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ALGEBRAIC CONVERGENCE OF MARKOV CHAINS

BY MU-FA CHEN AND YING-ZHE V\/'ANG1
Beijing Normal University

Algebraic convergence in the L%-sense is studied for general time-
continuous, reversible Markov chains with countable state space, and
especially for birth—death chains. Some criteria for the convergence are
presented. The results are effective since the convergence region can be
completely covered, as illustrated by two examples.

1. Introduction. This paper is devoted to studying algebraic (or polynomial)
L?-convergence for reversible Markov chains. Roughly speaking, we are looking
for slower than exponential convergence, for which there are a great many
publications (see, e.g., [1, 5, 12] and the references within). However, the work
on algebraic convergence is still limited; readers are urged to refer to [5, (ID);
8, 13] for background and the present status of study on the topic. Additionally, a
referee provided the recent preprints [10, 11] in which the same topic is studied
using a different approach for time-discrete Markov processes with general state
space.

Consider a reversible Markov process on a complete separable metric space
(E, &) with probability measure 7. The process corresponds in a natural way to a
strongly continuous semigroup (P;) on L2 () with generator L and domain D (L).
It is said that the process has algebraic convergence in L2-sense if there exists a
functional V : L2(;r) — [0, co] and constants C > 0, q > 1 so that

(1.1) 1P f —a(OIP<CV(f)/t97, >0, fel(n),

where || - || denotes the L2-norm and n(f)y=[fdmn.
The starting point of our study is the following result, taken from [13] which
provides some necessary and sufficient conditions for algebraic L>-convergence.

THEOREM A (Liggett—Stroock). Let1 < p,q <oo suchthat1/p+1/g=1
andlet V : L*(r) — [0, o0] satisfy V(cf +d) = CZV(f)fOI‘ all constants ¢ and d.
Consider the following two statements:

(a) There exists a constant C' > 0 such that
12y Nf=aOIP =<' DOVPVHYE forall f e DD),
where D(f) := D(f, f) is the Dirichlet form of L with domain D (D).
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(b) There exists a constant C > 0 so that (1.1) holds.
We have the following conclusions:

(1) If (a) holds and V satisfies the contraction
(1.3) V(Pf)<V(f),  fel’@), 1>0,

then (b) holds.
(i) If (b) holds, then so does (a) if the process is reversible with respect to 1.

REMARK. (i) In condition (a), we use D(f) instead of — [ fLf appeared
in [13]. The advantage of this was explained in [2], Sections 6.7 and 9.1.

(i) If p =1, then the process is in fact exponentially convergent. Hence we
restrict ourselves to the case of p > 1 (& g < 00).

(>iii) If (a) is satisfied with

V) =If —a(HI? or V(f)=-— / FLfdr.

then the algebraic L2-convergence is indeed exponential. Thus, none of these
choices for V is useful in the present context. We will adopt several different types
of V, given in (2.1), (2.4), (2.6) and Theorem C below.

(iv) Actually, what we are doing is to find some g > 1 such that V(f) :=
Sup;-o 197 P, f — w(f)| is bounded within a class of functions. Then this
V should satisfy (1.3) and V(cf +d) = c2V(f) for all constants ¢ and d.

The main purpose of the paper is to work out some more explicit conditions for
the Liggett—Stroock theorem in the context of Markov chains.

To have some feeling for what is going on in the paper, let us look at the
following example, which will be treated in detail in the last section.

EXAMPLE 5.1. Consider an irreducible birth—death process with birth rates
b; =i" and death rates q¢; = i" for some r > 0 and large i. Then the process is
ergodic iff r > 1:

(1) Letr > 1. Then the process is Lz—exponential convergent iff r > 2 (cf. [4]).
That is, with respect to V(f) = || f — n(f)||, the process has L?-algebraic decay
iff r > 2.

(i1) (Proposition 5.4) Let r € (1,2). Then, with respect to Vi:Vi(f) =
supg=ol(k + 1)°| frt1 — fil]? with 0 < s <r — 1, the process has L>-algebraic
decay iff r € (5/3,2).

(iii) (Proposition 5.3) Let r € (1,2). Then, with respect to Vo:Vo(f) =
sup;; (fi — fj)z, the process has L2-algebraic decay for all r € (1, 2).
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This example shows that algebraic convergence depends heavily on the
functional V. Note that Vy(f) is meaningful only for bounded f. This is rather
restrictive but still enough to deduce the ergodicity of the process under (1.1).
Clearly, for different V, the inequalities (1.1), (1.2) and the contraction (1.3) are
all essentially different. Therefore the criteria developed in the paper are quite
technical and depend on V case by case.

2. Main results. Let Q = (g;;) be a regular and irreducible Q-matrix on
a countable set E: g;; >0 (i # j), 0 <q; := —qij = > j4 qij < 00. Assume
that the corresponding Q-process P(t) = (p;;j(t):i, j € E) is stationary having
distribution (7;), and m;q;; = mwjqj; for all i, j € E. Then the corresponding
operator Qf (i) :=3_; qij(fj — fi), i € E, becomes symmetric on L?(7). Denote
by (D, D(D)) the Dirichlet form D(f) = D(f, f) = 3 ¥ ; miqij(fj — f)?. Its
domain is assumed to be D (D) ={f € L*(n): D(f) < oo}.

We adopt the path technique developed in [9]. First, we define a graph structure
associated with the matrix Q = (¢;;). We call (i, j) anedge if g;; > 0 (i # j). The
adjacent edges (i,i1), {i1,12), ..., {in, j) (i, j and i;’s are different) constitute a
directional path from i to j. Due to the irreducibility of the Q-matrix, for each pair
i # j, there exists a directional path from i to j. Choose and fix such a path y;;.
Then fix all the selected paths, denoted by I' = {y;;}. We have linear order for
the vertices on each path. Then, for e € ¥;j» we may write e = (ey, e,), Where ey
and e, are the left and right vertices of e, respectively. Certainly, an edge may
belong to several paths in I". Note that for birth—death processes, (i, j) is an edge
if and only if |i — j| = 1. Then, for each pair {k, £}, k < €, there is exactly one path
fromktol: (k,k+1),(k+1,k+2),...,(€—1,¢). Define

B =sup#{e:eis contained in a pathin I' and ey =i}.
i
For birth—death processes, we have § = 1.
Next, choose a symmetric function ¢: ¢;; = ¢ (i, j) > 0 and ¢;; = 0 if and
only if i = j. For instance, one may take ¢;; to be the geodesic distance between
i and j on the graph. Then define

2.1) Vs(f) = SiP(fj — 2197,
i#]

where § = 0 or 1. Note that Vp(f) is independent of ¢. As we will prove in
Section 3, the contraction (1.3) is automatic for V). A sufficient gondition for (1.3)
with V = V] is the following: There exists a coupling operator €2 so that

(22) Q¢G,j)<0  foralli#j and Q¢(,i)=0  foralli.

For the reader’s convenience, we recall the definition of coupling operators.
Because of the one-to-one correspondence of a Q-matrix and its operator just
mentioned above, we need only define the coupling Q-matrices [of course, in the
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present discrete situation, one may simply use a coupling Q-matrix instead of the
coupling operator used in (2.2)]. For a given Q-matrix Q = (g;;), a coupling Q-
matrix (), «ke) : (ij), (k€) € E x E) is described by the following marginality:
>0 4qaj),ke) = qik for all i, j, k and )} qj),ke) = qj¢ for all 7, j, £. We refer to
[2], Chapters 0 and 5, and [3] for various coupling operators.
Set
2

P> ,
0’1(6)22 i ( Z ﬂ) , o (e) =

2 2
j nequzer j: vije ¢ij

Z T

2 9
z Tederer i jiyze Bij

where {7, j} denotes the disordered pair of i and j. We remark that the summation
appearing in the first formula varies only over the pairs {i, j}:y; ;2 e In [9],
a geometric quantity «, somehow like sup,[o1 (e) +02(e)], was introduced in terms
of the path length |y;;|p = Zeem (7te, pe[,er)_1 to estimate the lower bound of
the Poincaré constant [equivalently, the second largest eigenvalue of a transition
probability matrix P = (p;;)]. As pointed out in [9], the quantity « is a measure of
bottlenecks. It will be small if it is possible to choose paths which do not traverse
any edge too often. On the other hand, it was shown in [4, 6] that one has to use the
weight function w(e) = w(e,) — w(ey), where w is a mimic (varies case by case)
of the eigenfunction corresponding to the eigenvalue, instead of (7., p, M,)_1 used
above to obtain sharp estimates of the eigenvalue. Thus, even though the present
situation is unrelated to the eigenvalues, the test function ¢;; (and its variants
introduced below) plays a role similar to [y;; |, = Zeey,-j w(e) usedin [6], and then
sup,[o1(e) + o2(e)] plays a similar role as « used in [9]. Certainly, the expressions
of o1(e) and o2(e), and also the proof of Theorem 2.1 below, are much more
complicated than those papers quoted above.

To state our result we need further notation. The technical conditions below
are used only for the necessary part of our results. We say that the process has a
finite range R if g;; = 0 whenever |j — i| > R. We will use some function p on
E ={0,1,2,...} having the following property:

p is increasing, pg = 0 and there exists a constant ¢ such that
either (i) or (ii) holds:
1) py < PN/ forall N > 1;
(i) pi+r < cp; foralli > 1 butstill 3"y~ ,0;,2 < oo forall ¢ > 0.

(2.3)

A typical choice of p is as follows: There exist constants &« > 0, c; > 0 and ¢z < 00
such that ¢; < p;/i* < ¢; for all i > 1. Then the condition “py < Py /2 for all
N > 17 holds. Otherwise, let p satisfy the following: There exist constants o > 1,
c1 > 0 and ¢y < o0 such that ¢] < ,oi/oei < ¢, for all i > 1. Then we do have
“pirr <cp; foralli > 17 and “Y N~ p;,% < oo foralle > 0.

Now, we can state our first criterion as follows:

THEOREM 2.1. (0) If (2.2) is satisfied, then (1.3) holds with V = V.
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(i) Let (1.3) hold. If B < oo, sup,{oi(e) + 02(e)} < o0 and ), T X
(1)2](q+6 D <00 for some constant q > 1, then the Markov chain has algebraic
decay with V. = Vs (6 =0 or 1) and the same q.

(i) Conversely, let E = {0,1,2,...} and suppose that the process has al-
gebraic decay with respect to Vs (8 =0,1) and ¢;j = |p; — pil for some
Junction p satisfying (2.3). If moreover sup; sup ;- | qijgbizj/pl‘." < c for some con-
stants ¢ < o0 and a € [0, 2), then we have Zj pfnj < oo forallk < (2 —a)x
(g—1)+26.

The next result is a straightforward consequence of, but more practical than,
Theorem 2.1.

COROLLARY 2.2. Theorem 2.1(1) holds if o1(e) and o2(e) are replaced by

bi Tj
o] (e) = sup —=L — Z —é and oj(e) = sup Z
i 71'@@4/51643@, j:yijae ¢l] T[f/’lqeeer i ,] y 9€¢j

respectively.

We now introduce a different choice of V. Fix a reference point in E, say O for
simplicity. For each j € E \ {0}, choose a directional path, without loop, from 0
to j, denoted by yy;. Fix the family I'g = {yy; : j # 0} and define B as above. Next,
choose ¢ : ¢; > 0 for i # 0 and ¢g = 0. Define

~ . 2
(2.4) Vs(f)=sup (f(@)— £(0)"/¢7.
i#0
When E = {0, 1,2, ...} and ¢ is increasing, for ¢;; := |¢p; — ¢;|, it is easy to check
that Vs(f) < Vs(f) for each § = 1 or 0. Finally, set

~ ¢ez T ~ 1 T
0—1(6):77,'7 Z VR GZ(e)zn Z v
egn/9eqer Jvg;oe (f)j e¢9eqer Jvg;oe ¢j

THEOREM 2.3. (i) Let

(2.5 B<oo, Sup{01(8)+<72(e)} <00 and anqbz(qM D < 00
J

for some g > 1 and § =0 or 1. When § = 1, suppose additionally that (1.3) holds
with V = V. Then the Markov chain has algebraic decay with V = Vi when 8 =1
and V = Vo when § =0.

In particular, if E ={0, 1,2, ...} and ¢ is increasing, whenever (2.2) holds for
¢ij = |pi — ¢;|, then condition (2.5) with § = 1 implies the algebraic decay of the
Markov chain with respect to V| defined by (2.1).

(ii) Conversely, if E ={0,1,2,...}, ¢ is increasing and p=0¢ satisfies (2.3),
the Markov chain has algebraic decay with respect to Vg (6 = 0, 1) and
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Sup; SUp ;> 11 4ij (¢; —¢j)2/¢f‘ < c for some constants ¢ < oo and o € [0, 2), then
we have ) ; d)fnj <ooforallk <2 —a)(g—1)+26.

Next, we consider positive recurrent birth—death processes. Then we have
E={0,1,2,...}, birth rate b; > 0 (i > 0), death rate a; > 0 (i > 1) and reversible
measure 77;. Each edge has the form e = (k, k + 1), k > 0. Obviously, 8 =1 and
R =1. Let u, be a positive sequence and set ¢;j = | > j uk — D_p<; ukl|- Then
we have

@6 Vs(f)=suplf (i) - FGIR/$F =sup|f (k1) = f(OF /ui?
i#]j >

and, fore = (k, k + 1),
2
1 T
Q) =—— 3 m?k( > —;) : oz(e)-—Z y
Tk Ok j<k—1 jk+1 bi; k i<k J>k+1¢
T

1
ol(e ——su
2(6) = b l<£

/ — 1 . )
Ul(e)_ﬂkm Sup d)lk Z

. 2° 2
i<k—1 j=k+1 ¢ij j=k+1 ¢if

As a consequence of Theorem 2.1, we have the following result.

COROLLARY 2.4. (i) Suppose that sup,{o1(e) + o2(e)} < oo (or sufficiently,

supe{o*1 (e) +o*2(e)} <oo)and)’; iy nlnj¢2(q+5 b o0 for some constant g > 1.
For V1, suppose additionally that b,u,, — a,u,—1 is nonincreasing (u_; =0). Then
the birth—death process has algebraic decay with respect to V.

(i1) Conversely, suppose that the process has algebraic decay with respect
to Vs and ¢;j := |,0, pjl| for some p satisfying (2.3) with R = 1. If moreover
sup; b; (,0,+1 — ,0,) /pi < c for some constants ¢ < oo and a € [0, 2), then we

have }_ p]n] <ooforallk <2 —a)(g—1)+26.
As a direct consequence of Theorem 2.3, we have the following result.

COROLLARY 2.5. Let ¢, = > ;_, u; for some positive sequence (u;) and
define 01(n) = gut, by > TR, 41 T/ G-
(i) Suppose that the following conditions hold:
(a) supbi(n) < oo;
n

(b) nklgg)gfd)m’k > 0;
© Y w20t < oo,
n

Then (1.2) holds with V = ‘73. For V1, suppose additionally that byu, — ayu,—1 is
nonincreasing (u—1 = 0). Then the process has algebraic decay with respect to V.
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(ii) Conversely, suppose that the process has algebraic decay with respect
to Vs and p = ¢ satisfies (2.3) with R = 1. If moreover sup; b; uz/qﬁ“‘ < c for
some constants ¢ < o0 and a € [0,2), then we have Z] ¢§7TJ < o0 for all
k<2—a)g—1)+26.

REMARK. (i) Let 6h(n) = (X02,,41 7k /9P)/ (aby). Note that 6;(n) and
0, (n) play the some role as 61(e) and 6»(e) used in Theorem 2.3. We mention
that conditions (a) and (b) in Corollary 2.5 imply that sup, 62(n) < oo.

In fact,

<00 & sup 92(’1)
¢k«/— n 0 (n)
This plus condition (a) implies that sup,, 6>(n) < co.
(i) Obviously, when e = (n,n + 1), we have 61(n) < o{(e) and 62(n) < o;(e).
Hence, sup, {01 (n) + 62(n)} < sup,{o](e) + o}(e)}.

l}cminf¢k\/b7k>0 <— sup
— 00

The next result is a special case of Corollary 2.5.

COROLLARY 2.6. The birth—death process has algebraic decay with respect
to Vg provided

1iminfn<a2+1 _ 1) 1,

—
n— 00 n

.1 e
liminf — Z e >0 <0r l}ln_l)géfn \/E>O>

and

T < OO

1
sup ———
n A/bynm, [t

for some o > 0.

For birth—death chains, the algebraic convergence was studied by Liggett [13],
as a tool to deal with the critical case of attractive reversible nearest particle
systems. To compare our results with known ones, we introduce two theorems
taken from [13] as follows. The first result below was mentioned in the quoted
paper without a proof. For completeness, we present a proof at the end of Section 4.

THEOREM B. Let ¢jj = | Y k. juk — D i< uk| for some positive sequence
(ux) and define Vi as (2.1). Let 0, = Y g2, 7k /7n. If the following conditions
hold:

(1) buu, — ayu,—1 is nonincreasing (u—_; = 0);
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(i1) inf;>0b; > 0;
(iii) sup, o,/n < 00;
(iv) 120 u2n®m, < oo;

then the process has algebraic decay with respect to V.
The next result is due to Liggett [13], Theorem 2.10 and Proposition 2.15:

THEOREM C. Define V(f) = sup;;(|f; — fjl/li — jD* =sup; | f(k+ 1) —
f(k)|?, which is nothing new but Vi with ¢ij = |i — jl. If the following conditions
hold:

(1) inf; b; > 0, a; > b;;
(i) sup;i(a; — b;) < 00;
(iii) sup, o(n)/n < oo;
(iv) 3, (log(n +2))¥?n%*m, < oo;

then the process has algebraic decay with respect to V. )
Conversely, suppose that the process has algebraic decay with respect to V and
sup; b; < 0o, then we have Y k*y < oo for all « < 2q.

In general, the conditions of Theorem C is stronger than those of Corollary 2.5,
as shown by Example 5.1, for which Theorem C is not available [since ), (log(n +
2))3?n% 5, = 0o for any ¢ > 1 when r € (1,2)] but Corollary 2.5 is exact.
Roughly speaking, the conditions of Corollary 2.5 (resp., Theorem 2.3) is stronger
than those of Theorem B (resp., Theorem 2.1) since Vg < Vs. However, the
same example shows that, in some situation, Corollary 2.5 gives us the power
q € (1, 00), which can be much larger than ¢ € (1, 3/2) provided by Theorem B.
Among the corollaries, the conditions of Corollary 2.6 are the weakest but the
corresponding conclusion (1.1) holds for a smaller class of functions. Besides,
the two examples discussed in Section 5 are always (resp., partially) algebraically
convergent with respect to Vg (resp., V; or V). We refer to Section 5 for details.

Finally, we examine a special birth—death process: a; = b; = i% for even
number i and a; = b; = i3/? for odd i. It is easy to check that Corollary 2.6 fails
for such an oscillation model. To handle it, we adopt the following comparison
theorem: comparing the original process with the new one having @; = b; = i>/2.
The next result is parallel to Theorem 4.1.1 in [14].

THEOREM 2.7. Let Q = (g;j) and Q = (gij) be two Q-matrices, re-
versible with respect to the distributions w; and 7;, respectively. Suppose that
sup; . ; 7iqij/ (wigij) < 00 and sup; 7; /7; < 00. If moreover the Q-process has
algebraic decay with respect to Vg (resp., Vs), then so does the Q-process pro-
vided it is Vg (resp., Vg)-contractive.
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An immediate consequence of Theorem 2.7 is as follows. With respect to Vp
or Vp, any local perturbation does not interfere with the algebraic convergence.

Theorem 2.1 is proved in the next section. The other results are proved in
Section 4. In Section 5, two examples are discussed to illustrate the power of the
results obtained in the paper.

3. Proof of Theorem 2.1. (A) First, we prove (1.3) under (2.2). Obviously,
Vs(cf +d) = c2Vs( f) holds for all constants ¢ and d.

Let (x;, y;) be the Markov chain determined by the coupling operator 2,
starting from (i, j). Because Q¢ (i, j) < 0 for all i # j and Q¢ (i, i) = 0 for all i,
we have E(i’j)qﬁx,,yt < ¢;j (for more details of couplings, refer to [2, 3, 5, 7]). Then

Pf@) = PO _ ‘ E'fG) — EVfOn]* _ ’E“'vf)(f(xf) — o[
bij bij bij
_ ‘E(i,j)[f(xz) — fOn) ¢xt,yt:| 2
¢x;,y, ¢ij
_ 2 @) 2
< qup |[LO SO (E ! ¢’”’y’) Vi), i)
kCeE Pre bij

Taking the supremum over all i  j on the left-hand side yields Vi (P; f) < Vi(f).
Next, we prove that (1.3) always holds for V. Actually, for any coupled process
(x7, y1), we have

Vo(PLf) = sup|Fif(4) Pif(pHI?= sup |E'f () = ET fOn)l?
i#j 7]

<sup ECD|f () = O <sup ECDVo(f) = Vo(f),  1=0.
i#j i#j

However, the proof does not work when Vj is replaced by Vo and so we do not

consider the contraction for Vj in the study on the sufficient part of our results.

(B) Next, we prove part (i) of the theorem. Some ideas of the proof are taken
from [6, 9, 13]. Let f satisfy 7(f) =0 and | f||> = 1. Then we have

1
Varr (f) = 5 Y mimi(f;— f)F =Y mini(f; — f)?
i,J

{i.j}
e\ N2
ZninJ'(de)HfZ) } {{.Z'}T[inj<fj¢{3ifl) ¢i2j(q+8—l)}

L] tj

{i.j} J

=1/r.114,

1/q

Gl < {
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Put f(e) = f., — fe,- Then

1=y =7 ( )3 f<e>)2

{i.)} ¢ij egy;;

ZW’ )3 f(e)( Yty Y f(d)>

¢l] ecYyij he)/i,e[ de)/e@,j
Z m ( Y@ Y fo+Y fle Y f(d))
¢lj €<Y;j b€V, ecyj de€ye,.j
”’”J<Z f& Y o+ Y f@ Y f(e)>
{i.j} ¢ eeytj bey;, ) dEV, €<Yi.dy
”’”J<Z f& Y o+ Y f@ Y fe
{i,j} ¢ eEY;j b€Yie, dEVzJ €E€Yidy
+ > @ Y f(e)>
(3 2) de)/,'j e=(dy,dy)
Z e (2 f@ Y fo+ Y f(e)2>
¢lj €<Yij b€Yi,e, €&Yij

zzzf(e)\/”mzqewr Z L A Z f®)

12—
{i,j}i)/ijBr? ¢U TeGecer bey;, ey

+ Y Y fey?

{i,j} d)l] e€y;;

<2 ( Z Teoqeyper f(€)2>

172

2, 1/2

T
()
X<§|: ”2);,]% ¢12J«/ TeyGeqe, hg;% f :| )

Z 7'[,71]‘

2
elqeeer {l ]} y Se ¢l]

+ Z nenggerf(e)

Here, we have used Schwarz’s inequality in the last step. Note that 3 ; jy., 5. =
JYvy

ZieE Zj:yijae'
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By using Schwarz’s inequality again, we obtain

Z[ Y Ty f(b)}
e l] )/ .Se ¢12JV egCIeger bE)/, e

2
nl nee )( 7Tl¢l - 7-[] )}
— f(b)
Z Z( Die be;ee Tegn/Yey, er]yzae¢,2]
[ TTiTe, ni¢izez 7 ’
(3.3) DN DI (Z f(b)) > ( > —z”
e L g ¢z e \bEyi,, Teyev.er f:ViPedb"j

= {supon o)} 2 f“ e — FiT

< {supm(e)}ﬂ L

Here in the last step we have used the fact that a point e, occursin )_, ; at most 8
times. Combining (3.2), (3.3) with definition of 03 (e), we see that

<2 \/Sgpm(e)\/ﬂD(f)I + D(f) supoa(e)

=:2C1/1- D(f) + D(f)C>,

where C1, Co < co by assumption. Solving the inequality, we get [ < D(f)[C1 +

JC? + C21%. Next,

a2
I Zninj(f] : fz) ¢i2j(q+a—1) < v, (f)Zmﬂ]d)z(qH 0}
(i) ij i

Hence
Vary (f) < CD(f)VPVs(£)1,

where
1/q
C VY + ) (Y mimio V) <o
( 1 i jd)

by assumption. By the Liggett—Stroock theorem, the process has algebraic decay.
(C) We now prove part (ii) of the theorem. We remark that condition “p; g <
c’p; for alli > 17 holds whenever p,, < c’,oN/2 for all N > 1. To see this, leti > R

and N =i + R. Then p;1 g = py < ¢ Pi+R)/2 = ¢’ p; since p; is increasing in i.
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On the other hand, since the set {i :i < R} is finite, the inequality “p;+r < ¢”p;
for all i < R” is automatic for some constant ¢’ < ¢’. However, to simplify the
notation, we will use the same c in these inequalities.

Assume that the process has algebraic decay. Let m, N € N so that
>.ip'm; =00 and let f (k) = p;, - Then we have

Vs(f) = oz MAX (o = 0 /(i — P
=O§§r5}x§N{p7_l(l+pi/pj + (/o) 4+ (i)"Y
x (pj = pi)* 17"
< w0,
We now consider D( f):
D(fy=3 Y. maief —p+ Y. maiipk — o
0<i,j<N i<N, j>N

For the first term on the right-hand side, we have

5o ma(ef — o’

0<i,j<N
N N
2 2
= Y om0 ==Y 1 Y, qij(0f — o)
0<i<j<N =0 j=it+l

N N
=Z7Ti Z Qij(pj _/01')2[,07_1 +,07_2,0i—|-...+pl{"—1]2
i=0  j=i+l
N NAG+R)
=) T Z qij(pj — ,Oi)z[p;”_l +,o;."_2p,~ 4. +Pim_1]2
1

=1 j=itl
NAR
+m0 Y qojp;"
=1
N NA(+R) NAR
<cm? Y mip!" 2 Y aqijlpj— P+ Y. q0ie"
i=1 Jj=itl j=1

NAR

N
< ClcRmZZnipiZm—Z—Hx + szZ Z 7ij12~m_2+a
i=1 j=1

N
=m?(cicR+c2) Y mip" >,

i
i=1
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where ¢ = ci(m) = ZZ’ 01 2k = (2 — 1)/(c — 1), ¢ = cp(m) = m~2my x
maxj<;j<g qoj,ojz-_“/nj < 0o by assumption.

As for the second term, because of finite range, by condition (2.3) and the
remark at the beginning of this part (C), we have } ;. yqo; =0 for N > R and
py <cp;forall1v (N —R) <i <N — 1. Then

> migii(eh — p")?

i,jii<N<j

—1
= mion T o oA+ 0D oy — o) D i

j>N
+70 Y qojoN"
j>N
N—1 2o
2
< ey -m*p;"T Z qij(pj — pi)’
i=1v(N— R) J=N41

<clcRm227r pzm 2o N > R.
i=1
Finally, we get

(3.4) D(f)<C1(m)Zmp2('" e,
i=1

where C1(m) = m2[2cRci(m) + ¢2(m)] < oo for all m by assumption.
Before moving further, we need an elementary result about the estimation of
variation.

LEMMA 3.1. Let f be an increasing function and define h = f o g for some
function g. Next, let W > 0 be a constant and set hy = h A W. Choose y,, large
enough so that t(g > y,,) < 1/M. Then we have

) A f ) )}2
@.3) Var(hW)Z</[h§W]h dﬂ)h <W+(f[h§M]h2dﬂ)l/2 '

PROOF. Note that

JT(hw) — JT(I[gfyM]hw) = 7T(I[g>yM]hW) = / hW dr < ||hW|| I/M.
[g>vm]

We have 77 (hw) < [hw ||/v/M + m(Iig<y,/hw) < llhwll/~/M + f (vs). Hence

awll

i
= {1 - (j_ + ’li}(lyva"H))}

2
Var(hw) = |hw|? = n(hw)* = |hw | — ( + £( M))
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On the other hand, ||hw||* = f[th] h2dmw + W3n[h > W] > f[th] h?dw. From
these two facts, we obtain (3.5). [

Now, let g = px, f(x) =x" and W = p};. Then we come back to hy (k) =
pi - The estimate (3.5) yields that

2
< Var(f).

N 1 ym
- i)
<§ VM Z?ilﬂipi%v

Take M = 16. Since 71(,02’”) = 00, there exists Ng = Ny(m) such that
(3.6) Zm p#™ < Var(f)  forall N > No.

By Theorem A(ii), (1.2) holds with V = V5. Combining (3.4), (3.6) with (1.2), we
get

1/p
2(m—46

j=1
N (m=1+a/2)/(mp)
< Ca(m) ( > nwf’") p}zv(m—a)/q’
j=1
where in the last step, we have used the Schwarz’s inequality. Therefore,
(3.7 i njp]Zm <C; (m)pjzv(m_‘s)ml’/(q(mp—m+1—a/2))'
j=1

Now, we consider separately the two cases listed in (2.3). First, assume that
there is ¢ < 1 such thatinfy, pn/2/py > €. Then, by (3.7), we have

N N N
2m—+k—2 k—2
> misi= 3 mip" T <oy Y min”
j=N/2 j=N/2 N Jj=N/2
(38) < k Zmpécv 2m Z 7T],0J2m
j=N/2

<C4(m)pk 2m+2(m—8)mp/(q(mp—m-+1—a/2))

When m — 00, the power of p,; on the right-hand side converges to k — (2 — ) x
(g — 1) —26. Thus, when k < (2 —a)(g — 1) 4+ 28, we can choose and then fix m
large enough so that the power just mentioned becomes negative, denoted by —y .
Since (,ON/,ON/Z)_y <¢&? < 1, by (3.8) and ratio test, we get

ijn]—l-l—z Z pfnj<oo.

=0 JE{2£<,0 <2t+l_1)
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Second, by assumption, we have P(N+1R = CPONR and Y_%7_| py'r < oo for all
& > 0. Hence, by (3.7), we have

(N+1)R (N+1R (N+1R
2m+k—2 k—2
2. mii= Y mp" T = ong" Y miel”
j=NR J=NR J=NR
(N+1R
k—2m _k—2 2
(3.9) =c mp(N_Jil)R ”jpjm
j=NR

k—2m+2(m—38 +1—a/2
< C4(m)p(N+nl1)R (m=8)mp/(q(mp—m+1-a/2))

So by (3.9), we get

oo (N+1)R-1 oo (N+DR
me 2. 2 me=), ) mp<oo
N=0 j=NR N=0 j=NR

Now, the proof of Theorem 2.1 is complete. [l

4. Proofs of Theorem 2.3 and other results.
PROOF OF THEOREM 2.3. Let f satisfy w(f) =0 and ||f||2 = 1. Then we
have

_ F N2 . 2 _ . fi—Jo ? 2
Var, (f) = Hclf§ n](f] c) §§ n](f] Jo) —E T ¢j
J J J

b;
o 0 1/p 1/q
< {an(fjd)jfo) } {Zn]<f]¢3fo) ¢]2(q+8—1)}
J

J J
=1V/r.1l,

The remainder of the proof is similar to that of Theorem 2.1. The key point
is replacing )_; used there by the single point i = 0. For instance, put f(e) =
fe, — fe,- Then we have

Zd)j( > f(e)) DRDY f(e)( > s+ Y f(d))

J €€Yy; d)J €€Yy; beyy,e, de€ye,.j
.y
=Z—§=2 Yof@ Y fey+ Y, f(e)2}
i 7] U ey beyy,e, eeV()j

= 2Zf<e>~/7neeqeee, > > f)

VR YED ¢ nef €eer beyy,e,

L3 f@?

¢] eE)/OJ

4.1
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12 2012
=< 2(2776451€eerf(e)2> <Z|: Z ¢ _ Z f(b):| )
e e Ljiy,ze engger beyo.e,
TT §
+ Z”eeqeu’rf(e) Z ]2
Teyqeger Jivg;oe ¢
Moreover,

x| ¥ 5 f<b>}

[ —
e Ljy;2e ¢ 7Tegqr?ger bEYpe,

£ 2 ot 5]
- ro)(—f— Y 7
Z |:< ¢€Z b;):e Tegn/Geq.er j:yXOJ;Be ’ ¢JZ

5{sgp61<e>}22¢ ( 3 f(b))

beYy,e,

2

4.2)

2
< [swpar@] p-1.

Combining (4.1) with (4.2), we see that

I< 2{ Sgp51(€)}\/ﬁD(f) 14+ D(f) Sl:p52(€) =:2C1/1- D(f) + D(f)Coa.

Next,

2(g+8—1 2(g+8—1
=) = ( )¢>(q+ ><V<f>2n,¢ @,
T
In the particular case mentioned in Theorem 2.3(i), one may replace Vi by Vi on
the right-hand side since Vi(f) < Vi(f). The remainder of the proof is almost
the same as that of Theorem 2.1, the only place which needs a slight change is

estimating Vs instead of Vj at the beginning of the proof for Theorem 2.1(ii). O

To prove Corollaries 2.4 and 2.5, recall that for a positive recurrent birth—death
process with birth rate »; > 0 (i > 0) and death rate a; > 0 (i > 1), the reversible
measure (77;) is w; = Wi/, wo=1, w; =boby---bj_1/ajaz---a;, i > 1, where
W= i

LEMMA 4.1 ([3], Theorem 3.3). Let (uy) be a positive sequence on Z
and set F(k) = Zj<k uj. Define p(m,n) = |F(m) — F(n)|. Then there exists a
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coupling operator 2 (the classical Doeblin’s coupling, for instance) such that, for
all j >i >0,

4.3) S~2,0(i, J) ijuj —ajuj_1— biu; +a;ju;_q, u_q:=1.

PROOF OF COROLLARIES 2.4 AND 2.5. First, we prove V(P f) < Vi(f).
By Lemma 4.1, we know that there exists coupling operator Q satisfying (4.3). By
the additional assumption in part (i) of the corollaries, we have Qp (i, j) <0 for
all i, j € E. Then applying part (A) of the proof of Theorem 2.1 gives the required
assertion.

The other assertions of Corollary 2.4 follow from Theorem 2.1. The first
assertion in Corollary 2.5(i) follows from the proof of Theorem 2.3. The other
assertions of Corollary 2.5 are direct consequence of Theorem 2.3. We omit the
details here. [

PROOF OF COROLLARY 2.6. To apply Corollary 2.5, take ¢,, = n®; then

2(g—1 _
nn(l)n(q ) _an-i-l(l 1 )2(1(‘] b

20— — -
7Tn+1¢n$]1 ) by, n+1
1 1 2a(g—1)
(e () -) ™
n b, n+1
By the Gauss test, we have ), nndb,%(q_l) < oo once liminf, , oo n(ay4+1/bp—1) —

20(q — 1) > 1, which is fulfilled for sufficiently small ¢ — 1 > 0 by assumption.
Condition (c) of Corollary 2.5 holds. Next,

Z kT <(m+ 1) Z T <n Z k.

k>n+1 k>n+1 k>n+1
Hence
n“ 5 1
QI(H)ZT Z 7Tkk QSW Z TTk .
n7n g>pi1 n T k>pt1

By assumption, we have sup,, 61(n) < oo and so condition (a) of Corollary 2.5
holds. Moreover,

lim sup ! <sup{w}limsupn7m<oo
n—oo (ﬁn«/bn T o «/bnl’laf[n m—>00 ZkZm-‘rl Tk

By assumption, condition (b) of Corollary 2.5 also holds. The required conclusion
now follows from Corollary 2.5(i). 0O

PROOF OF THEOREM B. We have already proved that Vi (P; f) < Vi(f) in
the proof of Theorem 2.1.
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(a) Obviously,
D(f) =Y (fir1 — i) bimi = <1nfb ) Y fiwr — fo) e

k>0 k>0
(b) Let f € L?(r). Then

Zﬂn{ D 1 firr — fk|}

n=0

2

SZZﬂn S A fj+1 = fillfiwr — fil

n=0 0<j<k=<n

o0 n k o© k oo 0 k
=23 33 =233 3 =23 fir — filowme Y 1 fj1 — S

n=0k=0,=0  k=0j=0n=k k=0 j=0

. . 2 12
_2=Z|fk+1_fk|20k277k2(2 fi+1— ) ﬂk}

k=0 =0 \j=0

That is,

2 o0

Znni D 1 fiw1 — fk|} <43 | fir1 — filPolm.
n=0 k=0

On the other hand,

00 k—1 2
If —m(OIFP=3 Y mm(fe— f)*< Y. ﬂjﬂk{Z(fi—H_fi)}
J.k=0 0<j<k i=j
_ 2 2

i g {Zum }<an{2|ﬁ+1 }

Collecting the above two inequalities together, it follows that

If =7 (OIF <4 | firr — filPofme.

k=0
(c) By Schwarz’s inequality, we get
1/q

00 /p (¢ o0
If =7 (HI? < 4{ Y 1 fer1 — fk|2nk} i > ol fir — fk|za,3‘1nk}
k=0 k=0

<cD(HrvHtia,

where C = 4(inf; bi)_l/f’(supkak/k)z{z,fiou%kzan}l/q < oo by assump-
tion. [
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PROOF OF THEOREM 2.7. Let V denote either Vs or Vj appearing in the
theorem. Because the Q-process has algebraic decay with respect to V, we have
for some constants p, g and C that

Varz (f) <CD(HVPV(HY,  feDD).
Next, by the assumptions of the theorem, we have L?(#) c L3() and, moreover,

DHVPV(HYT g X migqi(f; — fP1PV ()Y

Var, (f) B infeer Y i (fi — c)?
wa infyse (mrqre/ Frdee) VP D(FVPV ()14
' - supy {7mx /7k } Varz (f)

_ infezelmiqre/ (Frgre)}/P
supy {7y /7x}

C, f e L*#)ND(D).

The proof will be complete once we remove “L?(7)” appearing at the end of (4.4).
To do so, let f € D(D) and set fy = (—M) Vv f A M for constant M > 0. Then,
by [2], Lemma 6.47, we have fy; € D(D), |f;u — fIl = 0 and D(fy) = D(f)
as M — oo. Hence Var; (fy) — Var; (f) as M — oo. The assertion now follows
by replacing f with fj; € L*(7) N D(D) in (4.4) and then letting M — o0, since
V(ifm) = V(). O

5. Two examples. In this section, we examine two examples of irreducible
birth—death processes.

EXAMPLE 5.1. a;=b;=i", i > 1.

EXAMPLES.2. a;=1,bj=1—c/i, i> 1.

It is easy to check that the process of Example 5.1 (resp., Example 5.2) is
positive recurrent iff r > 1 (resp., ¢ > 1). As was proved in [4], the first example
has L?-exponential convergence iff » > 2. However, the second example is never

L’?-exponentially convergent for any c.

PROPOSITION 5.3.  With respect to Vy, Example 5.1 (resp.,5.2) has algebraic
decay for all r € (1,2) [resp., c € (1, 00)].

PROOF. Simply take o = 1/2 and o = 2, respectively, for Examples 5.1
and 5.2 and then apply Corollary 2.6. U

For the remainder of this section, we study the region of algebraic convergence
with different V.
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PROPOSITION 5.4. With respect to V| defined by (2.6) in terms of the
sequence u, = (n+ 1)=° for some s € (0,r — 1], Example 5.1 with r > 1 has
algebraic decay iff r > 5/3.

PROOF. Clearly, we need only prove the assertion for r € (1, 2) since the
process has L?-exponential convergence for all r > 2.
We should justify the power of the different results for this typical example.

The first proof of sufficiency. Use Corollary 2.5().
(1) Recallthatu, = (n+1)7%, s > 0. We show that the upper bound s <r — 1
listed in Proposition 5.4 comes from the additional condition in Corollary 2.5().

b ()= (- ) -]
K= =1 =8y o) T k+1 ‘

Let f(x) =x""*[1 — (1 = 47)*]. x > 1. Then

por=e i) o ()

It is easy to prove that f’(x) > 0 if and only if » — s > 1. So, when s < r — 1, the
additional condition is satisfied with u,, = (n + 1)7%.
(i) We prove that condition (a) of Corollary 2.5 is satisfied for all s < r/2.

Since s < 1, we have ¢,, = ZZ;(I) up = Zk 20 (Hl)g ~n'=5. Then

1
Ql(k) rkr/2 Z 2—s kr/2—s'
n=k-+ 1

So, when s <r/2, we get (a).

(ili) Because ¢y~/bx ~ k! =Sk"/? = k!=5%7/2_ condition (b) follows for all s <
1+r/2.

(iv) Because }_, nnqb,%q ~ Znn_’nz‘m_“), if2g <(r—1)/(1—=1s) (s <1),
then we have ), nnqﬁ,%q < 00. Combining this with condition ¢ > 1, we get
r—1)/(1 —s) > 2, thatis, s > (3 —r)/2.

Because of (i)—(iv), the process has algebraic decay whenever (3 —r)/2 < s <
r — 1, namely r > 5/3. Choosing s =r — 1, we obtain g < (r — 1)/[2(2 —r)]. It
is clear that, when r — 2, ¢ is allowed to tend to oo.

The second proof of sufficiency. Use Corollary 2.4(i).
(i) Itisproved above that b,u, —a,u,—1 is nonincreasing whenevers <r — 1.
Setao=1—s5>0.Thenl >a>2—r.
(i) Notethat¢;j =u; +ujr1+---+uj_1=G+1)" +---4j7°, and hence

1 i+l d i d 1
—[<j+1>“—<i+1>“]=/ e >¢ij/ =G =i,
o i+1 X7 o

xl—a —
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. .. 2q 2q .
Consider condition }_; ; mimj¢; =23 ;mimj¢;; < oc. Choose i =0. We
have

an¢§?<oo = Y jj*% <o
j>0 j>0
— r—2qa>1
— r>142x (since g > 1)
r—1
— o< R

Combining this with (i), we get r > 5/3. Then

Somimir! <> mmil( 4+ D — G+ 1)1
i<j i<j
=D DIEIEREEDIEIIVE S

i jzl1 j=1

The last sum is finite if and only if ¢ < (r — 1)/ Q).
(iii) Now, we consider condition sup, 02’ (e) <oo.Lete = (k,k+ 1). Then

: 7 7 uf
do=sp Y sy Y Lo ¥
i<k e Tkbk®i; i<k 500 0 5 9

N - L ( : )
kbl X7 [x® — k]2 ket x7 e Ty — ke
1 -+ 1 00 dx
= —_— r —
(k+ Dy He=T[(k + 1) — k%] @7 i v — k]

1 o dx k—r—2a+2
krto—l+a—1 + k+1 xrtota—1 :

Because r + 20 > r +4 — 2r =4 — r > 2, the last term is bounded.
(iv) Finally, consider condition sup, ‘71/ (e) < 00.

/ bik j bik T
oi(e) = sup Z — "~ sup Z — -
ifk—l ﬂkvbk j2k+1 ¢U ifk—l \/nk jZk—l—l ¢U

On the other hand,

ik 5 T eonst. KFDI -G+ 5 1

— > - —Ta e
Tk j=k+1 (bl] k=r/2 j=k+1 .]r[.]a - lOt]Z
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We now adopt the continuous approximation. Note that sup, f(k)/g(k) <
supy, f'(k)/g' (k). For x <k — 1, we get

k+1D*—(x+1)* /00 dy
k

k—r/2 +1 yr(yoz _ xa)Z
1
< 000
- (—r/2)k_’/2+1
o0 d k+1)% — 1)«
X [a(k+1)o‘_1/ 4 _ kA ) @+D) ]
k+1 Y (% —xN2  (k+ D" ((k+1)% — x*)2
Note that
k+1D*—(x+ 1" - 1
k+ 1D ((k+1D* —x)2 ~ (k+ D) [(k+ 1)* — x¥]
< 1 ~ L—r—a+1
T k+Dk+ D* — (k—1)¥]
=k <00
_ —r—a —r—a+2
and a(k + D71 [, W < k™72 When r < 2, we have ];(ﬂw =

k=r2=2+1 < o0 and so sup, o (e) < oo. Because sup,(a{(e) + o}(e)) < 00 =
sup,(o1(e) + o2(e)) < oo, by Corollary 2.4, the process has algebraic decay for
r>35/3.

The third proof of sufficiency. Use Theorem B.

As in the first proof, take u, = (n + 1!~ In order for Z;o:() u%nzqnn < 00, We
need r > (2g +3)/3 > 5/3. Namely, g < (3r — 3)/2. When r € (5§/3,2), we get
q € (1, 3/2), which is obviously not good.

Proof of necessity. Finally, we prove that, when r < 5/3, the process is not
algebraic-convergent with respect to the functional V; given in the proposition.

Suppose that the process has algebraic decay when 1 < r < 5/3 and the conver-
gence poweris g — 1 > 0. Let p,, = ZZ;& ug. We now apply Corollary 2.4(ii). Be-
cause b, =n", pp+1 — pn =u, =n"° and p, ~ n'=%, we have bn(ppn+1 — o) =
0 =25 ~ p 2079 Hence there exists a constant ¢ such that b, (Pns1 — pp)? <
cp,(,r_zs)/(l_s) for all n. Moreover, (r — 2s)/(1 — s) < 2 since r < 2. Then, by
Corollary 2.4(ii), we have ), T[npl;; <ooforallk <2g—a(g—1)=Q2—-a)g+a,
where o = (r —2s)/(1 —s). Because ¢ > 1, we have ), 7'[,,,05 < oo forall k <2.
Since ¥, mup2 ~ 3, n " T209) < oo, this implies that —r +2(1 —s) < —1. That
is, s > (3 —r)/2. Combining this with s <r — 1 givesus r > 5/3. [

PROPOSITION 5.5.  With respectto V defined in Theorem C, Example 5.2 with
¢ > 1 has algebraic decay iff ¢ > 3.
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PROOF. First we use Theorem B to prove sufficiency.

Choose u, = 1. Then ¢;; = |Zk<juk — Zk<iu,~| =|j — i| and V =
sup;; (| fj — fil/lJ — i[)?, which is the same as V; given in Theorem B.

Now we check the conditions in Theorem B. First, it is quite obvious that
conditions (i) and (ii) are satisfied when ¢ > 0. Second, consider condition (iii):
sup, on/n < oo. Fix n. Let ¢ > 1 and x; = my /7y, k > n. Then xp41/x = by =
l—c/k<(Q—=1/k)*=Q0/k)’/[1/(k—1)) forall s € (1, c). Thus, x; = x/x, <
(n —1)*/(k — 1)°, k > n. Therefore, we get

oodx_n—l

B o0 [e.e] n— 1 s B s dx
o= X<, 1) (-1 _
k=n k=n - n

1 x8 s—1°

Hence sup,, 0,/n <1/(s — 1) < 00.
Finally, we check condition (iv). Apply the Kummer test to Y, n%9m,. Set
X, =n?x, and vp = n. Then

Xn n-n% n+ D) (c —2q — n%at!
[ — — —(n ~
et T T i DM —¢/n) n24+1
=c—2q+1,

where “~” comes from (n 4 1)29+! ~ n24t1 4 2g 4+ )n*? 4--..So Y, n*m, is
finite whenever ¢ > 2q + 1. That is, the process is algebraic-convergent whenever
c>3.

Now we prove the process is not algebraic-convergent when ¢ < 3. Suppose
that the process has algebraic decay. Since sup, by < 1 < oo, by Theorem C
[or Corollary 2.4(ii)], we must have ) ; k% < oo forall « < 2q. However, g > 1;
the conclusion should hold for « =2, thatis, ) k2, < 0o. We prove that this is
impossible when ¢ < 3. Let x, = n?m, and apply the Gauss test. We have

Xno n’ 2 13(c—1+Q@Bc—1)/n+c/n?
Xnp1 (D20 —c/n) n 2 (+1/n)21—c/n)
c—2 M
n n

So, Y, x, is finiteif and only if c =2 > 1 <= ¢ > 3. [J
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