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Effective nonvanishing for Fano
weighted complete intersections

Marco Pizzato, Taro Sano and Luca Tasin

We show that the Ambro—Kawamata nonvanishing conjecture holds true for a
quasismooth WCI X which is Fano or Calabi—Yau, i.e., we prove that, if H is an
ample Cartier divisor on X, then |H| is not empty. If X is smooth, we further
show that the general element of |H| is smooth. We then verify the Ambro—
Kawamata conjecture for any quasismooth weighted hypersurface. We also verify
Fujita’s freeness conjecture for a Gorenstein quasismooth weighted hypersurface.

For the proofs, we introduce the arithmetic notion of regular pairs and highlight
some interesting connections with the Frobenius coin problem.

1. Introduction

Complete intersections in weighted projective spaces (WClIs for short) form a
natural class of varieties which are particularly interesting from the point of view
of higher dimensional algebraic geometry. We refer to [Dolgachev 1982], [Mori
1975] and [Dimca 1986] for a general treatment of these varieties.

Reid [1980; 1987] and Iano-Fletcher [2000] systematically investigated notable
examples of WCls and started their classification. Several results have since been
obtained concerning boundedness and classification; see for example [Johnson and
Kollar 2001; Chen et al. 2011; Ballico et al. 2013; Chen 2015; Przyjalkowski and
Shramov 2016].

The main motivation of this paper is to study the following conjecture in the realm
of WCls, in particular for what concerns the case of Fano and Calabi—Yau varieties.

Conjecture 1.1 (Ambro—Kawamata). Let (X, A) be a kit pair and H be an ample
Cartier divisor on X such that H — Kx — A is ample. Then |H| # 9.

For an introduction to this conjecture, see [Ambro 1999] and in particular [Kawa-
mata 2000] where the 2-dimensional case is proven. In the smooth setting, lonescu
[Lanteri et al. 1993, p. 321] and Beltrametti and Sommese [1995] proposed related
conjectures.
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The Ambro—Kawamata conjecture is known to be true in full generality only in di-
mensions 1 and 2. Several cases have been studied, especially in dimension 3; see for
instance [Xie 2009; Broustet and Horing 2010; Horing 2012; Cao and Jiang 2016].

A fundamental divisor on a Fano variety X is an ample Cartier divisor H which
is primitive and proportional to —Ky. In the classification of Fano varieties, it is
important to investigate the properties of the general member of the linear system
given by H; see for instance [Ambro 1999]. The second purpose of this note is to
study this problem in the case of Fano and Calabi—Yau smooth WCls.

The main result of this paper is the following.

Theorem 1.2. Let X = Xg4,, .,
weighted complete intersection which is not a linear cone and H be an ample
Cartier divisor on X. Assume that X is Fano or Calabi-Yau. Then |H| # @.

Moreover, if X is smooth, then the number of a; = 1 is at least ¢ and the general
element of |Ox(1)| is smooth.

d. C P(ao, ..., a,) be a well-formed quasismooth

For a smooth Fano WCI, it was already proved in [Przyjalkowski and Shramov
2016, Lemma 3.3] that at least two weights are 1, which implies the nonvanishing
for a smooth Fano WCI. In addition, it is easy to prove Conjecture 1.1 for any
smooth WCI of codimension 1 and 2, see Remark 4.9.

It is particularly interesting that, in the smooth case, we can prove the smoothness
of the general member of the fundamental linear system (Corollary 5.3(ii)).

Theorem 1.2 is a direct consequence of Corollaries 5.3 and 5.13. In particular,
in Corollary 5.3, we show that if X = X4, 4. C P(ao, ..., a,) is a smooth well-
formed Fano WCI which is not a linear cone, then the number of i for which
a; = 1 is at least ¢ + 1. By using this, we can then show that the general element
of |Ox(1)| is quasismooth (from which smoothness follows easily). One can not
expect a similar statement for a general member of the fundamental linear system
of a singular quasismooth WCI, as Example 5.8 shows. We also give a description
of the base locus of |Ox(1)| in Remark 5.5 and an example whose base locus
Bs |Ox(1)] is singular and not quasismooth in Example 5.6.

In [Przyjalkowski and Shramov 2017, Corollary 4.2], the authors show that
for a smooth well-formed Fano WCI X the number of a; equal to 1 is at least
I(X) =) a; — ) d; when ¢ <2 and write that they expect this to hold for any
codimension. As a consequence of Proposition 5.2, we can confirm this expectation;
see Corollary 5.11.

In the case of hypersurfaces, we can prove the following stronger result, which
is the combination of Propositions 6.2 and 6.3:

Theorem 1.3. Let X = X; C P = P(ao, ..., a,) be a well-formed quasismooth
hypersurface of degree d which is not a linear cone.
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(1) If H is an ample Cartier divisor on X such that H — Kx is ample, then |H| is
not empty.

(2) If X is Gorenstein and H is an ample Cartier divisor, then Kx+mH is globally
generated for any m > n.

The second part of the statement is known as Fujita’s freeness conjecture and it
has been proven in the smooth setting up to dimension 5; see [Reider 1988; Ein
and Lazarsfeld 1993; Kawamata 1997; Ye and Zhu 2015].

The methods. The above theorems are obtained by studying the arithmetic prop-
erties of quasismooth WCls. More precisely, in Section 3, we prove a criterion
(Proposition 3.1) for a WCI to be quasismooth, which generalizes Iano-Fletcher’s cri-
terion in codimension 1 and 2 (see [lano-Fletcher 2000, Section 8]). We then exploit
some arithmetic consequences of quasismoothness. In particular, Proposition 3.6
motivates the introduction of an &-regular pair (see Definition 4.1) which turns out
to be a key tool in our treatment.

Given a positive integer h, a pair (d;a) = (dy,...,d¢;ag,...,a,) € N° x N7l
is said to be h-regular if for any I = {iy,...,ix} C {0,...,n} such that a; :=
ged(ai,,...,a;) > 1, either ay | h or there are distinct integers p, ..., px such that

Cl1|dp1,...,dpk.

Set §(d; a) 1= %_;dj — Y_i_oa;- By Proposition 3.6, any quasismooth (well-
formed) WCI X = Xy, ...a. C P(ao. ..., a,) gives rise to an h-regular pair (d; a) =
dy,...,d:; ag, ...,a,), where h is the smallest positive integer for which Ox (h) is
Cartier. Remembering that Kx = Ox (§), the nonvanishing for a Fano or Calabi—Yau
WCI follows from Proposition 5.12, which says that, if (d; a) is h-regular such
that a; # d; and a; {h for any i, j, then 8(d; a) > 0. A more accurate statement
(Corollary 5.3) is needed to prove that, if X is smooth, then the general element of
|Ox(1)] is also smooth.

We now spend some words for the case 4 = 1. In this case, the pair (d; a) is
simply called regular. A smooth WCI X gives rise to a regular pair (d; a). The
nonvanishing is then equivalent to prove that

8(d;a) > Glap, ..., a),

where G (ao, .. ., a,) is the Frobenius number of ay, . . ., a,, i.e., the greatest integer
which is not a nonnegative integral combination of ay, . . ., a,. In Conjecture 4.8,
we speculate that §(d; a) > G(ay, ..., a,) for a regular pair (d; a), under some
natural assumptions. This would imply the Ambro—Kawamata conjecture for any
smooth WCI.
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We believe that this conjecture is interesting also from the arithmetic point of
view, since it would give new bounds for the Frobenius number (see page 2382 for
details).

2. Preliminaries and notation

In this section, we recall some basic facts about weighted complete intersections
and fix our notation. See [Dolgachev 1982] or [lano-Fletcher 2000] for further
details.

Let N (resp. N ) be the set of nonnegative (resp. positive) integers. Let ag,...,a, €
N.. We define P := P(ao, ...,a,) to be the weighted projective space with weights
aop,...,ay, i.e., P = ProjClxo, ..., x,], where x; has weight a;. We denote

P®by,...,by,....b;, ..., b))
——— ——
ki ki
by Pb, ..., b*) for short.
Note that if we start with xo, . . ., x, to be affine coordinates on A"*! and C*
acting on A"+ via

A (xo, ..o X)) = (A%, ..., A% xy)
for any A € C*, then P is just the quotient (A"*+1\ {0})/C*.

We always assume that P is well-formed, i.e., the greatest common divisor of any
n weights is 1. Forany I = {i, ..., it} C {0, ..., n}, the stratum [1; is defined as

I[M;:={x;=0:i ¢ I}

The singular locus of P is the union of all strata I1; for which a; := gcd(a;);e; > 1.
Any point of the interior H(} of a stratum I1; is locally isomorphic to a quotient
singularity of type

L(ao,...,&il,...,&ik,...,a,,) XCk_l.

a
Here, for r e Ny and ay, ..., a, € N such that gcd(r, ai, ..., a,) = 1, a quotient
singularity of type 1/r(ay, ..., a,) means a quotient C"* /Z, by the action of a cyclic
group Z, of order r as g -z; = {/'z; fori =1, ..., n, where g € Z, is a generator
and ¢, is an r-th primitive root of unity. We also denote by C"/Z,(ay, ..., a,)
this quotient affine variety. Let 7 : C* — U :=C"/Z,(ay, ..., a,) be the quotient

morphism. We have an eigendecomposition

r—1
m.0c =P 7.
L
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where F; :={f € Ocn | g+ f = ¢! f} is the Oy-submodule of 7,Ocn consisting
of Z,-eigenfunctions of eigenvalue {ri . Note that 7; >~ Oy (D), where a divisor
Dy :=(f =0)/Z, on U is defined by a function f € F;.

Proposition 2.1. The divisor class group of U :==C"/Z,(ay, ..., a,) is
ClU ~7Z, - Fi. (1)

Proof. We have an inclusion ¢ : Z, - 7| < ClU. It is enough to show that this
is surjective. Let D C U be a prime divisor. Then 7~ YD) is a divisor on C"
defined by some Z,-eigenfunction fp € Ocn. Let i(D) € Z, be an element such
that g- fp = {ri(D)f. Then we can check that Oy (D) >~ F;(p). Since g - Fi~F
fori € Z,, we see that ¢ is surjective.

We can also check the isomorphism by toric computation. Since C"/Z,(ay,...,a,)
is a toric variety, we can compute its class group by using the information of the
cone and lattice. (cf., [Fulton 1993, p. 63, Proposition]) More precisely, it is the
quotient 7" /M, where M := {(my,....m,) € Z" | Z;’:lmiai =0 modr}. U

Definition 2.2. Let X be a (closed) subvariety of codimension ¢ in . Then X is
well-formed if
codimy (X N Sing(P)) > 2.

Let 7 : A"*1\ {0} — P be the natural projection. Then X is quasismooth if w1 (X)
is smooth.

The variety X is said to be a weighted complete intersection (WCI for short)
of multidegree (dy, ..., d.) if its weighted homogenous ideal in C[xy, ..., x,]
is generated by a regular sequence of homogenous polynomials {f;} such that
deg fj=d; for j=1,...,c. Wedenote by Xy, . 4 ageneral element of the family
of WClIs of multidegree (dy, ..., d.).

Finally, X4, . 4 C P is said to be a linear cone if d; = a; for some i and ;.

.....

Note that by [Dimca 1986, Proposition 8], if X is a well-formed quasismooth
WCI, then
Sing(X) = X N Sing(P).

Proposition 2.3. If X is a quasismooth WCI of dimension > 3, then its divisor class
group is a free Z-module generated by Ox (1), where Ox (1) := Op(1)x. (We freely
mix the divisorial and the sheaf notation.)

Proof. The proof is the same as [Corti et al. 2000, Lemma 3.5]. This follows from
the parafactoriality of an l.c.i. local ring [Call and Lyubeznik 1994]. (]

If X C P is a well-formed quasismooth WCI, then

n

wx = Kx =OX<Zdl —Zai)a

j=1 i=0
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see [Dolgachev 1982, Theorem 3.3.4]. We usually write § := Z;Zl di—Y"_oai.

The following result shows that the dimension of the linear system |Ox (n)| can
be computed by the weights of the coordinates.

Lemma 2.4 [Iano-Fletcher 2000, Lemma 7.1]. Let X C P(ay, ..., a,) be a well-
formed quasismooth WCI. Let A :=k[xo, ..., x,1/(f1, ..., fc) be the homogeneous
coordinate ring of X and Ay be the k-th graded part for k € Z. Then

HY(X, Ox (k) ~ Ay.

Proof. See also [Dolgachev 1982, 3.4.3]. This follows since the homogeneous
coordinate ring A is Cohen—Macaulay and Hnli(A) =0, where m := (xg, ..., X,) 18
the maximal ideal. O

3. Properties of quasismooth WCls

In the following proposition, we give a necessary and sufficient condition for
quasismoothness of a WCIL.

Proposition 3.1. Let X = X4, .. 4. C P(ao, ..., a,) =: P be a quasismooth WCI

which is not a linear cone. Let xy, . . ., X, be the coordinates of P(ay, ..., a,). Fix

I:=1{i,...,ix} CH{O,...,n}andlet p; := min{c, k}. Form = (my, ..., my), let
m

xyi= ]_[];:1 x;:lj. For a finite set A, let | A| be the number of its elements. Then one
of the following holds.

(Q1) There exist distinct integers p1, ..., pp, €{1,...,cyand My, ..., M,, € Nk
such that the monomial x, 7 has the degree dp forj=1,...,pr

(Q2) There exist a permutation p1, ..., pc of {1,...,c}, an integer |l < p;, and
integers e, j G{O,...,n}xﬂl.for,uz I,....k—land j=1+1,...,csuch
that there are monomials x; ! of degree d D for j=1,...,1 and distinct k —
monomials {xepij?/[“’j :u=1,....k—l}ofdegreed, foreach j=I+1, ..., c
which satisfy the following: for any subset J C {l +1,...,c}, we have
Hew,j:jed,u=1,...,k=1}| =2k—1+|J| -1

Conversely, if we have (Q1) or (Q2) for all I, then a general WCI Xg,,...qa. C
P(ay, ..., a,) is quasismooth.

Remark 3.2. This generalizes [lano-Fletcher 2000, Theorem 8.7] in codimension
2 case. A weaker necessary condition for the quasismoothness is written in [Chen
2015, Proposition 2.3]. Although we shall not use the new part of Proposition 3.1
in the main part of this paper, we believe it is an interesting result on its own.

Proof. The framework of the proof is similar to that of [Iano-Fletcher 2000,
Theorem 8.7].



Effective nonvanishing for Fano weighted complete intersections 2375

Let F; :=|Op(d;)| be the linear system of weighted homogeneous polynomials of

degree d;. For j =1, ..., c, let f; be a general homogeneous polynomial of degree
djsuchthat X = (f1=---= f. =0) CP(aop, ...,a,). Let C} C A1\ {0} be the
cone over X defined by the polynomials f1, ..., f. with the following diagram
Ch—— A1\ {0}
X——Pp
Without loss of generality, we may assume I = {0, ..., k — 1} in the statement. Let
I:= (x; =--- = x, =0) C A"*! be the stratum corresponding to I and I1° C TI
be the open toric stratum. By expanding f; for A=1, ..., cinterms of xg, ..., x,,

we can write "
fi=hy(xo, ..., x—1) + ingi(xo, oo Xk—1) + Ry(xo, -y Xp),
i=k
where h;,, gi € Clxg, ..., xx—1] and Ry € C[xo, ..., x,] satisfies deg, . Ri>=2.
Note that X is quasismooth if and only if C% is smooth along all the coordinate
strata. We shall show that C% is smooth along I1° when either (Q1) or (Q2) holds
for 1. Let p := p; for short.

Suppose that (Q1) holds. Then i, ..., h p, Are Nonzero on I1° If some of & P
involves only one monomial, then we have T1° N C %Y = . So we may assume that
eachof hp, ..., h, ) involves at least 2 monomials. Thus we see that the linear
systems de1 S, de,, do not have base locus on TT°. By Bertini’s theorem, we see
that (fp, =---=fp,=0) C A"+1 is smooth along IT° when k > ¢. When k < c,
we have (fy, =---=f,, =0)N ° = . Therefore C% is nonsingular along 1°,

Next suppose that (Q2) holds. By permutation, we may assume that p; =i. Then
hi, ..., h; are nonzero on IT°. Hence the base locus of Fy, is disjoint with T1° for
A=1,...,[. By Bertini’s theorem, we see that (f; =--- = f; = 0) is nonsingular
along T1°. We may assume that the Jacobian of (f; =--- = f. =0) C A**! at
P e 10 is of the form

9x0 0Xp_1
: : *
... Oh
9x0 dxx—1 ' . (P),
8i+1" " 8i+1
gt v 8
since we have h; =0for A =1[+1, ..., c. Note that the block matrix
EE) 0X—1
: A
i, ..

EE) 0X—1



2376 Marco Pizzato, Taro Sano and Luca Tasin

has maximal rank  at P € TI” since (f; = --- = f; = 0) is nonsingular along
I1°. Hence it is enough to show that the matrix

glk+1 8l
Mp:=| - @) @)
gt &
has maximal rank ¢ — .
Note that there are at least k — [ elements of K; :={i € {k,...,n}: gf\ # 0}
foreach A =[+1,...,c. By |K;,| > k — [, we see that each row vector of Mp is

nonzero for P € % Indeed, for each A’ =1+ 1, ..., c, the intersection

l

(=0 =0nm°

r=1 i=k

is contained in at least k =/ + (k —[) free linear systems on k-dimensional 1% and
it is empty. Thus we may assume that g,kH(P) # 0. We shall make elementary
matrix operations on Mp to calculate the rank of Mp.

ForA=1[1+4+2,...,c,let

Zy(P):={Qe(fi=---=fi=0)NT1°:
gh 1 (P)g(0) — gk (P)gl (@) =0( =k+1,...,n)}.

Note that the first row M }1, and the (A —[)-throw M 1;}71 of Mp are linearly dependent
if and only if P € Z,(P). By condition (Q2) for J with |J| = 2, there are at least
k — [ nonzero elements of G; (P) := {glkH(P)gi — g'){(P)gl"Jrl i=k+1,...,n}
and they define k — [ free linear systems on 1% Hence we obtain Z,(P) = @
and the two rows M 1!, and M Iﬁ_l are linearly independent. Thus, by elementary
operations on Mp, we obtain a matrix of the following form;

k
8i+1 k+1 8l
n
0 hl+2 e h1+2 (P).
i

By column exchange operations, we may assume that hﬁzl (P) # 0 and repeat the

process to

k+1 n
hl+2 hl+2

Mp:=| : 1 (P).
hk-H R
c c

Let G| (P) := {h}}3 (P)hi — it (P)h} ,:i =k+2, ..., n}. By condition (Q2)

for J with |J| = 3, there are at least k — [ nonzero elements of G’,(P) and they
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define free linear systems on I1°. By this, we again see that the first row and another
row of M/, are linearly independent.
After repeating these elementary operations, we obtain a matrix of the form

A4+
. % ok
0
for some a;41, ..., a. € C\ {0} and see that the rank of Mp is ¢ —[. Thus C¥% is

nonsingular at P € IT°.

Suppose that conditions (Q1) and (Q2) do not hold for some /. We shall show
that X is not quasismooth. We may again assume that / = {0, ...,k — 1} and
[MT=(xf =---=x, =0). Moreover, since (Q1) and (Q2) do not hold, we may
assume that, for some / < p;, wehave [1 Z (f;, =0) forA=1,...,land [T C (f,, =0)
forA =141, ..., c. Then the singular locus of C} on I1° can be described as

Z:={Pe(fi=--=fi=00nT1":rk Mp <c—1},

where Mp is the matrix defined in (2). By the hypothesis, we may also assume that
there exists J C {{+ 1, ..., c} such that there are at most k — [ + | J| — 2 nonzero
elements among {gi :aeJ,i=k,...,n}. This implies that there are at most
k —1+|J|—2 nonzero columns of the matrix My := (gi(P))];gf”. We can choose
J so that the number | /| is minimal among such subsets of {{+ 1, ..., c¢}. Then, by

elementary operations as in the first part of the proof, we can transfer M 1{ to the form

k k+1J| n
hl+l T o hl+1 T hl+1
) : (P).
k+|J|=1 4 k+]J| n
O h1+|1\ hl+|J| hl+|J|

Note that on the bottom row we have at most k — [ — 1 nonzero entries. Hence we
obtain

dim(fi=---=fi=0)N (h;(-:_llell_l S h?+|J| =0)N 11°
>k—Il—(k—-1—-1)=1.
Since the rank of M} is not maximal on the subset (hﬁ:l]]l‘_l =---=hi, ;=0),

we see that C is singular along the above positive dimensional subset. Hence X
is not quasismooth in this case. This concludes the proof of Proposition 3.1.  [J

In the following example, we use Proposition 3.1 to check quasismoothness of a
given WCL

Example 3.3. Let Xggg C PR2®W, 33 53)) be a general WCI of codimension 3.
We can check the quasismoothness of X3 g g by Proposition 3.1 as follows. Consider
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I1=1{4,5,6,7, 8}, thatis, ag = - - - = ag = 3. Then (Q1) does not hold for this I and
we have k =5,/ =01n (Q2). We can choose {e;, ;: j=1,2,3, u=1,...,5} C
{0,1,2,3,9, 10, 11} so that (Q2) is satisfied for this I. We can similarly check
that (Q2) holds for I = {9, 10, 11}. For other I, we have (Q1), thus we see the
quasismoothness of X3 g 3.

On the other hand, we see that Xg ¢ ¢ C P@2®,3® 503 is not quasismooth.
Indeed, for I = {7, 8, 9}, that is, a7 = ag = a9 = 5, neither (Q1) nor (Q2) hold.

The following proposition treats the special situation where some weight of [P
divides none of the degrees of a WCI.

Proposition 3.4. Let X = X4, . 4. CP(ao, ..., a,) be a (well-formed) quasismooth
WCI which is not a linear cone. Assume that there exists iy such that a;, does not
divide d; for all j. Let H = Ox(h) be the fundamental divisor on X, that is, an
ample Cartier divisor on X which generates Pic X. Then

.....

(1) X has a quotient singularity of type 1/a;,(c1,...,ch—c) for some cy,...,chp—¢ €
Z=q such that gcd(a;,,c1,...,cn—c) = 1;

(i1) a;, | h. As a consequence, we have |H| # @.

Proof. Let fi,..., f. € Clxo, ..., x,] be the defining equations of X such that

degfi=djforl<j<cand X =(f;=---= f. =0) CPlao, ...,a,), where
degx; = a; for 0 <i < n. By applying Proposition 3.1 to I = {ip}, we see that
there exist distinct integers ey, ...,e. € {0, ..., i, ...,n} and positive integers
ki, ..., ke such that d; = kja;, +a,, for 1 < j <c, i.e., we can write

kj
fi =i x +8;

for 1 < j <c, where g; is a weighted homogeneous polynomial of degree d;.
By the inverse function theorem, we see that X has a quotient singularity of type

1/aiy(ao, ..., Qigs -, ey - vy ey - - ay) at Pjg:=[0:---:1:---:0]. We shall
show that g := gcd(ag, ..., ey, - -, de,, - - -, an) = 1. Suppose that g > 1.

Claim 3.5. Up to a permutation on {1, . .., c}, we may choose 0 < ¢’ < ¢ with the
following properties:

(*) For j =1,...,c, some monomial in g; does not contain any element of

{xej, ceey Xeo )

(**) For j=c'+1, ..., c, every monomial in gj contain some of {xec,ﬂ, cees Xe, )
Proof of the claim. If (**) holds forall j =1,...,c and {x,, ..., x.}, then we
put ¢’ := 0. Otherwise there is some j such that 1 < j < ¢ and (*) holds for
{xe;, ..., X }. We then exchange (fi, e1) and (fj, ¢j) and repeat the same process

starting from j = 2 till we obtain the claim, that is, check whether (**) holds for
new { f>, ..., fo} and {es, ..., e.} and so on. O
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b;
i#ej,..., ec xi .
Then we have Qe; = > — b;a; mod a;,. Thus we can check one by one that

Hence, for 1 < j <(’, there exists a monomial in g j of the formh ; = I1

gla, forl1<j<c 3)

Now let IT:= (x,,,, =+ =x,, =0) CP. We have Il C Sing P, in particular
I+ P.
We also have fj|q =0 for ¢’ 4+ 1 < j < ¢ by the property (**) of ¢’. Thus we
obtain
dmIINX >dimI—c¢ =dimP —c.

This contradicts the fact that X ¢ I since X is not a linear cone. Hence we obtain
g =1, concluding the proof of Proposition 3.4. (]

The following proposition is useful for calculating the fundamental divisor of a
WCI and is the motivation of the definition of h-regular pair (see Definition 4.1).

Proposition 3.6. Let X = X;,...4. C Plao, ..., ay) be a quasismooth well-formed
WCI which is not a linear cone. Let H = Ox (h) be the fundamental divisor of X.
Assume that there exists I = {iy, ..., ik} such that aj := gced(a;,, ..., a;) > 1.
Then one of the following holds:

(i) There exist distinct integers py, ..., px suchthataj |dp,, ..., dp;

(ii) ay | h.
Proof. We apply Proposition 3.1 to I = {iy, ..., ir}. Let

Pri=(xo=-X,==X,=-=x,=0CP

be the (k — 1)-dimensional stratum corresponding to / and P,O C P; be the open
toric stratum.

Suppose that condition (Q1) in Proposition 3.1 holds, that is, there exist distinct
integers p1, ..., pr and nonnegative integers k;; for j =1,...,k andi € I such
thatd, =) ., kj;a;. Then we have (i) in this case.

Suppose that (Q2) holds. Then there exist a permutation py, ..., p. of {1, ..., c},
an integer / < p := min{c, k}, nonnegative integers k;; for j =1,...,candi € I,
and distinct integers e;11, . . ., e, which satisfy the following:

o forj=1,...,1,wehave ), k;;a; =d,,

o forj=1I1+1,...,c,wehave a,, + ) ;c  kjiai =dp,.
We may assume that (f,, =0)N PIO # & since X is irreducible and the linear
system |Op(dp,;)| does not have a fixed component. Hence, on p € X N PY, the

variety X is analytic locally isomorphic to a quotient singularity of type
1

~ ~ ~ ~ k—I
a—(ao,...,ail,...,aik,...,aeM,...,aec,...,an)XC .
I
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Now the proof is reduced to the following claim:
Claim 3.7. We have g :=gcd(ao, ..., deyyys - -5 Geys -, Qn) = 1.

Proof of Claim. Suppose that g > 1. We shall have a similar contradiction as in the
proof of Proposition 3.4. As in Claim 3.5, up to a permutation of {1, ..., c}, we
may choose ¢’ with [ + 1 < ¢’ < ¢ with the following properties:

(*) For j=1+1,..., ¢, some monomial in g; does not contain any element of
{xej, ey Xe )

(**) For j =c'+1, ..., ¢, every monomial in gj contain some of {xe[uw ceey Xe, )

Let IT := (xef,+1 = .- =x,, = 0) C P. Then, as in Proposition 3.6, we see

that fjlg =0 for j =c¢' +1,...,cand IT C SingP(ay, ..., a,) since g | a; for

ié¢{ect1,...,ec}. Thus we have dim I[TN X > dim [P —c as before and it contradicts

that X ¢ IT since X is not a linear cone. Thus we obtain the claim. ([

The sheaf Ox (1) induces a generator of the class group of a quotient singularity
of the above type. Since the class group is a cyclic group of order a; as in (1), we
see that ay | h. Thus we have finished the proof of Proposition 3.6. ]

The following corollary restricts Proposition 3.6 to the smooth case.

Corollary 3.8 [Przyjalkowski and Shramov 2016, Lemma 2.15]. Let X =Xy, .4 C
P(ao, ..., a,) be a smooth WCI. Assume that there exists I = {iy, ..., iy} such that
ar = ged(a;,, ..., a;) > L

Then there exist distinct integers py, ..., px suchthatay |dp,, ..., dp,.

Proof. Since X is smooth, the fundamental divisor of X is Ox (1), thatis 7 =1 in
the notation of Proposition 3.6. Thus the statement follows from Proposition 3.6. [J

4. Regular pairs and Frobenius coin problem

The following definition is motivated by Proposition 3.6 and Corollary 3.8.

Definition 4.1. Let c € N and n € Z>_; be integers and (d; a) be a pair, where
d=(d,...,d)eN{ and a = (ao, ..., a,) € N’ﬂ]. Letct :=1{l,...,c} and
n:=A{0,...,n}

We say that (d; a) is h-regular for a positive integer A if, for any subset I =

{i1, ..., ix} C i such that ay := ged(a;,, ..., a;,) > 1, one of the following holds:
(i) There exist distinct integers pi, ..., px € ¢t such that a; ldp,,...,dp,;
(i) ay | h.

If a pair is h-regular for h = 1, we simply call it regular.

Remark 4.2. For technical reasons, in Definition 4.1 we admit the cases ¢ =0 or
n = —1, i.e., pairs of the form (d; @), (&; a) and (&, @).
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We need to fix some notation. If (d; a) is a pair withd = (dy, ..., d;) € N and
a=(ao,...,a,) € N""! then we define
C n
Sdia):=) d;i =Y a;.
j=1 i=0

In the case where the pair (d; a) comes from a well-formed quasismooth WCI
X =Xg,,..a. CPlao, ..., a,), we have wxy = Ox(6(d; a)).

Let g be a prime number. Set I, :={i €n:qla;}and J, :=={j € ct:q |dj}. We
consider two new pairs obtained from (d; a). The pair (d?; a?) is given by

d?:=(dj/q)jes, ([dj)jecr\s,)> a?:=(ai/q)ie1,» (@i)ienr1,)

in which we divided by ¢ all the divisible d; and a; and the pair (d(q), a(q)) is
given by
d(q) :=(d))jes,, a(q) = (ai)iel,

in which only the divisible d; and a; appear. Note that
-1
5(d; a) = 8(d?; a®) + qTa(ch); a(g)).

Definition 4.3. For a pair (d; a), we may choose subsets Jz.q) = {j1,...,Ji} C ¢t
and /(y.q) = {i1,...,i;} C n uniquely for some / € N so thatd; =a; fork=1,...,]
and d; # a; for all j € ¢*\ Jig.q) and i € 11\ I(4,q). We define a pair (d; a) by

(d; @) = (@) ject\ Ty (@iem\ ) )
that is, we cancel the doubles (d;, a;) with d; = a;.
Lemma 4.4. The pair (d; @) is h-regular if (d; a) is h-regular.

Proof. Let I :={iy,...,ix} Cn\ Iy4.q) be a subset with a; > 1. Since (d; a) is
h-regular, either (i) holds for some {p1, ..., pr} C ¢ or (ii) holds. In the latter
case, there is nothing to check. Thus we consider the former case and need to find
Plsoos Pp €T\ Ja:q) such that a; |dyy, for j=1,... k. Let

J/ = {jEJ(d;a)la”dj}, I, = {iGI(d;a)ia”ai}.

Then we have |I'| = |J/| =:1". Let I” := I UI'. By a; = ay», there exist distinct

integers py, ..., pxir € ¢t such that a; | dp, for j =1,...,k+ 1. Then the set
{p1...., prsr}\ J' contains k elements p|, ..., p; € ¢\ Ji:q) such that a; Idp;
for j = 1,...,k. Thus (i) holds for (d: @) and 1. Hence we see that (d; @) is
h-regular. O

The following straightforward lemmas show how /A-regular pairs are very suitable
for inductive arguments.
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Lemma 4.5. Let (d; a) be an h-regular pair and q be a prime not dividing h. Then
the pairs (d9; a?) and (d(q); a(q)) are h-regular. Hence (d(q)/q; a(q)/q) is also
h-regular.

Proof. We write the details for the pair (d?; a?). The proof for (d(q); a(q)) is
easier.

Let I ={iy,...,ix} Cnsuchthata;:=gcd(q;,, ..., a;) > 1. By the h-regularity
of (d; a), we have either condition (i) of Definition 4.1, i.e., there exist distinct
integers pi, ..., px such that

al|dp1,...,dpk

or (ii), i.e., ay | h.
If ¢ | a;, then we have g | a;, for all iy € I and a; th. Thus we have (i) and

gcd@ @)22@ dp

g ol PR

as we wanted.
If g tay, then

ged((ai/@iery, (@ieaniy) = ai

where Iq’ :={i € l:q]a;}. If aj | h, then there is nothing to prove, so we can
assume that a; 1 and that (i) holds. Since g fa;, we get that a; divides (d9) p; for
j=1,..., k. This concludes the proof. O

Lemma 4.6. Let (d; a) be an h-regular pair and q be a prime dividing h. Then
(d?; a?) is h/q-regular and (d(q); a(q)) is h-regular, hence (d(q)/q; a(q)/q) is
h/q-regular.

Proof. We give the proof for the pair (d9; a?). Consider aset I = {i1,...,iy} Cn
such that a; := ged(a;,, ..., a;,) > 1 and let a? = gcd(a?),-el be the gcd of the a;
in (d?; a?).

Assume first that gcd(ay, g) =1, so that a(I] =ay. If a; | h, we obtain that a‘} |h/q
and we are done. If a; 1 h, then there exist distinct integers py, ..., px such that
arldy,, ..., dp,. Wehave a] {h/q and the dj, work.

If a; = gt for some positive integer ¢, then a? =t.Ifgt|h,wehavet|h/q. If
qt1h, then there exist distinct integers py, ..., pi such that a; |dp,, ...,dp,,. Forthe
same integers, we have a;’ |dp,/q, ..., dp,/q so the first condition of & /q-regularity
is satisfied and we are done. [l

The Frobenius coin problem. In this subsection we want to enlighten some inter-
esting connections among the Ambro—Kawamata conjecture, regular pairs and the
Frobenius coin problem.
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Question 4.7 (Frobenius coin problem). Given positive integers ay, . . . , @, such
that gcd(ao, ..., a,) =1, find the largest integer G = G (ay, . . ., a,) so that there
do not exist nonnegative integers xo, . . ., x, satisfying

G=apxo+...ta,x,.
Such G is called the Frobenius number of ay, ..., a,.

For n =1, it is classically known that
G(ap, a1) = apay —ap — ay.

For n > 2, the problem is considerably harder: precise methods have been developed
to compute G(ay, a1, az) and some algorithms and (lower and upper) bounds are
known for the general case (see for instance [Johnson 1960] and [Brauer and
Shockley 1962]).

By Lemma 2.4, the Ambro—Kawamata conjecture for smooth WCI would fol-
low from the following purely arithmetic statement, which we believe to be of
independent interest.

Conjecture 4.8. Let (d;a) = (dy,...,d:;ag,...,a,) € N° x N**! be a regular
pair such that a; #1 and d; # a; for any i, j. Assume ¢ <n and gcd(ay, ..., a,) =1.
Then

é6(d;a) = Glag, ..., a,).

One of the best known lower bounds for G is given in [Brauer 1942]. Let

aop, . . ., a, be positive coprime integers, set g; := gcd(ao, ..., a;) for j=0,...,n
and consider
n g _1 n
Br(ag, ..., a,) = Zaj / — = Zai.
j=1 8j i=0
Brauer proved that Br(ao, ...,a,) > G(aop,...,a,). Setd; :=ajg;j_1/g; for

j =1,...,n. Then it is easy to check that (d; a) := (dy, ..., du; ao, ..., a,) is
actually a regular pair.

On the other hand, it is not difficult to see that, considering big prime numbers
p and g, the pair (pq, 6p, 6q; 2p, 3p,2q, 3q) is regular, §(d; a) > G(ay, ..., a,),
but §(d; a) < Br(ay, ..., a,).

This shows that regular pairs can give better bounds for the Frobenius number
with respect to the known ones. For this reason, it seems to be a challenge and
interesting problem to study Conjecture 4.8.

Remark 4.9. It is not difficult to check that Conjecture 4.8 is true for ¢ = 1, 2,
which implies that the nonvanishing holds for a smooth WCI of codimension 1 or 2.
For simplicity, we omit the detail in the codimension 2 case.
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For ¢ =1, a stronger and more general result is given in Lemma 6.1, which is
the key step to prove Theorem 1.3.

5. Proof of Theorem 1.2

Theorem 1.2 is the combination of Corollary 5.3 and Corollary 5.13 below.

Smooth case. The pair (d; a) in the following lemma does not come from a
nonempty WCI. Nevertheless this lemma is important in the proof of Proposition 5.2.

Lemma 5.1. Let (d; a) e N§ x N’fl be a regular pair such that a; # d; for any i, j.
Let q be a prime number such that q | a; and q | d; for any i, j. Then

8(d;a) > cq.
Moreover, if the equality holds, then c = n + 1.

Proof. Note that ¢ > n + 1 which does not occur for a nonempty WCI.

Assume first that g is the only prime dividing the a;, that is forany i =0, ..., n,
we have a; = g% for some «; > 1. We can assume that ay > a; > ... > a,. We
can also order the d; in such a way that v, (d;) > v,(d;) for any s < t, where
vy(d;) = max{e € N: g¢|d;}. Then we have a; |d; 1| forany i =0, ..., n and so

c—n—1 n

c n
Zdj—zaiz Z dn+1+k+Z(di+1 —a;) > cq
j=1 i=0 k=1 i=0

and the equality is possible only if c=n+1, d; =2q and a; = ¢ for any i, j.

Assume now that g # 2 and that ¢ and 2 are the only primes dividing the a;,
that is forany i =0, ..., n we have a; = 2“"qﬁ" for some o; > 0 and B; > 1 such
that o; > O for at least one i. We proceed by induction on t = maxo<;<,{fi}, the
greatest power of g dividing at least one a;.

Suppose ¢ = 1. We can assume that v2(a;) > v2(a;) and v2(d;) > va(d;) for any
i < j. Then again a; |d;1| forany i =0, ..., n and we conclude as before.

Suppose t > 2. Let I :={i € n: q"' | a;} and Jg := {j € ¢T : ¢" | dj}. We
consider the following pairs: (d'; a’), where d’ = ((dj/q)jeth, (dj)j€5+\]q,) and
a' = ((ai/@iet,» @i)ienn1,)) and (d”;a"), where d” = (d;/q)je;, and a" =
(a; /q)iqu,. It is straightforward to check as in Lemma 4.5 that (d’; @’) and (d”; a”)
are regular. Consider the regular pair (d’; a@’) constructed in (4) which satisfies
c?} #a) forany i € n\ Iig.qay, j € €T\ Jiaiary, Where Ig.qy C 1t and Jigr.qy C €
are the subsets defined in Definition 4.3.

Let

m:=|{j €Jy :dj/q=a;|forsomeiecn\I;}|,

m:=|{i € Iy :d; = a;/q | for some j € ¢\ Jy}.
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Note that |I(g;0)| = |J(@';ar)| <m~+m. Let k :=|J,|. By induction on 7, we may as-
sume that we have §(d’; a’) =8(d’; a’) > (c—m—m)q and §(d"; a’") > kq. We have
that |1,| < |J,| since (d; a) is regular. Since m < k and m < |I;| < k, we obtain

8d;a)=58(d";ad" )+ (g—1)8(d";a") > (c —2k)qg + (g — kg
=cq —2kq +kq® —kq
=cq+kq(q—3)=>cq )

because ¢ > 3. The equality is possible only if we have it for both (d'; @') and
(d”; a”). This implies by induction on ¢ that ¢ = n + 1 in this case.

We now pass to the general case. For any prime p, different from ¢ and 2, let
e, :=max{e € N : p¢|a; for some i}. The proof is by induction on D = Zp ep,
where the index varies over all prime numbers different from ¢ and 2. The case
D = 0 has already been treated in the first part of the proof. So assume D > 1 and
that the inequality holds up to D — 1. Consider (d”; a”) and let

my = |{j ect :dj/p =a;forsomei e€n\I,},

iy, :=|{i €en:d; =a;/pforsome ject\ J,}
Let us again consider the pair (d?; aP) as in Definition 4.3 by removing subsets
Jar.ary C ¢t and I(gr.qry C n. Then this satisfies the hypothesis (c?p)j =# (a®); for
any i and j. We again have that |J(gr,qr)| <m,+m,. By induction on D, we obtain
8(dP; al)= 8(07”; a?)> (c—m,—m,)q. Now consider the pair (d(p)/p; a(p)/p).
Again by induction on D, we obtain §(d(p)/p; a(p)/p) > sq, where s ;= |{j €
¢ : pld;}|. We see that m,, < s by the definition of m,. Let s :=|{i € n: p|a;}|.
We see that s < s by the regularity of (d; ) and that m, < s’ by the definition of
m . Thus we have m, < s. By these inequalities and p > 3, we conclude that

8(d:a) =58(d”;a”)+(p—1)8(d(p)/p: a(p)/p)
> (c—mp—mp)g+(p—1sq
=cq+psq—mpq —mpq —sq = cq+ psq —3sq =cq
as we wanted. Again, the equality is possible only if c =n + 1. U
By using Lemma 5.1, we prove the following key proposition.

Proposition 5.2. Let (d; a) € N9 x N’fl be a regular pair such that a; > 1 and
a; #d; forany i, j. Then the following holds.

(i) We have
§(d;a)=c. (0)

(i) If ged(ao, ..., an) = 1, then the equality holds only if (d; a) is of the form
(6(5), 1(€=5); 20) 3(S))f0r some integer s.
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Proof. (1) The proof is by induction on 7, the case n = 0 being obvious. We can
assume that no prime divides every a;, otherwise we are in the case of Lemma 5.1.
In particular, we may assume that there is a prime g # 2 which divides some a;. Let
m:=|{ject :d;/qg =a; forsomei e\ l,}l,
m:=|{i €n:dj=a;/q for some j € é+\Jq,dJ~ # 1},
t=ien:a=q}, s:=|{ject qldj}l=|Jyl.
We note that m < s by definition and £ + m < s by the regularity.

Case 1: Suppose that £ +m + i > 1. Then the pair (d7; a?) has some redundant
a;, in the sense that a;/qg = 1, dj/q = a; or d; = a; /q for some i, j. That is, we
consider a regular pair (49, @?) and, by removing all Zzl.q = 1, we obtain a new
regular pair (d%; a9) € Ni X NTI for some ¢ < ¢ and i1 < n. Note that 7 < n by
the hypothesis £ +m +m > 1. Let £; :=|{j € ¢ :d; = 1}| and ¢’ := min{¢, ¢,}.
Then we see that ¢ > ¢ —m — in — £’ by the construction of (d%; a%). Since we
have [{i € n \ I(gs.a9) : sz = 1}| = £ — ¢/, we obtain, by induction on n, that

8d7;a%) =58d%al)—(U—t)=¢é—(U—E)=c—L—m—in.
By applying Lemma 5.1 to (d(g), a(q)), we obtain

8(d(q); a(q)) = sq.

By these and ¢ +m +m < 2s, we obtain
—1
§(d; a) =58(d?; a")+q—5(d(q); a(@))>c—LC—m—imn+(q—1s
q
>c+gs—3s>c @)

since g > 3.

Case 2: Suppose now that £ +m + in = 0. Then the pair (d?; a?) satisfies the
assumptions of the proposition. We note that

5(d: a) = 8(d?; a®) + qT_lf%d(q); a(q)) > 8(d?; a®)

since we have §(d(q); a(g)) > 0 by Lemma 5.1. So we can replace the pair
(d; a) with (d?; a?) without changing the number ¢ of the j and we can repeat the
argument from the beginning of the proof (possibly changing the prime ¢) till either
we end up in Case 1 or we reach the situation of Lemma 5.1. In both cases, we
are done and obtain (6).

(i1)) We now study when the identity holds in the case gcd(ao, ..., a,) = 1.
Note that the case n =1 is clear, being equivalent to asking apa; —ag —a; = 1.
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Assume n > 2 and let g # 2 be a prime number such that ¢ | a; for some i. We
shall follow the proof of the inequality. In particular, we look at

—1
8(d;a)=46(@d?;a?) + 6175(61(61); a(q)).

With the same notation as above, we note that the equality can hold only if we
are in Case 1 and, by Lemma 5.1, the number |{i € n : g | a;}| must be equal to
s = |J4|. Moreover we obtain ¢ = 3 by (7). This implies that the only possible
prime numbers that divide at least one a; are 2 and 3.

We must also have m =s and £ +m = 5. By m = s, we see that any d; /3 € N
must be equal to some @; which is not divisible by 3. Hence we can write

(d;a) = (3-27,...,3. 25 2P [ 0Fe;0fr [ 0Fs 300 [ 3. 00)
for some nonnegative integers «; and g;. Then
8(d;a) =821, 2Pe; 20 20y 4 25(3.2P1, 3.2 3.0% 1 3.0,

Also note that £ +m = s implies thatn+1—s=|{i en:3|a;}| =€ +m =, thus
n+ 1= 2s. By the regularity of (d(3); a(3)) and the assumption d; # a; for any
i, j, to have the equality §(d(3); a(3)) =3s weneed B; =1for j =1,...,s and
aj=0fori=s+1,...,n+ 1, which implies

c—S
8(d;a) =8P, ..., 2P 1 D) +25 = 3 2P (1 —s) 42,
i—1
i.e., Cc = (S(d, Cl) = Zlc;iv 2,3s+i +s.
Hence, we must have 8; =0 for j =s+1, ..., ¢, which finishes the proof. [

As a corollary of Proposition 5.2, we obtain the nonemptiness of |O(1)| and the
smoothness of its general member on a smooth Fano or Calabi—Yau WCI.

Corollary 5.3. Let X := X4, ...4. C P(ao, ..., an) be a well-formed smooth Fano
or Calabi—Yau WCI which is not a linear cone. Let ¢\ := |{i € n : a; = 1}|. Then the
following hold.

(i) We have c¢| = c. Moreover the equality is possible only if X is Calabi—Yau of
nype Xo,...6 CP(1©, 2 3),

(i1) The linear system |Ox (1)| is nonempty and its general member H is smooth.

Proof. (i) We may assume that ap <--- <a,. Thus we haveap=---=a, -1 =1.
Since X is smooth, we see that (di, ..., d.; ac,, ..., an) is regular. By this and
Proposition 5.2(i), we obtain

8(dy,....desac, ..., ay) >c.

By the assumptions, 0 > §(d; a) > ¢ — ¢y, and this implies the former statement.
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Let (d; a) be a regular pair which satisfies c; = c¢. Let (c? ; @) be the regular
pair obtained by removing all ¢; = 1. Then (d; a) satisfies the hypothesis of
Proposition 5.2(ii) since (d; a) defines a smooth WCI. Hence, by Proposition 5.2(ii),
we see that (d; @) = (61©; 2, 3©)) and (d; a) = (6(©); 2, 3(©) 1),

(ii) By the latter part of Proposition 5.2, we can assume that X is not of the form
,,,,, 6 C P(2©, 30 1); otherwise the conclusion is immediate. In particular,
we may assume ¢y > c+ 1.

By (i), we see that |Ox(1)| # &. Since X is smooth and well-formed, we have
Sing P(ay, . ..,a,)NX =&. Thus HNSing P(ay, ..., a,) = 2. Hence it is enough
to check H is quasismooth at P :=TI(p), where p € I ((xo=... =x,-1=0)NX)
and IT: A"\ {0} — P(ao, ..., a,) is the quotient map.

Set H; :=XN(x; =0) fori =0, ..., cy—1. We shall look at the Jacobi matrices of
X and H; C P(ag, ..., ai—1,ai+1, - ..,ay). Let f1,..., f. be the defining equations
of X such that deg f; =d;. Fori =0, ...,n, set

af1/0x;
vi(p) = ( : ) (p)-
0fc/0x;

The Jacobi matrix Jx(p) and Jg, (p) of X and H; can be written as

Jx(p) = (Wo(p)s...,vu(P)), Ju;(p) = Wo(p),....0i—1(P),Vix1(P),....0u(P)).

Since X is quasismooth, there exist linearly independent vectors

v, (p), ..., vi.(p).

Since ¢; > ¢+ 1, we can choose i so thati ¢ {i1, ..., i.}. Then we see that H; is
quasismooth at P :=I1(p). Thus a general member H is also quasismooth at P. [

Remark 5.4. Let X C P(ay, ..., a,) be a smooth WCI as in Corollary 5.3. For
I C n such that a; = 1, it may a priori happen that (Q1) does not hold, but (Q2)
holds. That is why we make an argument as in Corollary 5.3 (ii).

Remark 5.5. Let X, . 4. be a smooth WCI as in Corollary 5.3. Motivated by
a question by Andreas Horing, we consider the description of the base locus
Bs|Ox(1)].

Up to reordering dy, . . ., d., we can assume that there is an integer ¢’ < ¢ with the
following properties: for 1 < j < ¢/, there are weighted homogeneous polynomials
fi(xe,, ..., xp) of degree d; and, for ¢’ +1 < j < ¢, all monomials of degree
d; contain one of the variables xo, ..., x,,—1 of weights 1. Since the base locus
Bs|Ox(D)]is (xo ="+ =x¢—1 =0)N Xy .. 4., it is isomorphic to a general WCI
Y., d, C I]:D(a6‘17 cees Ap).
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Thus the base locus is again a WCI. However this is not necessarily (quasi)smooth
in general. We shall see this in Example 5.6.

Example 5.6. Let X := X231.231.26 C P:=P(3,3,7,7, 11, 11, 147 be a general
WCI. We can check that this is a smooth Fano WCI as follows: for I = {0, 1}, {2, 3}
or {4, 5}, (that is, two variables of weights 3, 7 or 11), we have (Q1) for d; = 231,
dy = 231. Also, for I = {0, 1, 2,3} or {0, 1, 4, 5}, we have (Q1) for d; = 231,
dr) =231, d3 =26since 26 =7-24+3-4=11+3-5. For I ={2, 3,4, 5}, we have
(Q2) for dy =231, d» =231, d3 =26=7-2+ 11+ 1. By Proposition 3.1, we see
that X is quasismooth, and smooth since X N Sing P = &.

The base locus Bs |Ox (1) isa WCL Y := Y231 23126 C P :=P(3,3,7,7, 11, 11).
This is not quasismooth. Indeed, for I = {2, 3, 4, 5}, neither (Q1) nor (Q2) holds
because of the lack of suitable degree 26 polynomials. In fact, Y is a nonnormal
surface singular along a curve (xo = x; = f1 = f> = 0) C P, where fi, f» are part
of defining polynomials of degrees 231 and x¢, x| are the variables of weights 3.

Hence we can not expect smoothness of the base locus of the fundamental linear
system even if it contains a smooth member.

Remark 5.7. Let W = W, 4. C P(ao, ..., a,) be a smooth WCI which is not a
linear cone, where a; > 1 forany i =0, ..., n. By Corollary 5.3 we know that W
is not Fano. Then we can consider a WCI

4 CPag, ..., ay, 19)

.....

where £ = §(W) + 1. In this way X is a smooth Fano with —Ky = Ox(1) and
Bs|Ox(1)] is exactly W.

In Corollary 5.3 we showed that for a smooth Fano WCI, the general member of
the fundamental divisor is quasismooth. This is not true in general for a quasismooth
Fano WCI as the following example shows.

Example 5.8. Let X = X35 C P(5,7,2%,3®) where k > 5. Then X is a quasi-
smooth Fano WCI with fundamental divisor O (6), but X35 C (5, 7, 2() 3k
is not quasismooth. However, we see that a general member of |Ox(6)| has only
terminal singularities. Indeed it has an isolated singularity at [ : % :0:---:0]
which is locally isomorphic to 0 € (x3 +- - - +x} + X+ x5, =0) CC*

It is also natural to look at the general element of | — Kx| in the case of a Fano
variety X. For instance, Shokurov [1979] and Reid [1983] proved that a Fano 3-fold
with only canonical Gorenstein singularities admits an anticanonical member with
only Du Val singularities. Here we give an example of a smooth Fano WCI whose
anticanonical members are singular (and not quasismooth). See also [Horing and
Voisin 2011, 2.12] for an example of a Fano 4-fold with singular fundamental divisor.
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Example 5.9. (cf., [Sano 2014, Example 2.9]) For m € Z. ¢, let X be a weighted
hypersurface X = Xui1)@me2) C PAIT2mCED) 9 4 1, 2m 4 2) of degree
(2m +1)(2m +2). Then we see that — Ky = Ox(2) and the linear system |—i Kx/|
does not contain a smooth member for i = 1, ..., m. Thus we can not expect a
smooth element of the plurianticanonical system on a Fano manifold. However,
in the above example, we can find a member with only terminal singularities.
Moreover, the base locus of | H| consists of a point.

Remark 5.10. It is well known that following the arguments in [Ambro 1999, Sec-
tion 5] or [Kawamata 2000, Section 5] and assuming Conjecture 1.1, it is possible to
show that the general element of | —m Kx | has always only klt singularities for m > 0
such that —m K is Cartier (we thank Chen Jiang for pointing this fact out to us).

Finally, we also get the following corollary, which generalizes [Przyjalkowski
and Shramov 2017, Corollary 4.2] to any codimension.

Corollary 5.11. Let X := Xy,,...a. C P(ao, ..., a,) be a well-formed smooth Fano
or Calabi—Yau WCI which is not a linear cone. Let ¢ .= |{i € n : a; = 1}|. Then
c1 > I(X) = —S(d; a) = Z?:O a; — Zj:l dj.

Proof. Consider the regular pair (d; a) associated with X. We may assume that
ap <---<ay,sothatag=---=ac—; = 1. Let (d’; a’) be the pair (d; a.,, ..., an),
where we took away every 1 from (d; a). This pair is regular with no a¢; =1 and so
by Proposition 5.2 we get

8(d;a)>c>0,

which implies
8(d;a)=68(d';a) —c1 > —cy,

ie., I (X) < ¢y, as we wanted. O

General case. The following is a key proposition to deduce the nonvanishing in
the quasismooth Fano case.

Proposition 5.12. Let h € Ny and (d; a) € N¢ x N’f] be an h-regular pair with
c> 1. Ifaith foranyi =0, ... ,nanda; #d; forany i, j, then

é(d; a) > 0.
Proof. Let us write h = p{' --- p*, where the p; are distinct prime numbers. The
proof is by induction on o = Zle o; > 0. If @ =0, then the pair (d; a) is regular

and the statement follows from Proposition 5.2, so we assume o > 1.
Let p be a prime number dividing /# and consider (d”; a”). As usual,

—1
8(d;a)=6(d”; a”) + p75(d(19); a(p)).
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By Lemma 4.6, (d”; a?) and (d(p)/p; a(p)/p) are h/ p-regular. Note that there
does not exist i such that a;/p = 1 by the hypothesis a; 1 h. Thus, after cancellation
on (d?; a?) (see Definition 4.3), we see that (d~!’; aP) and (d(p)/p; a(p)/p) are
h/ p-regular and satisfy the hypothesis of the proposition.

If p|a; or p|d; for some i or j, then we obtain 6(d(p)/p; a(p)/p) > 0 by the
induction hypothesis and conclude §(d; a) > 0 by induction since we have either
8(dP;al) = 8(d~l’; al) > 0or (d~l’; ab) is empty.

If pta; and ptd; for any i, j, then §(d”; a”) > 0 by the induction hypothesis
since (d”; a?) = (d; a) is h/p-regular. Moreover (d(p); a(p)) is empty. Hence
we can again conclude that §(d; a) > 0. U

Corollary 5.13. Let X = Xy4,....a. C Pao, ..., a,) be a well-formed quasismooth
WCI which is Fano or Calabi—Yau and which is not a linear cone. Then |H| # &
for any ample Cartier divisor H on X.

Proof. Write H = Ox (h). If there exists i € n such that g; | h, then we are done.
Otherwise, we are in the situation of Proposition 5.12, and so the variety can not be
Fano or Calabi—Yau since (d; a) is h-regular by Proposition 3.6. U

6. Weighted hypersurfaces

The following lemma gives a proof of a generalized version of Conjecture 4.8 in
the case c = 1.

Lemma 6.1. Let ay, . .., a, be positive integers, n > 1 and set
h :=lcm;;(ged(a;, aj)).

Assume that a; 1 h for any i and set f :=lcm(ay, ..., a,). Then

n
f=Y ai>lem(a, a) —as —a,

i=0
forany s and t.

Proof. We first note that, for any proper subset I of n := {0, ..., n}, we have
f #lem;er(a;). In fact, suppose that the equality holds and let k € n\ 1. For any
prime power p¢ such that e > 1 and p° | ar, we have p¢| f. In particular, we have
p¢ | ag for some ¢ € I. This implies that p¢ | gcd(ag, a¢) and so ay | h, which is a
contradiction. In particular, f > 2lcm;¢;(a;).

The proof of the lemma is by induction on n and the case n = 1 is trivial, so
assume n > 2. Let s, t € n be such that s # ¢. Then

n
f f
f=) ai=5—a—ats— ) aizlem(as, a)—as—atlemiz (@)= ) ai.
i=0 st i#s.t
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If n =2, then we have

lem; 4 4 (a;) — Z a; =0
i#s,t
and we are done.
If n > 3, then we have

lem; 24 (a;) — Y a; > lem(ay, ar) — ay — ay
iF#s,t
fors’, ¢ e n\{s, t} such that s’ # ¢’ by induction on n and lcm(ay’, a;) —ay —ay >0
because we are assuming that a; th for any i. (|

Proposition 6.2. Let X = X; C P =P(ao, ..., a,) be a well-formed, quasismooth
hypersurface of degree d which is not a linear cone. Let H be an ample Cartier
divisor on X such that H — Kx is ample.

Then |H | is not empty.

Proof. Write Ox(H) = Ox (h) for a positive integer h.

By Proposition 3.4, we can assume that a; | d for any i. Then X is a Cartier
divisor which intersects any stratum Py; ;; in some interior point. The condition of
H to be Cartier is then equivalent to

lcmi;ﬁj (ged(a;, aj)) [ h.

If there exists a; such that a; | h, then we are done. So assume that a; { 4 for any
i and let f :=Icm(ay, ..., a,). By Lemma 6.1, we get

n
f=Y ai>lcm(a, a) —a; —ay
i=0
for any s and ¢. Since h > f — > a; (because H — Ky is ample and f | d) and
g :=gcd(ay, a;) | h for any s # t, we can use the Frobenius number G (a;/g, a;/g) =
(1/g)(cm(ay, a;) —as — ay) as on page 2382 to conclude that there are nonnegative
integers Ay, A, such that
Asag + Aa; = h,

which implies that |H| is not empty by Lemma 2.4. O

In the following, we prove the basepoint freeness on a Gorenstein weighted
hypersurface.

Proposition 6.3. Let X = X; CP =Play, ..., a,) be a well-formed, quasismooth

hypersurface of degree d which is not a linear cone such that Kx is Cartier. Let H

be the fundamental divisor of X and h be the positive integer such that H = Ox (h).
Then L = Kx +mH is globally generated for any m > n.
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Proof. Suppose by contradiction that there is a point p =[pg :---: p,] € Bs|L|
and take £ such that L = Ox (£).

Note that if p; # 0 for some s, then a, 1 h, otherwise x¢ € |L| for some positive
integer e and so p ¢ Bs|L|. Also note that, for all i € iz such that a; { h, we have
a; | d by Proposition 3.4.

Assume first that there exists a unique s € i such that p; # 0. Since p € X and
asth, we get that a | d. Let f; be the defining polynomial of X,. If f; contains a
monomial xf/ “ then we obtain p & X, and this is a contradiction. If f; does not
contain such a monomial, then it should contain a monomial of the form x¥x; for
some k > 0 and i # s by the quasismoothness of X;. Then we see that a; | a; by
as | d, and X4 has a quotient singularity of index a;. Thus we obtain ay | & and this
is a contradiction.

Hence we can assume that there exist s and ¢ such that s ¢, py 70 and p; # 0,
thus ay, a; h. We have

Z:d—Xn:ai—th:d—Zai—Zai—kmh.
i=0

a;th ailh

Assume that — Za,-lh a; +mh > 1. Since a; | d for all i such that a; th, we can
apply Lemma 6.1 to conclude that

£ > lem(ay, a;) — ay — ay,

which implies that x;*x;" € |L| for some nonnegative integers e; and e,. So we
again have p ¢ Bs|L|.

Assume now that — Zailh a; +mh < 0. Then we can check that |{i : a; = h}| >
n — 1, because m > n. Moreover, since P is well-formed, the greatest common
factor of any n weights is 1. By these, when |{i : a; = h}| = n, we have h = 1 and
P =P(ap, 1,...,1) for some ag > 1. When |{i :a; =h}|=n—1, we have h =2

and P =MP(1,1,2,...,2). In both cases, we can check that L is basepoint free,
and we have derived a contradiction. |
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