17|
<cr(I+|x|lg + |yla)lhlgdea(Ze).
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This allows to obtain (6.9). Actually, we have

t —
E sup | [ (B1(ue(15/5.18.). 50(5)) — Ba(ue(9), b d
te[0,T11/0
(T/5] (k+1)8, _
<y E‘ [ B 15/8360), 8 (5)) = B e (k82 ds

k=0 ko
(/%] (k18 _ i}

0 [ BB we(00) — BiGue(). hhulds
k=0 ko

and, as Bj is Lipschitz continuous, thanks to (4.16) we get

t -
E sup /0<Bl(us([5/88]5£)vﬁs(s))_Bl(us(s))»h>HdS

t€[0,T]
<crlT/6: 1A + |x|g + |y H)S(Le)
+ erT/8:1(1 + xlo + Iyl )| 8P

and (6.9) follows.
Step 2. It holds

lim sup E|R.(¢#)|=0.
e=04¢10,7]

Thanks to (6.9), we have

t -
/o (Bi(ug(s), ve(s)) — Bi(ug(s)), hyu ds

limsupE sup
e—0 te[0,T]

T
Slimsng A [(B1(ug(s), ve(s)) — Br(ug([s/8:18¢), 0s(s)), h)mlds
t -
+ limE sup /<Bl(us([s/58]86)’6e(s))_Bl(ue(s))»h>HdS
e=>0  te10,771/0
T
=1imS(l)1p]E A |(B1(ug(s), ve(s)) — Bi(ug([s/8:18¢), Ve (s)), h)u| ds.

By using (4.16), we have
T
E/O [(B1(ue(s), ve(s)) — Bi(ug([s/8618e), Ve (5)), h) | ds

T
= C/o (Elus(s) — us([s/8e18e) |1 + Elve(s) — De(s)|u) ds|hlu

<cr(14xlo + Y[ a2 + T sup Elve(t) — 0:(0) |kl
tel0,T]
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and then due to (5.4), we have

T
lim | A [(B1(us(s), ve(s)) — Bi(ue([5/3:18¢), Ve (s)), h) | ds = 0.

This allows to conclude. [

THEOREM 6.4. Assume that the diffusion coefficient g1 in the slow motion
equation does not depend on the fast variable v, and fix x € D((—A1)%), for some
o > 0,and y € H. Then under Hypotheses 1,2 and 5 for any T > 0 and n > 0, we
have

(6.10) lim P(jus — il cqo.rp:a0) > 1) =0,
—0

&

where u is the solution of the averaged equation (3.14).

PROOF. We have seen that the family of probability measures {£(u¢)}ec(0,1]
is tight in P (C ([0, T]; H)), for any fixed T > 0. Then if we fix any two sequences
{en}nen and {&,}men Which converge to zero, due to the Skorokhod theorem, we
can find two subsequences {&,x)}ken and {€, ) }ken and a sequence

Xiheen = {@f, ub. HE)}ken € € :=[C([0, T H)? x C([0, T]; D'(D)),
defined on some probability space Q, F, I@’), such that
(6.11) LX) = L (g Uepgy» W),  keN

and Xj converges P almost surely to some X := (uy, us, ﬁ)Ql) eCand 09 isa
cylindrical Wiener process. In particular, (w kQ ', P) is a cylindrical Wiener process,
for any k € N, and

lim sup [(@2' (1) — 02 (1), by | =0
k=00 1¢[0,77

forany h € H.
Now, fork e Nand i =1, 2, we define

t
RE(@t) == (uk (1), Ry — (x, k) —f (¥ (s), A1)y ds
0
(6.12) . l
- f (By (uk(s)), hy ds — f (G1 b (s)h, dD2 (5)) 1.
0 0
In (6.8), we have defined

t
Re(1) == (ue(t), M)y — (x, h)n —/0 (ug(s), Ath)p ds

- / (Bi (ue(5)). hyg ds — /O (G1(us(5)h, dw? (5)) g

t
0
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and in Lemma 6.3 we have proved that

limE sup |R.(t)|=0.
e=>0 1e[0,7]

In view of (6.11), this implies

lim B sup |R¥(r)|=0, i=1,2.
k=00 1e[0,T]
On the other hand, since the sequence {Xj}xeny C € converges P-as. to X =

(ui,us, zf)Ql), it is possible to show that for i = 1, 2 there exists the P-a.s. limit of
the right-hand side in (6.12) and it coincides with

t
<mmmm—uwm—ﬂamwAmmm

o t
—/ <Bl(ui(s))»h>Hds—/ (G1(ui()h, db? () g
0 0

(for a detailed proof of this fact, see, e.g., [22], Lemmas 4.3 and 4.4).
Then if we pass possibly to a subsequence, we can take the P-almost sure limit
in both sides of (6.12), and we get that both #| and u; solve the problem

t
<mmmH=qu+AumxmmHm

t o t
+_/ (Bl(u(S)),h)Hds+/ (G1(u(s)h, dW? (s))
0 0

for any h € D(A1) N L°°(D). This means that u; = u», as they coincide with the
unique mild solution of equation

du(t) =[Au@) + Bl(u(t))]dt + Gl(u(z‘))dﬁ)Q1 (1), u0)=x

and then the sequences {QC(ugn(k))} and {L ey 1))} weakly converge to the same
limit.

This allows to conclude that (6.10) is true. As a matter of fact, in Gyongy and
Krylov [15], Lemma 1.1, it is proved that if {Z,} is a sequence of random element
in a Polish space X, then {Z,} converges in probability to a X-valued random
element if and only if for every pair of subsequences {Z;} and {Z,,} there exists a
subsequence vy = (Zy,, Zp, ) converging weakly to a random element v supported
on the diagonal of X x X. [
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