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Examples of hypergeometric twistor D-modules

Alberto Castafio Dominguez, Thomas Reichelt and Christian Sevenheck

We show that certain one-dimensional hypergeometric differential systems underlie objects of the category
of irregular mixed Hodge modules, which was recently introduced by Sabbah, and compute the irregular
Hodge filtration for them. We also provide a comparison theorem between two different types of
Fourier-Laplace transformation for algebraic integrable twistor D-modules.

1. Introduction

In a series of papers Sabbah and Yu (partly joint with Esnault) [Yu 2014; Sabbah and Yu 2015; Esnault
et al. 2017; Sabbah 2018] considered a so-called irregular Hodge filtration on certain cohomology groups
and on certain irregular D-modules. It can be seen as a generalization of the Hodge filtration on a mixed
Hodge module in the sense of M. Saito. Geometrically, such a filtration arises by considering a version of
the twisted de Rham cohomology of certain proper maps, and it plays (conjecturally) a role in Hodge
theoretic mirror symmetry (see [Katzarkov et al. 2017]). Sabbah [2018] has defined a category of irregular
mixed Hodge modules, which is (up to a technical equivalence) a certain subcategory of T. Mochizuki’s
category of (integrable) mixed twistor D-modules. He has proved that a rigid irreducible D-module on
the projective line can be uniquely upgraded to an irregular Hodge module if and only if its formal local
monodromies are unitary. Consequently, these objects come equipped with an irregular Hodge filtration
and one can define irregular Hodge numbers for them. They should be seen as interesting numerical
invariants attached to these differential systems, contrary to the case of arbitrary mixed twistor D-modules,
where there is no obvious way to define such numbers. In [Castaiio Dominguez and Sevenheck 2019],
the first and the third named author have computed that filtration and its corresponding numbers for the

purely irregular hypergeometric modules, that is for systems of the form Dg,, /Dg,, P, where P is the

m
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for real numbers «y, ..., @,. Let us consider the noncommutative ring RE‘; = CJz, ti](zzaz, tzos). A
crucial point was to show that a certain quotient of the corresponding sheaf Rg}n on G, which restricts to
the Dg
the latter can be uniquely extended to an object in rMHM(P!).

-module Dg,, /Dg,, P on z = 1 actually underlies an object in the category IrMHM(G,,) and

m,t m

In this paper we discuss the case of more general hypergeometric D-module, that is, for quotients
Dg,,/Dg,, P, where now P is of the form

P=[]¢d, —e) -t o — B
i=1 Jj=1

for positive integers m, n and real numbers «1, ..., &y, B1, ..., B such that there is no integer difference
between any «; and B; (this is the irreducibility assumption). It is worth noticing that the presence of
the factor ]_['}1:1 (td; — B;) rules out the usage of the geometric arguments of [Castaiio Dominguez and
Sevenheck 2019]. We obtain (see Theorem 5.7) that for certain such systems, the corresponding quotient
of Rg; still underlies an object of iItMHM(G,,). As an application, we can completely determine the
irregular Hodge filtration for all systems D/D P as above, where n is arbitrary and where m = 1.

The strategy of the proof (which is rather different from that of [Castafio Dominguez and Sevenheck
2019]) of the main theorem is to reduce these differential systems from (Fourier—Laplace transformed)
A-hypergeometric D-modules (the so-called GKZ-systems of Gelfand, Graev, Zelevinski and Kapranov,
see [Gelfand et al. 1987; Gelfand et al. 1989]), but at the level of (algebraic, integrable, mixed) twistor
D-modules. Notice that the paper [Mochizuki 2015b] also studies twistor structures on GKZ-systems, by
considering twistor D-modules associated to meromorphic functions. We use instead a central result of
[Reichelt and Sevenheck 2015], where the Hodge filtration on certain GKZ-systems has been computed
explicitly. Technically, the main point in our proof consists in showing that for an R-module underlying
an integrable mixed twistor D-module on the affine space, the algebraic Fourier—Laplace transformation
(which is defined very much the same as in the case of algebraic D-modules) coincides with the Fourier—
Laplace transformation that can be defined inside the category MTM, or even IrMHM. Along the way, we
also obtain (see Theorem 4.7) that an R-module version of the GKZ-D-module underlies an irregular Hodge
module provided that the parameter 8 € C¢ of this system satisfies a natural combinatorial condition. Notice
that for the special case 8 = 0, this theorem can also be deduced from [Mochizuki 2015b, Proposition 1.4].

Our results give concrete representations for objects in the categories MTM and IrrMHM, which
usually are difficult to describe explicitly. We hope that a similar approach can be used to understand the
irregular Hodge filtration for some higher dimensional analogues of the classical hypergeometric systems,
also called Horn systems, which occur in the mirror symmetry picture for toric varieties.

2. Some results on - and mixed twistor D-modules

Let X be a complex manifold of dimension d. We denote by Oy the sheaf of holomorphic functions and
9y the sheaf of differential operators with holomorphic coefficients. Recall that %y is generated by the
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tangent sheaf ®@x. We put & := A; x X, where the subscript means that z is the canonical coordinate on A,
Denote by p, : ¥ — X the projection. We denote by Ry the sheaf of subalgebras of @y generated by
zp}®x over Oy and by @t;}t the sheaf of subalgebras of %y generated by zp?©®x and 229, over Og. In local
coordinates xi, ..., xq4, they are given by Oy (zdy,, ..., z0y,) and Oy (2281, 20y, .. ., 20y, ), respectively.
We set QL :=z71prQ} as a subsheaf of pQ} ® Ox(+({0} x X)), Q4 := AP QL and wy := Q4.

Let f: X — Y be a morphism of complex manifolds. We consider the transfer #-modules, given by
Ry := Oy ®f71(% f_lgioy and Ry g = wy @ Ry_ay f_lwcy, being respectively a (Ry, f_lgioy)-
bimodule and a (f~!Rq, Rg)-bimodule. We have the inverse image and direct image functors

FENY =By ® gy N, (M) 1= ROy 1y M), (1)

between the bounded derived categories DY Ry) and D?(Ry).
If f: X xY — Y is aprojection and dim X =d, then f, (M) is given by

S+(M) = R f, DRysayjy (M) [d],

where DRy oy /oy (M) 1is the relative de Rham complex with differential

d
dn@m)=dn®@m+ Z(% A n) ® 20y,m,
i=1
the (x;)1<i<q being local coordinates on X.

Let o : G, — G, . be the automorphism z — —z7!. Set S:={z € A; | |z] = 1}. If » € S then
o(L) =—A\. Let €éci’§l()/s,c(V) be the space of C*°-sections of Qg’de/s over any open subset V of S x X
with compact support and C, ? (S) the space of continuous functions on S with compact support. The space
of C°°(S)-linear maps Eé'i’;?/svc(V) — C?(S) is denoted by Dbs, x/s(V). This gives rise to the sheaf
Dbsx x/s. The abelian category R-Tri(X) consists of triples 7 = (M, M», C) where My, M, are Ry-
modules and C : Myjsxx ® 0* Majsxx — Dbgsxx/s is a Ry|sx x ® 0 *Ryr|sxg-linear morphism. If D C X
is a hypersurface, one similarly defines a category R-Tri(X, D) using Rg (xD) := Ry Qg @%(*(A; x D))-
modules (see [Mochizuki 2015a, §2.1] for details).

Now let X := X x Atl and let @ (log X() be the sheaf of vector fields on X which are logarithmic
along Xo. Let Vo be the sheaf of subalgebras in %¢ which is generated by zp?®x (log X(). For z € Azl
we denote by %) a small neighborhood of {zo} x X. A coherent Rg-module is called strictly specializable
along ¢ at zo if Mg« is equipped with an increasing and exhaustive filtration V;ZO)(Ml%@O))%R by
coherent (VO%%)l%(zO)-mOdUICS satisfying certain conditions (see [Mochizuki 2015a, §§2.1.2.1, 2.1.2.2]).
This filtration is unique if it exists. M is called strictly specializable along ¢ if it is strictly specializable
along ¢ for any zg.

Remark 2.1. If M is itself a coherent Vy%Rg-module, then M is automatically specializable along ¢ and
the corresponding filtration V, (M) exists globally and is trivial, i.e., V,(M) = V(M) for all a, b € R.
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If M is a coherent Ry (f)-module, we define similarly a filtration V[,(ZO) (M|%(zo)) and the notion of
strict specializability along ¢ (see [Mochizuki 2015a, §3.1.1]). In this case we define the Ry -submodules
M[xt] and M[!t] of M, which are locally generated by VO(ZO)M and Viz(;’)/\/t, respectively.

Remark 2.2. If the coherent Ry (*t)-module M is itself VoRg coherent, then
M[t] = M[*t] = M(xt) = M.
Given an Ry (xt)-triple T = (M1, M>, C) which is strictly specializable along t we can define
TLt] := My [xt], Mp['t], C[Ut]),  Tlxt]:= (Mq[lt], Ma[*t], C[*t])

(see [Mochizuki 2015a, Proposition 3.2.1] for details).

The category of filtered Rg-triples (i.e., Ry -triples equipped with a finite increasing filtration W)
underlies the category MTM(X) of mixed twistor D-modules (see [Mochizuki 2015a, Definition 7.2.1]).
The full subcategory of objects 7 € MTM(X) satisfying 7 = T [xD] for some hypersurface D C X is
denoted by MTM(X, [*D]).

If X is a smooth, algebraic variety, we denote by X" the corresponding complex manifold. Let X
be a smooth, complete, algebraic variety such that X < X is an open immersion and D := X \ X is a
hypersurface. We can define the category of (integrable) algebraic, mixed twistor D-modules as

MTMS]';) (X) ;== MTM (X2 [xD]). )

We remark that this definition is independent of the completion up to an equivalence of categories
[Mochizuki 2015a, Lemma 14.1.3].

Let f : X — Y be a quasiprojective morphism of smooth, algebraic varieties. We take completions
X CcXandY CY as above, such that Dy := X \ X and Dy :=Y \ Y and we have a projective morphism
f: X — Y which restricts to f. For T "€ MTM,¢(X), corresponding to T e MTM(X, [*Dx]), we define

FIT =" F.T,
where f, is the direct image functor for mixed twistor D-modules arising from the one for %-modules
depicted in (1).

If X is an algebraic variety, we denote by Dy the sheaf of algebraic differential operators and by Ry
the sheaf of z-differential operators, where here & := AZI x X. We define the inverse and direct image
functor in the category of algebraic Rg-modules as in (1). Analogously to the construction of Rg, we can
consider the projection p : P! x X — X, and construct the sheaf of subalgebras of Dpi y (¥({c0} x X))
generated by 723, and zp*®x over Opi y (see [Mochizuki 2015a, §14.4.1.1]), which will be denoted by
Rg}x ¥ (*x00). In that sense, an algebraic integrable Rg-module gives rise to a unique Rgfx ¥ (*00)-module
(see [ibid., Theorem 14.4.8]).

The following lemma, which will be needed later, is due to T. Mochizuki.

int

Lemma 2.3. Given two good Riy; (x00)-modules Py, P> and an analytic isomorphism f : P{" — P3",

then f is induced by a unique algebraic isomorphism between Py and P;.
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Proof. Take a coherent Op:1 , x-submodule A} C P; such that R‘m (*oo) ® N1 — Py is surjective and a
coherent Op1 , y-module N, C P, such that both Rgfx 5 (¥00) ®/\/’2 — P is surjective and f (N{") C N3
According to GAGA we have a morphism g : Nj — N, which after analytification is equal to the morphism
N — N3" induced by f. Denote by K the kernel of R‘m  (¥00) ® N1 — Py. This gives a morphism
C1 — P, which one obtains as the composition K — R‘m (*oo)@/\f | —9"—>R‘m . (k00) N, — P, where
@ is induced by g. Because the induced morphism (Rgtx y (%00) ® Np)*™ — P35 factors through Pi",
the induced morphism K" — P3" is 0. Hence, we obtain that K — P, is 0, which means that

Rﬁ;}}x X(*oo) ® N1 — P, factors through P;. This shows the existence. The uniqueness follows from
[Serre 1955-1956, Proposition 10]. O

Since an algebraic, integrable, mixed twistor D-module on X gives rise to an analytic %iu;l}x 5 (:00)-
module which underlies an algebraic Rg,‘x X(*oo)—module by [Mochizuki 2015a, Theorem 14.4.8], the
lemma above shows that we can define functors (up to canonical isomorphism)

For; : MTM™

e (X) — Mod(Rif")

(M, My, C) — M; fori =1, 2,

which become faithful if we impose goodness.

3. Fourier transformation of twistor D-modules

In this section we define the Fourier—Laplace transformation in the categories of integrable R-modules
and integrable, algebraic, mixed twistor D-modules, and we prove that these two transformations are
compatible.

Consider the diagram

ANXAN—HPNX[P’N

O

AV L, pN
where p and g are the projections to the first and second factor respectively. Consider the function
gozzlj-vzl w; - A; on AN x AN,

Let Aféz be the Ry 1o av AN -ondule Oty AN X AN equipped with the z-connection zd +d ¢, and consider
the reduced divisor D := (PV x PN)\ (AN x AN). Then A% := j*Aff/fZ carries a natural structure of an
Rty pn 5 py (xD)-module.

We denote by EW * the analytification of Af/ * which is an R Al pN 5 py (#D)-module.

Lemma 3.1. &7 /s strictly specializable along D and

g9 = £¢/[xD] = £¢7%.
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Proof. We denote the coordinates on PV x PV by ((wo:wy:---:wp), (Ao:Ay:---:Ay)), where the chart
AN x AN is embedded viathe map j: (wy, ..., wy, A, ..., An) > ((L:wy, ..., wy), (L:dp:e- 1 AN)).
By symmetry it is enough to prove the claim in the charts {w; # 0, Ag # 0}, {w; # 0, A; # 0} and
{w; #0, Ay #0}. We will assume N > 2 and consider the chart X := {w; # 0, A, # 0}; the arguments with

the other charts and when N = 1 go similarly. The chart X is embedded as (xy, ..., Xy, 1, ..., UN) >
((ep:lixgeooixny), (U ipa: s+ un)), so that the map ¢ is given on X by
H2+x2+ Mx>
xuu( ; o

Set By :=A! x (DN X) =A! x {x; - £ = 0}. The module (55f/z)|x is a cyclic Rp1, x (D x)-module
Rl x (xDx) /P, where the left ideal $ is generated by

1 1 Wi
20 + —5— (,uz +x2+ E ,uiXi), 20y, — , 20y /
XM i=3 X1M1

B+ — ( taot )y ) 2 : i
z S\ M2T X2 mixi ), 2 — y LM
gl — o 2 xim /

where j > 3. Consider the map iy : X — Al x X given by

('x15“"‘xN?M17""/’LN)H(‘xl'I/Ll?xl?“"'xN’Ml?“"l’LN)'

The direct image i, 1 (Ry(xDx)/F) is a cyclic Q/'t&} X%(*(A} X 9 x))-module QRA} x%(*(Atl xDx))/$
where §' is generated by

1
Zax1+ll~123t+x2“ Mz—i—xz-l-ZMiXi s 20y, —

! i=3 X1H1

B, + 31200 + — ( +x+ ) ) d : 9 Vo
z X12 w2 =+ x3 Mixi |, 2 — , 20y — ) — X111,
g Tl — oxgn T

where j > 3. Define the cyclic R a1, 4 (xr)-module R 1, o (1) /F where § is generated by

M1 1 Hj
20y, + 1120 + t—z(uz +x2+ mez), 20y, — T Z0y; — TJ

i>3

X1 1 Xj
z3m+x1z8,+t—2 /Lz—l—xz—i-z,u,-x,-, z8m—;, zaﬂj—T, t— X1y,

i>3

where j = 3. Then we have the following %1, o-linear isomorphism

R (kA X Dx)) /I = Rpr (1)) $

1 1
— P

(x1pun)k tk
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Consider the V-filtration along ¢ = 0. The relations 1/ k= (zam)k,

70; = —%(zaxm + %(Mz +x2 + Zm%)) = —Z0y, X120, — (,uz +x2+ Z/fvixi)(zauz)z

i>3 i>3

and a straightforward induction over k for (z0;)* show that ig+(Re(xDx)/$) is a cyclic, hence also
coherent, VoJia1,g-module. It follows from Remark 2.1 that iy 1 (Re (xDx)/F) = ig,+ (R (xDx) /F)[1],
and as a consequence, we are done by applying [Mochizuki 2015a, §3.3.1.1] and Remark 2.2. ]

It follows from [Sabbah and Yu 2015, Proposition 3.3] that £#/% underlies an object 7%/*¢ MTMZ{; (AN x
AN ). Let us notice that the preceding lemma, as well as the similar Lemma 3.6 below, are related to a
more general statement in [Mochizuki 2015b, Corollary 3.12] on mixed twistor D-modules associated to
nondegenerate functions. However, in order to keep the paper self-contained, we prefer to give direct
proofs here.
nt

We will now define a Fourier-Laplace transformation for algebraic R},

v-modules.

int

Definition 3.2. The Fourier-Laplace transformation functor from the category of algebraic Ry .y~

t

|~ y-modules is defined as
x AN

modules to the category of algebraic RK‘
M :=FL(M) := Hq, (p" M) ® AL,

for any M in Mod(R} ).
Remark 3.3. Let M :=T(A! x AV, M) be the RZ‘;}X v -module of global sections of M. The RK‘I‘XAN
module M := I'(A! x AN, M) is isomorphic to M as a C[z]-module and the full RK‘}XAN—structure is

given by

N
Ai-m = —z0y,-m, 20;,-m:=w;-m and zzaz -m = (ZZBZ — Zzaw,wi) -m.
i=1

On the other hand, there is a similar definition of a Fourier—Laplace transformation in the category of
algebraic Dy~-modules (see e.g., [Reichelt 2014, Definition 1.2]) which we also denote by FL.

The Fourier—Laplace transformation for algebraic, integrable, mixed twistor D-modules is defined in
the following way.

Definition 3.4. The Fourier—Laplace transformation in the category of algebraic, integrable mixed twistor
D-modules on AV is defined by

FLptm(M) = H0q.(p* M) @ T#/%),

where M € MTM™ (AV).

alg

Recall that for M = (M, M»,C) e MT Mia’};(X ) we denote by For; the forgetful functors For; (M) = M;
fori =1, 2.
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Proposition 3.5. Let M € MTM:}; (AN). Then

For; (FLymyv (M) = FL(For;(M))  and  Fory (FLyrm(M)) = 2~ FL(For, (M)).

Proof. By [Mochizuki 2015a, §14.3.3.3] it is clear that For; almost commutes with p*, more precisely we
have
For (p*(M)) =" p* (For;(M)) and  Fory(p*(M)) = p™ (Forp(M)).

Then it is enough to prove for N € MTMlnt (AN x AN) that g (For; (\) ® Aff/fz) = Fori (q.(N' ® T¥/%)).
We have R / /
J+q+(Fori (N) ® AY") = g4 j4 (For; (V) ® Af)
= G, j.(For; () ® A%f)
= RG. DRy v Ji(For; (N) ® A%
Since N, T¥%/% € MTM;?;(AN x AN), there exist mixed twistor D-modules N, 7%/ € MTM™(PV x

PN, [+D]) whose underlymg %R-modules are (after stupid localization along D) analytifications of the
J« For; (V) and ]*Aaff Hence

(jie(For; () @ A%))™ = For; (W ® T¢/%) (+ D) = For; (W @ T#/%),
where the last equation follows from Lemma 3.1. We therefore get
(J4 -+ (For;(N) ® AZE)™ = R DRY, . (i (For;(N) ® AZ5))™
= R7.DRY, . For,(N®T*)
= For; (G (N ® T¥/%)).
The claim follows now from Lemma 2.3, noting that the goodness is a consequence of Lemma 3.1 and

[Mochizuki 2015a, Lemma 14.4.15]. O

We have the following variant, which will be used in the next section. Consider the diagram

N'x G, 1 i pVxpl

/\ N

G, —— P!

andlet ;== w -t +wr+---4+wy.

As above we define the Ra1,an «g, -module AW °, being Op1y AN xG,, €ndowed with the z-connection
zd +dy. As in the other case, we can consider the divisor H := (PY x P')\ (A" x G,,) and obtain
the Ra1pn «pt (xH)-module Af /2= j*A:ﬁc]{Z. In the same vein as before, we will denote by 8:;0 /% the
Rt pr pt (xH)-module being the analytification of Af/ *. The following lemma is similar to Lemma 3.1.

AL

Lemma 3.6. is strictly specializable along H and

gV =gV xH] = £V
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Proof. We denote the coordinates on PV x P! by ((wo:wy :---:wy), (u:1)), where the chart AV x G,
is embedded via the map j : (wy, ..., wy, )= ((1:wy:---:wy), (1:1)). We will assume N > 3 and
consider the chart X := {wy # 0, u # 0}; the other charts behave similarly, as do the cases N =1, 2. The
chart X is embedded as (x1, ..., xy,u) = ((x1:x2:1:x3:---:xp), (u:1)). On this chart the map ¥ is

given by %(%—l— 14+x3+---4xy). Set Hy :=A! x (HNX)=A! x {x; -u =0}. The module (&L///Z)|X
is a cyclic Ry (xH x )-module Ry (x¥Hx) /P, where the left ideal $ is generated by

1 X7 1 1 X2
W+ | —+ 1+t Fan ), 20— ——, 20— —, 20+ _—37,
X u XU X1 XU
with j > 3. Consider the map i, : X — A! x X given by
(X1 ey XN, U) > (XU, XY, oo oy XN, U).

Analogous to Lemma 3.1, the direct image iy 4 (Ry(xHx)/$) is a cyclic %Ag X%(*(A‘: X dx))-module
QRA}X%(*(ASI x #x))/$" where §' is the left ideal generated by

1 (x 1 1 X3
Zax1+uzas+_2 _+1+x3++x1\7 ) Zaxz__7 Zax]‘__a Zau+xlzas+_2a §s—X1u,
)Cl u X1u X1 X1U

and j > 3. Define the cyclic R g (s)-module Rp1,q (xs)/F where § is generated by

X1X2

u
j—;, Zau+X]Zas+S—2, S—XiU,

1 1
20y, +uz8s+s—2(xzu+u2+X3u2+- cdxyu?),  z0y, - 2
and where j > 3. We have the following J1,g-linear isomorphism
Rt xp (A X Hx))/F' = Rt (+5)/$
1 1

— > P—.
(xju)k R
Consider the V-filtration along s = 0. The relations 1/ sk = (zan)k,
1 X2 )
70y = _E Z+uzo, + ? =—Z: Zaxz - uzauzaxz _x2(zaxz)
and a straightforward induction over k for (zd;)* show that i 2.+ (Rx(xDx)/$) is a coherent VoRa g~
module. As in the previous lemma, this shows the claim. O
It follows again from [Sabbah and Yu 2015, Proposition 3.3] that £¥/7 underlies an object TV/% ¢
MTM;‘}; (A" x Gp).
Definition 3.7. (1) The Fourier—Laplace transformation with respect to the kernel ¥ in the category of
algebraic R a1, av-modules is defined as

FLY (M) 1= Hoq, (pt M) @ AV,

for any M € Mod(Raw).
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(2) Analogously, the Fourier—Laplace transformation with respect to the kernel ¢ in the category of
algebraic, integrable twistor D-modules on AV is defined by

FLY o (M) = HOg (p* M) @ TV/9),
for any M € MTMjt (AV).

We get the following result for the kernel .

Proposition 3.8. Ler M € MTM™

alg(AN). Then

For; (FLYpy (M) = 2/ =V ELY (For;(M)) and  Fory(FLY 7y (M) = 2 FLY (Fory (M)).
Proof. We have, by [Mochizuki 2015a, §14.3.3.3],
For{ (p*(M)) = zp™ (For;(M)) and  Fora(p*(M)) = p* (Fora(M)).
The rest of the proof carries over almost word for word from Proposition 3.5, using Lemma 3.6. U

4. GKZ systems and irregular Hodge modules

Let A = (ay;) be ad x N integer matrix with columns (a1, ..., ay). We define

N
NA :=» "Na; c ¢
i=1

and similarly for ZA and R>A. Throughout this section we assume
ZA=7¢ and NA=Z7Z9NRsA.

Set AN := Spec(Clw, ..., wy]) and AV := Spec(C[Ay, ..., Ay]) and
N
Ly:= {Z: Ly, ....LN) GZN : Zeigi}-
i=1

Definition 4.1. The GKZ-hypergeometric system Mi is the cyclic Dy y-module Dy y /Z, where 7 is the
left ideal generated by

N
Eg:i= ) agikidy, — B, fork=1,....d,
i=1

and

Oe=[Jo7 - []9," forlela
Z,’>O €;<0
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The GKZ-hypergeometric system Mﬁ is the Fourier—Laplace transform of the cyclic Dy~ -module
./\V/lﬁ :=Dun~ /T, where J is the left ideal generated by
N

Ek:Zakiawiwi—i—ﬁk, fork=1,...,d,
i=1

and
D= [Jw = [Jw ™. forlela.
£>0 £;<0
The semigroup ring C[NA] C C[tli, e, tdi] is naturally a C[wy, ..., wy]-module under the isomor-
phism
Clwi, ..., wy1/(@o)eer,) > CINA]

w; — l‘gi,
where we are using the multiindex notation 4 := ]—[,‘le t,f"’. We set S4 := C[NA]. Notice that the rings
Clwi, ..., wy] and S4 carry a natural Z9-grading given by deg(w;) = a;. This is compatible with the
grading on the Weyl algebra Da~ := I'(A", Dyw) given by deg(w;) = a; and deg(d,,) = —a;.
Definition 4.2 [Matusevich et al. 2005, Definition 5.2]. Let P be a finitely generated Z¢-graded
Clwy, ..., wy]-module. An element & € Z¢ is called a true degree of P if the graded part P, is

nonzero. A vector a € C¢ is called a quasidegree of P if « lies in the complex Zariski closure qdeg(P)
of the true degrees of P via the natural embedding Z¢ — C<.

Consider the set of strongly resonant parameters of A:

N
sRes(A) := U sRes;(A),

j=1
where
sRes;(A) :={B € C"| B € —(N+ )a; +qdeg(Sa/(t%))}.
Consider as well the torus Gi = Spec((E[tllL, s tdi]), together with the torus embedding
h: fol — AN
(T, ..o tg) = @ ).

The following proposition is a slight generalization of the results of Schulze and Walther [2009, Theo-
rem 3.6, Corollary 3.8].

Proposition 4.3 [Reichelt and Sevenheck 2015, Proposition 3.11]. Let A be a d x N integer matrix
satisfying ZA = 7¢ and NA = 79 N RsoA. Assume that B & sRes(A). Then

HO(h Oy ) = My,

where ngn = 'DG%/'D@% (0t +Br, ... Ogyta + Ba).
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For 8 € RY, the D-module oFf ¢ underlies the complex mixed Hodge module ” (EG 7. Hence for
B € RY\ sRes(A) the D-module Mﬂ underlies the complex mixed Hodge module HOZ P CH 7. The
Hodge filtration on M’Z can be explicitly computed, provided that 8 belongs to a certain set 2 4 of so -called
admissible parameters 8. We recall its definition from [Reichelt and Sevenheck 2015, Formula (14) right
before Lemma 4.4]: let c :=a; + - - - +ay and define for all facets F of R>9A the uniquely determined
primitive, inward-pointing, normal vector nr of F, such that (np, F) =0 and (np, NA) C Z>¢. Set
er :={(np,c) € Z-y. The set of admissible parameters of A is then defined by

Ay = m {R-F—[O, %)g}
F facet

Theorem 4.4 [Reichelt and Sevenheck 2015, Theorem 4.17]. For B € A4 the Hodge filtration on MP WIS
equal to the order filtration shifted by N —d, i.e.,

p+N dM'B — FordMﬁ

Let us define the cyclic Ra1,av-module N f = Raixar /T, where T, is the left ideal generated by

N
Ef =) auzdwwi+zp. fork=1,....d,
i=1

Oe=]]w'=]]w™ forlela.

;>0 ;<0

and

We will denote by M ﬁ =T(AV, /\V/li) and N f =T(A! x AN, N f ) the modules of global sections of
/\v/lﬁ and NP, respectively.
We will also consider the Rees module of M ﬁ with respect to the order filtration F°, which is given
by RF™ Mﬁ =D k=0 Z F,?rdﬂvlﬁ. An easy computation shows RF™ Mﬁ = Nﬁ, hence
RT"ME =N-INE. 3)

Definition 4.5. The R-GKZ-hypergeometric system Ay P is the cyclic Rm‘ —module R‘“f AN /Z, where

the left ideal 7 is generated by

N
E§ =220+ ) Jizdy,.
izl

N
E; = Zak,-x,-zak,. —zfr, fork=1,...,d,
i=1
and

O = l_[ (20" — H(Zax,-)_g", for £ e lLa.

El‘>0 Z,‘<0
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Remark 4.6. Note that, considering N f as an RiA?fo y-module with the trivial action of zzaz, N f 1s its
t

L AN -modules, according to Remark 3.3.

Theorem 4.7. Let A be a d x N-matrix and B € A4 an admissible parameter. The R-GKZ-hypergeometric

Fourier—Laplace transform as RiA?

system z 4N f underlies an algebraic, integrable, mixed twistor D-module T/\/lﬁ

Proof. By the remark above, we know that ' — FL(N f ), which in turn, thanks to the choice of g,
Theorem 4.4 and formula (3), is equal to FL(zd_NRFHMﬁ). Since RFHMﬁ is the Rees module of a
mixed Hodge module on A¥ | it gives rise to an algebraic, integrable mixed twistor D-module on AV,
say T/\V/lf\. Then we can apply Proposition 3.5 and get

NP = 24N EL(For,(TM5)) = ¢ Fory (FLyrm (TM5)).
The result follows from writing Wﬁ = FLyvT™ (T./\V/lﬁ). O

Corollary 4.8. The analytification of T/\/l’z gives rise to an irregular mixed Hodge module on AN which
has a natural extension to an RiA?,tXPN -module underlying an object of ItMHM(PV).

. . . B
Proof. This follows from applying [Sabbah 2018, Corollary 0.5] to the operations performed to get "M W o

5. Application to confluent hypergeometric systems

In this section we are going to use the results achieved so far for the special case of the matrix

( 1m me(n—l) ‘ Idm )
A= .
1n71‘ _Idnfl ‘Q(nfl)xm

For the sake of simplicity, we will write N = n + m in what follows. Before going on, let us introduce

the main object of study of this section and state some of its basic properties, extending what we mentioned
in the introduction.

Definition 5.1. Let (n, m) # (0, 0) be a pair of nonnegative integers, and let o, ..., o, and B, ..., Bn
be elements of C. The hypergeometric D-module of type (n, m) associated with the o; and the B; is
defined as the quotient of Dg,, by the left ideal generated by the so-called hypergeometric operator

[Jeo—any—e ] Jo: — B)).
i=1 j=1

We will denote it by H(o;; B;).

Proposition 5.2. Let H := H(w;; B}) be a hypergeometric D-module of type (n, m), and let n be any
complex number. Then we have the following:

(1) If we denote the Kummer D-module Dg,, /(10; —n) by Ky, then H ®og, Ky = H(a; +n; B +n). In
particular, an overall integer shift of the parameters gives us an isomorphic D-module.

(2) H is irreducible if and only if for any pair (i, j) of indices, a; — B; is not an integer.
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(3) If H is irreducible, its isomorphism class depends only on the classes modulo Z of the o; and the B,

so we can choose such parameters on a fundamental domain of C/Z.

Proof. A simple calculation shows (1). (2) follows from [Katz 1990, Propositions 2.11.9 and 3.2], whereas
(3) is part of [ibid., Proposition 3.2]. |

As we mentioned in the introduction, we can express any one-dimensional hypergeometric D-module
as the inverse image of a GKZ hypergeometric D-module (see [Castaiio Dominguez and Sevenheck
2019, Corollary 2.9]). Notice that there is a similar statement at the level of R-modules (see [ibid.,

int
Al xG,,

image of a GKZ-hypergeometric R-module (as defined in [ibid., Definition 2.10]).

Lemma 2.12]), yielding a description of the R t—module H from Theorem 5.7 below as an inverse

Proposition 5.3. Let H(w;; B;) be a hypergeometric Dg,,-module of type (n, m) with a; =0, let A €
M((N — 1) x N,Z) as above, and let y = (B1, ..., Bm, a2, ...,a,)". Lett: G, — AN pe given by
t— (t,1...,1). Then

Hia;; Bj) = L+M£.

Since the restriction map ¢ is not smooth we do not know a priori whether taking inverse image by
it preserves irregular mixed Hodge modules. In order to show that H(«;; B;) can be upgraded to an
element of rMHM(G,,) we use Proposition 3.8, where the reduction procedure is built in by the use of
the Fourier kernel v = wy -t + wy 4+ - - - + wy.

Let A€ M((N —1) x N, Z) as above and y = (y1, ..., yn_1)' € A4. The Dyv-module /\v/lz underlies
a mixed Hodge module on AV, so that the Rees module R*" (M%) then gives rise to an algebraic,
integrable mixed twistor D-module on A" that we denote by T/\V/lz Then we have the following concrete
description of its Fourier—Laplace transform FLK’,ITM (M%) = g (p* (M) @ TV/4).

Proposition 5.4. Let A and y be as before. Then the RiA{‘fX G, -module Forz(FLK/,ITM(WZ)) can be
expressed as ’RK‘}X c. /(P H), where

n—1 m

P=z2%,+m—m)tzd, +ez and H =zt l_[ 72(t0; — Ymyi) — t l_[ (10, — ¥j),
i=1 =1

. N-1
withe =35 yj =3 iZup Vit N = 1.

Proof. As said after Theorem 4.4, for any y inside the domain 2[4 of admissible parameters, the Hodge
filtration of /\V/lz is the order filtration shifted by N — (N — 1) = 1. Therefore, for such values of y we
can give an explicit expression of the Rees module of the filtered module (M, FH). Namely, we have

int

a5 qv-modules

the isomorphism of R

H v ~ ~v . v v v
RE(MY) Z 2N =R 0 /(B ES 0, 220. — 2),
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where

ElZ =20y, W1 — 20y, Wi + Vim+i—12, fori=2,...,n,

Ej=ZawIU)1+Zaw,,ﬂwn+j+)//Z, forj=1a~~~’ma
n m

= [T~ [ e
i=1 j=1

First we compute FLY (z/(/j{), which involves performing three operations with z./VX: inverse image

by p : Gy x AN — AN, tensor product with the RYjf 6, xan-module AZ%Z and direct image by ¢ :

G, x AN — G,,. The first one is pretty easy. Namely

PRI E R o BB, 2,20,

Let us tensor now p*zA7 with A%/°. This R"-module can be presented as RI™

eVt =
. Al xG,, xAN
RK‘}X G xAN /ZV, where TV is the left ideal generated by

o 4wt +wy - wy, 20 —wy, Z0y —1, 20w, —1,i=2,...,N.

Forn € p+z/V ¥, we will call n¥ the tensor n ® e¥/*. Then we can obtain the formulas

(20, win ® eV/%) = 28, (win @ e¥/%) — t(n ® wie?/?) = (28, w1 — 128;) -n",
(204, win ®eV/?) = 20y, (win QeV?) — (n @ wie??) = (20w, wk — W) n¥, fork=2,...,N,
(Pn®e) =229, -0V —(n® (—y)e’’?) = (o +wit +wr+---+wy) 1Y,
(zon®e¥V*) =20, - n¥ —(n@w1e¥?) = (28, — wy) -n¥.

Hence p+z/(/1: ® Afﬁ{z is the cyclic RK‘}X G, AN -module RK‘}XGm /T ¥, with 7V being the left
ideal generated by

n m
Hwi—l_[wn+j, 20, —zt+wit+wrtwy, 2 —wi,
i=1 j=1

20w, w1 — 120, — 20w, w; + W + Yimyi-12, fori=2,...,n,
20y, w1 — 120; +28wnﬂ.wn+j —Wpyj+yjz, forj=1,...,m.
We now consider the zeroth cohomology #%¢. ( p+zﬂ/' X ®AZ%Z), which is in turn the N-th cohomology

of the de Rham complex g« DRa1,g, xa¥ /a1 xG,, ( pﬁﬂ/’j{ ® AZ}?Z). This is given by the cyclic RK‘}

A xGy
module Ry} 6,/ (P’, H'), where the operators P’ and H' are given by

n—1 m
Pli=220.+ (n—m)tzd, + ez, H =213, [ [@td — ymriz) — (="t [ [ ztd, — y;2)
i=1 j=1
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ande’:=Y"_ y;— Y1 || vi—1. Replacing t by (—1)"t we obtain that FLY (zAN}) =R  /(P', H),

Al xG,,
with
n—1

H :=ztd, l_[(zta, — VYm4iZ) —1 l_[(ztaz —v2)-
i=1 j=1

Now it follows from Proposition 3.8 that
Fory (FL{yry M) = 2V FLY A7) = R o /(P. H)

with

n—1 m
P=2%,+m—m)tzd, +ez and H:Ztatl_[Z(tat_Vm+i)_t1_[Z(tat_yj)s
i=1 j=1

N-1
Remark 5.5. As a matter of fact, we do not have to restrict ourselves to the region 24 to find our

admissible parameters. If we have y € 24 and add to it an integer vector k € Z¥~! with no negative

entries, then y +k ¢ sRes(A) by definition (see the proof of [Reichelt and Sevenheck 2015, Lemma 4.5]).
o
statement of the proposition holds true after changing 24 by 24 +NV~1,

Therefore, since Oéd = 07 for any integer vector k, we have ./\V/lz = /\V/IZHS by Proposition 4.3 and the

We will also make use of the following result, which calculates the admissible domain 2(4 for the
matrix A in our particular context.

Lemma 5.6. Let A € M((N — 1) x N, Z) be the matrix defined at the beginning of the section. Consider
apoint p=(pPi1,..., Pm>4q1,--->4qn—1) € [0, DN=L Let us define

p—=min(({p1, ..., pu}\{OD UL} and py:=max{pi, ..., pm},

that is, the minimum of the p; that do not vanish (taking p— = 1 if all of them are zero) and the maximum
of them all.
Then, p belongs to (A + NN~V c RN~V ifand only if, foralli=1,...,n—1

e g; €10, p_) if some p; vanishes, or
e q; €10, p_)U[py, 1), otherwise.

Proof. We will first find the expression for the admissible region 2(4. For this purpose, we must find a
set of hyperplanes containing the facets of the cone C := R>9A C R¥~!. Denote by {u;, ..., uy_1} the
canonical basis of RY~! and write x1, ..., xy_; for the corresponding coordinates.

Since any face of a cone is generated by a subset of its generators, and for our given matrix A, any
(N —1) x (N — 1)-minor is nonzero (so that any subset of N — 1 columns generates a full-dimensional
cone), we see that any facet can contain at most N — 2 columns. On the other hand, such facet must
be (N—2)-dimensional, so it cannot be generated by fewer columns. Therefore, we can conclude that it
contains exactly N — 2 columns.
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Any linear functional / defining a facet of C must satisfy that #(C) > 0. Denote by Hy ; the hyperplane
not containing a; and a¢. There are five classes of these hyperplanes: Hy;, Hi n+j, H; iy, Hintj,

Hyyjinyj, withi, iy, i €{2,...,n}and j, ji, jo €{l,..., m}. The linear functionals defining them are,
respectively,
hii:=Xmyi-1,
hl,n+j = )Cj,

Riy iy 7= Xmtiy—1 — Xmtip—15
Ringj i =Xj = Xmyi—1,
hn+j1,n+jz =X T Xy

All of the linear forms hy ;, h;, ;, and h,4 j, 4, (for the corresponding values of i, i1, iz, ji, j2) take both
negative and positive values on some columns of A, so the associated hyperplanes do not contain any
facet.

We conclude that each facet of C is contained in one of the following hyperplanes:

Hipyj:x;=0 forj=1,...,m,

, , “)
Hinyj:xj—Xpyi-1=0 fori=2,...,n,j=1,...,m.
These hyperplanes are different from each other and the respective functionals satisfy i ,4 ;(C) > 0 and
hi n+j(C) > 0. Hence each of them contains a different facet of the cone C.

The primitive, inward-pointing normal vectors of the hyperplanes Hj ,4; and H; ,1; are ny 4 :=u;
and n; 4 = U; — Umyi—1, respectively. Denote by ¢ the sum of all columns of A. We have ¢ =
21+ - -+ up) and ex ) := (ny 1, ¢) =2, where k and [ take the admissible values corresponding to the
hyperplanes we consider in (4) (i.e., we have either (k,[)=(1,n+j)or (k,])=({,n+j) fori=2,...,n
and j =1,...,m). Define

Ak, == Hi; — [0, ﬁ) c
=H =10, 1) - (1 +---+um)
_ Hl’nﬂ'—[O,l)-uj forj:l,...,m,
A\ Hipsj—10,1)u; fori=2,....n,j=1,...,m,

since for (k,l) = (1,n+j) and (k,[) = (i,n+ j), the vectors uy, ..., u;_1,ujy1, ..., U, are contained
in Hy ,4; and H; . ;, respectively. Then we have

Wi j=Hinr — 10, D) u;={(x1,...,xxy_1) e RV | =1 < x; <0}
forall j=1,...,m and

Wingj = Hipe;— [0, 1) -uj={(x1,...,xn-1) € RN | =1 < xj — xppi-1 <0}
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foralli =2,...,n,j=1,...,m. According to the construction given before Theorem 4.4, we can
conclude that

o= [V {R-F=[0. ) c}= () s,

F facet k.l from (4)

so we can describe the admissible region 24 as

QLA:{_1<xf50 forj=1,....m, C RV

—1<xj—xp4i-1 =0 fori=2,...,n,j=1,...,m

Now let us pick a point p € [0, DV (A, +NV1), and take k=(ki,....,kn_1) € N¥—=1 such that
p [0, DN N (A4 + k). The shifted domain is given by

—1+kj<xj§kj for j=1,...,m,

QLA+I_c:{ c RN

—14+kj—kpyi-t <Xj—Xpyio1 <kj—kpyi—1 fori=2,....n,j=1,....,m

Assume first there is a vanishing coordinate p;,. Then we must have kj, = 0. For such an index and any
i=1,...,n—1, we can consider the n — 1 inequalities

=1 —kmti < —qi < —kmi,

from where we deduce that every ¢g; belongs to [ky,+i, km+i +1) N[0, 1), fori =1,...,n— 1. In order
for those intersections to be nonempty, we must have &,,4; +1 > 0 and k,,,4; < 1, so necessarily k,,+; =0
for all i (and hence g; must lie within [0, 1), which is no new information).

Now, for any nonvanishing p;, it is clear that k; = 1. Then, if we look at the remaining inequalities,
we see that

O<pj—qi <1,

foreveryi=1,...,n—1,and any j € {1, ..., m} such that p; # 0. Therefore, every g; belongs to
[0,1)N ﬂpﬁéo[l’j —1,pj) =10, p_). Obviously, if p; =0forall j =1, ..., m, we obtain that the ¢;
belong all to [0, 1) =[O0, p_).

Assume now that no p; vanishes. Then ky = ... =k, = 1. It follows that we can express the shifted
region 24 + k as

0<x; <1 for j=1,...,m,

QlA—H_c:{ c RV

—kmtic1 <Xj—Xpyi—1 <1 —kpyi fori=2,....n,j=1,...,m

Then, forany j=1,...,m,wehave q; € [0, )N [p; +kpuyi — 1, pj +kpnyi), fori=1,...,n—1. As
before, this implies that p; +k,,4; > 0 and p; +k;,4; —1 < 1, foreach j =1, ..., m. Since each p;
lives in (0, 1), the k;,+;—1 can only be either O or 1.

Pickani €{l1,...,n— 1} such that k,,1; = 0. Then, as before,

gi €(\lpj— 1, p)NI0, 1) =10, p).
j=1
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If our index i is such that k,,; = 1, then

gi € (\lpj» pj+DNI0, D =[py, 1),
j=1

and one direction of the statement is done.
To show the other implication of the lemma, suppose now that every g; lies within [0, p_) U [p4, 1)
fori =1,...,n—1, and no p; vanishes. We can rewrite this as a disjunction: either g; € ﬂTzl[O, Pj)=

[0, ) NAiZilpj — Lpp) or gi € iylpj, 1) = [0, ) N (Yii[pj, pj + 1. If ¢i € [0, p-), define
ki := 0. Otherwise, we take k,,+; := 1. Summing up, it is clear that

pe@a+ A, "™ 1, ki, ... . kn_1)N[0, DN,
If some p; vanishes, and every ¢g; belongs to [0, p_), we can do the same as above to see that
pe@a+ ki, ... kn,0,...,00)N[0, DN,
where k; vanishes if so does p; and is equal to 1 if p; # 0. (I

As a consequence of the above calculation of the set of admissible parameters, let us prove a result
extending [Castafio Dominguez and Sevenheck 2019, Theorem 2.13].

Theorem 5.7. Let oy, ...,a, and By, ..., Bn be real numbers, lying on the interval [0, 1) and increas-
ingly ordered. Assume moreover that:

e No difference a; — B is zero, foranyi =1, ... ,nand j=1,...,m.

2mix - qll the images of the o are at one arc

o After applying the bijection [0, 1) — S! given by x > e
of the unit circle, while those of the B; find themselves at the complementary arc. (In other words

and going back to the interval [0, 1), either no a; belongs to any interval (B}, Bj+1) or vice versa.)

Consider the operators P and H given by

P= zzaz +(n—m)tzo;+¢e¢z and H = l_[z(tat —o;) —t Hz(tB, - B,
i=1 j=1

withe =3 " Bj = i_ i + N — 1. Let Ho: B)) be the RiA?Z}XGm—module

H(w; Bj) = Opixg, (°0:, 219}/ (P, H).

Then, 77(01,-; B;) underlies a unique object of ItMHM(G,,) with associated Dg,,-module H(o;; B;). It

int

can be uniquely extended to an irreducible R}, -module underlying an object of IrMHM(P!).

Proof. Let us assume first that oc; = 0. Then, by the first assumption on the «; and the B, we have 8; #0
for every j. By the second assumption we can deduce that no ¢; is between any two 8;, but all of the j;
must be between two certain «;. Thanks to Lemma 5.6, this means that y := (B4, ..., Bn, 02, ..., Q)
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belongs to A4 +NV~!, where A is the matrix of the beginning of the section. As a consequence, by
Proposition 5.4 and Remark 5.5 we have that

Fors (FLygry (M) = F(eis 8))

(recall that Wﬁ is the algebraic integrable mixed twistor D-module with underlying RK‘}, -module
RE H./\V/lz, i.e., such that Fory(M)) = RF H/\V/tZ). We have moreover that M’ € TrMHM(A") and
thanks to [Sabbah 2018, Corollary 0.5], we know that the functors entering in the definition of FLI\W,ITM
preserve the category of irregular mixed Hodge modules, so we conclude that H(a; B;) underlies an
element of rTMHM(G,,).

Assume now that «; > 0. For any real number 5, denote by En the Kummer Rpi g, -module
Rt g,/ (@0, 128, — 2. ~

The tensor product of R‘A?]‘XGM -modules H(a;; Bj) Qo,, o IS
product of twistor D-modules on G,,. This product can be presented as H(c;; ,B;.), where o = a; — oy

E_al gives rise to the corresponding tensor

for every i and ,B} = B;j — o for every j. The assumptions on the parameters imply that oj = 0 and the
vector (B, ..., By, 05, ..., a) lives in A4 + NN=! Then, arguing as before, such tensor product is an
irregular mixed Hodge module of exponential-Hodge origin. Since Em is the faithful image of a mixed
Hodge module on G,,, the tensor product with it preserves the condition of being in irMHM(G,,) due to

int

[Sabbah 2018, Corollary 0.5], and so is the case of our original Ry} . -module

xG
H(w; Bj)= H(a; B ®0,1.0, Ko,

This ends the statement on the existence. Let us prove now the claims on the unicity, as in [Castafio
Dominguez and Sevenheck 2019, Theorem 2.13], noting that the condition on the differences o; — f; is
equivalent to H being irreducible, and thus rigid (see [ibid., Proposition 2.5], noting that all the parameters
belong to [0, 1)).

Consider now any twistor D-module H' on Gm,; whose underlying Dg, ,-module is H. Since the

m,t

functor Epg is faithful by [Mochizuki 2015a, Remark 7.2.9], we have an injection of Hom groups
Homymm,,)(H. H') = Homp,,  (H.H).

But # is irreducible, so its only endomorphism is the identity and then the twistor D-module underlying
‘H is unique.

On the other hand, let j : G, ; — P! be the canonical inclusion and consider the Dp1-module
Hpr := ji4+H. Itis an irreducible holonomic Dpi-module, because so is H by the assumption on the «;
and the B;. Then it gives rise to a unique pure integrable twistor D-module H pr on P! by [Mochizuki
2011, Theorem 1.4.4; Sabbah 2018, Remark 1.39]. In addition, its underlying Dpi-module H - is rigid,
as H was. As a consequence, we can invoke [ibid., Theorem 0.7] and claim that such twistor D-module
on P! is in fact an object of IrMHM(P!). Take now H = j+7/-\l pr» Which is an irregular mixed Hodge
-module is H, by [Mochizuki 2015a, Proposition 14.1.24]. Then we must
have, as was just shown, H = 7/-\[, so that the extension H pr of H is unique, and we are done. |

module whose underlying Dg

m,t



Examples of hypergeometric twistor D-modules 1435

Remark 5.8. Let us consider the last theorem for the case m =n, that is, the case of regular hypergeometric
systems. Consider Hasa RalxG, -module only, as such it is isomorphic to Rag,, /(H), where now

m m
H=]]z00 —a)—t][z@d - B)).
i=1 j=1

Raixg, 1s graded by degree in z (where z has degree 1), and since H is homogenous (which is not
the case if n # m), we see that Hisa graded Rp g, -module. It is obviously strict, i.e., it has no
z-torsion, and then by [Sabbah and Schnell 2018, A.7(5)], we see that 7 is the Rees module of a filtered
Dg,,-module, namely, the (regular) hypergeometric module H(c;; B;) together with the filtration by order
of differential operators. Notice also that if n = m, we have P = 723, + ez, which implies that 7 has an
action by zd, and that if we write H = Hy (grading with respect to z), then for any m € H,, we have
(z0;)(m) = (k — €)m.

Now suppose that we have n = m and that additionally the hypotheses of the last theorem are
satisfied, then since H(o;; B;) is the unique object in IrMHM(G,,) (lying actually in the essential image
of MHM(G,,)) with underlying Dg,-module H(c;; B;), it is the Rees module of the filtered module
(H(ais B)), F, .H ), where F’ .H denotes the Hodge filtration of the complex variation of Hodge structures
on H(w;; B). Hence F,HH(oz,-; Bj) = F,"rdH(oz,-; B;) in this case. Moreover, if we put

k
R =] ]@d — i)
i=1

m

splitting of the Hodge filtration 7. In particular, we obtain that the Hodge numbers h” (H(a;; 8 i) =
dim(FkH / Fklf 1) are all equal to one. This is consistent with [Fedorov 2018, Theorem 1] (up to an

fork =0,...,n— 1 (where Ry := 1), then (Ry)i=o,...n—1 18 an Og,,-basis of H(«;, B;) and yields a

overall shift, as noticed in that theorem) in the version of [Castafio Dominguez and Sevenheck 2019,
Proposition 2.6], since under the assumption of Theorem 5.7, the function #{j : 8; < ay} is constant.

We will finish this section with a calculation of an irregular Hodge filtration, similar to the last section
of [Castaiilo Dominguez and Sevenheck 2019]. In that reference, the authors computed such a filtration
in the case where the hypergeometric D-module had a purely irregular singularity at infinity, that is,
it was of type (n, 0). It is immediate to see that for modules of type (n, 1), the second assumption of
AlxG
irregular Hodge module with associated Dg, -module H(«y, ..., ,; B). In the sequel, we are going to

Theorem 5.7 holds true, so that we obtain an explicit description of the R -module underlying the
compute the irregular Hodge filtration of such modules of type (n, 1).

Let us recall the conventions and notations used in [Castafio Dominguez and Sevenheck 2019, §4]
(compare [Sabbah 2018, Notation 2.1]). We will deal with the classical hypergeometric D-module
‘H = H(a;; B), where the o; and B are n 4 1 real numbers belonging to the interval [0, 1). We will
int
Kj xGp
module (as in the statement of Theorem 5.7). From now on, we will write X, X and "X meaning

denote by H both its associated algebraic, integrable twistor D-module on G, and its underlying R
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the products Azl X Gypy X X Gy g, and X X Al, respectively, where 8 = 1/t. Finally, we will write
X=X x{t =0} CX.

Theorem 5.9. Let real numbers ay, ..., a,, B € [0, 1) be given. Suppose that a1 < --- < «, and that
moreover «; — B ¢ Z foralli =1,...,n. Foreachk =1,...,n,set p(k) = —(n — Doy + k. Then
the jumping numbers of the irregular Hodge filtration of H = H(«a;; B) are, up to an overall real shift,
the numbers p (k). The irregular Hodge numbers are the multiplicities of those jumping numbers, or
equivalently, the nonzero values of |p~ ' (x)|, for x real.

Moreover, forr =0, ...,n—1,let vy (r) = [—a+r —e& — (n — Da,y1] (recall from Theorem 5.7 that
e=pB—> 1 +n). Let us consider the operators

0r=(—(n—1) []@d —a)
i=1
forr =0,...,n—"2 (where the empty product equals one) and

(—(n=1)""1(B—) Do.

1+o —oy

n—1
On1=(=(—1)" "o —ei) +

i=1

Then, the irregular Hodge filtration FI™H is given by

FliH= P OxO
k:j=ve (k)
Remark 5.10. In general, the procedure given below can be of use to find an explicit expression for the
irregular Hodge filtration, not only the numbers, of any hypergeometric of type (n, m), provided both
assumptions from Theorem 5.7 are fulfilled. However, the calculations become soon too cumbersome to
be included here.

Proof. We will mimic the arguments of [Castaiio Dominguez and Sevenheck 2019, §4], providing almost
no proof of the claims which are similar to some therein.

We must first consider the rescaling of H: this is the inverse image ] = wW*H (as Osy-module),
endowed with a natural action of Ré‘)‘; as depicted in [Sabbah 2018, (2.4)] (note that 6 = 7~1), where p is
the morphism given in [ibid., Notation 2.1] by

n Oy > x
(z,1,0) — (20,1).

In this sense, we can apply the same argument of [Castafio Dominguez and Sevenheck 2019, Proposi-
tion 4.1] to get that the R}f};—module 971 associated with H can be presented as R}f)‘; /(P,°R,°H), where
P =723, + (n —m)tzd; + ez as in Theorem 5.7, °R = 729, — z0 9y and

"H =100 —an) —120¢0 — B).
i=l
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Now we have to invert 6 to obtain an Ri‘j\?(*on)—module ™, to work in the setting given by [Sabbah
2018, §2.3]. In this sense, we will denote by I the Ri’};(*TXO)-module (idy x(j o inV))*G’;'/-Z, where
inv: G, g — Gy, ; is the inversion operator 6 7 land j: G, — Ai is the canonical inclusion. Then
it is easy to see that 7 = R‘J}; (*x*Xp)/(P,'R,"H), with P as always, ‘R = 220, 4+ z7d; and

n
H=]] %(ra, o) — z%(ra, —B).
i=1
The next step is forming the basis of 7 as a Oy (x"Xy)-module. Let it be given by
k y
Qx = (=(n—1)) 1] (10, — o)
fork=0,...,n—2and
n—1

—(n—1 n—1 _
anl =(—(n— 1))}1—1 n%(tat_ai)_i_ ( (l’l )) t(,B al)QO.
i=1

I1+oa;—op

It is indeed a basis: we can use the expressions of 'R and P to replace the classes of z7d, and 729,
respectively, in terms of z79,. Now A is generated as a Ory (x*Xp)-module by the powers of z¢d;, and we
can get rid of those of exponent greater than n — 1 using “H. The remaining n powers can be expressed
as a linear combination of the Q;, forming a triangular matrix (almost diagonal in fact), so the latter
conform a basis as well.

One could wonder about the odd expression of the Q;. In the case with no betas of [Castafio Dominguez
and Sevenheck 2019], the basis considered there was formed just by the successive products ]_[i-‘:1 2(t0; —
a;), up to some constant. In this case, such a basis does not provide a connection matrix solving the
Birkhoff problem with a diagonal matrix as a coefficient of the pole at infinity in z, which would give
us a way to read the spectrum from that matrix (see [de Gregorio et al. 2009, Proposition 4.8]). As
a consequence, we have to adapt such initial basis, and that is how we get the Q;. Let us write the
connection matrix explicitly.

Letc= (B8 —oa1)/(1 +a1 + o), in such a way that

n—1
Q1 =(m—=1))""]] f(rat — )+ (—(n—1))"""cr Qp.
i=1

A similar (but longer) calculation to the proof of [Castafio Dominguez and Sevenheck 2019, Lemma 4.3]

shows that the integrable connection arising from the R‘J}é (%*"Xo)-module structure associated with Y,

has the following matrix form:
dz p t dt
VQ = Q (‘[A() +ZAOO)—2 + (—TAQ+ZAOO)— — (‘EA() +ZAOO)— .
= = z (n—1)zt T
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There, if n > 2, Ay, A, and A are the matrices

0 - —(=(n—=1)""et 0
.. n—1
Ay — 1". ) (—(n—l)): (c+ Dt ’
1 0 (5)

A, =diag((n — Dey, ..., (n — Day), and
As =diag(0,1,...,n—1)—el, — AL_.

If n =2, we have

(¢ C(C+1)t2 o (Y1 0 T /
AO - <1 (C+ 1)t ) ) Aoo - (0 @ and Aoo = dlag(O, l) 812 Aoo (6)

Finally, the irregular Hodge filtration is obtained from a suitable V -filtration along the divisor T =0
defined on ", which is called *V -filtration (the new symbol *V is to make clear the variety over which we
are working; note the same convention from Remarks 2.20 on in [Sabbah 2018]). We are actually defining
a filtration on 7, and then prove that it equals the *V -filtration, following [Mochizuki 2015a, §2.1.2].

Let us consider

—1

N

Uy™H = { fit™ Okt fr € Oy, max(k — (n — Doy —& —vg) < Ot},

T

0
1 @)

U_o™H = { fit™ Okt fr € Oy, max(k — (n — Doy —& — 1) < Ot},

~
Il

0

for any o € R.

The “U,"H form an increasing filtration, indexed by the real numbers but with a discrete set of jumping
numbers, such that ITUO,’”;”-\[ =7 D,_lt?’-\[ for any « (those are conditions i1 and ii’ in [Mochizuki 2015a,
§2.1.2]). As usual, the graded piece associated with « is Gr;U I = W, Y] /U <a’7/-\l.

In (7), all the exponents v of the powers of T accompanying the f; Oy satisfy that vy > —a +k —
(n — )ags+1 — e. Then we can define the steps of the filtration in the same alternative way as in [Castafio
Dominguez and Sevenheck 2019, Remark 4.5] as the free O:y-modules of finite rank

n—1

V=P O 1Py, ®)
k=0

where vy (k) = [—a+k—e—(n—1)og41]. With that expression, it is clear that the graded pieces Gr;U  are

n—1
Gr, H=EPOx ¥ 0,
k=0

which are strict R y-modules (condition iv in [Mochizuki 2015a, §2.1.2]).
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The next step in the proof is proving that A is strictly R-specializable along X)) and its *V -filtration is
actually given by the U, . Although the proof is similar to that of [Castafio Dominguez and Sevenheck
2019, Proposition 4.6], we have to adapt it a bit to our case here.

After what we already showed, it remains to show conditions iii’ and v of [Mochizuki 2015a, §2.1.2]
and prove that the U, “H{ are coherent VR .y-modules. Let us start by the second condition. Consider
then the mappings p, ¢ given by

(p,e) :RxC—-RxC
(B, w) > (B+2R(zd), —Pz+w — @77).
We must check that the operator z79; — ¢(8, w) is nilpotent on the graded pieces Gr;U 2 only for a finite
amount of (8, ®) € K :={B +2N(zo®) = «}, for any value zg of z. Moreover, those (8, w) should belong
in fact to R x {0} (see [Sabbah 2018, §1.3.a]), if we want to obtain the R-specializability.

Take then (8, w) e K and f1VQy € ’Ua”ﬁ, with f € Ory. We must have thatk—(n— Doy —e—v <c.
Assume that n > 2 and k < n — 2. Thanks to the matrix form (5) we know that

(z70r —e(B, @) fT" Ok = (278 + (W + (1 — Dawy1 +& —k+ Bz — 0+ d2) ()T Ox — 1" Qrpr.
Recall that the «; are increasingly ordered, lying within the interval [0, 1). Thus fz'+' Q. lives in
rUof”;‘/-\l/,, for

k+1—(n—1)ozk+2—s—v—1§ ((k+1)—(n—1)otk+2—8)—(k—(n—1)ak+1—8)—1+a <oa.

Now we should look at what happens to the class of f7"7! Q| in the a-graded piece of .
Note that [ ft" Q] #0Oif and only if v+ (n — 1)ag+1 + € —k+a =0, so

(z278; —e(B, W) fT"Qk = (278: + (B — )z — 0+ @) ()T Ok — f " Qpp
= (278, — 2N (20@)z — 0 + &7 (f)T" Qk — 1" Qi1

Now notice that T divides 79, (f), so in fact zzd, (f)t"Qr € ° v—1"H and then we can further reduce
our expression to

(270, — ¢(B, ©)) fT" Ok = (—w — 2R (z0@)z + @22 f 1" Ok — fT" 1 Oy

On the other hand, 7V ! Qj+1 does not vanish either in Gr;U 7 if and only if ap 42 = otg41. Indeed, we
know that v+ (n — 1)ag4+1 + € —k+a =0, so doing the same as before, k+1—(n— Doygyp—e—v—1=
o+ (n — 1) (atg42 — k1) and the claim follows. Furthermore, in order to (z79d; — ¢(8, ®)) to vanish, we
should impose that w = 0, just by looking at the coefficients of the powers of z in the expression for f.

If Kk =n — 2, we obtain from (5) that

(Zfar - 9(137 w))ffu Qn—2
=@rd + W+ =D, +e—n—2)+B)z—w+az) ()T’ 002
— Qs+ frV T (= = 1)) et Qo.
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Since —-(n—Da;—e—v—1<—-m—1)(o; —a,_1 + 1) +a < a because «,,_; < a; + 1, the last
summand above belongs to *U_, “, and then the argument can follow as with k <n — 2.

Now if k = n — 1, then everything would be the same again as before except we get the additional
summand —fr”+1 Q+1, which becomes —ft"“ (—(n—1)""Y(c+ rQ;, whose class vanishes in the

graded piece under consideration, too. Indeed,
l-n—Day—e—v—-1<—-m—D(y—a,+1)+a <a,

fora, <ap+1.

In conclusion, (z79; — ¢(8, ))! ft”Q can only vanish in Gr;U A ifa= B (and then w = 0), and
does not do so until we get to an index k + [ such that o4 is strictly bigger than oy. Since there is a
finite set of indexes, (z1d; — ¢(B, w)) is nilpotent, of nilpotency index n at most.

When n = 2, we notice from (6) that we have two possibilities. If k = 0, everything is the same as
withk=n—2forn>2,andif k=1,

(210 —e(B, w) fT" 01
=@t +WHam+e—14+B8)z—w+a) ()" 01+ fr' e+ Dt Q) + fr'He(c+ i Qo.

Here the argument runs similarly as in the general case.

Condition iii’ can be rephrased as z79; U, 7 CU,H, using that *U, =17 o 1", and that follows
essentially from the same argument used to prove condition v above. Last, since VoRy = O-x(z0;, 2T9;),
it is clear from the computations above and the alternative expression (8) for the filtration steps that they
are cyclic VopR x-modules, and then coherent. Summing up and noting that all the calculations performed
were in fact independent of z, A is strictly R-specializable along "Xy and the *U, " form its 'V -filtration.

We can finally show the expression for the irregular Hodge filtration and then the irregular Hodge
numbers like in [Castafio Dominguez and Sevenheck 2019, Theorem 4.7]. Since we know that 7 underlies
an object in ITtMHM(G,, ;) by Theorem 5.7, we deduce by [Sabbah 2018, Definition 2.52] that H is
well-rescalable (see [ibid., Definition 2.19]) and so we can apply [ibid., Definition 2.22]. After formula (8),
we clearly have

i Vo H ="V H/(t =)V H =) Oxz"® 0,

which is free z-graded of finite rank. Denote by 7 the projection X — G,, ;. Then, the z-adic filtration
on 7*H[z~'] induces a filtration on i}__"V, H, given by

Frit Vo™ @( ) OGm,Qk)
S<r kg (k)<s

Then, Gr” (i7_,"Uq 71) is the Rees module associated to a new good filtration F 1“ JH on H, which is the

irregular Hodge filtration. More concretely, Fi™#{ is given by

F()lér—l;—jH - @ OG’m,r Qk *
kivg (k)<j
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Therefore, its jumping numbers are —e+i —1 —(n —1)a; fori =1, ..., n. Since the irregular Hodge
filtration is defined up to an overall real shift, we can normalize the jumping numbers to i — (n — 1)¢;
and the irregular Hodge numbers will be their multiplicities. U
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