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ASYMPTOTICS OF HITTING PROBABILITIES
FOR GENERAL ONE-DIMENSIONAL PINNED DIFFUSIONS!

BY PAOLO BALDI AND LUCIA CARAMELLINO

University of Rome—Tor Vergata

We consider a general one-dimensional diffusion process and we study
the probability of crossing a boundary for the associated pinned diffusion
as the time at which the conditioning takes place goes to zero. We provide
asymptotics for this probability as well as a first order development. We
consider also the cases of two boundaries possibly depending on the time.
We give applications to simulation.

1. Introduction. Recently, simple formulas concerning level crossing prob-
abilities for the Brownian bridge have been widely used to improve the per-
formance of numerical simulation [see, e.g., Andersen and Brotherton-Ratcliffe
(1996), Baldi (1995), Baldi, Caramellino and Iovino (1999), Beaglehole, Dyb-
vig and Zhou (1997), Caramellino and Iovino (2001)]. Actually it has been re-
marked that the usual discretization schemes perform poorly when the process of
interest is to be killed at the crossing of a prescribed boundary and the knowl-
edge of the level crossing probability for the pinned process allows a more ef-
ficient procedure to be devised. See also Gobet (2000), where rigorous results
are given concerning the improvement which can be obtained by this proce-
dure.

If x, y,a € R are such that x < a and y < a, then the probability of crossing the
level a for the Brownian motion starting at x and pinned by B, = y is equal to

2
exp(—;(a — ) y)).

A similar exact formula also holds for the probability of crossing a linear
boundary, instead of the constant boundary a. However, as soon as one needs to
estimate the probability of crossing a more general boundary, exact formulas are
not available. To overcome this drawback, Baldi, Carmellino and Iovino (1999)
directed attention toward the determination of the asymptotics of this probability,
as ¢ — 0. The estimates obtained have been applied to the numerical computation
of knock-out and knock-in options, with results to be considered satisfactory, in
the light of numerical evidence.
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The situation is not yet satisfactory since the above-mentioned applications to
simulation naturally require the computation of the crossing probability for the
process arising from the conditioning of a diffusion process more general than
the Brownian motion. The natural idea consisting of freezing the coefficients
at, say, the starting point x and approximating the crossing probability with
the corresponding crossing probability of the bridge of the diffusion with the
frozen coefficients has proved to be useful in Gobet (2000), but gives incorrect
asymptotics and it has been pointed out, by the numerical treatment of some
precise examples, that the approximations produced by this method can be far
from the true ones. See for this point Giraudo and Sacerdote [(2000), Section 5],
who also suggest some formulas for the computation of the crossing probability.

In this paper we give the asymptotics as € — 0 of the crossing probability of
a general one-dimensional diffusion process with respect to one or two, possibly
time-dependent, boundaries. For the case of a constant boundary the formula
is very simple (see Corollary 2.3) and gives approximations for the crossing
probability which are in accordance with the numerical example treated in Giraudo
and Sacerdote (2000) (see Example 2.5 below).

The main results are stated in Section 2; the ideas of the proof are introduced
in Section 3, whereas the more technical points are developed in Section 4. The
idea actually is simple: one first makes a nonlinear change of variable which
reduces the problem to a new diffusion with a constant diffusion coefficient (and
a more complicated drift). One proves then that the asymptotics for the crossing
probability of the conditioned process is independent of the drift; we are, however,
also able to compute a first-order approximation [Theorem 2.1(b)] which is easily
computed as a function of the drift and of the diffusion coefficient.

2. Main results. Let us consider a one-dimensional diffusion process Z on an
interval £ C R, thatis, {Z;} C 4, satisfying

dZt = b(Z[) dt + G(Z[) dBt,
ey 70—
0=x
on j{ for some suitable coefficients b and o.
Throughout this paper we implicitly assume that Z has a transition density.
We denote by Z7-¢ the associated conditioned diffusion pinned by Z, = y. Take

f:10,1] —>E and let fj‘f- be the hitting time on f of the conditioned diffusion ARE
26 =inf{t > 0: 2" > f(}.

In the following statements, the points x and y always refer to the starting and
pinning point, respectively. Moreover, from now on p, ~ g, means p;/q. — 1 as
e — 0.

Then we have the following theorem.
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THEOREM 2.1. Assume thatb € Gl(i), o€ GZ(E) ando(x) >0.Letx,y GE
both be smaller (or larger) than f(0):

(a) If f is continuous with Lipschitz continuous derivative, then

P(té<e)~Crex <—%/f(o) dr ) 7O dr)
f= f eXP e Jx o(r) Jy o))

where

f'0  ro dr)
o(fON ) o/

(b) If, additionally, f has a Lipschitz continuous second derivative and A =

2) Cr= exp<—2

o - (g — %0’ ) + (g — %O’/ )2 is locally Lipschitz continuous on § [in particular if

beC2(J) and o € C3(1)], then

e 2 rfO gr FO dr
P(7; <e)=Cyrexp _E/ / (14+e(Wy+f)+eR,),
x y

o(r) ' o(r)
where
G (fO)f(0) — o (£(0) f7(0) (1O dr/o(r)))?
Q) Vr= 3 Y0 £0) ’
o=(f () [ drfo () + [P @r/o )
L/ [FO(r)/o(r)dr
5( [idr/o(r)
[LO0w o) dr+ [[O 0w /o)) dr '
@ Pp=7 - ) ) ) yx#y.
[ O@r o) + [} O@rjo(r)
1 JIO 0 /o) dr) _
| A(x) — & =y,
(10 1O r /o) Fa=y

and limg_.o R, = 0, uniformly for (x, y) in a compact subset ofj{ X jl

One should remark that the asymptotics of Theorem 2.1(a) do not depend of the
drift b, which only affects the first-order approximation of Theorem 2.1(b) through
the term .

We can also give the asymptotics of the passage probability through two moving
barriers.

THEOREM 2.2. Assume that b € @1<§), o € GZ(E) and o(x) > 0. Let
f1, 2:10,1] — 4 and let x,y €4 be points such that f1(0) < x,y < f2(0).
Let ¢ = inf{t; Zys < fi(®) or 2,y8 > fo(t)} be the hitting time of 7€ on the
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barriers fi and f;. Let us set
* o dr y oo dr
,y) = : d y) = .
yitn ) /ﬁ(m o) Jpoory valey) /x o(r)
and ¥ (x, y) = min(¥1(x, y), ¥2(x, y)).

(a) If f1 and f> are both continuous with Lipschitz continuous derivative, then

£0) gy /fz(()) dr
y o(r)

2
P <o)~ Corp( 2y () ).
e
where, C y being defined in (2),

Cfl’ lf Wl(xa)’)<1p2(x»)’),
C=1Cp if ¥i(x,y) > ¥a(x,y),
Cfl +Cf2’ lf WI(-xvy):wQ(x’y)-

(b) If, additionally, fi and f> both have a Lipschitz continuous second
derivative and . = o - (g — %0’ ) + (g — %0’ )2 is locally Lipschitz continuous

o
on |, then

2
P(t° <¢)= Cexp(—gw(x, y))(l +e(W + @) +eRe),
where, V y and ® ¢ being defined in (3) and (4), respectively,
IIIfl’ ile(x»)’)<W2(x»)’),
V= IDfZ’ ile(x»)’)>W2(x»)’),
) CaVYa +CaYy .
if Yi(x,y) =va(x, y),
Cp+Cp
Qs if Yi(x,y) <valx,y),
® — D, if Yi(x,y) > ¥alx,y),
| AP+ CPp .
if Yi(x,y) =va(x, ),
Cn+Cp

and limg_, g R, =0, uniformly for (x, y) in a compact subset ofjl X E

In the case of constant barriers, and if one is satisfied with the simple

asymptotics of the crossing time, the previous results become the following
corollaries.

COROLLARY 2.3. Assume that b € C'(J), o € C2(J) and o(x) > 0. Let

a,x,y GE be such that a is larger (or smaller) than both x and y, and denote
by T} the passage time in a for Z>-¢. Then

ce oy mexp 2 [C 4T [ dr
P =) exP( s/x o (r) /y a(r))'
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COROLLARY 2.4. Assume that b € C'(1), o € C2(1) and o (x) > 0. Let
ai,ap €4 and x,y €lay, ay[, and denote by t° the exit time ofzy’gfrom lai, asl.

Then
2 (% dr Yy dr L [* dr @ dr
exp(_gfal o) Ju o(r>)’ lf/al o<r></y o)
e N _% @ dr ' a dr (X dr azi
P =) eXp( ) o )y a(r))’ lf/al a(r)>/y o)’
2 (9 dr @ dr L[ dr reodr
26Xp<_5/x o) Jy o<r>)’ lf/al o(r)‘fy ()’

EXAMPLE 2.5. Let us consider the interest rate model studied by Cox,
Ingersoll and Ross, called the CIR process, whose driving stochastic differential
equation (SDE) is

dZ[ = (OlZ[ +,B)dt +\/2,Z[dBt,
Zo=x.

&)

Table 1 shows the exit probability from an upper constant barrier a = 3 for the
bridge of this process as ¢ and the pinning point y vary. In this table the parameter
setis x =2, « = —1, B =2; p stands for a presumably exact value of the exit
probability, obtained by solving numerically a Volterra equation [Giraudo and
Sacerdote (2000), Section 5]; p is the approximation of Corollary 2.3; pp- is the
rough exit probability obtained by freezing the diffusion coefficients; py and p;
are the approximations of the exit probability obtained in Giraudo and Sacerdote
(2000).

It is apparent that the approximation formula of Corollary 2.3 shows a good
accordance. Also, the approximations py, and p; look very good (particularly py);
however, to compute them, the knowledge of quantities related to the diffusion
which are much more difficult to obtain is required, such as the value of the
transition function and of some of its derivatives. For instance p; is obtained in

TABLE 1
CIR process

€ y p p bfr p-(1+e®) by pj

0.05 2.5 215x1072 2.15x 1072 6.74x 1073 2.15x 1072 2.15x 1072 2.06 x 1072
0.1 15 156x1073 1.58x 1073 553x107% 1.56x 1073 156 x 1073 1.59 x 1073
0.1 25 146x1071 1.47x1071 821x1072 1.46x 1071 1.46x 107! 1.35x 107!
02 15 3.90x 1072 3.98x 1072 235x 1072 3.88x 1072 3.90x 1072 3.54 x 1072
02 25 379x1071 383x1071 286x1071 378 x 1071 3.80x 107! 3.26 x 107!
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Giraudo and Sacerdote (2000) as the integral

. 19 ) p(t,e, x,y)
J; (p@r.t.5.0 =5 e @p 1)) T2

where the function p(s, ¢, x, y) denotes the transition density of the diffusion (5).
The transition density of the CIR process is known explicitly in terms of special
functions [see, e.g., Lamberton and Lapeyre (1996)]; notice that the integrand is
actually a reasonable approximation of the density of the passage time.

The column labeled p - (1 + e®) provides the sharper approximation produced
by Theorem 2.1(b) (here W = 0, the barrier being constant). This approximation
improves the estimates, albeit not dramatically.

’

EXAMPLE 2.6. Let us consider the constant elasticity of variance (CEV)
model, first studied by Cox in 1975. The underlying asset price satisfies, under
risk neutral probability, the SDE

(6) dS, =rS,du+0cS,**dB,,

where r and o are constant and 0 < o < 2 (the elasticity factor). The quantity of
interest we consider is the price of a knock-out double barrier call option, that is,

Ele " T(St — K)4 1iz=1)].

Here T and K are respectively the maturity and the strike price and r is the
(constant) spot rate; t is the hitting time on the barriers. In Table 2 we compare
the estimates for the price of Boyle and Tian [B-T; determined by means of
a numerical procedure in Boyle and Tian (1997)] with Monte Carlo estimates
obtained using different simulation procedures: the Euler and the Milstein schemes
[see Kloeden and Platen (1992), also for the comparison between the associated
orders of convergence below], combined with the estimate of the exit probabilities
between consecutive discretization times first considering frozen coefficient (py)
and then using Corollary 2.4 (p). The barriers a1, ay are taken to be constant.

It appears that the Milstein scheme can take full advantage of the sharper
estimates of Corollary 2.4 in order to give better results, even with a larger
discretization step.

TABLE 2
Double knock-out call option prices with time-to-maturity 6 months (T = 0.5): CEV model with
a=15((=0.1, K =105, So =100, 0 =0.790, a; =95, a, = 140)

Method B-T Euler pj;. Euler p Milstein pg; Milstein p
Step — 1/365 1/365 2.5/365 2.5/365
Price 2.4379 2.4321 2.4303 2.4331 2.4379
St. dev. — 0.0733 0.0535 0.0646 0.0635

95% conf. int. — [2.4177,2.4465] [2.4198,2.4408] [2.4204,2.4458] [2.4254,2.4503]
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But it is also clear that the simulations derive a benefit from the use of
the Milstein scheme, a fact giving some suggestions. Indeed, it is well known
that for approximating the law of the process at a fixed time T (i.e., for weak
approximations) the Milstein and the Euler schemes have the same order of
convergence, while the Milstein scheme turns out to be faster than the Euler one in
the L?-norm approximation of the process at time T (i.e., strong approximations).
Here the quantity of interest is a killed diffusion, whose weak approximation order
of convergence has been studied only in the context of the Euler scheme [see, e.g.,
Gobet (2000) and references quoted therein]. The empirical results in Table 2 thus
suggest that if a boundary is considered and then the pathwise behaviour of the
process needs to be taken into account, the Milstein scheme seems to be more
appropriate than the Euler one also for weak approximations. This would explain
why the simulations record an improvement in the combination of the Milstein
scheme to the use of p: p takes into account the behaviour of the path during all
the infinitesimal time interval, while pg depends on the values of the process only
at the end points.

3. Main arguments. The proof rests on two main ideas. We first shift to the
auxiliary diffusion process Y; = F(Z;), where

:
) Fz) = / ’

o(r)

Under the assumptions of Theorem 2.3, F is twice differentiable on j{ Iftg=
F (1), by the Itd formula Y satisfies on § the SDE

dY; == E(YZ) dt +dB[,

© Yo=§,
where £ = F(x) and

s b(FTy) 1,
) b(y) = (T(Fi_ly) - EG (F~y).

The probability for the pinned process 7+ to cross the level f = f(t) is obviously
the same as the probability of crossing the level g(t) = F(f(¢)) for the conditioned
process Y¢ with n = F(y). As follows from Baldi, Caramellino and lovino

(1999), this argument already gives the result if 5 = 0 and E: R, since then Y
would be a Brownian motion. The condition b = 0 is equivalent to b = %aa’; that
is, the equation for X is d X; = o (X;) od By, o denoting Stratonovitch differential.

The second argument of the proof is that actually the drift b does not affect the
asymptotics of the crossing probability for the conditioned process (but it affects
its development of order 1). The influence of b is the question we investigate in the
rest of the proof.
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Set Uf =Y. U? solves the SDE

dUf = eb(Uf)dt + /e dB,,

Ut =E¢.
Of course it is the same to look at the crossing probability for the conditioned
process U"¢, pinned by U] = n. However, note that, under our assumptions, U*®

(10)

satisfies (10) only up to the exit from §. We assume first = R; let us set
an WE () =& + /e(B; — By)

(which would be the same as U® if b= 0). We are going to compare the law of
U™ % and the law of the Brownian bridge W' by writing a Girsanov-type density
of the first with respect to the second one.

The endpoint 7 is fixed from now on. Let us denote by C = C([0, 1], R) the
space of continuous paths and define, on C, X;(w) = w;, ¥ =0 (X5, 5 <t). On
(C, #1) we consider the probability laws

¢ ; = the law of W ,
f’gf = the law of Wé?,s pinned by W;S(l) =1,
Q;S — the law of U;S,
Qgi = the law of U;S pinned by U;s(l) =1.

In the following Ef | and ng denote the expectations taken with respect to Pg P
and f’g:i, respectively. We now write the density of Qgi with respect to lsgi The
main idea of the proof, besides some technical points, is that ng has a density

with respect to lsgi that goes to 1 as ¢ — O.
If

t t
¢ :exp(/ b(X,)dX, — %/ b(Xu)zdu>,
N N
then by Girsanov’s theorem, for every A € #7,
(12) Q¢ s(A) = EE [&1 lixeal.
Let G denote a primitive of b: G¢&) = fg)l;(z) dz, for some &y. Then, by Itd’s
formula, Pg:i-a.s.,
1 e rl ~,
| b dx, =60 - 6@ -3 [ 5 du
R S
so that

[ ~
(13) &1 =6XP<G(X1) -G@é) - g/ [0/ (Xu) +b(Xu)2]du>-

The following elementary lemma allows us to compare the laws ng and Isgf
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LEMMA 3.1. Let (E,§&), (H, #) be measurable spaces and let v, u be
measures on (E,&). Let m:(E,&§) — (H, #) be a measurable map and let v
and (1 be the measures on (H, #) induced by m, that is, for any I' € #,

D =vE '), a0 =p@"'T).
Suppose that the following hold.:
(@) both v and p admit a disintegration on (E, #): there exist kernels vy (dz)
and juy(dz) on H x & such that

vz = [ Saymy@. ud = [ @

(b) v and v are absolutely continuous with respect to | and [i, with densities g
and g, respectively.

Then for almost every fixed y € H, the kernel vy(dz) is absolutely continuous
with respect to y(dz) and
8(@)
g(y)

PROOF. The proof is immediate. For every measurable map ¢ : E — R one
has

Vy(dz) My( 2).

fE ¥ () v(dz) = /dey) fE ¥ ()vy(d2)
but also

/E Y(v(dz) = / V(g (@n(dz) = / fu(dy) /E ¥ (2)g(@iy(d2)

= [ vy [ v ?EZ; 1y(d2). 0

Let us compute the density of ng with respect to f’":i on ¥1. Let m:

C([0, 1], R) — R be the map defined by 7 (¢) = ¢(1). Thus, by Lemma 3.1 and
(12), for A € 71,

_( ) §j§[§1 lixeayls

where g stands for the density of the law of Ug‘f’s( 1) with respect to the law of
Wg’ ¢(1). Since these (real) random variables are both absolutely continuous, such
a density turns out to be the ratio between the respective densities with respect
to the Lebesgue measure: if by g.(t — s,&,n) and p.(t — s,&,n) we denote the
transition densities of U® and W?, respectively, then

qé‘(l _S’Sv 7’)
Pe(l _5757 TI)

Qs (4) =

gn) =
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It then follows that, for any A € ¥,

p (1 _S7€7n)" N
2o T R Lixeay]

Qri(A) = ‘
5 ge(1—s,€,7m) &

and, by (13),
AN p(l_s»‘é»ﬂ) _ An, _ iy P 2
(14) Qg f(A) e 25 G G(S)Eg,ﬁ[e (£/2) f{ V' (Xu)+b(Xw) ]dul{XeA}]-

q8(1 —S,g, 77)

In the next statement we use this representation to deduce that, roughly speaking,
the asymptotics of Qg’g (A) does not depend of b.

Note, however, that if &’ + b% = const, then (14) gives ng (A)=c(,n,¢e,9)
X lsgf(A). Since both Qgi and f’gi are probabilities, this means that Qgi =
152‘: This remark is contained in Benjamini and Lee (1997), where the equation

b’ + b* = const is studied [it has solutions b = const or l;(;‘) = ktanh(k¢ + ¢) for
some constants k, c].

PROPOSITION 3.2. Suppose that b is a bounded and continuously differen-
tiable function on §: R, with bounded derivative. Then if A € ¥ is an event,
possibly depending on ¢,

QL5 (A) ~ PL(A)
uniformly for (€, n) in a compact subset of R> as ¢ — 0. If moreover A is contained
in a set of paths taking values in a bounded subset of ; and independent of ¢, then

the assumptions that 5( =R and that b and b’ are bounded can be dropped.

PROOF. First let us remark that, for s € [0, 1],

15) pe(1—s,E,1) eGM—=G©&) N
gs(1 —s,85,m)

as ¢ — 0. This follows from Lemma 4.3 below. This relationship might also
be derived by the results of Molchanov [(1975), Theorem 2.1], concerning the
behavior of the transition density in a short time [see also Elie (1980)]. Molchanov
estimates actually hold in a much broader generality but require regularity
assumptions on b (derivatives of order 3 at least) which are stronger than those
we are considering here. If A is a bounded set of paths, one could write

~ A~ Lrir N A
M Pgi (A) < Egi [e—(S/Z) Jo B/ (Xs)+b(Xs)?1ds lixea)] < eSMZPg:E(A)’

M/ and M, being respectively the supremum and the infimum of %(l;’(x) +b? (x))
over the set {x, |x| < sup,ca lwlloo}. This completes the proof if A is contained,
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for every &, in a bounded set of paths or the function b’ + b? is bounded over R.
O

If f is as in the statement of Theorem 2.1 and t% = inf{z; X, > f(et)}, by
applying Proposition 3.2 to the set A = {75 7 < 1}, this already concludes the proof

of Theorem 2. l(a) under the additional assumption that b and its derivative are

bounded and 5’ R. It is, however, apparent that the asymptotics of the crossing
probability as ¢ — 0 should depend only on the behavior of the coefficients near x,
y and the barrier. Thus a localization argument will allow us to conclude the proof
of Theorem 2.1. This point is investigated in the next section.

4. Proofs. Let U® be a one-dimensional diffusion process satisfying
dUf =eb(Uf)dt + edB,
Ug =§,

with b locally Lipschitz continuous, until the exit from an interval JA1, Az[. We
assume that U¢ has a transition density g, (t —s, &, -). Let us still denote by QgS the

law of U? on the canonical space C with starting condition U¢{ = &, and by Qgi
the law of the corresponding conditioned process.

REMARK 4.1. Let us point out the following properties for the process U?
and for its transition density g;.

(i) The process U* satisfies a SDE of the type dU; = B,(Uf) dt + /ea(Uf)
xd By, with B.(u) = sl;(u) and o(u) = 1. In particular, B.(u) is locally Lipschitz
continuous for any ¢ and it converges to 0 as ¢ — 0 uniformly on the compact
subsets. Thus, by applying classical results [see, e.g., Azencott (1980) or Baldi
and Chaleyat-Maurel (1986)], a large deviation principle for the processes {U?},
can be stated, with speed 1/¢ and rate function given by

1
(16) I(y) = { % / )}uz du, if y is absolutely continuous,
- N
400, otherwise.

Let us stress that the rate function / does not depend on b; this is the main reason
the zeroth-order asymptotics are not affected by the drift.

(i) Let us recall that, by classical arguments [see Elie (1980), Section 4.2],
the asymptotics of g (s, §, ) changes only by a quantity which is exponentially
negligible if 5 is modified outside an open 1nterval containing &, n and whose
closure is contained in ]Aj, As[. Thus, if b e ! (1A1, Az[), b can be suitably
modified and extended in order to be bounded with bounded derivative on R and
the hypotheses of Proposition 3.2 are satisfied. In particular (15) holds, so that

. , 1
lim elogge(l —u,£,§) = lim elog pe(1 —u, £,§) = — 21 )Ig“—nl
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_ LEMMA 4.2.  Assume that b € C'(1Ay, Aa[). Let Ay, Ay be such that Ay <

Al <Ay <Apand &,n,a €A1, Ag] wéth §<a,n<a.lLett, be the passage

time in a and let T be the exit time from A1, Ay[. Then we have the following:
(a)

2

— S

(a—8&)a—mn).

(gli_r)r(l)slog Qg:?(‘ra <1)=-— 7

(b) As ¢ — 0 the probability ng (tg < 1,7 < 1) is exponentially negligible
with respect to ng (ty < 1), that is,

lim slogég’i(ra <1,T<1) < lim elogQg’j(ta < 1).
e—0 ’ e—0 )

(c) Let g1, g2 be continuous functions [0, 1] —>]A1, Az[ such that g1(0) < &,

n < g2(0). Let us define, for every ¢ > 0, 12 = inf{t > 5, X; > ga(et)}, 11 =
inf{t > s, X; < g1(et)}. Then:

(cl) As ¢ — O, Qg:i(tg,g < 1,11 < 1) is exponentially negligible with
respect to ng (12 < 1).

(c2) Set T, = min(ty ¢, 12.¢). Then, as ¢ — O, Qg:i(rg <1, T<1)is

exponentially negligible with respect to Qg:i(tg < 1).

PROOF. (a) Let us define, forr > s,
_ qé‘(l - tv Xl‘v 71)
Ch(l -9, éa 7]) ’
g, being the transition density of U,. It is well known that M is a martingale such

that EQ;S (M;) =1, t > s, and that, for every §, 0 < § < 1, Qg§ has a density on
Fis=0(Xy,s <u <1-—38) with respect to QgS which is given by M1_s. Thus

t

A 1 e
ngi(fa <1=8)= mEQ‘“[qs(& Xi1-5, Mg, <1-58].
& T 9,6,
Since M is a Qg’s-martingale, by conditioning with respect to ¥, A(1—s) and
sending § — 0, we get
Qn’g(fa <l)= —EQE‘S[QS(I — Tas Xvgs M g, <13l
S,S qg(l_s’s’n) a {a }

= —EQE“ 1—14,a,n)1 .
ge(l—s,E.1) [ge( Tq,a, 1) {ra<1}]

As recalled in Remark 4.1(i), {U*?}, satisfies a large deviation principle, with speed
1/e and rate function I given by (16). By applying standard arguments in large
deviation theory it then follows that

lim & log Q¢ D=—  inf  I().
limelogQes(ta <D=~ f 10
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Moreover, recalling Remark 4.1(ii),

1
lim €1 l—u,e.n)=— | —n|%
lim &logge(1 —u. £, m) 2(1—u)|§ ul
Thus, by using Varadhan’s lemma [see Dembo and Zeitouni (1998) or Varadhan
(1984); see also the Appendix], one gets

lim £ log E%[ge (1 — 74, @, ) 1z, <1)]
e—0

1
inf [(Y)+———la— |2>.
ra(y><1,y(s>=s< T RN R
Let us compute the infimum of the r.h.s. It is clear that the minimizers are paths y
which are linear between £ and a and are constant thereafter. Such a path is of the
form
u—s t—u

def
y) = y(u) = ——a+
r—s r—s

3

and y;(u) =a as t <u < 1; the parameter ¢ here is the time at which the path y;
reaches the level a. Then one has

1 s 1@=§* 1@—n?
T s o " =27=s T2 1=

A straightforward computation gives that the minimum over ¢, s <t < 1, is

L - |2)— L a—g—np
20— ) T 21—y -

(uy) +

inf
Ta(y)<l,y(s)=§
Thus
lim ¢log Qg’f(ra <1
e—0 >
= — lim logge(1 — 5, &, ) + lim £10g E% [go (1 — 4, @, ) 1z, <1)]
e—0 e—0
1

_ 2 —m?) —
= i@ —E-n7)=

B 2
(I—ys)

(b) One can write {t, < 1, T < 1} as the union of the events {T < 7, < 1} and
{4 < T < 1}. By the same arguments as in (a) one has

a—§&)a—n<-I.

lim ¢log Qg’f(f <t,<1)
e—0 >
= —lim elogge(1 — 5, &, 1) + lim £ log E%1[g, (1 — 74, @, )1 72, <1)]
e—0 e—0

R
2(1—s)

C S - 2)
€ == inf (100 + 5 ———ssla—nP).



1084 P. BALDI AND L. CARAMELLINO

the infimum being taken now on the set I' of the paths such that y(s) = &,
T(y)=w(y) <l

If y eI, then
1 =2 [ p2au.
2z ™"
so that
inf <I()/) + ;la — nlz)
yer 2(1 = 74(y))

>'f(1/1 > du + 1 | |2>
m - u ————|d —
~yer\2 f(y)yu 2(1 = 7a(y)) 1

and, by the same argument as in (a), one gets

: 1 2
Ty

T Gk vraee { G SR U
Thus,
lim elog QLS (F < 1 < 1) = 5= € = 1)” = 5= Qa— Ay =)
RETTE L T L
=4 fs)m —&)a—m=—I,

With similar arguments one can estimate the quantity Qg:?(‘fa < 7 < 1). Splitting
this into the sum of Qg:i(ra <T<1,X;= A1) and Qg:i(‘[a <T<1,X;= Ay) it
is not difficult to prove that

lim elogég’f(ta <Tt<l)=-1 <—I.
e—0 >

(cl) Again we split {t2 ¢ < 1, 71, < 1} into the union of {7r; , < T2 < 1} and
(e <71 <1}

For every § > 0 and ¢ € [0, 1], one has, for ¢ small, g;(0) — § < g;(et) <
gi(0)4+38,i=1,2. Let 7o, and 7,— denote the passage times at g»(0) + § and
g2(0) — 8, respectively, and let 71 be the passage time at g;(0) + 5. Obviously

Qi (1e <1) < Qi (Tay < 1),

Qi(me < LTie <D 2Qf (- < Ly < 1.
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We know from (a) and the proof of (b) that
lim £log Q}'; (21 < 1)
e—0 >
2 def
=1 (@O0 +5-§)(20) +5 - n)= -1,

lim 8logég’f(‘rz_ <l, i+ <1
e—0 >

2 o
=7 (@0 =5 —£1(0) = 8)(52(0) — 5 - g,

Since g1(0) < &, it is clear that for § small enough Ig < I{S, so that Qg:i(rm <
72 < 1) is exponentially negligible with respect to Qg:i(‘rz, ¢ < 1). Similarly one
proves the same for ng (12 <T1e<1).

(c2) The proof follows much the same pattern as (a) and (b). Here of course
T, < T sothat{r, < 1,7 < 1} = {7 < 1}. Now arguing as in (b) one gets easily that

1

— S

lim elog Q"6 (F < 1) = —
lim elog Qg (T < 1) = ——J1.

where J; = min((Ay — £)(Ay — 1), (E — A1) (n — A1)). To show that Qg;fj(f <1

is exponentially negligible with respect to Qgi (te < 1), let A}, A}, be such that

A < &1 < g1(t) < g(t) < A/z < A, for every 1 < &g for some gy small. Let 7/

be the exit time from JA &2[. Of course Qg:i(rg <1)> ng (7' < 1) and
;i_r)r(l)slogégzj(f’ <= —%J{,

where J| = min((A5 — &)(Ay — 1), (€ — A))(n — A))). Since J| < Ji, (c2) is

proved. [

o

PROOF OF THEOREM 2.1(a). For F as in (7), set F({) = § = ]A1, Ao[ and

gt)=F(f().IfY; = F(Z;) and Uf =Y, since U*® solves (10) on , clearly
P(2f <) =Ql((ze < 1),
where Q":S is the law on C of U® with starting condition U5 =& = F(x) and
pinned by U{ =n = F(y) and 7, =inf{u > 0, X,, > g(eu)}. By Lemma 4.2(c1),
with go = g and g1 = Ay, where A| > Aj and A; < £, n, we obtain
Qg:g(rg <1 ’\“ngg(‘[g <1, T>1).

The sets of paths A, = {r, < 1, T > 1} is such that 16’ () +b%(y,)| < K for every
ue€l0,1]and y € Ag, for some K. Then Proposition 3.2 yields

Qlo(re < 1,F> 1) ~Pl(re < 1,7 > 1),
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so that, again by Lemma 4.2(c),
QY o(te < 1) ~Plg(ze < 1.
Now, taking into account Proposition 5.3 of Baldi, Caramellino and Iovino (1999),
152(8)(78 <~ e—Zg/(0)(g(O)—S)e—(2/8)(g(0)—$)(g(0)—77)'

By replacing &£ = F(x),n = F(y), g(t) = F o f(t), the statement is proved. [

Corollaries 2.3 and 2.4 are immediate consequences Theorems 2.1(a) and 2.2,
respectively.

To complete the proofs of Theorem 2.1 and Theorem 2.2 we need some
intermediate results. Let us recall that the family of processes {Isgzi}g satisfies
a large deviation principle with rate function J = Jg ;, given by

1
(17) I =1 f y2ds

if y is absolutely continuous and y (s) =&, y (1) = n; otherwise J = +o00. Let (I)é
and CI>§ be defined, as € > 0, by

pe(l = 5.,£.)e0®-GE
q8(1 -9, S, 77)

A _ 17 T 2 N

=1+edl(s, & 1),

so that, recalling (12),
(18) QL5 (A) =PIS(A) (1 +eD)(s.&, ) (1 + (s, &, 1: A)).
The next result implies, in particular, that

| — 5. €. )eCGM—G®
(19) lim De( s, &, me
e—0 qé‘(l _5’57 TI)

=1

LEMMA 4.3. Assume that £,n €3, b’ is differentiable and b’ is locally
Lipschitz continuous on . Then the following hold:

() If y = ye,, denotes the path joining & to n traveled at constant speed,
L.
lim @ (s, &, 1) = %/ (b + b*) (ve.n(w)) du.
e—0 s '

(ii) Let A € F1 be a set of paths vy such that y(t) €§ for every t € [0, 1].
Assume that there exists a unique path p = pg , such that

J(p) = inf J(p) = inf J(¢),
¢€2 peA
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where J = Jg , is as in (17). Then

1 ~ ~
lim 25,675 A) = —4 [ (5 + %) (pe.y )
E—> Ky

_(iii) Consider the notation of the statement of Lemma 4.2. Let g:[0,1] —
1AL, Az be a continuously differentiable function with Lipschitz continuous
derivative such that g(t) > &,n for every t € [0,1]. Let ‘L'g be the stopping
time tg = inf{t; X; > g(et)} and let A, be defined as A, = {‘Eg <lL,7>1}.1If
p = pg,y =argminy Jg ,, with A = {@; ¢(t) > g(0) for some t < 1}, then

I -
lim ®2s. &, 1: A0) = =4 [ @ + B2 (pe.y 1)) s
g K

PROOF. We use the notation 8 = b’ + b2.

(1) First we use the localization argument as in Remark 4.1(ii): to study the
asymptotics of g., b can be modified outside an open interval containing &, n

and whose closure is contained in §. We can thus assume that 8 is bounded and
Lipschitz continuous on R, so that the hypotheses of Proposition 3.2 are satisfied
and in particular representation (14) holds.

For § > 0, let Bs(n) denote the open interval of radius § and centered at . If m
stands for the Lebesgue measure, one has

§—0  m(Bs(n))
g:(1—s5,&,1) = lim Q¢ (X1 € Bs(m)
§—0  m(Bs(n))
1
Eg s[eG(Xl)—G(S)—(e/z) /; ﬁ(Xu)dul{XleBg(n)}]

= lim = .
§—0 m(Bs (1))

Thus,

1
(20) 14 edl(s,&, ) = lim 1 .
§—0 Eg’s[eG(Xl)—G(n)—(S/Z)fs PXudu | x| ¢ Bs(n)]

We first show that

1 .
T Jim —(1 - Ef [CXD=Gm=C/2 [ pXadu | x, & By ()1
1)

1 1
=5 | Brw)dn.

Let us set

1 -1 1 1
= g(emxl)—o‘(n)—(s/z) B du _py 4 5/ By ) du,
N
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so that (21) holds if
. . & i
{}l_l;l%)ah_%Eé-’s[Aé‘ | X1 € Bs(m]=0.
One has
G(X1)-G(n) . 1
A= (e—@/”fslﬂ(xvd" —14 / ﬂ(xu>d”)
& 2 )
G(X1)~G(n) L1
+ (T =D == 2 | Bly ) du
N

1
4 %BG(XD—G(")/ [B(y W) — B(Xu)]du.

Since G and B are Lipschitz continuous and g is also bounded, for a suitable
constant K > 0 one has
KIXi—nl  2p2

1 K
|Ae| < e K/2e 4 K|X| — n|eKX1—n|<_ + _)
e

2

K 1
SR (11X, =yl du,
S

so that
limsuplimsup E ([|A:| | X1 € Bs(n)]

e—0 §—0

K 1
< jlimsuplimsupE’gvs[/ X, —y)|du ‘Xl € Bg(n)].
0 s

e—0 85—

Now, we can write

1
év[fs Xy — )/(”)|du‘X1 € Ba(n)}

BE [ xyen,omBE U 1Xu —y )] du | X411
P{ (X1 € Bs(n) '

However,

1 . 1
EUS | Xu —yu)|du ]Xl = ;] =E§;§US X, — y(u)|du}

1/\
=/ Eg:i[lXu —yu)|]du.

Under Isgi, X evolves as a Brownian bridge and it is equal in law to the process
&+ ﬁ:é (u —s) + J/eW, + = W), u € [s, 1], where W denotes a Brownian

N

motion, starting in 0 at time s. Since y (1) = & + '{:i (u—s),

ECS[1X — y ] < 1¢ — nl +2Ve.
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Thus,

1
E[/ [ Xy —y ()] du ]Xl] <X —nl+2Ve

and finally

1
limsuplimsupEg’s[/ | X, —vu)|du ’Xl € Bg(n)]
N

e—0 §—0

< limsuplimsup(§ + 2+/¢) = 0;

e—0 §—0

that is, (21) holds. Now (21) implies

1
lim lim Bf ([eCXD=C=E/D [ BXdu) ¥, e Bsap] =1,

e—>05—0

which together with (20) concludes the proof of (i).
(i1) Let us set

1 i Ll
o= Leminis L o
)

We must show that
 BIIDel(xea)]
llm ,\n’g—
e—0 Pé,s (A)

First one can write

1 —(e u ! 1l
D, = (emeatpot 12 gt du)+ 5 [ (Blow) = B du

&

and since $ is bounded on A,

1 & > ek, K !
Dol = = SRR+ 2 [T10X,) — BpG0) du
& 4 2 s
for some K > 0. Thus,

BB — Bo@))] dul(xea)]
lim sup —
e—0 szs (A)

lim sup ~
=0 PlC(A)

=

BLDe xea] K
2

Let us now fix § > 0 and denote by Bs(p) the open ball on € centered at the path p
and with radius §. By the boundedness and the Lipschitz continuity properties
assumed for 8, for a suitable constant K,

1 a
f B(X.) — Blou) du 1(xea) < KSPLE (AN Bs(p)) +2KPLE(A N Bs(p)°).
s
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so that

_ EIUMB(X) — B(pu) dulixea)]
lim sup — ——
e—0 Pé’js (A)
Pl (AN Bs(p)°)

. Es
< K§+ K(6+2)limsup =
=0 Pl(A)

Since p is the unique path minimizing the rate function J on the interior and the
closure of A, standard large deviation arguments imply that

lim ¢log lsg’f(A) =—J(p),
e—>0 >
lim supeloglsgji(A N Bs(p)) =—Js < —J(p).

e—0
Therefore lim supg_)o(lsg:E(A N Bs (p)c)/f’g:i(A)) =0 and
o EBNUNIB(XW) = Blow) | dulixea)]
lim sup W
£—0 Pli(A)
Since § can be chosen arbitrarily small, the limit is actually zero and the statement
follows. Finally, let us remark that all the limits appearing above are uniform for

<K§.

(&, 1) in a compact subset of .

(iii) One can reproduce the proof of (ii), since most of it can be carried out also
if A is a bounded set depending on ¢. The only point that needs to be handled is
the fact that

_ PI(A: N Bs(p)Y)
limsup ——— =0.
e—0 PS:S (Ag)
Setting g(¢) = g(t) — g(0), then one can write
Ag={t§§1,f>1}
= {Xt > g(et) forsomet <1, X; e]&l, Az[ for every t < 1}
= {X; — g(et) > g(0) forsome r < 1, X, €]Ay, A,[ forevery t < 1}
C {X; —g(et) € A/},
where A" = {@; ¢(t) > g(0) forsome t < 1, ¢(r) e]é/ , &2[~f0r any t < 1}~, the
inclusion holding for any & small and for values of A} and A} such that A} <

E,n,80) < AL, for every t € [0, 1]. Under f’g:i, the nonhomogeneous diffusion
process X ¢ = X; — g(et) has generator L? given by

¢—n\do ed*¢

> L) = (eg (e1) + ﬁ)ﬁw +1 5.
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Thus, by the Freidlin—Wentzell theory of large deviations, the family of processes
{X®}s under Pg;3 enjoy a large deviations principle with the same rate function

as X.If p.(t) = p(t) — g(et), then p, — p uniformly on [0, 1] as & — 0, so that
Bl (A. N By(p)) < PIE(X° € A' N By(p)°) < PJE(X° € AN By (p))
for some 8’ > § for ¢ small. Since p turns out to be the unique minimizing path for

J on A’ too, the minimum taking place on both the closure and the interior of A’,
large deviation arguments now allow to conclude the proof. [

PROOF OF THEOREM 2.1(b). Thanks to Baldi, Caramellino and Iovino
[(1999), Proposition 5.3], we have

Peote <D
2 oy (8(0) —§)°
Coxp(~=(s0) = £)(s0) =) ) (1 =280 3 5= +00e))
=y

with C = exp(—2g’(0)(g(0) — &)). By replacing g = Fo f, § = F(x) and y =
F(n), ¥ agrees with (3). Thus, by Lemma 4.3, recalling (18),

ANE e 2

Qo<1 = Cexp(—;(gw) —£)(g(0) — n))(l +e(@+ W) +0(e)),

where (using the notation of the statement of Lemma 4.3)

1 ~ ~ ~ ~
c1>=%/0 (5 + 5% (ye.y ) — (5 + 57) (0. )] dut.

We only need to show that ® can also be expressed as in (4).
The path pg ; consists of two line segments traveled at constant speed, the first
one joining & to g(0) during the time interval [0, t*], where
28(0)—&—n
The s;econ~d one joins g(0) to n in the time interval [¢*, 1]. Thus if one writes again
B =0+ b?, then

[+ P pennan= [ p(s+ o0 )

1 —t*
+/l* ﬁ(g(O) + th — —g(O))) du.

Now recall the definition A = o - (g — %0’)/ + (g — %0’)2 as in the statement of
Theorem 2.1, so that 8 = A o F~!. Two elementary changes of variable then give
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/t*ﬁ(s+ (5(0) - s))duz T gy
0 g(O)—%“

£ )L(r)

<0> g ), o(r)

£(0) -1 . f©
_ (/ dr ) / A(r) dr
x  o(r) x o(r)
Similarly one gets
| P FO dr N7V pfO A
/t* ,3(g(0)+ T (n—g(O)))du—(/y G(r)> /y o

Lo B Y odr \7! Y A(r)
/O(b +b)(Vs,n(”>)d“—(/x o’(r‘)) /x o(r) &

The latter expression for x = y should read simply fol '+ 52)()/5,,7 W) du = A(x).
]

and

PROOF OF THEOREM 2.2. (a) To simplify the notation, let us define
X dr y o dr L0 dr 0 gy
e = ' - |
fio o) Juo o) o(r) Jy o)

Consider the following inequalities, holding for any &:

and  ¥a(x,y) = /

max(P(f]‘i1 <e),P(t}, < £)) <P(°<e) < P(} <e) +P(Z}, <e).
If Y1 (x,y) < ¥ (x,y), then one can write
P(fj‘i-1 <e¢)
exp(—(2/e)y1)
ayo)
< P(z? <¢)
exp(—(2/e)y1)
P(7é <¢) P(74 <e) 2
<—h e~ = v ).
exp(—(2/e)y1)  exp(— (2/8)1//2) €
Since, by Theorem 2.1(a), for i =1, 2, one has P(‘L'fi <e)e?/Vi 5 1ase — 0,

we obtain P(7¢ < s)/exp(—%wl) — 1,as e — 0.

The case ¥1(x, y) > ¥ (x, y) is treated similarly.

Now suppose that ¥1(x,y) = ¥2(x,y). By using the notation previously
introduced, we can write

P(2* <&) = Ql0(t1e < D+ QP o(roe < 1) — QL(T1e < 1126 < 1).

(22)
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By Lemma 4.2(c1), the last term on the r.h.s. is exponentially negligible with
respect the first two, so that the statement holds.

(b) If 1 < ¥, the statement immediately follows from (22) and the case
Y1 > Y can be treated analogously. If instead ¢ = ¥, = ¥, then one can write

P(ty<e) =Pty <) +P(Tp, <) —P(Ty <¢&,7p <¢)
= W [Cr(1+e(¥y +Df)+Cr(1+e(Wy, +p))
+eRe —P(F, <&,y <e)e®OV].

Since P(Tf, <¢, Ty, <¢) is exponentially negligible with respect to e~ @/OV the
statement holds. [

APPENDIX

We give here some details about the application of Varadhan’s lemma in the
proof of Lemma 4.2. The following are very simple remarks that seemed necessary
to us since the results in Dembo and Zeitouni (1998) or Varadhan (1984) are not
immediately applicable as they are.

Let us consider a family (u.). of probabilities on a metric space (E,d),
satisfying a large deviations principle with rate function /. That is, /: E —
R* U {400} is a lower semicontinuous (I.s.c.) function and its level sets {I < a}
are compact [it is a good rate function, in the notation of Dembo and Zeitouni
(1998)].

PROPOSITION A.1. Let A C E be an open set and let (F¢)e be a family
of functions defined on A with values in R. Assume that limg_. e F.(2) = F(2)
uniformly for z € A, where F is l.s.c. Then

liminfelog [ @ 1, (dz) > sup(F(z) — 1 (2)).

e—>0 A €A

PROPOSITION A.2. Let A C E be a closed set and let (F;). be a family
of functions defined on A with values in R. Assume that limg_.¢ & F.(z) = F(2)
uniformly for z € A, where F is upper semicontinuous (u.s.c.) and bounded from
above. Then

limsupe log | "9 g (dz) < sup(F(z) — 1(2)).

e—0 ZEA

We skip the proofs, which are exact repetitions of the proofs of the correspond-
ing Lemmas 4.3.4 and 4.3.5 of Dembo and Zeitouni (1998). An essentially stronger
version of Propositions A.1 and A.2 is Theorem 2.3 in Varadhan (1984): if applied
to the function FV = —F 4 00 - 1 ¢, it basically gives Proposition A.2; Proposi-
tion A.1 can be proved with similar arguments.
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In the proof of Lemma 4.2 we need to apply Varadhan’s lemma to estimate the
integral

23) /A eF dQs (d2),

where A = {t < 1} and F.(y) =logg.(1 — t(y),a,n). By (19), uniformly for
y €A,

1
lim elog e (1= (). 1) = =5 — (@ = N EF@).
Unfortunately 7 is not a continuous functional of the path y. With our definitions t
is a l.s.c. functional on €, so that A is closed and F turns out to be u.s.c.
Proposition A.2 can thus be applied, giving the upper bound.

To obtain the lower bound we just replace T with T = inf(u > s; y (1) > a),
which is now an u.s.c. functional of y. Remark that the integral in (23) does
not change if F; is now replaced by F.(y) =logg.(1 — 7(y),a,n) and A with
A = {% < 1}, which is an open set.
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