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THE STEPPING STONE MODEL:
NEW FORMULAS EXPOSE OLD MYTHS

By J. THEODORE COX AND RICHARD DURRETT
Syracuse University and Cornell University

We study the stepping stone model on the two-dimensional torus. We
prove several new hitting time results for random walks from which we derive
some simple approximation formulas for the homozygosity in the stepping
stone model as a function of the separation of the colonies and for Wright’s
genetic distance Fg7. These results confirm a result of Crow and Aoki (1984)
found by simulation: in the usual biological range of parameters Fg7 grows
like the log of the number of colonies. In the other direction, our formulas
show that there is significant spatial structure in parts of parameter space
where Maruyama and Nei (1971) and Slatkin and Barton (1989) have called
the stepping model “effectively panmictic.”

1. Introduction. The phrase “isolation by distance” was introduced by
Wright (1943) to describe the accumulation of local genetic differences under
geographically restricted dispersal. The effects of population subdivision have
primarily been studied using two models. The first, introduced by Wright (1943),
is the island model, in which a population consists of s colonies of equal size,
and migration probabilities are equal for each pair of colonies. The great amount
of symmetry of the island model makes it easy to solve the model exactly. An
account of the theory can be found in Section 7 of Hudson (1990) or Nei and
Takahata (1993).

The second approach, which will be the focus of this investigation, is the
stepping stone model of Kimura (1953). This process was studied extensively
in the genetics literature for at least two decades before being rediscovered by
probabilists Clifford and Sudbury (1973) and Holley and Liggett (1975) under
the name the voter model. At that time Kimura and Weiss (1964), Weiss and
Kimura (1965), Malécot (1967, 1969 1975), Maruyama (1970, 1971, 1972),
Nagylaki (1974) and others had built a detailed theory that could be used to
answer many questions of interest to geneticists. Work on the stepping stone model
has, of course, continued during the last 25 years. See Crow and Aoki (1984),
Strobeck (1987), Slatkin and Barton (1989), Slatkin (1991, 1993), Hey (1991) and
Wilkinson-Herbots (1998).

In a parallel endeavor, the voter model has been studied extensively by
probabilists. Our investigations here have their roots in the work of Sawyer (1976,
1979) and Cox and Griffeath (1986) who examined the spatial structure of the
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voter model, and in the work of Cox (1989) and Cox and Greven (1991) on the
voter model on a finite set. It is unfortunate for biological applications that most of
this work has been carried out under the assumption of nearest neighbor dispersal
and with one individual per location. Here we will allow for more general dispersal
distributions, and at each spatial location we will have a colony with one or more
individuals. The second generalization is needed for modeling. One can imagine
that early humans lived in small groups with infrequent exchanges between groups,
or one can think of the Napa Valley in California where different Drosophila
populations live on rotting fruit piles at different vineyards that are separated by
several miles.

We represent space as the torus A(L) = ((—L/2,L/2]1N Z)Z, where Z is the
set of integers. Following the practice in the biology literature, we suppose that
at each point x € A(L) there is a colony consisting of N diploid or 2N haploid
individuals, labeled 1, ...,2N. The type of an individual will be a real number in
the unit interval (0, 1), new mutant types being chosen randomly from (0, 1). The
only thing important about this type space is that each new chosen value will be
different from all previous ones. In genetics terms we are using the infinite alleles
model.

The population evolves in discrete time, with generation n + 1 obtained from
generation 7 in the following way. Consider a given individual in colony x. With
probability u, this individual mutates to a new type and, with probability (1 — )
- p(x,y), assumes the type of an individual chosen at random (in generation n)
from the colony at y. All such mutations and choices are assumed to be
independent for all individuals at all colonies.

We assume that the transition probability p(x, y) is given by

(1.1) px,y)=U0—=v)I(x,y)+vg(y —x),

where I (x, y) is 1 if x = y and O otherwise, and the difference y — x € A(L) is
computed componentwise and modulo L. We have separated the kernel into two
parts since we will be interested in limits as L — oo in which the migration rate v
may converge to 0 but g(z) is a fixed displacement kernel. We suppose ¢(z) is an
irreducible probability distribution on Z? with ¢((0, 0)) = 0 that has the following
properties:

(i) Z? symmetry. q((x1,x2)) = q((—x1, —x2)) and g ((x1, x2)) = q((x2, x1)).
(i1) Finite range. q((x1,x2)) =0 if sup; |x;| > K.

We will suppose that L > 2K so that we do not get confused when we try to
define the corresponding random walk transition probability on the torus. The first
assumption implies that a single step taken according to ¢ has zero mean and
covariance 021, where 02 = Y. ,223q(z) = Y.z 259 (z). The finite range
condition implies o2 < oo.

To study the behavior of the stepping stone model, we work backward in time

to define a coalescing random walk with killing. Individuals whose state is the
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result of a new mutation are killed, since we no longer have to work backward to
determine their state. Other particles make a jump from colony x to colony y with
probability p(x, y) and land at a randomly chosen site within the colony. Suppose,
for the moment, that the mutation rate « = 0 and consider the genealogy of a
sample of size 2 chosen at random from the population. As we work backward,
let Ty be the amount of time required until the two lineages first reside in the
same colony and let #y be the total amount of time needed for the two lineages
to coalesce to one. Let Xy be the difference in the locations of the two particles
(computed modulo L). Since the two particles were chosen randomly from the
torus, the distribution of X is the uniform distribution on A (L), which we denote
by 7. Let P, denote the distribution of the difference of two random walks starting
from a pair of points chosen randomly on the torus. Using the methods of Section 2
of Cox (1989), we can prove the following, which generalizes results in Flatto,
Odlyzko and Wales (1985).

THEOREM 1. Foranyt >0, as L — oo, uniformly for v € (0, 1],

L2 logL ) _t
t]—e .
2mvo?

(1.2) PH(TO >

SKETCH OF PROOF. To explain the size of the normalizer, note that
P.(X,=0)=1/ L2, and the local central limit theorem implies Py(X, =0) ~
rva?)n)~1, so

L2—1 L2—1 L —m

1= Pi(Xp=0)= )Y P(To=m) Y Py(Xx=0)
n=0 m=0 k=0
log(L?)

~ Pp(Ty < L?)——"—_.
nT0 =L 2ve?)

Rearranging gives P, (Ty < L?) ~ 2wo?v/logL. To see why the limit is

exponential, one can show that X, comes to equilibrium in time o(L?log L/v),

so the limit distribution of Tp/(L*log L/v) must have the lack of memory pro-

perty. U

NOTE. We will use the notation @ & b to mean that a is approximately equal
to b, but we will not be precise about the conditions or details of the approximation.
We will also use the notation a,, ~ b,, as n — oo to mean that lim,,_, » a,, /b, = 1.

The typical distance between two points compared in Theorem 1 is of order L.
When we look at closer distances the result changes. Let P, denote the law of
the difference of two walks when one starts in colony O and one in colony x.
(If x = 0 we pick two distinct individuals from colony 0.) Letting |x| denote the
usual Euclidean norm, we can now state the following result.
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THEOREM 2. Suppose x = xj satisfies limj_,(log" |x])/logL = B €
[0, 1]. Then, for any t > 0, as L — 00, uniformly for v € (0, 1],

L?logL s
)] — .
2w vo? ) pe

(1.3) P, (To >

SKETCH OF PROOF. This generalizes a result in Cox and Greven (1991). The
main idea behind (1.3) is that if (log™ |x|)/log L — B, then

P (Ty < L?*/v) > 1— 8.

When Ty > L?/v, it is likely that Ty > L?,/Tog L /v at which time the distribution
of X, has become uniform over the torus, and the longer time behavior is as in
Theorem 1. [J

Getting the two lineages to the same colony at time Ty is only the first part of the
coalescence time #y. For the second part after 7y, we need only be concerned with
the distribution of #y under Py. We begin with a surprising formula of Strobeck
(1987), which shows that Eytg is independent of the value of the migration rate
v > 0 and of the dispersal kernel g(x). The proof we give here is new and is
a simple application of the cycle trick for Markov chains [see Theorem 5.4.3 in
Durrett (1996)].

THEOREM 3. Egfo=2NL>.

PROOF. When both lineages are in the same colony, they have probability
1/2N per generation to hit, so Eofg = 2N EoT;, where Ty is the first time 7 > 1
that the two lines are in the same colony. (Recall that E( refers to picking two
distinct individuals from the same colony.) The stationary distribution for the
migration process is uniform, so it follows from the cycle trick representation of
the stationary distribution that g7 = L?. O

Comparing Theorems 1 and 3, we see that there are two extreme possibilities
(14)  ETy=O(L*logL/v) << ORNL*)=Ety or ETy> E.

In the first case the two lineages will come to the same colony in o(NL?) so the
actual starting positions of the particles does not matter, and the limit distribution
will have the lack of memory property.

THEOREM 4. If limy_,oo Nv/logL = o0, then, foranyt > 0as L — oo,

(1.5) sup |Py(to > 2NL%*) —e™'| — 0.
xeA(L)
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Conventional wisdom [see pages 125-126 of Kimura and Maruyama (1971)]
says that “marked local differentiation of gene frequencies can occur if Nv < 1
where N is the effective size of each colony and v is the rate at which each colony
exchanges individuals with the four surrounding colonies.” In the other direction
“if Nv > 1 local differentiation is less pronounced and especially if Nv > 4, the
whole population tends to behave as a panmictic unit.” As Theorem 4 and the next
result show, Nv must be larger than log L in order for the system to behave as if it
were homogeneously mixing.

THEOREM 5. If limL_>002N7TO’2U/ logL =« € [0, o0), then, for any t > 0
as L — oo,

LzlogL _
(1.6) Pﬂ<t0>(1+a) t) —e .
2mvo?

If x = x, satisfies limL_>oo(log+ |x])/log L =B € [0, 1], then, as L — oo,

L?logL o —t
1.7) Px<t0>(1+oe) Sy t)—> <ﬁ+(1—,B)H_—a)e .

SKETCH OF PROOF. It suffices to prove the second conclusion. By the
reasoning for Theorem 2, the probability the two lineages will enter the same
colony before time L? /v is about 1 — 8. As the proof will show, when they do they
will be in the same colony a geometrically distributed number of times with mean
log L /mvo? before time L?/v. Therefore the probability of coalescence before
time L?/v is approximately

1/(2N) 1

— as L — oo.
1/2N)+nrvo?/logl. 1+«

If a large multiple of L2 /v units of time elapses between times that the two lineages
are in the same colony, then the relative positions of the particles randomize
over the torus and we are back to waiting for 7y to happen under P;. After
a geometrically distributed number of attempts, each with success probability
1/(1 + «), the cycle ends with successful coalescence. Since the sum of a
geometric number of exponentials is exponential, the result follows. [

In Section 2 we use Theorems 1-5 to compute various quantities of interest in
genetics. Our main aim there is to dispel the myth that the stepping stone model is
too complicated for practical applications. The remainder of the paper is devoted
to proofs. Theorems 1 and 2 are proved in Section 3, Theorem 4 in Section 4 and
Theorem 5 in Section 5.



STEPPING STONE MODEL 1353

2. Applications to the stepping stone model. Our results in Theorems 4
and 5 about the coalescence time 7 allow us to compute the distribution of any
quantity that involves only pairwise comparison of DNA sequences. In this section
we will consider three of these: (i) the probability two randomly chosen individuals
are identical by descent, (ii) the decay of genetic correlation with distance and
(ii1) Wright’s (1951) measure of population subdivision, Fgr.

(i) Identity by descent. Two individuals will be identical by descent if (and
only if) no mutation has occurred before #y. If these individuals are picked at
random from the population and we let 2 denote the probability they are identical
by descent, then

2.1) h=E;(— ).

If t9/cr equals (approximately) O with probability 1 — p and a mean one
exponential random variable with probability p, as is the case in all of the
conclusions of Theorems 4 and 5, then

P
1 —2c.In(1—p)’

o0
(22) h A (1 _ ,0) +,0\/0 eZCLln(l—M)fe—t dt = (1 _p) +

In the case of Theorem 4, p = 1 and ¢; = 2N L?. Using the approximation
In(1 — x) &~ —x for small x and letting N7 = NL? denote the total number of
individuals in the system,

1
T 1—4NL2In(1 — )
for small u, the classic result for a homogeneously mixing population with Nt
individuals. [See, e.g., page 10 of Hudson’s (1991) survey.] In contrast, if we let

L — oo with constant colony size N, then we end up in the o = 0 case of the first
result of Theorem 5. Again p = 1, but this time the normalizing constant is

(2.3) h ~ (14+4Npp)~!

L’logL
cL = ,
L= ney
so using (2.2) we end up with
L%logL) -
(2.4) h=|14+—5— ,u)
ToY

Turning (2.3) around, we see that the value of i given in (2.4) is that of a
homogeneously mixing population with effective population size
L%logL

2.5 N, = .
25 “7 4moly

For a numerical example consider a 50 x 50 grid of colonies of size 20 for
a total of 50,000 individuals (L = 50, N = 20). Suppose there is migration with
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equal probability to each of the other 24 points in a 5 x 5 square centered at the
point (62 = 50/24), and let v = 0.1 have the number of migrants per generation
Nv = 2. In this case the effective population size is

N 2500(3.91202)
~ 4(3.14159)(50/24)0.1
versus the actual population size N7 = 50,000.

It is interesting to contrast the last calculation with the island model in which
there are s subpopulations with N individuals and transition probability

~ 3736

e

v, xX=Yy,

J— 1_
”<x’y)_{v/<s—1>, x# Y.

Nei and Takahata (1993) found that the island model behaves like a homoge-
neously mixing population of size

(s — 1)2)
4Nvs? )’

Note that the first factor Ns is the actual population size, while the factor in
parentheses is larger than 1, and is close to 1 4+ (1/4Nv) when the number of
subpopulations s is large. Thus, in contrast to the stepping stone model, in the
island model the effective population size N, is always larger than the actual
population size.

(2.6) Nest<1 +

(1) Decay of correlation with distance. Pick one individual from the colony
at 0 and one from the colony at x (if x = 0 pick two distinct individuals from
the colony at 0). Let ¢(x) be the probability the two individuals are identical
by descent. As Slatkin (1991) has observed, when the mutation rate is small,
1 —¢(x) =~ 2uEty. Noting that E,tg = E, Ty + Eoty, we have

2.7 ¢(0) — ¢(x) ~ 2 ExTp.
By Theorem 2, if L — oo and log™ |x|/log L — B, then we should have

L%log L
2mo2y

E Ty~ ﬁ

Replacing B by log™ |x|/log L on the right-hand side and using (2.7), we see that,
for small pu,

log"™ |x| L%logL n L?
. =pu-log™|x|- .
logl 2mo2v wolv

(2.8) ¢0) —d(x) = 2u

That is, the difference ¢ (0) — ¢ (x) is proportional to log™ |x|.

To get a check on the quality of this approximation, we may use the exact results
of Maruyama (1970) [see formula (5.12) on page 512] to compute ¢ (m, 0) for the
case L =50, N = 20, with nearest neighbor migration ((72 = 0.5) atrate v =0.05,
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FIG. 1. Homozygosity as a function of the log of the distance.

and with a mutation rate & = 10~7. Figure 1 shows ¢ (m, 0) plotted against log m.
Note that ¢ (m, 0) does decrease roughly linearly with the logarithm of the distance
between the colonies until the effect of wraparound on the torus kicks in.

The heterozygosities 1 — ¢ (m, 0) are quite small here, but they do range from
0.021 to 0.029, an increase of about 40% as we move across the system. The fact
that there is spatial structure in this case contradicts Slatkin and Barton (1989)
who predict that the population should be effectively panmictic. Their heuristic
argument is simple. The amount of time until a lineage encounters a mutation is
of order 1/u. The amount of variance in the random walk at this time is 02v/pu,
so if this is much smaller than L? two lineages from opposite points of the torus
will have little chance to meet before a mutation and there will be significant spatial
structure. The last conclusion is clearly correct. However, Slatkin and Barton argue
that conversely if o?v/u is much larger than L? then the genealogies will have
wrapped around the torus many times and spatial structure is lost. The preceding
example shows that there is a flaw in this reasoning, since in that case

2
o _ 0900 _ 56,000 2500 = 22,
7 107
but there is significant spatial structure.

To further investigate the values of w for which a system is effectively
panmictic, we have considered the last example for various values of the mutation
rate. Figure 2 plots ¢ (0) as determined by Maruyama’s (1970) exact formula,
a “large mutation approximation” due to Nagylaki (1974) and the mean field
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F1G. 2. Comparison of the probability that two individuals in the same colony are identical
by descent as computed by Maruyama’s exact solution (squares), Nagylaki’'s large mutation
approximation (diamonds) and the result for a homogeneously mixing population (circles).

value given in (2.3). Let pp = voz/L2 =107 and p; = vaz/(LzlogL) ~
(1072)/3.91. Note that, as our theory predicts, the large mutation approximation
works well for u > pg, while mean field theory works well for p < ) =
2.5x 1076,

(iii) Wright’s (1951) statistic Fsy. This statistic was invented to quantify the
amount of genetic differentiation in a spatially distributed population. Following
Nei (1975), we define it as

¢0) —¢
2.9 Fgp=———,
(2.9) ST %
where, as before, ¢ (0) is the probability of identity by descent for two individuals
sampled from the same colony and ¢ is the probability for two individuals sampled
at random from the entire population. As before, when the mutation rate is small,
1 —¢p~2uExtyand 1 — ¢ (0) = 2u Eptg, sO

Eqto—Eoty  ExTp
E;t N E.Ty+ Eoto

(2.10) Fsr ~
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Using Theorems 1 and 3, it follows that if 2Nm72v/ log L — o € (0, 00), then

L%log L/(2mvo?) 1
(2.11) Fyr ~ A~ _
L?logL/(2nvo2)+2NL? 142«

This says that Fgr is close to O if and only if Nv > log L. Crow and Aoki (1984)
did a numerical study of Fsr for the nearest neighbor stepping stone model and
found (see page 6075) that Fsr is roughly proportional to logn, where n = L? is
the number of colonies. In the cases they considered, log L/(2nvo?) < 2N, so
the first term in the denominator of (2.11) can be ignored, and we have

1
For ~ = log(L?),
ST 4Nmve? ~ 8Nmvo? 0g(L?)

confirming their prediction.
It is interesting to compare (2.11) with the corresponding formula for the island
model. In this case Nei and Takahata (1993) have shown
_ 1
T 144Nvs2/(s — 1?2’

(2.12) Fsr

Most authors assume s is large to suppress the factor s2/(s — 1)2, so that Fgp ~
(14 4Nv)~!, and one can estimate the scaled migration rate Nv by

—~ 171
(2.13) M= —(— — 1)
[see, e.g., page 265 of Slatkin (1993)]. Suppose the population being sampled has

a stepping stone structure, and one uses the island model formula (2.13). Using
(2.11) in (2.13) and the assumption 2Nmwo2v/log L &~ «, we find that

—~ « , T
(2.14) M~ —~Nvo” ——,

2 log L

so there is a bias which depends on the size of the system. Here, we have kept the
o2 with Nv, since in the stepping stone model the scaled migration rate Nvo? is
what one can most simply estimate from observations.

In (1998) Seielstad, Minch and Cavalli-Sforza used Fgr values with the island
model formula to make the following estimates of human migration rates from
three different types of genetic material: mitochondrial DNA (mtDNA), the Y
chromosome and the non-sex chromosomes called autosomes.

Geneticsystem Fsr N,v N,

mtDNA 0.186 4.38 N/2
autosomes 0.144 149 2N
Y chromosome  0.645 0.55 N/2
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To explain the last column, note that males have one Y chromosome and females
zero; mtDNA is haploid and inherited from an individual’s mother, so in mtDNA
evolution males can be ignored.

If we imagine the world to be a 50 x 50 grid (L = 50), then the correction
factor 7/ log L is about 0.4, and there is a significant amount of bias from using an
island model formula on a stepping stone population. The point is moot, however.
Seielstad, Minch and Cavalli-Sforza (1998) used the fact that the ratio of estimates
from mtDNA and Y chromosome data is 8 to conclude that the migration rate for
females is 8 times that for males. When this is done the extra factor cancels out.

3. Proofs of Theorems 1 and 2. In this section we prove the indicated
results by following the basic approach of Cox (1989), where simple random
walk in continuous time is treated. Here, we work with discrete time, use a more
general random walk and need uniformity in the parameter v. We will begin with
Theorem 2, which implies Theorem 1, since, under P, the probability that the
distance between the two chosen particles is larger than L/(log L) tends to 1 as
L — oo.

Let W) and W2 be independent random walks on Z? that take jumps according
to g with probability v and do not move with probability 1 — v. Let X,, be the
difference random walk on the torus

X, =W?—-W! modL,

so that Tp = inf{n > 1: X,, = 0}. To get rid of the dependence on v, it is useful
to scale time by the factor v. Let Yy = X[/, for s > 0, where [¢] is the largest
integer less than or equal to ¢, and let ,oSL (x,y) = P.(Ys; = y). Note that pSL (x,y)
is defined for all s > 0 and is constant between integer multiples of 1/v. Let
f"o =min{s > 0: Yy, = 0} and define the transforms

Fr(x, 1) = Eyexp(—ATp),

[e.e]
GL(x,A):/ e Mpl(x,0)dr.
0

Breaking things down according to the value of Ty, and using the Markov property
of Y, (which holds at times s = mv), shows that Gy (x, 1) = Fr(x,A)G (0, 1)
and hence that

Gr(x,A)

(31) FL(.X,)\,):m.

We will prove Theorem 2 by determining the limiting behavior of G (x, 1) for
appropriate A and applying (3.1). To do this, we need several preliminary facts
which are consequences of the local central limit theorem.
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LEMMA 3.1. (a) Let ef = 1/4/log L. There is a finite constant C such that, if
L>2,

(3.2) sup  sup aLL2 . ,olf(x, 0)<C.
u>er L2 x€A(L)

(b) Ifty — oo as L — oo, then, uniformly for v € (0, 1],

(3.3) sup  sup L%[pE(x,0)—L7?|— 0.
MZZLLZXEA(L)

(¢) Ifup — oo as L — oo, then

(3.4) sup sup |27 (26%)1) pE (x,0) — 1| — 0.
X€A(L) up (1+|x])2<r<ep L?

(d) There is a finite constant C such that

(3.5) sup (14 [xP)pl(x,0) < C.
u>0,xeA(L)

To encourage the reader to skip the proof of Lemma 3.1, we have hidden it away
in the Appendix. In each case one first uses the local central limit theorem to prove
the result for the random walk with jump kernel g. Then one uses the fact that ptL
corresponds to a binomial(2[¢/v], v) number of steps according to g.

The next result is:

LEMMA 3.2. Suppose log* |x|/logL — B € [0,1] as L — oo. Then,
uniformly for v € (0, 1],
Gr(x,A/L*logL)

3.6 L - .
(3.6) log L - +( /3)27102

It follows from (3.1) and Lemma 3.2 that if log™ |x|/logL — B € [0, 1] as
L — oo, then

( 2w A ) )
FL X, —
L?logL A+

That is, as L — oo, uniformly in v € (0, 1],

2702

1
L?logL

To>—>(1—ﬁ)+ﬂ1+k.

E, exp(—
The right-hand side above is the Laplace transform of the distribution thatis 1 — 8
times a point mass at O plus § times a mean one exponential. By a standard
argument, Theorem 2 follows.
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PROOF OF LEMMA 3.2. We will write o(1) for a quantity that tends to O,
uniformly in v € (0,1], as L — oo. Let ¢f = 1/(10gL)1/2 and assume that
t; > ooand uy — o0 suchthattL/(logL)l/2 — 0anduy/logL — 0as L — oo.
We compute the left-hand side of (3.6) as follows. By (3.3),

1 [o¢]

"y
log L Ji, 12 eXP(LZ log L

1 o0 =it \1+4o(1)
=1 exp| — 5
ogL Jiy 12 L<logL L

I+o(1) (—AtL) _1
= exp — A
A log L

),OlL(x,O)dt

(3.7 dt

as L — oo. By (3.2),

1 pnl? M\ L ovd
- , t
logL Jo, 12 exP(LzlogL>'0’ *x, 0)
(3.8)
1 rul® C Ct
< —0

dt <
T logL Je 12 e L2 T gploglL

as L — oo. Next, using (3.4), loger /log L — 0 and loguy /log L — 0, it follows
that

Lo pet? ( —ht )L( 0)d
ex x,0)dt
log L Ju; (141x2) P L2log L Pr

1 el 14001

3.9) — =7
log L Jup (1+1x)p? 27 (20 )t
1+o(1) 1-p
=———— (2logL — 2log(1 I —1 —
21 (202) logL( °8 og(l + |x|) +loges —logur) — 2mo?

as L — oo. To complete the calculation, (3.5) implies

1 ur (1+x?) —\t
/ exp( )ptL(x,O)dt
0

logL L%logL
ur (1+x[%)
(3.10) P / ' _C u
log L Jo (14 |x]?
- Cuy,
“logL

as L — oo. Combining (3.7)—-(3.10) gives (3.6). U
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4. Proof of Theorem 4. Our first step is to show that the random variables
to/2N L2, under Py for x € A(L), are uniformly integrable. To do this, we first
observe that

NL? Nv

= L .
(L%logL)/v logL_M)o i oo

4.1)

On account of this, Theorem 1 implies that, for any ¢ > 0, P, (Ty > eN LY =0
as L — oo. Considering the location of X, y 2}, we may write

Pi(Ty>2eNLH) < Y Po(Xpni2 =y)Py(To > eNL?).
yeA(L)

By (3.3) and (4.1), Py(Xienr2)=y) = 1+ o(l))/L2 uniformly in y and v as
L — o0. Thus,

L‘;(I)Py(ro >eNL?*) = (1+0(1)) Py (Ty > eNL?)

P (To>2eNL*) < Y 7

yeA(L)
as L — oo. That is, we have established that, for any ¢ > 0,

(4.2) lim sup P.(Tp>eNL?) =0.
L—=00yxeA(L)

We may therefore choose L such that, for all L > Ly and x € A(L),
P.(Ty > NL?) < 1/12.

Since #o occurs after Tp, and Py(fo > 3NL?) < Eoto/SNL2 =2/3 by Theorem 3,
we have

Py(ty > 4NL?) < P.(To > NL?) + Py(to > 3NL?) < 3/4
forall L > Ly and x € A(L). Iterating this inequality, we obtain

4.3) sup Py (o > 4nNL2) < (3/4)", n>1,
xeA(L)
which implies uniform integrability.
Our next step is to argue that

(4.4) Jim_Po(to > 2N L*t) = exp(—t).
—00

Tightness of the laws of 7/2NL? follows from the uniform integrability just
established (or, more simply, from Theorem 3). We will show that every
subsequential limit is exponential with mean 1, proving convergence of the whole
sequence. Let F denote the distribution function of the limit law along some
subsequence Ly, which, for notational simplicity, we will write as L, and let
s, t be continuity points of F'. We will show now that

(4.5) 1—F(s+1)=(1—F(s))(1 = F()).



1362 J. T. COX AND R. DURRETT

By (4.1), we may choose a sequence &7, > 0 such that

Nv

4.6) er — 0 and 8L1 — 00

oglL
as L — 0o. We can estimate Py(fo > 2NL%*(s + 1)) by arguing that, with high
probability, the event ty > 2N L?(s + t) occurs in the following way. First, #y
does not occur before time 2N L%(s + ¢), at which time the random walk is
uniformly distributed over A(L). Next, the time 7 occurs at some time k €
[2NL?*(s 4+ €1),2NL?(s + 2¢1)]. Starting at O at this time k, #p does not occur
for another 2N L%t — k units of time. Here are the details.

By (4.1), (4.6) and (3.3), P,(X; =y) =1+ 0(1))/L2 as L — oo, uniformly
inj> [2N L?s] and x, y € A(L). Therefore, with I = [[2NL?s],2NL?(s + &)1,

s (14+0(1)(2NL%e; + 1) .

47) Po(tpel) <
4.7)  Polto € )_2N N2

0

Y Py(X;j=0)<

jel
as L — oo. By Theorem 1, we also have
(4.8) Pr(To <2NL%¢1) — 1.
By (4.7), (4.8) and the Markov property,
Po(ty > 2N L*(s +1))

[2NL2%¢p)

=o()+ Y. Y Polto>[2NL*s], Xpowr2 = %) Px(Xpon126,1 =)
x,yeA(L) k=0

x Py(To =k) Po(to > up, — k),
where up =2NL?*(s +1) — [2NL%s] — [2N L?e.]. Replacing Py (Xpy12,,1=Y)
with (1 + 0(1))/L2 and summing on x and y, we obtain
Po(to > 2NL*(s +1))

[2NL%s;]
=o(1)+ Polto > 2NL%) Y Pr(To=k)Poto>ur —k).
k=0

Since (u; — k)/2NL* — t as L — oo, uniformly for k € [0, 2N L?¢; ], it follows
that

Po(to > 2NL*(s +1)) = o(1) + Po(to > 2N L?s) Py(ty > 2N L*t)

as L — oo, which proves (4.5).

To see that (4.5) implies that F is exponential, we can argue as follows. Since
F is monotone, it has only countably many discontinuity points, and there exists
a 6 > 0 such that all points of the form m /6", for positive integers m, n, are
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continuity points of F. Since (4.5) must hold for all s, of this form, using
monotonicity again we conclude that there exists a A > O such that F(f) =1 —e™*
for all ¢+ > 0. Now the uniform integrability estimate (4.3) implies that A = 1, and
hence we have established (4.4).

To complete the proof of Theorem 4, we note that, for x 20 and 0 < ¢ < ¢,

P.(to > 2NL%t) < P,(Ty > eNL*t) 4 Po(to > 2N L*(t — ¢)).
By (4.2) and (4.4), this implies
lim sup Py(fo > 2NL2t) < lim Py(ty > 2NL2t) =exp(—1).
L—o00

L—00yea(L)

On the other hand, P, (to > 2N L?t) > Py(to > 2N L??), so the proof of Theorem 4
is complete. [

5. Proof of Theorem 5. 'We begin with some preliminary results for a random
walk on Z2. Let X, = W,) — W? be the difference between the two random walk
positions in Z? andlet Y, = X(s/v]-

LEMMA 5.0. Ast — oo, uniformly for v € (0, 1],

! - logt
Po(Yy=0)ds ~ .
\/O 0( N ) § 2710_2

PROOF. The rescaled random walks have second moments bounded away
from O and third absolute moments bounded. With this in hand, one can work
through one’s favorite proof of the local central limit theorem [see, e.g., Durrett
(1995), pages 132—-134] and get explicit error estimates that only depend on the
moment bounds. Alternatively, using the stronger local central limit theorem given
in the Appendix, one can use the argument for part (c) of Lemma 3.1 to show that,
as s — 00, uniformly in v € (0, 1],

21 (20%)s Py(Ys = 0) — 1,

and then integrate this result. []

Now let Tp = inf{n > 1 : X,, = 0}, and define

(5.1) y = Py(X1 #0) =2v(1 —v)+v2<1— > q(x)2>

xeZ?

[recall g (0) =0].

LEMMA 5.1. Ast — oo, uniformly for v € (0, 1],

27062 v

_ -
(5.2) PO(TO > —‘Xl 750) ~ .
v logt vy
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REMARK. We note that ¥ ~2v as v — 0, so v/y is bounded and bounded
away from O for all v € (0, 1].

PROOF OF LEMMA 5.1. Breaking things down according to the last visit to 0
before time [¢/v],

[z/v]
1= Py(X,—1 =0)y Po(To > [t/v] —r | X1 #0).

r=1

Dropping the —r, which makes the probability smaller, we have

_ t 1
P0<To > [;]’)ﬁ 750> < T
Y2, Po(Xr—1=0)

v 2no

(5.3) 2

Vv

oy JIN py7, =0)ds  logt v

as t — oo by Lemma 5.0. For a bound in the other direction, consider the last visit
to 0 before time [z (1 + log?)/v],

[tlogt/v] _ _ _ [t(1+logt)/v] _
1< ) PX,=0yP(To>[t/v11 X1 #£0)+ Y. Po(X, =0)y.
r=0 r=[tlogt/v]

Computing as before, we obtain

[r(1+1og1)] -
- 17 - vy = Jii Po(Yy; =0)ds
P0<T0 > |:_i|‘X1 a 0) > [l[li);tg]t] =
v Jo Po(Yy; =0)ds

(5.4)
2no?v/y —log(1+1/logt) 2mo? v

log(tlogt) logt vy
as t — oo. Together, (5.3) and (5.4) imply (5.2). O

We will make use of the following abbreviations:
up = Lz/(log L)Z,

Uy = Lz/ log L,

u3z = Lz,/log L.

LEMMA 5.2. There is a constant C so that, forall L >3,

Cloglog L

Uy - U3 =
5.5 Pyl —<To<—|X1#0) < .
(5.5) 0<v<0_v’ 17’5>_ oz )2
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PROOF. Let I(s,t) = [ Po(Y, = 0)dr. By (5.3) and (5.4), the probability of
interest is asymptotically at most
v/y  v/y —I(uzlogus, u3(1 +logus))
1(0,uy) 1(0, u3logus)
_ /y)I(ur,uzlogus) +1(0,u1)l(uzlogus, uz(l +logus))
1(0,u1)1(0, u3logus) '
From Lemma 5.0, it follows that, as L — oo,
2w0?)?1(0,u1)1 (0, uslogus) ~ (2log L)?,
2n021(u1, uzlogt) ~logus + loglogus —logu; ~4.5loglog L,
) 1
log u3 2logL’

20?1 (uzlogus, uz(1 + loguz)) ~ log(l +
Combining these asymptotics gives (5.5). [

Let Ry =0 and, for k > 1, define
Ok = min{s > Ry_1 : X, # 0},
Ry = min{s > Qy : X5 = 0},

and also K = min{k > 1: Ry — Q; > L?/v}. Then K is geometric, with success
probability Py(To — 1 > L2/ v | X # 0). Note that, by Lemma 5.1, there is a
constant C such that EK < ClogL. The random variables Q; — Ry_; are iid
geometric random variables with success probability y, independent of K. Now
define O to be the number of visits to O up to time Q and @ to be the number
of visits to 0 by time u3/v,

Or= ) UXx=0},

k<us/v

K
Ok =Y _(Qr — Ri—1).
k=1
We are interested primarily in @, but Ok is easier to analyze, because it is
geometric with success probability pr =y Po(Ty — 1 > L? /v | X1 #0). The next
result shows that O = Ok with high probability.

LEMMA 5.3. IfL — oo, then (a) Py(Xy = 0 for somek € [2us/v,u3z/v]) =0
and (b) Poy(Og Z0Or) — 0.

PROOF. We claim that

2uy u3
P\ Ok <—,Rg>—|—1 as L — 00.
v v
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Both (a) and (b) follow from this claim and the observation that Xj # 0 for
k € [Ok, Rk). We start with an upper bound for Rg . Since Rx — Qg > Lz/v, we
have, using Lemma 5.2,

uj ad L? . L? u3
Po(Rxk<—) <> P(Rj—Qj<—forj<k—1,— <R —Qr<—
vV =1 V vV vV

L? us
SP0<—<RK—QK§—)
V V

ad L? - U3 |-
<3 Po(K >k— 1)P0<— <Tp—1 5—‘X1 750)
=1 v V

- Cloglog L
(log L)?
as L — oo, since EK < ClogL.
To bound Qg , we first observe that

EK —0

K—-1

K
(5.6) Ok =Y (Ox—Ric1)+ Y (R — Q).
k=1 k=1
For the first sum on the right-hand side, we have
K
I+ EK ClogL
EY Q=R == = 5,

k=1 v

so by Markov’s inequality,
K 3/2
up C(log L)
Po(Z(Qk — Rk—1) = —) = giz
v v L

For the second sum, we note first that Markov’s inequality and the estimate EK <
Clog L imply P(K > (log L)% < C//log L. Next, since Ry — Qf < Lz/v for
k<K,

P0<Rk — QO > il for some k < K and K < (log L)3/2)
v

_ L2 _
< (logL)3/2P0<% <Ty—1< zjl £ o)

- Cloglog L
- JlogL
by Lemma 5.2. When K < (log L)*? and Ry — Qy < uy/v fork < K,
K-1

™ (R — Qi) < (log L>3/2<%) -1,

k=1
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Using the estimates in (5.6), we obtain
P(Q K> %) —0
as L — oo, and we are done. [
We are now ready to prove the key lemma.

LEMMA 5.4. If2Nmo?v/logL — a € [0, 00) as L — 0o, then

. us3 o
5.7 Iim Pyltg> — )= .
S Lgnoo 0<0> v) 1+«

PROOF. We consider first the corresponding problem on Z?2, with colonies of
size 2N located at each point and 7 the time that two lineages first coalesce. Since
the probability of coalescence when two lines land in the same colony is 1/2N,

w(o-2)=rf1-55)
> =)= - — .
0% v 0 2N

Since P(Of, # Ok) — 0 as L — oo, it suffices to compute

E<1 1>0K_§: a )"—1(1 1)"‘1
N _k:1pL PL N

_ rL _ 2NpL
1= —=p)(1—=1/2N)  2NppL+1-pr

By Lemma 5.1, 2Np;, — «, so we have proved

o

. - us3

(5.8) ngnoo P()(to > . ) = 1

To transfer this result to the torus A (L), we suppose that our random walks are
constructed so that Xz = X mod L. In this case X; =0 implies Xy = 0. When
X =0 we use a single coin flip to determine if coalescence should occur in the
two systems. If we do this, then it follows that 7y < fy. In particular, for a = 0,
(5.8) implies (5.7). For the remainder of the proof, we suppose that « > 0. We will
argue that X; = X for all k < us/v with high probability and, that X; does not
hit 0 enough times during [u> /v, u3/v] to cause fy (or fy) to occur during that time
interval.

The first step is simple. By the L’-maximal inequality for martingales and
Markov’s inequality,

P< max | Xg| > L/3> < CE|Xpuym|*/L* < Cupo?/L* — 0

0<k<ujy/v
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as L — oo. Consequently, X staysin A (L) up to time u>/v with high probability,
which implies that

5.9 Py(tyg > Ltz/v) — P()(lr() > uz/v) — 0.

For the second step, we first note that we can bound the probability of
coalescence of lineages with the expectation estimate

uy uj3 LA
Pol ¢ Py(X;, =0
0(06[ D_ZN > Py(Xx=0).

v k=uy/v

By Lemma 3.1, there are constants A and C such that

B C/uy, if k € [ua/v, AL? /],
PoXk=0) = {2/L2, ifk> ALY v,
These estimates imply that
uz/v 2
C AL 2 u C./logL
> R(Xp=0) =~ ot < SRR
uy v L~ v %

k= uz/v

for an appropriate constant C. Consequently,

C./logL
nfoe[22]) <"
V

(5.10) —0

v 2Nv

as L — oo, since, by assumption, 2N7r(72v/10gL — «a > 0. Furthermore,
Py(Xx = 0) < P(Xy = 0), so this argument shows that (5.10) holds with
fo replacing 7y. By combining this observation with (5.8)—(5.10), we obtain
G6.7). O

PROOF OF THEOREM 5. By assumption, N = N (L) and v = v(L) satisfy

2Nwo2v
(5.11) —— > a€][0,00) as L — oo.
log L
We fix ¢t > 0 and define
A [ug] L?logL L210gL
= y ar = -, T
=17 L= nve? L= 27[1)02

Let &1, &3, ... be independent exponential mean one random variables and let G
be a geometric random variable with parameter 1/(1 4+ «), independent of the &;.
We will prove that, under Py, for o > 0,

1
(5.12) D4+ +6;  asL — oo
ar,

Since &1 + - - - + &g is exponential with parameter 1/(1 + «), (5.12) implies (1.6).
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Define the sequence of delayed return times S, by setting S; = Tp and
(5.13) Sn1 =inf{k > S, +2A : Xi =0}, n>1.

Intuitively, during each interval [S,, S, + AL], tp has probability ~ 1/(1 + «) of
occurring, and we can ignore the probability of #y occurring in [S, + AL, S, +
2A1]. Also, at time S,, + 2A [, the difference between the walks has distribution
AT, SO

(Sn-H - (Sn + 2AL>)/aL ~ E&,.

These facts suggest (5.12) should hold.
To begin to make this rigorous, we note that the time #y cannot occur during any
of the time intervals (S, + 2Ar, Sy+1), SO

o
(5.14) Pr(to>71) =Y Pr(to> 10,10 €[Sy Sy +2AL]).

n=1

Using this decomposition and Lemma 5.4, we will prove that, for eachn > 1,

n—1
o
5.15 lim P, (> S,) =
(5.15) Jim ey =5 = (15 )
and
an—l
(5.16) Lli)mooP,,(t0>rL,toe[Sn,Sn+2AL)):mP(81+~~+8n>t).

For a > 0, the results (5.14)—(5.16) imply (5.12). For « = 0, they imply that
P (ty > 1) — P(& > t) = ¢, and hence (1.6) holds. So it suffices to prove
(5.15) and (5.16).

We begin with a preliminary estimate, which shows that 7y will not occur during
any of the time intervals [S,, + Ar, S, + 2A ] with significant probability. By the
strong Markov property, an obvious inequality and (3.3), as L — oo,

Pr(to € [Sn + AL, Sy +2AL)) < Polto € [AL,2AL])
1+ o0(1)

<s-— Y PXi=0)< (AL + D).
2N ke[ 2AL] 2NL
By (5.11), the last expression above tends to 0 as L — oo. That is,

(5.17) Jim P €[Sy + AL Sy +2800) =0, nxl.
—00

We now prove (5.15). By the strong Markov property and (5.17),
Pr(ty = Sp) = 0(1) + P (to ¢ [Sk, Sk + ALl 1 <k <n)

2
=0(1)+ Pr(to ¢ [Sk, Sk + ALl, 1 <k <n—1) N

Po(to > Ap).
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Applying Lemma 5.4 gives
o
Pr(tg = S,) =o0(1 — (Po(tg = S;—
7 (10 > Sn) = o( )+1+a( 0(t0 > Sp—1))

as L — oo. Iteration of this argument establishes (5.15).

Now we prepare for the proof of (5.16). The estimate (5.17) implies that we
may replace P, (to > tr, %0 € [Sn, Sn + 2A]) in the decomposition (5.14) with
Py (to > T, 10 € [Sn, Sn + AL]). We would like to replace the latter quantity with
P, (S, > 1,10 € [Sh, Sp + AL]). To see that this is possible, we first observe that

Prr(tO > 11,10 € [Sp, Sn + AL])

(5.18)
=Pﬂ(Sn >7TL, 00 € [SnaSn+AL])+Pn(Sn ST <t =S, +Ap).
We claim that
(5.19) lim Pq(tz € [Sn, Sy + ALl) =0,
L—o00

which certainly implies that the second term on the right-hand side of (5.18) tends
to 0. The n =1 case of (5.19) is straightforward. Since Ay = o(rr) as L — oo,

Pr(toelS1,S1+AL)=Pr(Toelr — A, tl) > e —e =0

by Theorem 1. For n > 1, by decomposing according to the time S,_; and
positions X5 4+, and X5, 424, and using the Markov property, we have

Pr(tL €lSn, S+ ALY =) Y Pr(Sum1=j. Xjra, =0)Pc(Xa, =)
J x,yeA(L)

X Py(tp — (j+2AL) € [To, To+ AL)).

Using (3.3) to replace Py (X, =y) with (1 + o(l))/Lz, summing on x and y, we
obtain

Py (IL €[Sy, Sn + AL])

(5.20) =o()+ > Pr(Su1 = ) Pr(tL — (j +24A1) € [To, To + Ar])
j

as L — oo. By Theorem 1, for fixed j, since Ay =o(tr) as L — oo,
Llil‘n Pﬂ(‘EL —(j+2AL) elTp, Th + AL]) =0.
—00

Substitution into (5.20) shows that (5.19) holds.
In view of (5.14), (5.17), (5.18) and (5.19), we now have

o
(521)  Prlto>t)=0(1)+ > Pr(Su>7L,10 €[Sn, Su+ AL]).

n=1
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To add up the o(1)’s, we note that (5.3) implies that there is a § > 0 independent
of L so that P;(f9 > S,) < (1 — 8)"~! for all n, and we use the dominated
convergence theorem. By the strong Markov property and Lemma 5.4,

Pﬂ(Sn > 71,10 € [Sn, Sn + AL]) = Pr(tp, < Sy <tp)Po(to < AL)

=o(1 P <S, <t .
o(1) + Py (1 < n_0)1+a

Inserting this into (5.21) gives

1 o0
(5.22) Palto> 1) =0(1) + 17— Y Pr(tp < Sp<10).

n=1
Our final task is to show that
Iim P,(ty < S, <ty)
L— o0
(5.23) o
- ( 1+«

because (5.16) follows from (5.15), (5.22) and (5.23).
The n =1 case of (5.23) is an immediate consequence of Theorem 1, since

n—1
) P& +&+-+6E >0, nxl,

Pr(tp, <81 <ty)) =Pr(Ty >11) > P(E1 >1) as L — oo.

For n > 1, we use a decomposition similar to the one used in the proof of (5.19).
As L — 0o, by Lemma 3.1,

Pr(tp < Su<to)=0o()+Y_ > Pr(Sp—1=j.10> j)Polto> AL, Xa, =x)
J x,yeA(L)
X Po(Xa, =y)Py(To >t — (j +2AL)).

Replacing P (XA, =) with (1 + o(l))/L2 and summing over x and y, the right-
hand side above becomes

o(1)+ > Pr(Sy—1=j.t0> j)Polto > Ap) P (To > 11 — (j +2AL)).
J

Consequently, by Lemma 5.4,
o
l+o

Pr(t < Sy <10) =0(1) + Py (Sy—1 + Ty > 12 —2AL, 10 > Sy1)

as L — oo, where TO1 is independent of the walk X ; and has the same law as Ty
under Py . Iterating this argument, we see that, as L — oo,

o n—1
Pr(tp < Sy <to) =o() + Pr(Tg + -+ Ty > 1, _Z"AL)<1+a> ’
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where the T(; are independent with the same law as 7y under P,. By Theorem 1,
since Ap =o(tr),

Jim Pr(T§+- 4Ty >t —2nAL) =P (& +--+8& >1), n>1,
—00

and the proof of (5.23) is finished.

To prove (1.7) now, we let 'y = g7 L?>log L/v. By Theorem 2, if &, — 0
slowly enough, Py(Tp > I'y) — B. Lemma 5.4 implies that Py(tp > Ar) —
a/(1+a). When Tg > ', or Tp < I' and 19 > Ty + AL, an event of probability
~B+ (1 — Ba/(l +«a), X, is approximately uniformly distributed at time
I'; +2A; = o(L*logL/v). These observations having been made, the rest of
the proof is straightforward using the techniques above. Details are left to the
reader. [

APPENDIX

PROOF OF LEMMA 3.1. We first prove all four results for the case v = 1, that
is, for p = g. As the reader will see, the extension to v € (0, 1) can be obtained
by using the observation that ,olf corresponds to a binomial(2[u/v], v) number of
steps according to g. We will sometimes write g (x, y) for g(y — x). Let g, be the
nth iterate of ¢ and let g% be the corresponding kernel on the torus,

(A1) gy, )= qulx,y+Lz),  x,yeA(L).

zeZ?

Note that the symmetry of g implies p’ (x, y) = qu[l](x, y) for v =1, and by the

right-hand side we need only be concerned with ¢ when 7 is even.
For (a), we begin by observing that

(A2) Gpin(.0)= D" gh(x, gy (y.0) < sup gr(y.0).
yeA(L) yeA(L)

Next, let gL (k) = Y, « A(L) e**qL (0, x) be the Fourier transform of ¢. The
inversion formula tells us that

1 Cikn
ar0.x)=— Y e *Glk).
ke2n A(L)/L

The symmetry of ¢ implies that gX (k) is real. When n is even the Fourier
coefficients are positive, so the above implies that, when » is even,

(A3) gk 0,x) <qk©0,0)  forallx € A(L).

To estimate g, we will apply a local central limit theorem for g, from
Bhattacharya and Rao (1976), in the form given in (2.10)—(2.11) of Cox (1989):

(A4) qn(0,x) = ¢ (x) + ¥ (x).
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Here ¢, (x) = ro?n)~! exp(—|x|2/202n), and

2
Y (X) = ¢ (x) Y n~"2B.(x/ /1) + e(x, ),

r=1
where each B, (x) is a polynomial (depending on ¢) of degree at most r, and
nZ le(x,n)|— 0 as n — oo.
xeZ?
By straightforward calculation, one can check that, as L — oo:
(i) er L2y, 12(0) > 1/2707,
(i) erL? > zez2\(0) Prep 121 (L2) = 0,
(lll) 8LL2 ZZGZZ ‘W[SLLZ](LZ) —0

(recall e — 0). See pages 1342—1343 of Cox (1989) for similar computations.
Consequently, (A.1) and (A.4) imply

2 L
(A5 eLL q[gLLz](O, 0) — 702 as L — oo.
Combining (A.2), (A.3) and (A.5), we obtain, for some constant C,
(A.6) sup e L%qy(x,0)<C,

n>er L2, xeA(L)

from which the v = 1 case of (3.2) easily follows.
For (b), we start with the observation that

4k, 0) = L2 < > ghx. gl (y.0)— L7

(A7) yeA(L) _
< sup gy (y,0)—L7?.
yeA(L)

Next, as in pages 1342—-1343 of Cox (1989), one can check that, as L — oo,
uniformly for x € A(L):

D L>Yyezp P12+ Ly) = 1,

(i) L? Yyer2 Vi1 +Ly) =0
(recall that t; — 00). Therefore, applying (A.1), (A.4), and (A.7), we have
(A.8) lim sup sup Lzlq,f(x, 0)—L7%=0

L—00, 5, 12 xeA(L)

from which the v = 1 version of (3.3) easily follows.
For (c), one first checks that, as L — oo, uniformly in x € A(L):

(i) SUp,, (141x2)<k<3e, 22 | 202K (x) — 1] = 0,
(i) Sup,, (14|x2)<k<3e 2k Xzez2\j0) Ya(x +2L) =0
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(recall u;, — o0). Combining these estimates with (A.1) and (A.4) gives
(A.9) sup |2 o?k)gl (x,0) — 1| — 0,
gur(I41x?)<k<2ep L2
and the v = 1 case of (3.4) follows.
The fourth result (d) is closely related to (2.9) in Cox (1989). To prove it,
we repeat the calculation on page 1344 of Cox (1989), replacing a%, there by

(1 + |x|). The second term there does not go to 0 now as L — oo, but since
limsup(1 + |x|?)/L? < 1/4, that term is bounded. That is enough to prove that, for
a finite constant C,

(A.10) sup  (1+x)%qlx,0)<cC,
n>0,xeA(L)

from which the v = 1 case of (3.5) easily follows.

Extension tov € (0,1). Let B be a binomial random variable with number of
trials equal to 2[¢/v] and success probability v. It is easy to see that
2[1/v]

(A.11) pr(0,x)= Y P(B=k)qi0,x).
k=0

To prepare for our proofs, let Z = &1 4+ --- 4+ &, where the §; are iid Bernoulli
random variables with success probability p. A simple calculation shows that
4 n
E(Z—-EZ)" =

2) <;>(E(€1 - p)2)2 +nE@# — p)*t.

Since E (&1 — p)* = p(1—p) < pand E(§ — p)* = p(1 = p)*+ (1 = p)p* < 2p,
it follows that, if np > 1, then
E(Z — EZ)* <5(np)> =5(EZ)>.
For B, setting n = 2[t/v] and p = v and using the last inequality with » = 7/8, we
obtain
|EB|* P(|B— EB| > |EB|") <E|B— EB|*<5|EB|?
(when EB>1).Fort >3/2,2t > EB>2t—2>1and 2r —2>2r — (21)"/%, so
it follows that
5

< .
~ (2t — (21)7/8)3/2

To prove (a), we now take ¢t = er L% (recall e = 1 /+/log L) and note that, for
large L,2(21)"/8 <t and 2t —2(2t)7/3 > ¢ L?. Thus, using (A.11) and (A.12), we
have

(A.12) P(IB —2t] =221)"/?)

P 12(x,0) < P(IB =211 2220"%) + sup gf (x,0)

k>ep L2

5 L
< 4 sup qi (x,0).
(e L?)3/? k>e1 L2, xeA(L)
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In view of (A.6), this shows that, for a finite constant C,

sup sLLz,ogLLLz(x,O) <C.
xeA(L)

This is enough to prove (3.2), since, if t < u,

sup ,ouL(x,O)f sup ,olL(x,O).
xeA(L) xeA(L)

To prove (b), we set t = 1 L? (recall 7 — oo) and note that, if L is large
enough, then 2(21)”/8 < r and (A.12) implies that
2[t/v]
ok 120,0) = L2 < 3" P(B=h)lgf (x,0)— L7
k=0

< — s+ sup |gFO,x)— L7

By (A.8), it follows that

sup L2|,0tLL2(x, 0)— L~
xeA(L)

2| -0
as L — oo. This is enough to prove (3.3), since, if t < u, SUPyeA(L) |,0,f(x, 0) —
L2 < SUPxeA(L) ok (x,0) — L7

The proof of (c) is similar to that of (a) and (b), but now requires the full
strength of (A.12). Let L be large enough so that, for all € [ur (1 + Ix|2), e L?],
2(21)"/8 <t (recall u; — o0). For ¢ in this interval, let K (r) be the interval
[2t — 2(2t)"/8,2t + 2(2¢)7/3] and note that, if k € K(¢), then k € [ur (1 +
Ix|?), 3¢ L?] and 2¢/k — 1 uniformly as L — oco. Consequently, using (A.11)
and (A.12),

127 20D tpL (x,0) — 1]

2[¢/v]
< > P(B=h]2rQo?)tqi (x,0) — 1]
k=0
< (2rQoHt+1)P(1B—2t]>220)"®) + sup [27(20)tgf (x,0) — 1|

keK (1)

21 (20Dt + 1 2t
=75z —2n02quL(x,0)—1 -0

sup f

kelur (14x1?),3e1 L?]

as L — oo, uniformly for x € A(L) and 1 € [ur (1 + |x|)?, e L?].
The proof of (d) is the simplest:
2[t/v]
A+ [x[pf(x,00= Y P(B=j)(1+|x[*)g](x,0) < C,
j=0
the last inequality by (A.10). O
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