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ERROR ESTIMATES FOR THE BINOMIAL APPROXIMATION
OF AMERICAN PUT OPTIONS

By DAMIEN LAMBERTON

Université de Marne-la-Vallée

We establish some error estimates for the binomial approximation of
American put prices in the Black—Scholes model. Namely, we prove that
if P is the American put price and P, its n-step binomial approximation,
there exist positive constants ¢ and C such that —c/n?/® < P, —P < C/n%/%.
With an additional assumption on the interest rate and the volatility, a
better upper bound is derived.

1. Introduction. The purpose of this paper is to derive some error esti-
mates for the binomial approximation of American put prices. Recall that an
American put on a stock is the right to sell one share at a specified price K
(called the exercise price) at any instant until a given future date T (called the
expiration date or date of maturity). In the Black—Scholes model, the value at
time £ (0 < ¢t < T) of such an option can be written as a function F(¢, S;) of
time and the current stock price, with

F(t,x)= sup Eexp(—rr)(K — xexp((r — 0-2)7' + O'BT>>+,

€T, Tt 2

where B = (B;)o<;<r is a standard Brownian motion, r is the interest rate
(assumed to be a positive constant), o is the so-called volatility (also assumed
to be a positive constant) and 7, r_, denotes the set of all stopping times of
the natural filtration of B, with values in the interval [0, T' — ¢]. We refer the
reader to [14, 15, 25, 21] for basic results on American options.

The above formula relates the price function F' to an optimal stopping
problem along the paths of Brownian motion. Indeed, we have F(¢,x) =
P(t,log(x)), with

1) P(t,x)= sup Ee"¢Y(x + ur+ 0B,),

T€T0. 7

where ¢(x) = (K —e*)" and u = r — 02/2.

A natural numerical method to compute the function P defined by (1) is to
approximate the underlying Brownian motion B by a random walk and apply
dynamic programming. Various approximations of B have been considered in
the financial literature (see [10, 26, 13, 9, 30, 23]).

In this paper, we will concentrate on the following approximation (which,
in this financial context, appears for the first time in [13]). Let (&;);-1 be a
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sequence of i.i.d. random variables, satisfying P(¢;, = 1) = P(¢g;, = —1) = 1/2
and let

nt/T
B(n) fz[ t/ ]
t «/ﬁ
Fort=kT/n, k=0,1,...,n, denote

P(")(t, x)= sup Ee ""Y(x+ pur+ UB(T”)),

(n)
TED 1t

where CB(T) ; 1s the set of stopping times (with respect to the natural filtration
of B™), with values in [0, T —¢]N{0, T/n, 2T /n, ..., (n—1)T/n, T}. From the
classical results of Kushner [19], it follows that lim, . P™(0, x) = P(0, x)
(see [1, 22] for related results). To our knowledge, the rate of convergence is
not known. Our main result is the following.

THEOREM 1. For any real number x, there exist positive constants ¢ and C
such that

VneN, —T/3§P<n>(o x) = P(0,x) <

Moreover, if u <0 (i.e., r < d?/2),

4/5
vxeR 3C>0 VneN, P™(0, x) — P(0, x)<C<\/1(r)Lgn>

These estimates are probably not optimal. Indeed, numerical experiments
seem to suggest that the error is O(1/n) (cf. [8]), as in the approximation of
European options (cf. [23]). We will comment on the limits of our methods
in Remark 3. The constants in Theorem 1 may depend on x, but a careful
examination of the proof will show that they can be chosen independently of
x, as long as x remains in a fixed bounded set.

REMARK 1. In the past few years, many numerical methods have been de-
veloped to price American options (see [8] for a recent comparison of various
methods). The only one for which error bounds are known is the Gaussian ap-
proximation, which uses standard normal variables as ¢;’s instead of Bernoulli
trials. The error bound in that case is O(1/n) (as shown in [9]) but the method
can be implemented for small values of n only. Our methods could probably be
applied to other binomial approximations, but, since we are not able to derive
sharp results, we prefer to focus on the simplest binomial approximation, for
which the mathematical analysis is easier. We also note that an adaptation
of the methods of Baiocchi and Pozzi [2] might lead to error estimates for the
finite difference method of Brennan and Schwartz [7].

REMARK 2. In the context of discretization of stochastic differential equa-
tions, a lot of work has been devoted to the derivation of error estimates for
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quantities such as |[Ef(Xy) — Ef(X7)|, where X is a diffusion process, X"
some approximation, and T a deterministic time (see [18, 28]). The method
for deriving these estimates consists of relating the error to the solution of a
parabolic partial differential equation (cf. [24, 28, 29, 3]). Our method is simi-
lar in the sense that we will use the parabolic variational inequality satisfied
by the function price P.

REMARK 3. The main difficulty that we face in trying to adapt the tech-
niques used in the discretization of SDE’s is the lack of regularity of the payoff
function ¢ and of the price function P. Indeed, the solution of a variational
inequality is typically less regular than the solution of the corresponding
parabolic PDE. The strongest regularity results for variational inequalities
that we could find in the literature are quadratic estimates for the second or-
der derivatives, due to Friedman and Kinderlehrer (see Theorem 3 below). The
original estimates of Friedman and Kinderlehrer (see [11] and [17]) require
the boundedness of the second derivative of the payoff function, an assump-
tion which is not satisfied in our case, and, when deriving quadratic estimates
applicable to the American put, we end up with constants blowing up near 7.
This is the main reason why we are not able to derive sharper estimates. A
better understanding of the behavior of the partial derivatives of the American
put price would be needed to improve our results. Another way of evaluating
our approach is to apply it to C? payoff functions. We are able to prove that
if f is a bounded function, with bounded first and second derivatives, then,
with the same notations as above,

sup Ee " f(B™W) — sup Ee""f(B,) = 0(‘/1;‘;%”1)

(1) 7€,
T€T 0,7

This result (which will be published in a separate paper) is probably not yet
optimal, but seems to be close to the right order of convergence.

The paper is organized as follows. In Section 2, we state some preliminary
results concerning partial derivatives of the function P(¢, x) and the exercise
boundary. In Section 3 we introduce the approximating process X = x +
oB™ state the discrete version of It6’s formula and relate the finite-difference
operator appearing in this formula to the infinitesimal generator of the limit
process. The results of this section include estimates to be used in the proof
of Theorem 1. The proof, which is given in Section 4, consists of looking at the
continuous price function along the paths of the approximating process and
breaking the set [0, 7] x R into three separate regions S, C and B, which are
approximations of the stopping region, the continuation region and the free
boundary. The Appendix is devoted to the proof of an analytic result stated in
Section 2.

Throughout the paper the letter C will be used to denote a positive constant
depending on the parameters of the problem (but not on n). The value of C
may vary from line to line.
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2. Preliminary results.

2.1. Partial derivatives of P. Consider the function P(¢, x) defined, for
(t, x) € [0, T] xR, by (1). It is easy to check that P is continuous on [0, '] xR
and that x — P(¢, x) is a Lipschitz function, with Lipschitz constant indepen-
dent of ¢, so that dP/dx is bounded on [0, T'] x R. Further regularity properties
of P can be proved using variational inequalities.

It is well known that P satisfies the following variational inequality:

dP %3P 9P
— —rP,y—P| =
max(&t Ty 2 dx? +“ﬁx ri > 0.
with P(T,-) = ¢. Theorem 2 can be derived from [12] (Theorem 3.6 and its
proof; see also [21], Section 3).

THEOREM 2. The partial derivatives dP/dt and J*P/dx? are locally
bounded on [0, T') x R and there exists a positive constant C such that

P
V(¢,x)e[0,T) xR, ‘it(t, x)' +

9P
) =

In the sequel we will need estimates for (42 P/dt?) and (42 P/dtdx) given in
the following theorem.

THEOREM 3. There exists a positive constant C such that,for0<t; <T' < T,

ft dy(T' - t‘)/oo (1+xz)3/2< o x)>

) +oo dx 2P 2 C
+(T _tl)/;oo (1+x2)3/2<(9t(9x(t1’x)> =< ﬂ

This theorem is essentially a variant of results of Friedman and Kinder-
lehrer (see [11] and [17], Chapter VIII). Its proof is given in the Appendix.

2.2. The free boundary. For each t € [0, T'), there exists a real number s(¢)
such that

Vux<s(t), P(t,x)=t¢(x) and V x> s(t), P(t,x) > y(x).

In the finance literature, e’ is called the critical price at time ¢; in the context
of variational inequalities, the curve (s(¢))y<,.r is called the free boundary.
Note that, because of the variational inequality satisfied by P, we have

Vtel[0,T), Vx> s(t),

(2) oP 2 ZP
(%( x)+ — 3 I —(tx )+,u (t x)—rP(t,x)=0.
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The set
¢={(t,x)€[0,T) xR | x> s(t)}

is called the continuation region. Its complement is the stopping region. Since
P(t, x) is a nonincreasing function of ¢, ¢t — s(¢) is nondecreasing. It can be
proved (see [11]) that the function s is C* on the interval [0, T"). The behavior
of s(t) for t close to T' has been studied in [16] and [4, 5] (see also [20]); in
particular, we have lim,_, p s(t) = log(K). We will need the following estimate
for the modulus of continuity of s.

PROPOSITION 1. There exists a constant C such that
Vit,ty €[0,T), (s(tq) — s(tl))2 < Csup}P(tz, x) — P(tq, x)}
xeR

PROOF. The proof is inspired by [11] (especially page 164). We may (and
shall) assume that 0 < #; < ¢35 < T'. Introduce the differential operator
a? 52 J
2o THor T
If s(t;) < x < s(ty), we have (dP/dt)(t1, x) + AP(¢;,x) = 0 and AP(ty, x) =
Ay(x) = —rK. Hence

A=

Y x € (s(ty), s(ts2)), rK = %(tl, x)+ AP(ty, x) — AP(t9, x)

< AP(t1, x) — AP(t3, x),

since t — P(t, x) is nonincreasing. Now let ¢ be a nonnegative C* function
compactly supported in the open interval (s(¢;), s(¢y)). Integrating the last
inequality yields

s(ts) s(ty)
rK/s(tl) p)dv = /sul) (AP(ty, x) = AP(ty, x))p(x) dx

s(tz)
= o) (P(t1,x) — P(tg, x))A*d(x)dx,
with A*¢p = (02/2)¢” — ud’' — ré. Choosing
_ x — s(ty) )
) = "<s<t2> —s(t))’

with p smooth, nonnegative, compactly supported in (0, 1), we obtain
1
rK(s(ty) = s(t1)) [ p(y)dy
% T
s(ty) — s(ty)

where C;, Cy, C3 are positive constants. From this inequality [and the fact
that s(¢) is bounded] the proposition follows easily. O

< sup| Pty x) - P(ty, x)}( 1 Cy+ Cyls(ty) - s<t1)>),
xeR
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We complete this section with a technical result on the difference between
the price function and the payoff near the free boundary.

PROPOSITION 2. There exists a positive constant C such that

Vie [07 T)7 v y = S(t), P(t’ y) - ‘!f(y) = (y - S(t))z'

C
VT -t

PROOF. Let §i: R — R be a bounded C? function, with bounded derivatives,
satisfying (y) = ¢(y) for y < log(K) and §i(y) < 0 = ¢(y) for y > log K.
It is clear that such a function exists. Now, fix ¢ € [0, T"). We know that the
function y — P(t, y) — §i(y) is of class C! and that P(t, s(t)) — #i(s(¢)) =
(9P /3x)(t, s(t))—§’(s(t)) = 0. This is the well-known smooth fit property (see,
for instance, [12], Corollary 3.7). Therefore, using Taylor’s formula, we have

LU N
Vyzst),  P(Ly)- i) < s (0500~ ()

The propoAsition is now a consequence of the inequality P(¢,y) — ¢(y) <
P(¢, y) — Ji(y) and the estimate for 9> P/dx? given in Theorem 2. O

3. The discrete approximation. Recall that (s;),.; is a sequence of
i.i.d. random variables, satisfying P(¢, = 1) = P(¢, = —1) = 1/2. Let n be
a fixed positive integer. We will denote by X = (X En))oﬁth the stochastic
process defined by

[nt/T
x/ﬁ Pt
For notational convenience, we set
T
h=—.
n

Let u(¢, x) be a continuous function on [0, T] x R. For 0 < ¢ < T — h and
x € R, let

Tu(t, x) = u(t +h, x + ovh) + u(t + h, x — ovVh)] - u(t, x).

The operator (n/T) x 2 = (1/h)Z can be viewed as a finite difference ap-
proximation of the differential operator (3/dt) + (02/2)(3%/3x?). Indeed, if u is
smooth, (1/h) x Zu(t, y) = (du/dt)(t, y) + (02/2)(#*u/dx?)(t, y) + O(h). The
following elementary proposition can be viewed as the discrete time version
of It6’s formula.

PROPOSITION 3. There exists a martingale (M), (with respect to the
natural filtration of X™), such that M, = 0 and, for all t € {0, h,2h, ...,
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(n—1h,nh =T},
nt/T

w(t, X{") = u(0,2) + M, + 3 9u((j - Dh, X))
j=1

PrOOF. Let Y, = u(t, Xﬁ”)) and ¢t = kT /n. We have

k
Y, =Y+ > (Y=Y )

j=1
and, if (%")y-,;- denotes the natural filtration of X,
Yin=Yon =Y —EY | TG 1) +EY | T 1yn) = Y-

=M, — M 1+ 2u((j— 1A, XEIJL') >

where M is the martingale defined by

[nt/T)
My= 3 (Yu—EYulT5 ) O

=1

In Section 4 we will apply Proposition 3 to the function u(¢, y) = e " P(¢, y+
ut). Proposition 4 will be used to control Zu.

PROPOSITION 4. Let 0 <t < T — h and x € R. Assume v is a C? function
on [t,t+ h] x [x — ovh, x + ov/h]. Then we have

VR
dé

ot 7*v 2 2
/_U§ dz(zﬂwx(t—l-g X+ 2)+8(t+ & ,x+z)>,

9v(t, x) = l/

o Jo
where

a2 J%v

1%
8(r, ) = S (r. D) + 5557, 0).

PROOF. We may assume that ¢ = x = 0 without loss of generality. We have
2v(0,0) = 1(v(h, ovVh) + v(h, —av'h)) — v(0, 0)

N
= o(VR) = (0) = [ &'(§)de,
where ¢(&) = (1/2)(v(€2, 0&) + v(£2, —0&)). We compute ¢':

, Jdu Jv o [Jdv Jv
(0 = (5@ 00+ 5@ —00) + 5 (e 00 - S -00)

I, 4 I, 4 a? ¢ Pv,
(%@ o0+ e -00)+ G [ Ti@ oman

J J ¢ Jd
5( @00+ 2 (&, —a§>> " fg(_(a:(fZ’ o)+ 8(E, ‘””) -
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Now, writing ¢ = fof dn and
& v, _ (9, o v, 4
/7“7(6 ,om)dn —fo ((%(f ,Un)+(7t(§ ,—077)> dn,
we obtain
o [V o v, 4 v, o v,
0= [ (G 00+ 2@ o0 - (S o+ L@ —om)) dn
¢
8(&2, d
+K§@ on)dn
= [an [T a(pi@ - L@ -a)+ [ o omd
o atox atax _ o oman
_ o 2z 9 1 ,oé 2
/ (atax )_W(g 2)> d2+*/,gga(§ 2)dz

*/Ug S (§h ) dz+ / 8(¢%, 2) de. O

We will also use the following result, in particular for estimates near ma-
turity.

PROPOSITION 5. Assume u(t, x) is continuous on [0,T] x R and admits
locally bounded derivatives (du/dt), (du/dx), (F*u/dx?) on [0, T) x R, such
that we have the following:

() du/dx and (&u/&t) + (02/2)(7%u/dx?) are bounded on [0, T) x R;

(i) supg-,.p [7o [(%u/dx?)(¢, x)| dx < co.

Then there exists a positive constant C such that, for any integer j satisfying
l<j=n,

C
E|7u((j - 1)k, X" .
(-1 G- 1)h) Jn

For the proof of this proposition, we need the following elementary lemma.

LEMMA 1. Let ¢: R — R be a function with locally bounded second deriva-
tive ¢". For any real number y and for any & > 0, we have

S8y +8)+ 6y~ ) ~ 9(»)

S ryto
=5/, 10@ld=
y—=48
PrOOF. We have
S
e +8)+d(y=8) ~b(n) =} [ (#(y+a)~(y~a)da
) y+a
_ %/0 da/y_a ¢"(2)dz.

The result follows easily. O
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PROOF OF PROPOSITION 5. Let
Du(t, y)=L(u(t+h, y+ovVh)+u(t+h,y—ovh)) —u(t+h,y)
and
Dou(t, y) = u(t+h, y) —u(t, y).

Obviously, Zu(t,y) = Z1u(t, y) + Zou(t, y). Note that Z; corresponds to
(02/2)3%/9x% and Z, to d/dt. It follows from Lemma 1 that

X(n)+sz
U\Z/EE( dz)

/Xﬁn)fo'f
?(t + h, z)lP(|X§n) —z| <ovh)dz

o h/+°°(92u
2 Jw|d

Assume j > 1. Then

(92

X < e 2 (t+h,2)

3

| J-1
P(|X8) br— 2l < ovh) = P<|a’«/ﬁ dep—(z—x)
| k=1

<a¢@

<| Z zZ—x - 1 )
Vi1t e/ -l Vi-1/)

Now recall the classical Berry—Esseen estimate (cf. [27], Chapter III)

3C>0,Vj>1 VyeR, ' (

FEEnE)-

where g is a standard normal random variable. It then follows that

- z—x 1
P(|X (L) — 2| < ovh) < \/+P(‘ oy/h(j—1) = \/j—1>

\/f

C 2

Vi V2m/j-1
Going back to (3) and using the second assumption of the proposition, we
obtain

(n)
—Dh, Xy n) \/7,
for some constant C and for j > 1. The estimate is clearly also valid for j = 1.

It remains to estimate Z,u. Using It6’s formula and the boundedness of
du /ot + (a2/2)(6*u/dx?), we have

lu(t, y) —E(u(t +h, y + oBy))| < Ch,
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where (B,);.( is standard Brownian motion. It follows that, if we set
Zou(t, y) =ut+h,y) —E(u(t+h,y+0oBy)),
then
| Zou(t, y) — Dou(t, y)| < Ch.
Therefore, it suffices to estimate E|Zyu((j — 1)A, X(j 1n)|- Now
Gou(t, y) =E(u(t+h, y) — L(u(t + b, y + ovhlg|) + u(t + h, y — avh|g]))),

where g denotes a standard normal random variable, which we can assume
to be independent of the process X™. Hence, using Lemma 1,

- 1 /|d%u
|=@2u(ta y)| =3 W(t—‘rh’ 2)

E (aﬁ|g|1{|z—y|<oﬁ\gl}> dz

Therefore, using the independence of g and X,

)dz.

D) < 2/‘ T . 2|

Conditioning with respect to g and using the Berry—Esseen estimate again,
we obtain

(ovhlglLy,

XE;’) 1)h|<0'«m|g|}

—1 h)i — =
(J ) \/ J
4. Proof of the main result.

4.1. Orientation. We will apply the results of Section 3 to the function u
defined by

u(t, y) =e "P(t, y + ut).

With this definition we have, using (2) and the equality P(¢, x) = K — e*, for
x =< s(?),

du o2 Pu (ty)= e P e % *P N P 5 (£ y+ ut)
— + = = — —r
@ \at 22 )Y TE 2 ax2 " Mox TR

= _rKe_rtl{y+MtSS(t)}'

In particular, the first assumption in Proposition 5 is satisfied. We claim that
the second assumption is also satisfied. Indeed, it follows from the convexity
of x — P(t,log x) that

2P P
- o
x%  Ix —
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Hence, using the fact that x — P(¢, x) is nonincreasing,
+ool 52 P P +oo| 9P I
/_miﬂ(t x)ldx<f ( DR x(t,x))dx%—/_ooiax(t,x)idx

+oo g2 P +oo g P
=/_Oo TxQ(t,x)dx—2/_oo ot x)dx,

and these integrals are controlled by the sup norms of JP/Jx and P.

We can now explain our method. Observe that, for any stopping time 7 €

JO('lT), we have

- Ee ""§i(x + ur + o B™) < Ee 7" P(1, x + u7 + 0 B)
= E(u(r, X)),

where, according to the notations of Section 3, X = x + ¢ B™. It follows
from Proposition 3 that

nt/T
(6) E(u(r, X™)) = u(0, x) + E( > gu((j - 1)k, ng)_l)h)).

j=1
Note that u(0, x) = P(0, x), so that, putting (5) and (6) together,

nt/T
(7 P™(0, x) — P(0, x) < sup E( > gu((j - 1)h, XE?)M))-
(n) i
€9, 1 J=1

The upper bounds in Theorem 1 will follow from estimating the right-hand
side of (7).

To prove the lower bound, we will select a stopplng time 7in 95 ) for which
E(u(r, x\ )) is close to Ee "¢ (x + ut + oBY )

We now introduce two subsets of [0, T'] x R:

C={(t,y)el0,T—hlxR|put+y>s(t+h)+|uh+ovh)
and
S={(t.y) €0, T~ h]xR|pt+y <s(t)—|ulh —ovh}.
Here, the letter C refers to “continuation region” and the letter S to “stopping

region.”

4.2. An estimate for the continuation region. We have the following esti-
mate, when (¢, X E”)) is restricted to the continuation region.

PROPOSITION 6. There exists a positive constant C such that, for all inte-
gers n,

n-1 T 4/5
. (n) JVlogn
E( » X )‘1{(1'11, X(Jf;>)eé}) = C( n ) .

Jj=0
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PROOF. If (t,y) € C, then, whenever t < 7 <t+hand y — ovh < z <
vy + ov/h, we have

T+ 2>y + ut — |p,|h—(r\/ﬁ
> s(t+ h) > s(7).
It follows that, on the open set (¢, ¢+ &) x (y — ov/h, y + ovh),

Ju o2 d%u
—+——-=0.
at 2 9x2

This implies, in particular, that u is smooth on (¢, t+h) x (y — ovh, y+avh).
Applying Proposition 4, we have, for (¢, y) € C,

’ 1 VR oé Pu )
Fult, y) = Efo df/_g dz(zﬁt&x ’ )
2 3
_ 27\ U 2
_2/ df/ dz(.f )M S(t+E,y+2)

22

1 oé 9 Pu 9
where we have integrated by parts and used the fact that

Pu 2 J%u

Jgtdx® o2 ot2

on the open set (¢, +h) x (y — ov'h, vy + ov/h). Hence, using the inequalities
£ — (/0% < &2 < &Vh,

1 Ve 7¢ 2| 2
gu | = [ e[ de &2(t+§ y+2)

Vh VR ovh 15 9 I
<), gde[ | dz ey ta)
2

Jh otk y+ovh J2u
- %/t ds/ywﬁ dz| %5 (s, 2)|

Therefore, for 0 < j<n —1,

E(|7u(jh, X(n))il{(ﬂl X("))EC})

dz 2(7 2)P(IX') — 2| < oVh).

Jh O G+DR J +00
<
- 20 /jh T
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Now, if j > 1,
P(1XY) — 2| < ovh) = P( a'\/ﬁij: e, — (z—x)| < m/E)
(I\/J Zsk 5\;;1 <\/1J>

Now recall the nonuniform Berry—Esseen estimate (see [27], Chapter III, Ex-
ercise 2)

C
(8) |P< g) P gl e
wzw €<= Sty
We have
1 J zZ—x
P(xY%) — 2| ﬁ:P(‘. - )
©) P <ovh) \/Jkgsk NI
z—x
P _
= (‘ o Vb w)“‘ e
with
1 J zZ—x 1 zZ—x 1
b e )
¢ I G eim T i) TR e T
and

_ zZ—Xx 1 zZ—Xx 1
=GR T ) Fle= - 5]
Using (8), we derive
< — ¢ <% :
\/j(1+|§ji%|3) \/j(2+|§ji\%|3)

with &; = (z — x)/o/hj. Using the elementary inequality |a + b|> < 4(|a|® +
|6]2), we obtain

1P |
fjiﬁ —*|§J| 3/2
1 z—x|? 1
_40'\/}7] Jj3/2
|z — xf?

Z WovTy
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where, for the last inequality, we have used \/ hj < «/T. It follows that

C
(10) at < — .
VIi(l+|x —z%)

On the other hand,
| s x| 1 £+(1/3/ ) dy
N I /fj—(l/ﬁ) ( ) Jam

Note that, if ¢; — 1) <y < &+ (1/y/j), we have exp(—y?/2) <
exp(—£2/2) exp(|£;1/y/ J) < exp(—£3/2) exp(|¢|). Therefore,

zZ—Xx 2 M
P e —
(‘g U\/hj

5)
< —= S =T % 12>
Vil T Vi1 FIER
where M is a constant such that

1 &2 > M
VéeR, ——exp| —= + <
¢ o5 ) <
This yields
z—Xx 1 (o
e e
ovhil Vi) T Vi +x = 2?)
and, with (9) and (10),
(n) c
P X" — 2| < ovh < — s
(=2 =W = i e =y
for j > 1. Consequently,
, . (n)
E(|Zu(jh, Xn )il{(jh,X(j’;L))eC})
(j+1)h +o0 2 1
< < de dz &—Z(T, z)l —
Ve |0t Vil —2P)
1D - CVh [G+Dh dr /+°° : c?Zu( 2) 1
— — (7, 2)| /=
S vn dp Sl T 0t (1+x -2
C [G+Dh dr to  dz  |52u
< — — =5 (T, 2)|,
n Jjn VTl oo 14 |2[3]| 982

with a constant C which may depend on x.
We now write E(YX"_} | Zu(jh, X'})[1

’)eé}) as the sum I1(6) + J(6),
where 0 € [1/2, 1),

{(h. X5

[n0]-2

1(0):13( > |gu(h, Xy;3>|1{(jh,x%ec_})
j=1 ’
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and

J(O):E( ) > |gulh, XL, .

Using (11) and the Cauchy—Schwarz inequality, we get

Dk dr dz |iPu
I —
(9)< 0 / /oo 1+2 at2( ™ 2)
< —\/Z«/E,
n
with
A [n0]1-2  (j+1)h
=t fjh T(eT—T)/oo 1+|z|3
and
nbl-2  (j+1)h dz |J%u 2
,Zzl [ dr (6T — T)[ THeT {%2( 2)
Clearly,
0T—h dr 2C 0T — h
A —_— = — ——
<Cf (6T —7) _ 6T °g< n )

< Clog(1/h),

since we have assumed 0 € [1/2, 1). Therefore, we have A < C/log n. We now
estimate B. We have

u 2
t2( 2)| .

dz

B</ dT(()T—T)/ T3]3

Now, from the definition of u in terms of P, we can compute ¢?u/dt%. For
(t, z) € [0, T) x R, we have

2P 2(92P P P P
2p 49 —or? 9 t, 2+ ut
(aﬂ T A gt TMoax >( 2+ ub).

(t z)=

atz
From this expression we can derive, using Theorems 2 and 3, that
B < L
T-0T
Hence,
CJ/logn 1

I(9) < TS
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We now derive an upper bound for J/(6) by using Proposition 5:

n—1 C
JO) < Y ——
Jj=[no]-1 \/nJ

§C<1—0+1).
n

Putting things together, we have

1(0) + J(6) < c[ﬂ:’f” a _10)1/4 r(1- e)].

Taking 1 — 6 = (y/log n/n)*5, we obtain

n

n—1 4/5
sl ih. X® Vlogn
E( 2| FuCit, X 3O o, Xiﬁ’l)h>eé}> = C( ) ’

=1

which yields the desired result [since the term corresponding to j = 0
is O(1/n), as follows easily from the boundedness of (Ju/d¢)(¢,x) and
(6%u/dx?)(t, x) for small ¢]. O

4.3. Proof of the upper bound. We first state the following estimate in the
stopping region.
LEMMA 2. For n large enough, we have
v (t,y)e S, Yu(t, y)<0.

PROOF. The condition (¢, y) € S implies w(¢+k)+y+ovh < s(t) < s(t+h)
and pt + y < s(¢), hence

Tu(t, y) = (e MYy + u(t + k) + av'h)
+e "Ny (y 4 pu(t + h) — ovVh)) — e Y(y + ut).
Now, if z < s(¢), ¢(z) = K — e*. Therefore,
o Th
2
= e_”[K(e_rh —1)+e’t(1- e~ h/2 cosh(ow/ﬁ))],

Qu(t, y) — ert|: (2K _ ey+pb(t+h)+m/ﬁ _ ey+u(t+h)70«/ﬁ) K+ ey+,uti|

where we haved used u = r — (¢2/2). From this expression the lemma follows
easily. O

We are now in a position to derive the upper bound in Theorem 1. We
introduce the set

B={(t,y) €[0,T—h]xR|s(t)—|ulh—ovVh < pt+y < s(t-+h)+|ulh+ovh}.
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The letter B obviously refers to “boundary.” Note that
B=[0,T - h] xR\(CUNS).
Now, using (7), we want to estimate

nt/T
sup ( > Ju((j— D, X(J l)h))

’TET(’[) Jj=1

For 0 < j <n —1, we can write

il i (n) g1 ( i (n) a1l 3 ()
Gu(jh, X)) = u(jh, X, )1{(jh,X32))eC} + Zu(jh, X )1{(jh,X%))eS'}

o o)
+ Ju(jh, X )1{(jh, x%)eBy

Using Proposition 6 and Lemma 2, we have, for n large enough and for any

TE 36(’;«),
(r/h)-1 107 4/5
n gn
B( gutin x)) = oY)

Jj=0

(r/1)-1
( ZO Fu(jh, X )l{uh,Xf,»Z’)eB})
J

It follows from the boundedness of (du/dt)(t, -) and (7%u/dx?)(t, -) for small ¢
that
n C
u(0, X{) < -

On the other hand, we know from Proposition 5 that

n C
((n = Dh, in) on)| < P

We will now estimate Zu(jh, X )1{(jh,X(j'}l))eB} for 1 < j < n — 2. Applying

Proposition 4 to suitable C? approx1mations of u, we have, since (du/dt) +
(0%/2)(Fu/ox?) < 0,

o 2
uttoy = 2 [ de [ a0 0+ v+ 2)

0 3
<[ §d§/l;ff W(t+§2 y+2)
2/t+h /y+zrf Ij; 2|

Note that when (¢, y) € B and |z — y| < ov/h, we have
s(t) — |ulh — 20Vh — ut < z < s(t + h) + |plh + 20vh —
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Therefore, if we assume 2 < 1 and set A = |u| + 20, we can write

s(t+h)+Avh—ut 2u

Jtix

1 tt+h
u(t, )i, y)eny < 5/)5 ds/S dz 1y, <o} (s, z)l

(t)—AVh—pt
Hence

(r/h)-1
: . (n)
E( X:l Qu(jh, th )1{(jh,X(j';L))eB}>
j=

1 n=2 (j+1)h s(jh+h)+)m/ﬁ—u]h
<5(Zf)arf

2 1 s(jh)—Ah—u jh

P(IX"; )—z|<af)‘ _(1.2)

) L Ch.
h

As the proof of Proposition 6 shows, we have
¢
i+ 2Py

Hence, using 7 < 2jh, for jo < 7 < (j+ 1)h and j > 1, and applying the
Cauchy—Schwarz inequality,

P(IXY) — 2| < ovh) <

(/h)-1
( 2, Ju(jh, X h)l{(jh,XS?)eB})

Jj=1
n—2 GV g7 psGht)+AVR—pjh 2u

SC(ZW/ = = (72)>+Ch
i1 it VT Is(iny-awh-ujn - 1+ 2|3 | dtdx

50\/2[2/“” L (s(jh + h) — s(jh) + 2AVR)

o JT
dz 2 1/2
</1+|z|3 ) }wh'

It follows from Proposition 1 and Theorem 2 that, for j <n — 2,

(92

, 2
&t&x( )

s(jh+ h) — s(jh) < Cﬁw
<Cvh !

(T — jh)/2]"*

where we have used j < n — 2 in the last inequality.
On the other hand, we know from Theorem 2 and Theorem 3 (applied with

ty=7and T = (T + 7)/2) that
2\ 1/2 C
S 07
) <

d
<[ 1+ Tz|3

072
dtdx

(7, 2)
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Therefore,

(r/h)—1
E( > Zu(jh, X5

= {(jh,Xi-Zi’)eB})
J:

T dr hV4 1
< c\/E/O T T O

< Ch3/4,

which completes the proof of the upper bound in the general case. O

4.4. The case u < 0. In this section, we assume that u < 0. We will show
that, in that case,

(r/h)-1 Tog 72\ 4/5

E( S gu(jh, XS?)) < c(‘/og”) .
Jj=0 n

We first observe, as in Section 4.2, that

J2u
Jtix

N
gu(t,y)gl/ hdg/ ¢ dz<z (t+§2,y+z)).
oo —o¢

We would like to integrate by parts, as in the proof of Proposition 6. However,
we no longer have 72u/dtdx? = —(2/0%)d?u/dt?, since (¢, y) may not be in C.
However, we know from (4) that

Ju N o2 du
at 2 9x2

)(t’ y) = _rKeirtl{ySS(t)—Mt}

since u < 0, t — s(t) — ut is a nondecreasing function. Therefore

TELN % Pu . 9)
et — + —— |
gt 2 Jx? Y

is nonincreasing. It follows that

3 ( (?u+02(92u <0
—_ e PR [ —
at at 2 Jx2 -
in the sense of distributions. Hence
(9% % Pu Lot Pu N o? FPu\ _ 0
re"| — + —— el — 4+ ——— .
ot 2 Jx2 Jt2 2 gtox? ) —
Therefore,

PBu 2 J2u
It?

2
= <2 (-2 +r%K).
tax? ~ o2 >
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Using suitable C? approximations of u, for which integration by parts is al-
lowed, we obtain

, 1 vk o¢ s 22\ [(|Pu 9
Qu(tay)S;/O dff_agdz<§ —0_2>(07’:2(t+§,y+2)

+r2K>

\/E vh o | 92u |
- [ = 2 | 2
=), gde[ | dzTa(t+ v +2) +Ch

Pu

Jhoptth y+ovh 9
< /t d/ o dz + Ch2.

=% Ty ovi

(7,2)

We can now proceed exactly as in the proof of Proposition 6 to derive

7/h—1 Tozn\ /5

sup E Y 2u(jh, X)) < C(‘/ Og”> ,
(1) i—0 n

TEL/O’T J

which proves that, for u < 0,

P™(0, x) — P(0, x) < c(‘/log”>4/5.

n

4.5. Proof of the lower bound. In order to derive the lower bound in The-
orem 1, we consider the following stopping time:

r=inf{te[0,T—h]| t/heNand(t X")¢CyAT.

Using (6) and the definition of 7, we have

nt/T
E(u(r, X)) = u(0, x) + E( 3 gu((j - 1)h, XE';.)_D,L)>

j=1
nt/T )

(12) — P(0, x)+E< S gu((j - Dh, X(jl)h)1{((jl)h’X$>1)h)eé}>
j=1

4/5
0 x)—C(V lj’f”) ,

where the last inequality follows from Proposition 6.

fr<T,(r, X (Tn)) must be in SUB. Therefore, we should be able to estimate
the difference u(7, X (Tn)) —e "Y(pur+ X (Tn)) thanks to Proposition 2. However,
since the estimate in Proposition 2 blows up as ¢ approaches T, we have to be

careful when 7 is close to T'. Therefore, we introduce the following modified
stopping time. For 0 < a < T (to be chosen later), let

Ta = 71{7+h<a} + T1{7+h2a}'
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It is easy to check that 7, is a stopping time. We will prove below that, for «
close to T (say a > T'/2),

(1) [B(u(r, X)) ~ Ble "™ p(ur, + XO))| = C( e + (T =),

Applying this inequality with T — a = 1/n2/3, together with (12), leads to
E(exp(_rTa)lp(/"LTa + XS-Z))) - P(Oa .’)C) = —c/n2/3,

which implies the lower bound in Theorem 1.
It remains to prove (13). We have

E(u(r, X)) — E(exp(—r7,)(ut, + X)) = E; + E,,
where
Ey =E(u(r, X{) — e (ur + X)) g
and
Ey =E(u(r, X™) — u(T, X(:rn)))l{7+hza}-

We first study E;. We have

u(r, X)) = e (P(1, p7 + XW) = P(7 + h, u7 + X))

+e ""P(1 4 h, pT+ XM).

Hence

|u(r, XMy — e "(ur + X(,”))} <h sup

T<t<T+h

+eT|P(r+ R, pr+ X)) — gp(pr + X))

JP
(Tt(t’ )

L*(R)

From Proposition 2, we know that, for all ¢ € [0, T") and y > s(¢),

C
VT —t

Note that, on the event {7 < T'}, ut + x" < s(7 + h) + |u|h + o/h. Hence

P(t,y) — ¥(y) < (v — s(8))*.

C
P(r+h, ur+ X)) — g(pur + XW)| < ————(|ulh + ovh)?
| P( ® ) — (p )| m(“’" )

C

<——— on{r+h .
= {r < a}
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On the set {r + kA < a}, we also have, due to Theorem 2,

p C
sup ||—(¢, ) < .
r<t<r+hl|| Ot L>(R) T-a
Consequently,
C
By < — .
nvT —«

We now examine E,. It follows from Proposition 3 and Proposition 5 that

n—1
|E(u(r, X™) — u(T, X(T'l)))1{7+hza}| < E< > |2u(jh, X(J~';L))|l{7+h>a}>
Jj=l7/h]
- 1
J=[a/h] \/ni‘]

Hence |E,| < C(T — a), for « close to T, which completes the proof of (13). O

APPENDIX

PROOF OF THEOREM 3. Similar estimates have been proved by Friedman
and Kinderlehrer (see [17], Chapter VIII, Theorem 3.4) for variational inequal-
ities on a finite interval, when the obstacle ¢ has a bounded second derivative.
Since the proof of Theorem 3 uses the same techniques, we will not give all
the details.

We first introduce relevant function spaces. For & > 1, let H, = L?(R,
dx/(1+ x®)*2) and V,, = {f € H, | f' € H,}. The inner product on H, will
be denoted by (-, -); and the associated norm by |- |,. The natural norm on V,,
will be denoted by || - ||. Thus, we have

+00 dx
=] PO ey

and ||f|I} = f1} + [}
Let A be the partial differential operator defined by
a? 72 J
A=—— — —r.
2 9x2 +'u§x d

We associate with operator A a bilinear functional on V, defined by
ko? (> , X
ar(f, 8) = / f'(x)g’ (@W 5 [mf(x)g(x)m dx

[ P @) Sy | @)
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so that, if f' € V,,

ar(f, 8) = —(Af, &)
It will be convenient to write a,(f, g) as ai(f, g) = a,(f, g) + ar(f, g), with

0.2
(14) dk(f,g)=§[(f’,g')k+(f,g)k] and a,(f, g)=ax(f, &) —an(f, 8)-

With these notations, it is easy to check that |a,(f, g)| < C||fllzlgl, and
lap(f, g)| < Cl|gllx|f|; for some constant C which does not depend on f or g.

We will prove that if ¢ is a bounded continuous function with bounded
derivatives ¢’ and ¢”, satisfying A¢ > b, where b is a nonpositive constant
and ||¢||r~ + ||¢'|lz~ < a for some positive constant a, then the (bounded)
solution of the variational inequality

max(ﬂu + Au, ¢ — u) =0,
(I) ot

u(Ta ) = ¢,

satisfies the following: there exist positive constants C; and C, depending
only on a and b such that

2 2

&%(L )

2
o kdt—ir(T— t))

Vit el0,T), fT(T—t)

Ju
—(t4, -
'atu)

(15) k

= Cill¢"llz~ + Co.

Applying this estimate with £ = 3, T replaced by 77, ¢ = P(T",-)and b = —rK
yields Theorem 3 (recall that [(dP/dt) + AP|(T', x) = —r K1, 4y, so that
AP(T',)> —-rK).

In order to prove (15), we introduce a family of penalty functions 8,: R - R
such that, for each ¢ > 0, B, is a concave, nondecreasing, nonpositive C?
function with bounded derivatives, satisfying B8,(u) =0, for u > £ and B8,(0) =b.

Let u, be the solution of the parabolic semilinear equation

u,
(Z.) It

+ Aus - Bs(ua - d)) =0,

us(Ta ) = (ba

Standard arguments show that problem (I,) has a unique solution satisfying
u, € L%([0,T); V},) and du,/dt € L%([0, T); H},), with

T|ou 2
(16) /' £t )| dt < K4,

0 | Jt ( )I 3 1
where K; depends only on ||¢||, (and not on &). Moreover, as ¢ tends to 0, u,
converges weakly to the solution of (I). For details on the previous facts, we
refer the reader to [6], Chapter 3, where similar results are proved. It is then
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sufficient to derive (15) for u,, making sure along the way that constants do
not depend on &.

For that purpose, we proceed essentially as in [17], Chapter VIII, Section 3.
Let

du,
v, = .
Jt
For notational convenience, we set 8 = B,. By differentiating (I,) with respect
to t, we have that v, satisfies

Jdu,

17) Y

+ Avs - B;(ue - (]5)1)9 = 0?
with terminal condition
v(T,)=—-Ad+B(0)=—-Ad +0.
Observe that the condition A¢ > b, together with B’ > 0, implies that v, < 0.
Also note that, for ¢t € [0, T'], ||v.(¢, )|z~ < [|[v (T, e < ||AD||1 + |0].
Now, we multiply (17) by v, and integrate with respect to dx/(1+ x2)*/2 to
get

_<07v87 Us) + ak(vsa Ue) + (B,(us - (Z))UE, vs)k =0.
at’ °),

Since B is nondecreasing, this implies

J
( Ve ) —a(v,, v,) > 0.
k

7’1)
at’ ¢

We now integrate over the time interval [¢, T'] and use (14) to obtain [with the
notation v_.(t) = v,(¢, -)]

1 2 2 T
5 ([0 = lva(D)IF) th ap(v:(?), v,(2)) dt

a2

T T
=% | @it de+ [ a0, v de

2

o2 T ) T
> 5 ||Ua(t)||kdt_0/ e (@llelva()]s dt.
t t

Hence, using (16),
T
[ a0l de = C(1AglE +0” + K,).

Note that

|Ad[, < [Ad — b, + Clb],
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and, since A¢ > b, we can write

dx

Ad—bli = (As) -0 v

d
= (1491l + 16) [ (A0(0) ) 4 aea

< (C+p)([Adz~ +[B]),

since integrating by parts allows a control of [* A¢(x)(dx/(1+ x*)*/2) by
|||~ and ||¢’||z~. Therefore, we have the following inequality:

T
(18) /t lo.(0)]2dt < K5 (||Ad| |~ + 1),

where K, depends only on b and a. Estimates involving (d%u,/d¢?) can be
obtained in the following way. Multiply (17) by (Jv./d¢) and integrate with
respect to dx/(1 + x2?)*/2. Then

Ju, Jdu, Ju _
_< P )k—l—ak(v (%) (B (u, —¢)v8,>k_o.

Note that
, av, Y dx
(:8 (ua - (;b)Us, ‘%)k - ~/—oo B (u d)) Vs It m
1d "
= 5&(3 (u, — P)v,, v ) - Q(B (u, — d’)vz’ US)k

1d(
= 2dt<ﬁ (ua - d))va’ Ua‘)ka

since B is concave and v, < 0. Hence

Ju, Jdvu,
<(9t’ at)k_ak(v” )—2dt(5 (s = B)vs, ,),

v, dv, o? d 1d
(f%”%)k_ 4 dt” s||k—2dt(B(u )Us’v) +C‘

Now, let 0 < ¢; < t5 < T. Integrate from ¢; to ¢,,

I
t

1

a“k

e | e+ o,
PR ’. — US
at A 4 L

0.2
= vas(@)n% + 5 (B (1) — v, (1), Us(tz))k

v dt

(B (us(t1) — P)v.(t1)
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0- /
=l (217 + (B (us(t2) = P)v.(ta), vo(t2)),,
w0 |52 | ool
We now integrate with respect to ¢, from ¢; to T to get

ty av, S
S [ )| + T -l el
1

t

o2

<% [ dalvli+c [ dn wl u>pwamk

+ § /;1 (B’(ug(tg) - ¢)U€(t2), Ua(tZ))k dt2’

and, using Fubini’s theorem,
[ wat¢ﬂ<t>'+<T—am%amu

2
(19) 7 2 T — |7
<% [ oo+ [ anr - of e

o)1
k

1 /T
+ 3 /tl (B'(u (t) — d)v,(2), Ug(t))k dt
Now, observe that

(B'(u(t) = d)vs(t), v,(2)),

< N0 (Ol | Bt - ¢ﬂ%@ﬂa¢7ﬁﬁ

< (1Al + 1) [ B0 = 900D 277

= (1Adli~ +18) 70 [ Bu(t) - ¢ﬁfzgmm

Hence

[ (B~ 0.0, 0.0,

00 . t1) — 0
< C(|[AdllL~ + |b|)< - m /oo (1 +(x2))k/2 )
< C|b|(/|AdllL~ + [6]).

Going back to (19) and taking (18) into account, we obtain (15). O
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