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On the arithmetic and geometry of
binary Hamiltonian forms

Jouni Parkkonen and Frédéric Paulin
Appendix by Vincent Emery

Given an indefinite binary quaternionic Hermitian form f with coefficients in
a maximal order of a definite quaternion algebra over (0, we give a precise
asymptotic equivalent to the number of nonequivalent representations, satisfying
some congruence properties, of the rational integers with absolute value at most
s by f, as s tends to +00. We compute the volumes of hyperbolic 5-manifolds
constructed by quaternions using Eisenstein series. In the appendix, V. Emery
computes these volumes using Prasad’s general formula. We use hyperbolic
geometry in dimension 5 to describe the reduction theory of both definite and
indefinite binary quaternionic Hermitian forms.

1. Introduction

Following [Weyl 1940; 1942], we will call a Hermitian form over Hamilton’s real
quaternion algebra with anti-involution the conjugation a Hamiltonian form.

Since Gauss, the reduction theory of the integral binary quadratic forms and the
problem of representation of integers by them is quite completely understood. For
binary Hermitian forms, these subjects have been well studied, starting with Hermite,
Bianchi and especially Humbert, and much developed by Elstrodt, Grunewald and
Mennicke; see for instance [Elstrodt et al. 1998]. In the recent paper [Parkkonen and
Paulin 2011], we gave a precise asymptotic on the number of nonequivalent proper
representations of rational integers with absolute value at most s by a given integral
indefinite Hermitian form. Besides the general results on quadratic forms (see
for instance [Weyl 1940; Cassels 1978]) and some special work (see for instance
[Pronin 1967; Hashimoto and Ibukiyama 1980]), not much seemed to be precisely
known on these questions for binary Hamiltonian forms.
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In this paper, we use hyperbolic geometry in dimension 5 to study the asymptotic
of the counting of representations of rational integers by integral binary Hamiltonian
forms and to give a geometric description of the reduction theory of such forms.
General formulas are known (by Siegel’s mass formula; see for instance [Eskin et al.
1991]), but it does not seem to be easy (or even doable) to deduce our asymptotic
formulas from them. There are numerous results on the counting of integer points
with bounded norm on quadrics (or homogeneous varieties); see for instance the
work of Duke, Eskin, McMullen, Oh, Rudnick, Sarnak and others. In this paper,
we count appropriate orbits of integer points on which a fixed integral binary
Hamiltonian form is constant, analogously to [Parkkonen and Paulin 2011].

Let H be Hamilton’s quaternion algebra over R, with x +— X its conjugation,
n:x +— xX its reduced norm and tr : x — x + X its reduced trace. Let A be a
quaternion algebra over @ that is definite (A ®g R = H), with reduced discriminant
D4 and class number /4 4. Let O be a maximal order in A, and let m be a (nonzero)
left fractional ideal of O, with reduced norm n(m); see Section 2 for definitions.

Let f : H x H — R be a binary Hamiltonian form, with

f(u,v) =an(u)+tr(ubv)+cn(v), (D)

that is integral over O (its coefficients satisfy a, ¢ € Z and b € 0) and indefinite (its
discriminant A(f) = n(b) — ac is positive); see Section 4. We denote by SL;(0)
the group of invertible 2 x 2 matrices with coefficients in O; see Section 3. The
group SU (0) of automorphs of f consists of those elements g € SL,(0) for which
fog=f. Given an arithmetic group I", such as SL,(0) or SU ¢ (0), we will denote
by Covol(I") the volume of the quotient by I' of its associated symmetric space
(assumed to be of noncompact type and normalized to have —1 as the maximum of
its sectional curvature).
For every s > 0, we consider the integer

Vrm(s) = Card su )\ {(u, v) €eEmxm: n(m)_llf(u, v)| <s,0u+0v=m},

which is the number of nonequivalent m-primitive representations by f of rational
integers with absolute value at most s. The finiteness of ¥ s (s) follows from
general results on orbits of algebraic groups defined over number fields [Borel and
Harish-Chandra 1962, Lemma 5.3].

Theorem 1. As s tends to +00, we have the equivalence, with p ranging over
positive rational primes,

45D 4 Covol(SU £(0)) 4
N

Vi) S B A Ty, (P = D
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This result follows from the more general Theorem 13, which allows us in
particular to count representations satisfying given congruence properties (see the
end of Section 6).

Here is an example of our applications, concerning the asymptotic of the very
useful real scalar product (u, v) — tr(u v) on H. See Section 6 for the proof and
for further applications. Let

Sp,(0) = {g €SL2(0):'g ((1) (1)) 8= <(1) é) }

Corollary 2. As s tends to 400, we have the equivalence

_ Dy PP,
Card u,v)e0x0:|tr(uv)| <s, Ou+0v=0}~ | | ST
SP1(@)\{( ) |tr(uv)| } 48¢(3) by p2 +p+1

To prove Theorem 1, applying a counting result of [Parkkonen and Paulin
2012] following from dynamical properties of the geodesic flow of real hyperbolic
manifolds, we first prove that

D1, p,(p— 1) Covol(SU,(0))
51272 A(f)? Covol(SL,(0))

The covolumes of the arithmetic groups SL,(0) and SU (0) may be computed
using the very general formula of [Prasad 1989]; see [Emery 2009] for an excellent
exposition. Following the approach of [Rankin 1939a; 1939b; Selberg 1940], see
also [Langlands 1966; Sarnak 1983] and others, we compute Covol(SL,(0)) in the
main body of this paper (see Section 5) using Eisenstein series, whose analytic
properties in the quaternion setting have been studied in [Krafft and Osenberg 1990].
We initially proved the case h4 = 1 of the following result, V. Emery proved the
general case using Prasad’s formula (see the appendix), and we afterwards managed

1//f,m(s) ~

to push the Eisenstein series approach to get the general result. The two proofs are
completely different.

Theorem 3 (Emery; see the appendix). We have

EG) [1pip, (P> = D=1
11520 '

In the final section, we give a geometric reduction theory of binary Hamiltonian
forms using real hyperbolic geometry. The case of binary quadratic forms is well
known, from either the arithmetic, geometric or algorithmic viewpoint; see for
instance [Cassels 1978; Zagier 1981; Buchmann and Vollmer 2007]. We refer
for instance to [Elstrodt et al. 1998] for the reduction theory of binary Hermitian
forms. The case of binary Hamiltonian forms has been developed less; see for
instance [Pronin 1967; Hashimoto and Ibukiyama 1980; 1981; 1983] for results

Covol(SL,(0)) =
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in the positive definite case. We construct a natural map E from the set 2(0, A)
of binary Hamiltonian forms that are integral over O and have a fixed discriminant
A € Z—{0} to the set of points or totally geodesic hyperplanes of the 5-dimensional
real hyperbolic space [H][}S@. For &g a Ford fundamental domain for the action of
SL,(0) on H?,, we say that f € 2(0, A) is reduced if E(f) meets F¢. The finiteness
of the number of orbits of SL,(0) on 2(0, A), which can be deduced from general
results of Borel and Harish-Chandra, then follows in an explicit way from the
equivariance property of E and the following result proved in Section 7.

Theorem 4. There are only finitely many reduced integral binary Hamiltonian
Sforms with a fixed nonzero discriminant.

Answering the remark on page 257 of [Cassels 1978] that explicit sets of inequal-
ities implying the reduction property were essentially only known for quadratic
forms in dimension n <7, we give an explicit such set in dimension 8 at the end
of Section 7.

The knowledgeable reader may skip the background Sections 2 (except the new
Lemma 6), 3 and 4 on respectively definite quaternion algebras over @, quaternionic
homographies and real hyperbolic geometry in dimension 5, and binary Hamiltonian
forms, though many references are made to them in the subsequent sections.

2. Background on definite quaternion algebras over

A quaternion algebra over a field F is a four-dimensional central simple algebra
over F'. We refer for instance to [Vignéras 1980] for generalities on quaternion
algebras.

A real quaternion algebra is isomorphic either to Jl,(R) or to Hamilton’s quater-
nion algebra H over R, with basis elements 1, i, j, k as a R-vector space, with unit
element 1, satisfying i = j>=—1and ij = — ji = k. We define the conjugate of x =
Xo+x1i4x2j+x3k in Hby X =x¢—x1i —x2j —x3k, its reduced trace by tr(x) =x+X,
and its reduced norm by n(x) = xx = xx. Note that n(xy) =n(x) n(y), and n(x) >0
with equality if and only if x = 0; hence H is a division algebra. Furthermore,
tr(x) =tr(x) and tr(xy) =tr(yx). For every matrix X = (x; j)1<i<p,1<j<q €Mp 4(H),
we denote by X* = (X ;)1<i<q,1<j<p € Mgy, ,(H) its adjoint matrix, which satisfies
(XY)* = Y*X*. The matrix X is Hermitian if X = X*.

Let A be a quaternion algebra over Q). We say that A is definite (or ramified
over R) if the real quaternion algebra A ®g R is isomorphic to H. In this paper,
whenever we consider a definite quaternion algebra A over Q, we will fix an
identification between A ®g R and H, so that A is a (D-subalgebra of H.

The reduced discriminant D 4 of A is the product of the primes p € N such that the
quaternion algebra A ®g Q) over Q,, is a division algebra, with [H*, H*] = n~1(1).
Two definite quaternion algebras over Q are isomorphic if and only if they have the
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same reduced discriminant, which can be any product of an odd number of primes;
see [Vignéras 1980, page 74].

A Z-lattice I in A is a finitely generated Z-module generating A as a Q-vector
space. The intersection of finitely many Z-lattices of A is again a Z-lattice. An order
in a quaternion algebra A over Q is a unitary subring O of A which is a Z-lattice.
In particular, A = QO. Each order of A is contained in a maximal order. The type
number t4 > 1 of A is the number of conjugacy (or equivalently isomorphism)
classes of maximal orders in A (see for instance [Vignéras 1980, page 152] for a
formula). For instance, t4 = 1if D4 =2,3,5,7, 13 and ty =2if Dy =11,17. If O
is a maximal order in A, then the ring O has 2, 4 or 6 invertible elements except that
|0*| =24 when D4 =2, and |0*| = 12 when D4 = 3. When D4 =2,3,5,7,13,
then (see [Eichler 1938, page 103])

xy_ 24
0= 5o 2)

Example 5 (See [Vignéras 1980, page 98]).

(1) The Q-vector space A = Q + Qi + Qj 4+ Qk generated by 1,1, j, k in H is
Hamilton’s quaternion algebra over Q. It is the unique definite quaternion
algebra over Q (up to isomorphism) with discriminant D4 = 2. The Hurwitz
orderO=7+7Zi+7j+Z(1+i+ j+k)/2is maximal, and it is unique up
to conjugacy.

(2) Similarly, A =Q+ Qi +Q,/pj + Q /p k is the unique (up to isomorphism)
definite quaternion algebra over (2 with discriminant D4 = p for p =3, 7, and
O=2+7Zi+2G+\/pj)/2+Z(1+ /pk)/2is its unique (up to conjugacy)
maximal order.

(3) Similarly, A = Q+Q+/2i+Q./pj+Q+/2Zpk is the unique (up to isomorphism)
definite quaternion algebra over Q with discriminant D4 = p for p =5, 13,
and

@=Z+Zl+‘/§;+ﬁj +Z‘/25J +Zz+‘/§lz+vzpk

is its unique (up to conjugacy) maximal order.

Let O be an order in A. The reduced norm n and the reduced trace tr take integral
values on 0. The invertible elements of O are its elements of reduced norm 1. Since
X =tr(x) — x, any order is invariant under conjugation.

The left order Oy(I) of a Z-lattice I is {x € A : xI C I}; its right order O,(I) is
{x € A:Ix C I}. A left fractional ideal of O is a Z-lattice of A whose left order
is 0. A left ideal of O is a left fractional ideal of O contained in O. Right (fractional)
ideals are defined analogously. The inverse of a right fractional ideal m of O is
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m'={xed:mxmcm}. Itis easy to check that for every u, v € O, if uv # 0, then

wO+v0) ' =0u""'nov1. (3)

1

If © is maximal, then m™" is a left fractional ideal of O and

0,(m~ ") =0, (m). )

This formula follows from [Vignéras 1980, Lemma 4.3(3), page 21], which says
that O, (m~!) contains O, (m), since the maximality of O implies the maximality of
0, (m), by [ibid., Exercice 4.1, page 28].

Two left fractional ideals m and m’ of O are isomorphic as left 0-modules if and
only if m" = mc for some ¢ € A*. A (left) ideal class of O is an equivalence class
of left fractional ideals of O for this equivalence relation. We will denote by ¢ the
set of ideal classes of O, and by [m] the ideal class of a left fractional ideal m of
O. The class number h 4 of A is the number of ideal classes of a maximal order O
of A. It is finite and independent of the maximal order O; see for instance [ibid.,
pages 87-88]. See for instance [ibid., pages 152—155] for a formula for % 4, and for
the fact that h4 = 1 if and only if D4 = 2,3, 5,7, 13. In particular Dy4 is prime if
ha=1.

The norm n(m) of a left (or right) ideal m of O is the greatest common divisor
of the norms of the nonzero elements of m. In particular, n(0) = 1. The norm of a
left (or right) fractional ideal m of O is n(cm)/n(c) for any ¢ € N — {0} such that
cm C 0.

Note that a Z-lattice A in A is a Z-lattice in the Euclidean vector space H (with
orthonormal basis (1, i, j, k)), and the volume Vol(A \ H) is finite. If O is maximal,
we have (see for instance [Krafft and Osenberg 1990, Lemma 5.5])

Vol(0\H) = % ) (5

The classical zeta function of A is

1
QU)ZZW’

a

where the sum is over all left ideals a in a maximal order O of A. It is independent
of the choice of O, it is holomorphic on {s € C : Res > 1} and it satisfies by a
theorem of Hey, with ¢ the usual Riemann zeta function,

ta(s)=¢@o)c@s—1 [T a-p"2), (6)

plDa
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where as usual the index p is prime; see [Schoeneberg 1939, page 88; Vignéras
1980, page 64]. Let m be a left fractional ideal of a maximal order O in A. Define

1
n(x)% "’

¢(m,s) =nm)>

xem—{0}

which is also holomorphic on Res > 1 (and depends only on the ideal class of m),

and |
Limy(s) = Z @

where the sum is over all left ideals a in O whose ideal class is [m]. The relations
we will use in Section 5 between these zeta functions are the following ones, where
Res > 1. The first one is obvious; see for instance respectively [Deuring 1968,
page 134] and [Krafft and Osenberg 1990, page 436] for the other two:

LA =Y Cas), (7
[Cl]E@fﬁ
1 _ 1 _
> W_Ml_[(p D), (®)
[a]lecd PID4
¢(m, s) =10, (m)*| {m) (5)- )
Note that when the class number 44 of A is 1, the formula (9) becomes
¢(0,5) =107[ga(s). (10)

We end this section with the following lemma, which will be used in the proof
of Theorem 13.

Lemma 6. Ler O be a maximal order in a definite quaternion algebra A over Q, let
z€ A—{0}andlet A=0Nz0N0OzNz0z. Then A is a Z-sublattice of O such that

[0: AlnOz '+ 0)* =1.

Proof. This is a “prime by prime” type of proof, suggested by G. Chenevier.
As an intersection of four Z-lattices, A is a Z-lattice, contained in O. For every
(positive rational) prime p, let v, be the p-adic valuation on Q,; let us consider
the quaternion algebra A, = A ®q Q,, over Q,, whose reduced norm is denoted
byn,: A, — Q,; and for every Z-lattice L of A, let L, = L ®7 Z,. We embed
Ain A, as usual by x — x ® 1. We then have the following properties (see for
instance [Vignéras 1980, page 83-84]): L, is a Z-lattice of A,; the map L +— L,
commutes with the inclusion, the sum and the intersection; if L and L’ are Z-lattices
with L C L’, then

(L' L)=]]IL),: Lpl:
p
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if L is a left fractional ideal of O, then L, is a left fractional ideal of O, and

n(L) — 1_[ pr(np(Lp)).
p

Hence in order to prove Lemma 6, we only have to prove that for every prime p, if
z€Ajand A, =0,Nz0,N0,zNz0,z, we have

[0y 1 Ayl = p=*rr @40, (11)

We distinguish two cases.

First assume that p does not divide D 4. Then we may assume that A, = .>(Q))
and 0, = JM3(Z,) (by the uniqueness up to conjugacy of maximal orders). By
Cartan’s decomposition of GL,(Q,) (see for instance [Bruhat and Tits 1972], or
consider the action of GL,(Q),) on its Bruhat-Tits tree as in [Serre 1977]), the
element z € GL,(Q,) may be written

r* 0
=P
: ( 0 pb) ¢
with P, Q in the (good) maximal compact subgroup GL>(Z,) and a, b in Z. Since
GL,(Z,) preserves 0, = M2(Z,) by left and right multiplication, preserves the
indices of Z-lattices, and contains only elements of reduced norm (that is, of

determinant) having valuation 0, we may assume that P = Q = id. We hence have,
by an easy matrix computation,

A Z,Np*Z,Np*Z, Z,Np*Z,Np"7,Np**t 7,
P=\z,np'Z,Nnp*7,nptt7, Z,Np*z,Nnp*7,

_ < pZmax{a,O} Zp pmax{a,0}+max{b,0} Zp>
,0 ax{b,0 2 b,0
pmax{a }+max{b,0} Zp p max{b,0} Zp

Similarly, we have
_ 7,+7 p‘b Z,+7 pmi“{_“’O} 0
0 110 = p P P p P = M (Z ) .
p< + p <p—a Zp 4 Zp p—b Zp -f—ZP 2( P) 0 pmm{—h,O}
Therefore, since n,(M2(Z,)) =1 and n, =deton A, = M>(Q,),
[0, :A]
— |Zp/(p2max{a,0} Zp)‘ ‘Zp/(pmax{a,O}—i-max{b,O} Zp) ‘2 ‘ZP/(pZmax{b,O} Zp)‘
— p4(max{a,0}+max{b,0}) — p—4(min{—a,0}+min{—b,0}) — p—4v,,(np(@,,z’]+@p))’
as wanted.
Now assume that p divides Dy, so that A, is a division algebra. Let v =v,0n,,
which, by for instance [Vignéras 1980, page 34], is a discrete valuation on A,
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whose valuation ring is O,. The left ideals of 0, are two-sided ideals. Let 7 be
a uniformizer of 0. Note that the residual field 0, /70, has order p?, and that
n,(0,)=1and n,(x) = p. We have

Ap — @pYTZmaX{u(z), 0} and @pz—l + ©p — @pnmin{u(z—l),O}'

Hence [0, : A ] = p*™@"@-% and v, (n, (0, 271 +0,)) = — max{v(z), 0}, which
is also as wanted. |

3. Background on Hamilton—Bianchi groups

The Dieudonné determinant (see [Dieudonné 1943; Aslaksen 1996]) Det is the group
morphism from the group GL;(H) of invertible 2 x 2 matrices with coefficients in
H to R?, defined by

2
<Det <‘c’ Z)) —n(ad)+n(bc) —tr(acdb)

n(ad —aca™'b) ifa #0,
={n(ch—cac™'d) ifc#0, (12)
n(cb —db~'ab) ifb#0.

It is invariant under the adjoint map g — g*, by the properties of n and tr. We
will denote by SL,(H) the group of 2 x 2 matrices with coefficients in H with
Dieudonné determinant 1, which equals the group of elements of (reduced) norm
1 in the central simple algebra Jl,(H) over R; see [Reiner 1975, Section 9a]. See
[Kellerhals 2003] for more information on SL,(H).

The group SL,(H) acts linearly on the left on the right H-module H x H. Let
[P’} (H) = (HxH—{0})/H* be the right projective line of H, identified as usual with
the Alexandrov compactification HU {oco} where [1:0] = o0 and [x : y] = xy~if
y # 0. The projective action of SLy(H) on P!(H), induced by its linear action on
H x H, is then the action by homographies on H U {oo} defined by

(az+b)(cz+d)~! ifz# 00, —c7ld,

a b _ 1 —
(c d)-z— ac 1fz_o.o,c;é0,
00 otherwise.

This action induces a faithful left action of PSL,(H) = SL,(H)/{z£ id} on HU {oc}.

The group PSL;(H) is very useful for studying 5-dimensional real hyperbolic
geometry for the following reason. Let us endow H with its usual Euclidean
metric dsﬂ%H (invariant under translations, with (1, i, j, k) orthonormal). We will
denote by x = (z,r) a generic point in H x ]0, 4oc[, and by r : x — r(x) the
second projection in this product. For the real hyperbolic space I]-I]f@ of dimension 5,
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we will use the upper halfspace model H x ]0, 4-oco[ with Riemannian metric
ds?*(x) = (ds[fﬂ(z) +dr?)/r? at the point x = (z, r), whose volume form is

dvoly(z) dr

= (13)

d VOIH% (x)=
The space at infinity 300”‘”% is hence H U {oo}.
By the Poincaré extension procedure (see for instance [Parkkonen and Paulin
2010, Lemma 6.6]), the action of SL,(H) by homographies on BOOIH]%{ extends to a
left action on [I-l]uS;Q by

(“ b)-( )= ((a2+b)(cz+d)+a5r2 4 ) (14)
cd) T n(cz+d)+rin(c) ‘n(cz+d)+r?n(c))

In this way, the group PSL,(H) is identified with the group of orientation preserving
isometries of I]-I]%. Note that the isomorphism PSL;(H) >~ SOy(1, 5) is one of the
isomorphisms between connected simple real Lie groups of small dimensions in
E. Cartan’s classification.

Given an order O in a definite quaternion algebra A over Q, define the Hamilton—
Bianchi group as I'g = SL,(0) = SLy (H) N M3 (0). Note that since the norm n takes
integral values on 0, and since the Dieudonné determinant is a group morphism, we
have GL;,(0) = SL;,(0). The Hamilton—Bianchi group I'g is a (nonuniform) arith-
metic lattice in the connected real Lie group SL,(H) (see for instance [Parkkonen
and Paulin 2010, page 1104] for details). In particular, the quotient real hyperbolic
orbifold F@\I]-I]fR has finite volume. The action by homographies of ['g preserves
the right projective space P!(0) = A U {oc}, which is the set of fixed points of the
parabolic elements of I'g acting on H, U 9o H3,.

Remark 7. For every (u, v) in O x 0 — {(0, 0)}, consider the two left ideals of O

OunOv if uv #0,

I,,=0u+0v and K,,=
“r uttv v {@ otherwise.

The map F@\IF’} (©0) — (69 x ¢9) that associates to the orbit of [u : v] in [P’} ©)
under I'g the couple of ideal classes ([1, ], [Ky v]) is a bijection. To see this,
let £, , : 0 x 0 — O be the morphism of left 0-modules defined by (01, 02)
o1u + 0pv. The map w — (wu~', —wv~ 1) is an isomorphism of left O-modules
from Ou N Ov to the kernel of ¢, , if uv # 0. The result then follows for instance
from [Krafft and Osenberg 1990, Satz 2.1, 2.2], which says that the map [u : v] —
([im ¢, 41, [ker £, ,]) induces a bijection from F@\IP’} (0) into g% x 9.

In particular, the number of cusps of I'g (or the number of ends of F@\I]-I]DSR) is
the square of the class number 44 of A.
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4. Background on binary Hamiltonian forms

With V the right H-module H x H, a binary Hamiltonian form f :V — Ris a
map X — ¢ (X, X) where ¢ : V x V — H is a Hermitian form on V with the
conjugation as the anti-involution of the ring H. That is, ¢ (X1, Y) = A¢ (X, Y),
X+ X,Y)=¢(X,Y)+¢(X,Y), oY, X)=¢(X,Y) for X, X', Y € V and
A € H. Our convention of sesquilinearity on the left is the opposite of Bourbaki’s
unfortunate one in [Bourbaki 1959]. Equivalently, a binary Hamiltonian form f is
amap H x H — R with

f(u,v) =an(u)+tr(ubv) + cn(v),

whose coefficients a = a(f) and ¢ = ¢(f) are real, and b = b(f) lies in H. Note
that f((u, v)A) =n(}) f(u, v). The matrix M(f) of f is the Hermitian matrix

)
flu,v) = (Z) (‘g i’) (Z)

The discriminant of f is

so that

A =A(f)=n(b)—ac.

Note that the sign convention of the discriminant varies in the references. An easy
computation shows that the Dieudonné determinant of M (f) is equal to |A|. If
a # 0, then

f(u,v):a(n(u—i—l%)—c%n(v)). (15)

Hence the form f is indefinite (that is, f takes both positive and negative values)
if and only if A is positive, and A is then equal to the Dieudonné determinant of
M(f). By (15), the form f is positive definite (that is, f(x) > 0 with equality if
and only if x = 0) if and only if ¢ > 0 and A < 0.

The linear action on the left on H x H of the group SL,(H) induces an action
on the right on the set of binary Hermitian forms f by precomposition, that is, by
f+— fogforevery g € SLp(H). The matrix of fogis M(fog)=g"M(f)g.
Since the Dieudonné determinant is a group morphism, invariant under the adjoint
map (and since f og is indefinite if and only if f is), we have, for every g € SL,(H),

A(fog)=A(f). (16)

Given an order O in a definite quaternion algebra over (), a binary Hamiltonian
form f is integral over O if its coefficients belong to 0. Note that such a form f
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takes integral values on O x 0. The lattice I'¢ = SL,(0) of SL,(H) preserves the
set of indefinite binary Hamiltonian forms f that are integral over 0. The stabilizer
in ['g of such a form f is its group of automorphs

SUs(0)={geTlo: fog=f}

For every indefinite binary Hamiltonian form f, witha = a(f), b = b(f) and
A= A(f), let

Goo(f) = {[u:v] € Py (H) : f(u,v) =0},
@(f)={(z,r) eHx10, +oo[: f(z, ) +ar>=0}.

In [P’}(I]-I]) = H U {oo}, the set € (f) is the 3-sphere of center —b/a and radius
VA /lal if a # 0, and it is the union of {co} with the real hyperplane

{zeH:tr(zb) +c =0}

of H otherwise. The map f + €., (f) induces a bijection between the set of
indefinite binary Hamiltonian forms up to multiplication by a nonzero real factor
and the set of 3-spheres and real hyperplanes in H U {oo}. The action of SL,(H)
by homographies on H U {oo} preserves this set of 3-spheres and real hyperplanes,
and the map f — € (f) is (anti)equivariant for the two actions of SL,(H), in the
sense that, for every g € SL,(H),

Goo(fog) =g bool(f). (17)

Given a finite index subgroup G of SL,(0), an integral binary Hamiltonian form
f is called G-reciprocal if there exists an element g in G such that fog=—f. We
define R (f) =2 1if f is G-reciprocal, and Rg(f) = 1 otherwise. The values of f
are positive on one of the two components of P!(H) — 6., (f) and negative on the
other. As the signs are switched by precomposition by an element g as above, the
G-reciprocity of the form f is equivalent to saying that there exists an element of G
preserving €~ (f) and exchanging the two complementary components of 6o (f).

5. Using Eisenstein series to compute hyperbolic volumes

Let O be a maximal order in a definite quaternion algebra A over Q.

In this section, we compute Vol(PSL; (@)\H?R) using a method which goes back,
in dimension 2, to Rankin and Selberg’s method [Rankin 1939b; Selberg 1940] of
integrating Eisenstein series on fundamental domains and “unfolding”, generalized
by [Langlands 1966] to the lattice of Z-points of any connected split semisimple
algebraic group over Q. We follow the approach of [Sarnak 1983, pages 261-262]
in dimension 3. See the appendix for a completely different proof of the same result
by V. Emery.
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Theorem 8. Let O be a maximal order in a definite quaternion algebra A over Q
with discriminant D 4. Then

tB) [1pp, (P> =Dp =1

Vol(PSL, (0)\H?,) =
ol(PSL,(0)\Hp) 11570

Proof. Tt is well known (see for instance [Parkkonen and Paulin 2010, Section 6.3,
Example (3)]) that there exists G, a connected semisimple linear algebraic group
over @, such that G(R) = SLy(H), G(Q) = SLy(A) and G(Z) = SL,(0). Let
P be the parabolic subgroup of G, defined over Q, such that P(R) is the upper
triangular subgroup of SL,(H). By Borel’s finiteness theorem [Borel 1966], the set
SL,(0)\ SL2(A)/ P (Q) is finite, and we will fix a subset R in SL,(A) which is a
system of representatives of this set of double cosets.

Let I' = SL,(0). Forevery x e R, let 'y = P(R)N (¢ 'Ta) and let I/, be its
subgroup of unipotent elements. The group 'y ~! is the stabilizer of the parabolic
fixed point «oco in I'. The action of I', on HU {oc} by homographies preserves oo
and is cocompact on H. If

-1 _ ab _ &B
o _(c d> and a_(5d~>,

let uy, = cO+dO, which is a right fractional ideal of O, and v, = Oa + Oc¢, which is
a left fractional ideal of O.

For every o € R, the Eisenstein series of the arithmetic group I" for the cusp at
infinity oo is the map E,, : IH]% x 14, 4+00[ — R defined by

Ey(x,s) = Z ra”'yx)’.

ye(@lya~H\I'

The summation does not depend on the choice of representatives of the left cosets
in (ozFaa_l)\F since I'y, preserves oo and the Euclidean height r. The Eisenstein
series of O is (for x = (z,7) € I]-I]% and s € C with Re s > 4)

A r ’
E@.s)= > (n(cz+d)+r2n(6)> '

(c, d)e0x0—{0}

The next result concatenates results proven in [Krafft and Osenberg 1990].

Theorem 9 (Krafft and Osenberg). (i) The Eisenstein series Ey(x,s) fora € R
and E(x, s) converge absolutely and uniformly on compact subsets of {s € C :
Res > 4}, uniformly on compact subsets of x € [H]?R. They are invariant by the
action of " on the first variable.
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(1) The map s — E (x, 8) admits a meromorphic extension to C, having only one
pole, which is at s = 4 and is simple with residue

A 8t
Res;—q4 E(x,s) = . 18
es;—4 E(x,5) 3 DA2 (18)
Furthermore, if c(a, s) = n(ua)S{(u(;l, s/2) for every o € R, then
E(x,5)=>c(e. $)Eq(x,s). (19)

aER

(iii) Forevery a, B € R, there exists amap s +— @q g (s) with (s —4)@q, g (s) bounded
for s > 4 near s = 4, and a measurable map (x, s) — @y g(x, s) such that
(s —4) Dy g(x, 5) is bounded by an integrable (for the hyperbolic volume) map,
independent on s > 4 near s =4, on x € K x [e, +oo[ where K is a compact
subset of H and € > 0, such that

Ey(Bx,8) =8ap1" +@up()r*™ + @y 5(x, 5),

with 8o = 1 if o = B and 84, = 0 otherwise.

Proof. We are using Langlands’ convention for the Eisenstein series; hence with
I"/, the subgroup of unipotent elements of I'y, our Eisenstein series E,, is obtained
from the one used in [Krafft and Osenberg 1990] by replacing o by «~! and by
multiplying by 1/[Ty : I, 1.

The part of claim (i) concerning the series Eq(x, s) for ¢ € R is [Krafft and
Osenberg 1990, Satz 3.2]. The rest follows from [ibid., Satz 4.2] with M = O.
The claim (ii) follows from [ibid., Korollar 5.6(a)] with M = O, recalling that the
reduced discriminant of any maximal order of A is equal to the reduced discriminant
of A. The formula (19) follows from [ibid., Satz 4.3], recalling the above changes
between our E, and the one in [ibid.]. The claim (iii) follows from [ibid., Satz 3.3],
again replacing B by 87!, and using the second equation in [Magnus et al. 1966,
page 85] to control the modified Bessel function. O

By a fundamental domain for a smooth action of a countable group G on a
smooth manifold N, we mean a subset F' of N such that F has negligible boundary,
the interiors of the subsets g F' for g € G are pairwise disjoint, and

N=|]egF.

geG

Here is a construction of a fundamental domain % for I" acting on [H]f@ that will
be useful in this section (and is valid for any discrete subgroup of isometries of
Hg with finite covolume which is not cocompact). Let P be the set of parabolic
fixed points of I". By the structure of the cusp neighborhoods, there exists a family
(%)) peo of pairwise disjoint closed horoballs in H?,, equivariant under I (that is,
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y#, =9,, for every y € I'), with 3, centered at p. The cut locus of the cusps
% is the piecewise hyperbolic polyhedral complex in [H]?R consisting of the set of
points outside the union of these horoballs that are equidistant to at least two of
these horoballs (it is independent of the choice of this family when there is only one
orbit of parabolic fixed points). Each connected component of the complement of
Y. contains one and only one of these horoballs, is at bounded Hausdorff distance
of it, is invariant under the stabilizer in I" of its point at infinity, and is precisely
invariant under the action of I". Recall that a subset A of a set endowed with an
action of a group G is said to be precisely invariant under this group if for every
g €G,if gAN A is nonempty, then gA = A.

For every B € R, let 94 be a compact fundamental domain for the action
of I'g on H, let @,3 be the closure of the component of the complement of X
containing #g~, and define Fg = @,g NB(Dg x 10, +o0[). Then Fpg is a closed
fundamental domain for the action of SI" ,3,3*1 on @%ﬂ, and there exists a continuous
map a}g :@g — 10, +o00[, which hence has a positive lower bound, such that

B™'Fp={(z.r) eHy : 2 €Tp, r > 04(2)}. (20)
Now define
F = U Fg. 1)
BeR

Since R is a system of representatives of the cusps, & is a fundamental domain of
" acting on H?R.

Note that, for every @ € R, there exists a continuous map o, : 9, — [0, +o00[
(hence with a finite upper bound), with only finitely many zeros, such that, since
o~ 'F is a fundamental domain for the action of &~ !T'« on H?R,

U ve'F=rlu@neHyizeder<om@).  (22)
ye(@ 'Ta—Ty)

For every o € R, let
by (s) = /@ (Eq(x, ) —r(a™'x)%) dvolygs (x).
When s > 4, we have
by (s)
= / ( Z rialyx)’ — r(oe_lx)s) dvolH%(x)

i
7Ny e@ya N\

=/ Z riya'x)* dVOlH%(X) = Z / riya~'x)* dvolH%(x)
F F

V€& Y&
To\(@ ' Ta—Ty) Te\(@ ™ 'Ta—Ty)
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= Z / r(x)* dvolys (x) = / r(x)” dvolys (x)
ya~lF K

ye yela\@Ta-Te) V% F
Fo\ (@™ 'Ta—Ty)

0q(2) s—4
/ / r’- SdrdZ—/ () ——dz,
7%y 2€%, ST 4

using for the succession of equations, respectively, the definition of E,, the change
of variables @ !y a — y, Fubini’s theorem for positive functions, the invariance of
the volume under the isometric change of variables yo~'x — x, the o-additivity
property, and the equations (22) and (13) and the invariance of the Euclidean height
function r under I',.

For any o € R, the map o,°~* converges pointwise, as s — 4%, to the map on
%, with value O at the finitely many points where o, vanishes, and with value
1 otherwise. Since %, is compact and o,°~* is uniformly bounded from above,
Lebesgue’s dominated convergence theorem gives

4

li%(s —d)by(s) = Vol(Dy) = Vol(I', \H).
s—>
Therefore by using (19), the map

s> b(s) = / (E(x, )= Y cla, )r(@'x)’) dvolys (x) = ) c(a, $)ba (s)
¥ aeR aeR

satisfies

lim (s —4)b(s) = Y _ c(ar, 4) Vol \H), (23)

s—>4+

aeR
since s > c(«, s) is holomorphic for Res > 2.
On the other hand, let us prove that we may permute the limit as s — 41 and the

integral defining (s —4)b(s). Using the equations (19) and (21), and an isometric,
hence volume-preserving, change of variable, we have

b(s) = Z c(a, s) (Ea(x, 5) — r(a_lx)“') dVOlH%(x)

o, BeR T
= Z c(a, ) (Ea (Bx,s)— r(a_l,Bx)S) dvolH% (x).
a,BeR B~ Fp

Ifxep _19?,5, then r(x) is bounded from below by a positive constant by the
construction of Fg; hence r(x)*=* is bounded from above for every s > 4. If
o # B and x € B~ Fg, then r(e~!Bx)* is bounded from above for every s > 0,
since a_lgﬂ is bounded in H x R by construction. Hence since —1@}3 has finite
hyperbolic volume, by Theorem 9(iii) separating the case « = B and the case
o # B, by Lebesgue’s dominated convergence theorem, we may permute the
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limit as s — 47 and the integral on 8! Fp for the hyperbolic volume applied to
(s — 4)(Ea (Bx,s) —r(a”! ,Bx)s). By a finite summation, we may indeed permute
the limit as s — 4™ and the integral defining (s — 4)b(s).

Therefore, by (18),

hm (s —4)b(s) = 3D Vol(PSLz(@)\[I-[I (24)

Finally, since for every p € A — {0} the element

p —1

of SL>(A) maps oo to p, the element o € R may be chosen to be either id or y,
for some p € A. In the first case, 1, = 0 and I'}, acts on H as the Z-lattice O, so
that, by (5), since the subgroup {#id} of I',, is the kernel of its action on H,

2Vol(O\H) Dy
[T:T.]  2[Ty:TL]°

(01
=) ,):

so that u, =0p+0 and I';, acts on H as the Z-lattice A =0Np~'0N0p~'Np~10p~!
as we shall see in Lemma 15. By Lemma 6 applied with z = p~! and by (5), we
hence have

n(uy)* Vol(Ty\H) =

In the second case,

2Vol(O\H) Dy

. _ dre .
0™ VOI(Ta\H) = n(ue) 10 A1 =R 7 7 = o -

Therefore, by the definition of c(«, s),

tug',2)
O%c(a 4) Vol(T,\H) = Z o r/] : (25)

Combining the equations (23), (24) and (25), we have

Vol(PSL,(0)\H3) = 16 424}” ik (26)

Lemma 10. (1) For every a € R, we have [T'y : T',] = I@r(uojl)x||@,(UO¢)X l.
(2) The map from R to ¢$ X ¢3 defined by o — ([v,], [u;l]) is a bijection.
Proof. (1) Let

IF={yely: ODy=0D} and T, ={yeTe:r(})=(}}
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which are normal subgroups of I'y, whose union generates I'y,. By the top of page
434 in [Krafft and Osenberg 1990] (keeping in mind that our « is the inverse of the
« in [ibid.]), we have [FJr 1 1=10,(by)*|. Similarly, [T, : T}, ]=|0¢(uq)*|. Note
that I', is a normal subgroup of I';, ') and 'y, such that T, NT} =T7,. Hence
the product map from '), x I'; to T, induces a bijection from (I'; / I',)) x (T, \T'})
to I'y/ T}, since I'y/ T}, is abelian. In particular, [['y : I',] = |O¢(ug) |10, (b)) *|.
Using (4), the result follows.

(2) Since these matrices act transitively on A by homographies, we may assume
that every a € R either is the identity element id, or has the form

()

for some p, € AX. Then a~! is either id or

(5 0)

Hence, u, =0+ p,0 and v, = Op, + 0, unless @ = id, in which case u, = v, = 0.
Since SL,(A) acts (on the left) transitively by homographies on IP} (0) with stabilizer
of [1:0] equal to P(Q), the map from R to F@\IP} (0) defined by o — I'ga[1:0] is
a bijection. Note that ¢[1: 0] = [p, : 1] if @ # id. Using the notation of Remark 7,
if a #id, we have v, =1,,, 1 and

[Kp,.1]=[0pe NO1=[0N0p, 1= [u,']
by (3). The second assertion of this lemma then follows from Remark 7. Ul

Now, using respectively (9), Lemma 10(1), Lemma 10(2), the separation of
variables and (7), (8), and (6) since ¢ (4) = =* /90, we have

{(u ,2) |@r(u(;1)x|§[u;1](2) _ C[u;1](2)
Z (o 2 Ig] Z (o 2 g1 B Z = 10-(00)]

aeR aeR
i@
= S Ne) Z
0,
(11, [JDec x09 10D~ [Ile | ( .
;A(2> r(3)m* H,,mA(l —-p -1
= -1 = .27
1_[ (P=D= 2160 @D
plDa
Theorem 8 follows from the equations (26) and (27). O

Corollary 11. Let A be a definite quaternion algebra over Q with reduced dis-
criminant D and class number 1, and let O be a maximal order in A. Then the
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hyperbolic volume of PSL, (@)\I]-I]@SR is equal to
(D} = D(D4 = 1DEB)
11520

This is an immediate consequence of Theorem 8. But here is a proof directly from
(26) that avoids using the technical Lemma 10 and the technical computation (27).

Vol(PSL, (0)\Hy,) =

Proof. Since the number of cusps of SL;(0) is the square of the class number /4 of
A (see Remark 7), the set R has only one element, and we may choose & = {id}.

By definition of the Dieudonné determinant and since every element of 0 has
norm 1, the stabilizer 'y, of 00 in SL,(0) is

ab %
Foo_{<0 d).a,de@ ,be@}.

The index in 'y, of its unipotent subgroup is hence |0*|2. By the equations (10)
and (6), Corollary 11 follows from (26), ¢(4) = 714/90, 0| =24/(Ds—1) as

seen in (2), and since D4 is prime when h4 = 1. O

Example 12. Let A be Hamilton’s quaternion algebra over (2, which satisfies
Dy =2and hy =1. Let O be Hurwitz’s maximal order in A. Applying Corollary 11,
we get

s T60)
Vol(PSL,(0)\Hg) = 11520°

exactly four times the minimal volume of a cusped hyperbolic 5-orbifold, as we
should because the Hurwitz modular group PSL;(0) is a subgroup of index 4 in
the group of the minimal volume cusped hyperbolic orbifold of dimension 5; see
[Hild 2007, page 209; Johnson and Weiss 1999, page 186].

6. Representing integers by binary Hamiltonian forms

Let A be a definite quaternion algebra over Q, and let O be a maximal order in A.

Let us introduce the general counting function we will study. For every indefinite
integral binary Hamiltonian form f over O, for every finite index subgroup G of
SL;(0), for every x, y in O not both zero, and for every s > 0, let

V1,Gx,y(8) = Card sy, o)nG \ { (4, v) € G(x, y) :n(0x +0y) | f(u, v)| < s}.

The counting function v/ G,y depends (besides on f, G) only on the G-orbit of
[x : y]in P(0).

Here is the notation for the statement of our main result which follows. Given
(x,y) €0 x0,let I'gx,y, and G, be the stabilizers of (x, y) for the left linear
actions of I'g = SL,(0) and G, respectively, and let 1,1 be the right fractional ideal
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0 if y =0 and O+ xy~'0 otherwise. Let 1 = 1 if —id € G, and (g = 2 otherwise.
Note that the image of SU #(0) N G in PSL,(H) is again an arithmetic group.

Theorem 13. Let f be an integral indefinite binary Hamiltonian form of discrimi-
nant A(f) over a maximal order O of a definite quaternion algebra A over Q. Let
x and y be elements in O not both zero, and let G be a finite index subgroup of
['e = SLy(0). Then, as s tends to +00, we have the equivalence

54016[To.r.y : Gy.,]1Covol(SU(0) N G) s4
72£(3)10¢ (1) *[A(f)?[To : G, p, (PP = DA = p~1H)

l»bf,G,x,y(s) ~

Proof. Let us first recall a geometric result from [Parkkonen and Paulin 2012] that
will be used to prove this theorem.

Let n > 2 and let Hp be the upper halfspace model of the real hyperbolic space
of dimension 7, with (constant) sectional curvature —1. Let F be a finite covolume
discrete group of isometries of Hp. Let 1 <k <n — 1 and let 6 be a real hyperbolic
subspace of dimension k of Hf,, whose stabilizer Fy in F has finite covolume. Let
¥ be a horoball in Hf,, which is precisely invariant under F', with stabilizer Fy.

For every o, B € F, denote by 8, g the common perpendicular geodesic arc
between o6 and the horosphere Bd¥ if it exists, and let £(d4,5) be its length,
counted positively if 8, g exits B at its endpoint on B3 ¥, and negatively otherwise.
Also define the multiplicity of 84,5 as m(e, B) = 1/Card(a Fea ' N B FyB~1). Its
denominator is finite, if the boundary at infinity of «6 does not contain the point at
infinity of A%, since then the subgroup o Far ="' N B Fy B~ that preserves both B%
and a6 consists of elliptic elements. By convention, £(8y,5) = —00 and m(a, B) =0
if the boundary at infinity of o€ contains the point at infinity of 8. In particular,
there are only finitely many elements [g] € F¢\F/Fy such that m(g~!,id) is
different from 1, or equivalently such that g~! Fgg N Fy # {1}. For every ¢ > 0,
define N(¢#) = N« %(t) as the number, counted with multiplicity, of the orbits
under F in the set of the common perpendicular arcs §, g for «, B € F with length
at most ¢:

N(t) = Nraax(t) = > m(a, B).
(a,BYEF\((F/Fe)x (F/Fy))
(Ba,p) <t

For every m € N, denoting by S,, the unit sphere of the Euclidean space R”*!
endowed with its induced Riemannian metric, we have the following result:

Theorem 14 [Parkkonen and Paulin 2012, Corollary 4.9]. As t — 400, we have

__ Vol(Sy—k—1) Vol(Fy\i) VOI(Fe\®)

NG Vol(S;,—1) Vol(F\Hp)
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Now, let A, O, f, G, x and y be as in the statement of Theorem 13. We write f
as in (1), and denote its discriminant by A. In order to apply Theorem 14, we first
define the various objects n, k, F, %, and € that appear in its statement.

Let n =5 and k = 4, so that Vol(S,,_;) = 8712/3 and Vol(S,_x_1) = 2. We use
the description of [H]fqi given in Section 3.

For any subgroup S of SL,(H), we denote by S its image in PSL;(H), except
that the image of SU £ (0) is denoted by PSU ¢ (0). We will apply Theorem 14 to
F=G.

Note that Vol(G \ H3,) = [['¢ : G] Vol(T'g \ H,) and [['¢ : G] = (1/6)[Te : G]
by the definition of ¢g. Thus, using Theorem 8 (or Theorem A.1), we have

1

Vol(G\H3) = E[F@ : G] Vol(Tg \ H}) = %[F@ : G] Covol(Tg)
_tB)Te:G] 3_ _
T p];[A(p D(p—1). (28)

The point p = xy_1 e AU {oo} C BOOI]-I]?R is a parabolic fixed point of I and

hence of G. Let t € ]0, 1] and % be the horoball in I]-I]% centered at p, with Euclidean
height 7 if y # 0, and consisting of the points of Euclidean height at least 1/t
otherwise. Assume that T is small enough so that ¥ is precisely invariant under g
and hence under G. Such a 7 exists, as seen in the construction of the fundamental
domain in Section 5. The stabilizer m in [ of the point at infinity p is equal to
the stabilizer (Ig)y of the horoball %.

Remark. If p = 0o and G =T'g, we may take 7 = 1 by [Kellerhals 2003, Propo-
sition 5]. Then by an easy hyperbolic geometry computation, since the index in

(To )y of the subgroup of translations by elements of O is @, and by using (5),
we have

_ _ D
Vol((To)5\%#) = 1 Vol((T0)5\3%) = 2|©1—X|2 Vol(O\H) = 8|©—2|2

The following lemma will allow us to generalize this formula.

Lemma 15. Let A%’p =0Np~l0N0p~'np~top~ifx,y #0, and Aé’p =0

otherwise. Then Aé@‘, pisa Z-lattice in H and we have
T [(To)s : Gyl

40¢(up)*[ [(To)ge : Tox,y]

Proof. If y =0, let y, = id; otherwise let

Vol(Gy\ %) = Vol(A%yp\[H]). (29)

—1
Vo= (‘1) 0 ) € SLy(H).
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Note that y,° ! maps p to oo and ¥ to the horoball ¥, consisting of the points in
H3, with Euclidean height at least 1/7.

Let
_(abY g (1P
Y=\¢ a Y =\o 1

be in SLy(H). If y = 0, we have yp_lyyp =y'ifandonly ifa=1,b="b",c =0,
d=1.If y #0, by an easy computation, we have yp_l Yy, =7y (thatis, yy, =v,y")
if and only if

c==b, a=1—pb, d=1+bp, b=pbp. (30)

In particular, if x, y # 0, if y € SL,(0) and y’' = yp_lyyp € SL,(A) is unipotent
upper triangular, then these equations imply respectively that »" belongs to O,
010, 0p~! and p~'0p~'; therefore b’ € Ag,,- If x =0o0r y =0, we also have
beO=Ag,

Conversely, if b’ € A%y o then define a, b, ¢, d by the equations (30) if y # 0,
andbya=1,b=10",c=0,d =1 otherwise, so that a, b, ¢, d € 0. Let

_(a b
= (0a)

If y # 0, note that if ¢ = 0, then y = id and otherwise cbh — cac™'d = —1, so that
y € SLy(0) by (12). If y # 0, the equations (30) imply that y - lyyp is a unipotent
upper triangular element of SL,(0), and this is also the case if y = 0.

The abelian group Aé’ o is a Z-lattice in H, as an intersection of at most four
Z-lattices in A. Since an isometry preserves the volume for the first equality, by
an easy hyperbolic volume computation for the second one, and by the previous

computation of the unipotent upper triangular subgroup F]’,ﬂ of y, To.x. y¥, for the
last one, we have

Vol(T'6.x y \ %) = Vol((y, ' Tox.y 7o)\ ¥oo) = 3 V0l((, ' T x.y V) \ 0 o0)

‘L’4

Ayp 'Toxyvp:T),]

4
= ZVol((y, 'Tox.yvp)\H) =

4 Vol(Ag ,\H).

With the notation of the proof of Lemma 10(1), we have [y; 1F@,x,yyp : F;p] =
|O¢(u,)™]. Since covering arguments yield

[(To)s : G
[(I—T@)% : F@,x,y]

the result follows. O

Vol( G\ %) = [(To)s : Gl Vol((To)ae\%) = Vol(Tg,x,y\ %),
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Let us resume the proof of Theorem 13. Let € = 6( f), which is indeed a real
hyperbolic hyperplane in H>,, whose set of points at infinity is €. (f) (hence oo is
a point at infinity of €(f) if and only if the first coefficient a = a(f) of f is 0).
Note that 6 is invariant under the group SU ¢(0) by (17) (this equation implies that
@(fog) =g '€(f) for every g € SL,(0)). The arithmetic group SU £(0) acts with
finite covolume on 6( f), its finite subgroup {=£id} acting trivially. By definition,

Covol(SU(0) N G) = Vol(PSUf © NG\ f)).

Note that Covol(SU ¢ (0) N G) depends only on the G-orbit of f, by (17) and since
SU f0(0) = g ! SU((0)g for every g € SL2(0). By its definition, Rg(f) is the
index of the subgroup PSU /(0) N G in G; hence

Vol(G¢\ %) = Covol(SU£(0) N G). (31)

Rg (f)

The last step of the proof of Theorem 13 consists in relating the two counting
functions ¥ 7 G x,y and Ng ¢ g, in order to apply Theorem 14.

For every g € SLo(H), let us compute the hyperbolic length of the common
perpendicular geodesic arc §,-1 ;4 between the real hyperbolic hyperplane g ¢
and the horoball 3, assuming that they do not meet. We use the notation y,, ¥
introduced in the proof of Lemma 15. Since yfl sends the horoball ¥ to the
horoball ¥, it sends the common perpendicular geodesw arc between g~'€¢ and
€ to the (vertical) common perpendicular geodesic arc between yp_lg_“@ and o
Let r be the Euclidean radius of the 3-sphere €. (f o g o y,), which is the image
by yp_l of the boundary at infinity of g~!%6 by (17). Denoting by a(f o g o V) the
coefficient of n(u) in f o g o y,(u, v), we have, by (16),

_JA(fogoy,) VA

"~ Ja(fogoyyl |fogoy,(1,0)
YA apVA
C|foglp. DI |fogx, ¥’

ify£0Qandr = (n(x)\/Z) /| f og(x,y)| otherwise. An immediate computation
gives

PP PO B [fogx, vl
€(8g-150) =€(y, 8g7171d)_1n1_ Inr =1In tn(y)\/_ (32)
if y 40 and
|foglx, y)l
£(8,~1;y) =In —>—" =
(g i) =In rn(x)\/Z

otherwise. With the conventions that we have taken, these formulas are also valid
if g~1¢ and ¥ meet.
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Recall that there are only finitely many elements [g] € Ecg\(_} / Gy such that
g 'G¢ g N Gy is different from {1} or such that the multiplicity m(g~", id) is
different from 1. If y # 0, using (32) for the third line below, [Parkkonen and Paulin
2011, Lemma 7] for the fourth one, and Theorem 14 applied to F = G for the sixth
one, we hence have, as s tends to +00,

VGaxy(s)
= Card{[g] € (SU£(0) NG)\G/G..y :n(0x +0y)~"|f o g(x, y)| < s}
= Card{[g] € (PSUF(0)NGI\G /Gy : £(84-1 ;) <1In %}
~ R (NG : Gyl Card{[g] € G¢\G/Gy : £(84-149) <In %}
~ R(NIGi: Goy1 ¥ (1 %)

We replace the three volumes in the computation above by their expressions given
in the equations (28), (29) and (31). We simplify the obtained expression using the
following two remarks. Firstly,

(T Gl _ [[Tow: Gyl _
[(F_@)% : F@,x,y] [(F_@)% : F@,x,y]

Secondly, we claim that

[G% . Gx,y]

[r@,x,y : Gx,y] = [F@,x,y . Gx,y]-

D
Vol(Af_,\H) n(0p +0)* = TA‘ (33)

If x = 0, then A/@’ p = 0; hence this claim is true, by (5) and since n(0) = 1.

Otherwise, claim (33) follows from Lemma 6 with z = p~!

i
of A@p,

, since, by the definition

Vol(Ag \H) n(0p+0)* = Vol(A\H) n(0z~"'+0)* = Vol (O\H)[0: A]n(0z~ ' +0)*,

and by (5).
This concludes the proof of Theorem 13 if y # 0. The case y = 0 is similar to
the case x = 0. U

Let us give a few corollaries of Theorem 13. The first one below follows by
taking G = SL,(0) in Theorem 13.

Corollary 16. Let f be an integral indefinite binary Hamiltonian form of discrim-
inant A(f) over a maximal order O of a definite quaternion algebra A over Q.
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Let x and y be elements in O not both zero. Then, as s tends to +00, we have the
equivalence

540 Covol(SU £(0)) .
w28 (310 (ey-) A [Tpp, (PP = DA =p~H

Remark 17. Recall that by Remark 7, the map from SL, (@)\[P’} (0) to g9 x g9 that
associates, to the orbit of [u : v] in P} (0) under SL;(0), the couple of ideal classes
([1y,v], [Ku,v]) is a bijection. The counting function ¥ £,s1,(0),x,y hence depends
only on ([1y y], [Kxy])-

Given two left fractional ideals m and m’ of O, let ¥ ., o (s) be the cardinality
of the set

Y £.SLy(0),x,y (8) ~

|f (u, v)|

SU£(0) \ {(u, v)eEmxm: )

<5, Dy =m, [Kuo] = [m’]}.

Note that this counting function depends only on the ideal classes of m and m/'.

Corollary 18. Let f be an integral indefinite binary Hamiltonian form of discrimi-
nant A(f) over a maximal order O of a definite quaternion algebra A over Q. Let
m and w' be two left fractional ideals in O. Then as s tends to +00, we have the
equivalence

540 Covol(SU £(0)) y
w2 (310, ) |A ) [1pp, (PP = DA =p~H "~

Proof. By Remark 17, we have

1ﬁf,m,m’ (s) ~

Y fmam’ = Y £,SLy(0),x,ys

where (x, y) is any nonzero element of Ox O such that [/, y]=[m] and [K ,]=[m].
By the equations (4) and (3), if xy # 0, we have

|00 (1) | = [0, (-1 ) ¥ =10,(0NOyx~H*| = [0,(Ky,,) .

The first and last terms are also equal if xy = 0. Hence the result follows from

Corollary 16. U
Remark 19. With v 7, the counting function defined in the introduction, we have

Vim= D Vrmm. (34)

[m']€od
Therefore, since
1 1
> =5 11D
[m]eod 1O (mx] 24 pIDa

by (8), Theorem 1 in the introduction follows from Corollary 18.
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We say u, v € 0 x O are relatively prime if one of the following equivalent (by
Remark 17) conditions is satisfied:

(i) There exists g € SL,(0) such that g(1, 0) = (u, v).

(i) There exists «’, v’ € O such that n(uv’) + n(u'v) — tr(uov'u’) = 1.
(iii) The O-modules 1, , and K, , are isomorphic (as O-modules) to O.
We denote by P the set of couples of relatively prime elements of O.

Corollary 20. Let f be an integral indefinite binary Hamiltonian form over a
maximal order O in a definite quaternion algebra A over Q, and let G be a finite
index subgroup of I'g = SL»(0). Then, as s tends to +00, we have the equivalence

CardSUf(@) QG\{(u, v) € Po:|f(u,v) < S}

540:6[Tg,1,0 : G1,0] Covol(SU£(0) N G) 4
~ s
72 (3)0*|Af)*[To: Gl[yp, (P> — DA =p~h
Proof. This follows from Theorem 13 by taking x = 1 and y = 0. U

Proof of Corollary 2 from the introduction. Consider the integral indefinite binary
Hamiltonian form f over O defined by f(u, v) = tr(# v), with matrix

wn=(74)

and discriminant A(f) = 1. Its group of automorphs is

Sp,(0) = {g € SL,(0) : g* ((1) (1)> g= ((1) é)},

which is an arithmetic lattice in the symplectic group over the quaternions Sp; (H).
We have
€(f) ={(z,r) e Hx]0, +o00[ : tr(z) = 0}.

The hyperbolic volume of the quotient of {(z, r) € H x ]0, +o0[ : tr(z) = 0} by
Sp;(0) has been computed as the main result of [Breulmann and Helmke 1996],
yielding

2
_ T 2 _
Covol(Spy(0) = 155 | [ (P +D(p =D,
plDa
where p ranges over the primes dividing Dy.

Corollary 2 in the introduction then follows from Theorem 1 withm=0. [J
Remark 21. Theorem 13 and its Corollary 20 allow the asymptotic study of the
counting of representations satisfying congruence properties. For instance, let $

be a (nonzero) two-sided ideal in an order O in a definite quaternion algebra A
over Q. Let 'y be the kernel of the map SL;(0) — GL,(0/%) of reduction modulo
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9 of the coefficients, and I'g ¢ the preimage of the upper triangular subgroup by
this map. Then applying Corollary 20 with G = I'y and G = I'y o respectively,
we get an asymptotic equivalence as s — +o00 of the number of relatively prime
representations (#, v) of integers with absolute value at most s by a given integral
binary Hamiltonian form, satisfying the additional congruence properties

{fu=1mod ¥, v=0mod ¥} or {v=0 mod¥}.

To give an even more precise result, the computation of the indices of I'y and I'y ¢
in SL,(0) would be needed.

7. Geometric reduction theory of binary Hamiltonian forms

Let O be a (not necessarily maximal) order in a definite quaternion algebra A over Q.

Let 9 be the 6-dimensional real vector space of binary Hamiltonian forms, 9"
the open cone of positive definite ones, 2* the open cone of indefinite ones, 2(0)
the discrete subset of the ones that are integral over O, and

210 =9TN20), 2%©O)=9TN2(0).

Forevery Ae Z— {0}, let 2(A) ={f € 2: A(f) = A}, 2(0, A) =2(A)N2(0)
and

270, A) =2(A)NAT(O), 9T, A)=92(A)NAT(0).

The group R* acts on 2% by multiplication; we will denote by [ f] the orbit of
f and by 97 the quotient space 2/ R . Similarly, the group R* acts on 9% by
multiplication; we will denote by [ f] the orbit of f and by 2F the quotient space
9% /R*. The right action of SL,(H) on 2 preserves 2(A), 9 and 2%, commuting
with the actions of R} and R* on these last two spaces. The subgroup SL;(0)
preserves 9(0), 21(0), 2%(0), 21 (0, A), 2%(0, A).

Let6 ([H]%) be the space of totally geodesic hyperplanes of H?,, with the Hausdorff
distance on compact subsets.

Proposition 22. (1) The map ® : 9 — H?, defined by

) VB
a(f)’ a(f)
is a homeomorphism, which is (anti)equivariant for the actions of SL,(H): For
every g € SLa(H), we have ®([f og]) = g~ ®(Lf ]
(2) The map ¥ 9F %(H?R) defined by [ f 1+ €(f) is a homeomorphism, which

is (anti)equivariant for the actions of SLy(H): For every g € SLy(H), we have
W([fogl=g "W

1 (
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Note that @ ([ f]) may be geometrically understood as the pair of the center and
the imaginary radius of the imaginary sphere with equation f(z, 1) =0, that is,

e+ 20 - (LBDY

a(f) a(f)
Proof. (1) Since a =a(f) > 0and A = A(f) < 0 when f is a positive definite
binary Hamiltonian form, the map ® is well-defined and continuous. Since the
orbit by R* of a positive definite binary Hamiltonian form has a unique element f
such that a(f) = 1, and since c(f) then is equal to n(b(f)) — A, the map ® is a
bijection with continuous inverse (z, r) — [ f;.,] where

for  (u, v) = n(u) — tr(iizv) 4+ (n(z) +r2) n(v).

To prove the equivariance property of ®, we could use (14) and the formula for
the inverse of an element of SL,(0) given for instance in [Kellerhals 2003], but the
computations are quite technical and even longer than below. Hence we prefer to
use the following lemma to decompose the computations.

Lemma 23. The group (even the monoid) SL,(H) is generated by the elements

((1) _01> and ((1) f) with B € H.

This is a consequence of a general fact about connected semisimple real Lie
groups and their root groups, but the proof is short (and is one way to prove that

the Dieudonné determinant of
o B
y 8
isn(yB—yay~'8) if y #0).
Proof. This follows from the following facts, where «, 8, y, 8 € H. If o« # 0, then
a B\ (o 0) /(1 a” B
<0 3)‘(0 3)(0 1 ) and
a 0\ (1 —a\[0—-1\(1 —a"\ [0 -1\ (1 —a (0 —1
0 '/)7\0 1/)\1 0/\0 1 1 oj)\o 1 /J\1 0)

If n(ad) = 1, there exist u, v € H* such that @8 = uvu~'v~!, and

(55)=G.2) @) (0 2) Co d)

If y #0, then

a B\ _(loay ™\ [0 -1\ /[y 0 1 y~ls O
G606 i) 67),
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Now, to prove the equivariance property, one only has to prove it for the elements
of the generating set of SL,(H) given in the above lemma. Given f € 27, let

(5

be the matrix of f and A = A(f). Note that the matrix of fogis g*Mg.

If
_(LA
e=(o 1)

we have a(f og) =a and b(f og) =ap +b. Since
(-2 ﬂ) (-2, J—_A> _ (-burew m>
a

a  a a a(fog)” a(fog)

by (16), the result follows in this case.

If
_ (0 -1
£=\1 o )
then a(fog) =cand b(f og) = —b. By (14), for every (z, h) € H?,, we have

-1 _ -z r
§ -@n= (n(z)+r2’ n(z)+r2)'

Therefore, since A =n(b) — ac,

g1.<_g’¢z>=( ) J?>:<_b<fog> BTy

a a n(b) a(fog) a(fog)

T ;—zA g
The equivariance property of & follows.

(2) We have already seen that W is a bijection. Its equivariance property follows
from (17). Leta = a(f), b =b(f),c =c(f) and A = A(f). Since

G(f) = {(z,r)erR:n(az+b)+a2r2:A} ifa #0,
- {(z,7) € I]-I]@SR 1 tr(zb) + ¢ =0} otherwise,
the map W is clearly a homeomorphism. ([

In order to define a geometric notion of reduced binary Hamiltonian form, much
less is needed than an actual fundamental domain for the group SL,(0) acting
on I]-I]%. Though it might increase the number of reduced elements, this will make
the verification that a given binary form is reduced much easier (see the end of this
section). Indeed, due to the higher dimension, the number of inequalities is much
larger than the one for SL;(Z) or for SL,(0k), where Ok is the ring of integers of
an imaginary quadratic number field K; see for instance [Zagier 1981; Buchmann
and Vollmer 2007; Elstrodt et al. 1998].
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For n > 2, let us denote by ||z|| the usual Euclidean norm on R"~!. Consider
the upper halfspace model of the real hyperbolic n-space Hf,, whose underlying
manifold is R"~1x]0, +ocl, so that d,HY% = R"~! U {oo}. A weak fundamental
domain for the action of a finite covolume discrete subgroup I" of isometries of H,
is a subset & of Hf, such that

(1) Uge]" gg = [H]n ’
(ii) there exists a compact subset K in R"~! such that % is contained in K %10, 4o00[,

(iii) there exist k, € > 0 and a finite set Z of parabolic fixed points of I" such that
F={(z,r)eF:r>elU(U,cz &), where €, C {(z,r) € F: |lz —s|| <kr?}.

Note that a weak fundamental domain for a finite index subgroup of I is a weak
fundamental domain for I".

When oo is a parabolic fixed point of I', an example of a weak fundamental
domain is any Ford fundamental domain of I", whose definition we now recall.

Given any isometry g of Hp such that goo # oo, the isometric sphere of g is the
(n—2)-sphere S, of R™~! that consists of the points at which the tangent map of
g is a Euclidean isometry. We then define S; as the set of points in Hf, that are
in the closure of the unbounded component of the complement of the hyperbolic
hyperplane whose boundary is S,. For instance, if

_(« B
g—(y 5) € SLy(H),

then goo # oo if and only if y # 0 and its isometric sphere is then
S;={ze€H:n(yz+8) =1}, sothat Sj={(z.r) eHy:n(yz+8) +r>>1}.

Recall that since I" has finite covolume, every parabolic fixed point & of I' is
bounded, that is, the quotient of d,Hp — {£} by the stabilizer of £ in I' is compact.
Let 9 be a compact fundamental domain for the action of the stabilizer of co in
" on R*~!. Then the Ford Sfundamental domain Fr of I' associated to P, is

Fr= [ $5) N (@e0x 10, +o00l).
gel
gO0F00
It is well known (see for instance [Beardon 1983, page 239]) that & is a fundamental
domain for I" acting on Hp, (in particular, %r satisfies condition (i) of a weak
fundamental domain) and that the set of points at infinity of (,cr yooze0 Sg 15 @
locally finite set of parabolic fixed points in dHp. Furthermore, since parabolic
fixed points are bounded and have a precisely invariant horoball centered at them,

and since the tangency of a circle and its tangent is quadratic, the condition (iii)
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is satisfied for every € small enough, and « large enough. Note that Fr satisfies
condition (ii) with K = % .

Let us fix a weak fundamental domain % for the action of SL;(0) on H?R. A
positive definite form f € 91 (0) is reduced if ®([f]) € ¥ and an indefinite form
f € 9%(0) is reduced if W([f]) NF # 0. We say that a negative definite form
f € —97(0) is reduced if —f is reduced. The notion of being reduced does
depend on the choice of a weak fundamental domain, which allows us to choose it
appropriately when computing examples. Recall that 9(A) is equal to 2F(A) if
A>0andto 2T (A)U-2F(A)if A <O.

Theorem 24. For every A € Z — {0}, the number of reduced elements of 2(0, A)
is finite.
This is a restatement of Theorem 4 in the introduction.

Proof. Note that the Euclidean norm on H is | z|| = n(z)'/2.
Let us first prove that the number of reduced elements of 21 (0, A) is finite.
For every f € 27(0, A), leta =a(f) > 0, b =b(f) and ¢ = c¢(f). We have
n(b) —ac = A < 0; hence c is determined by a and b. The form f is reduced if
and only if

a a
By the condition (ii) and since K is compact, ||b/a| is bounded. Hence, if we have
an upper bound on a, by the discreteness of 0, the elements a and b may take only
finitely many values, and so does c, therefore the result follows.

Let «, €, Z be as in the condition (iii). If /—A/a > €, then a is bounded from
above, and we are done. Otherwise, by condition (iii), there exists s in the finite set
Z such that ®([f]) € €. In particular,

b NEYN
-2 -l =<(5)-

a

Since the set of parabolic elements of SL;(0) is A U {oo}, we may write s = u /v
with u € 0 and v € N — {0}. The inequality above becomes

allbv+aul| <k|Alv.

The element bv + au € O either is equal to 0 or has reduced norm, hence Euclidean
norm, at least 1. In the second case, we have an upper bound on a, as wanted. In
the first case, we have b/a = —u/v, that is b = —au/v. Hence

Av? = (n(b) — ac)v? = a(an(u) — cv?).

Since a n(u) — cv? € Z, the integer a divides the nonzero integer Av?; hence a is
bounded, as wanted.
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Let us now prove that the number of reduced elements of 9% (0, A) is finite,
which concludes the proof of Theorem 24.

We have A > 0. With K a compact subset as in the condition (ii), let § =
sup,cx llx|l. Let f € 9%(0, A) be reduced, and fix (z, r) € C(f)NF. Leta=a(f),
b=>b(f)and c = c(f).

Assume first that @ = 0. Then n(b) = A; hence b takes only finitely many values,
by the discreteness of 0. Recalling that €(f) = {(z,r) € [I-I]HSQ 1 tr(zb) +c = 0}, we
have by the Cauchy—Schwarz inequality

el = |tr(zb)| < 2||z|l||b]l < 28/ A.

Again by discreteness, c¢ takes only finitely many values, and the result follows.
Assume that a # 0, and up to replacing f by — f (which is reduced if f is), that

a > 0. We have n(b) —ac = A, hence c is determined by a and b. Recalling that

€(f)={(z,r) € H—HfR :n(az +b) +a’r?> = A}, we have by the triangular inequality

)<+t 11 Ee

Hence as in the positive definite case, if we have an upper bound on a, the result
follows.

Let «, €, Z be as in the condition (iii). Note that r < VA /a. Hence if r > €, then
we have an upper bound a < /A /e, as wanted. Therefore, we may assume that
(z, r) belongs to €(f) N€, for some s € Z. In particular,

and |z —s|| <«kr.

First assume that || (b/a) +s|| > VA /a. Then by the inverse triangular inequality

VA A 2 r?
— 5 -r2> .
a 2«/K/a

P e
a a a
Therefore, we have an upper bound a < 2 k+/A, as wanted.

Now assume that || (b/a)~+s|| < v/A/a. Write s =u /v with u € 0 and v € N—{0}.
We have n(au + bv) < Av?. The element w = au + bv, belonging to 0 and having
reduced norm at most Av?, can take only finitely many values. The positive integer
vZA —n(w) is equal to

v2(n(b) — ac) — n(au + bv) = — tr(aubv) — n(au) — v2ac

= —a(tr(ubv) +an(u) + vzc).
Since tr(it b v)+anu)+vice? by the properties of the reduced norm, the reduced

trace and the conjugate of elements of O, this implies that the integer a divides the
nonzero integer v2A —n(w); hence a is bounded, as wanted.
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This concludes the proof of Theorem 24. (|

Corollary 25. For every A € Z — {0}, the number of orbits of SL,(0) in 2(0, A),
hence in 27 (0, A) and in 9 (0, A), is finite.

Proof. This immediately follows from Theorem 24, by the equivariance properties
in Proposition 22 and the assumption (i) on a weak fundamental domain (that was
not used in the proof of Theorem 24). O

Example 26. Let A be Hamilton’s quaternion algebra over Q0. Let O be Hurwitz’s
maximal order in A, and let 0' =7+ Zi + 7 j + Zk be the order of Lipschitz integral
quaternions.

We identify H and R* by the R-linear map sending (1, i, j, k) to the canonical
basis of R*. Let V C 0’ denote the set of vertices of the 4-dimensional unit cube
[0, 1]*. We claim that the set

F={(z,r)eHy:z€0,1]*,n(z—s)+r>>1forall s € V}

is a weak fundamental domain for SL,(0’), and hence for SL,(0). For every s € V,
the 3-sphere in H with equation n(z — s) = 1 is the isometric sphere of

(O _1) € SL,(0).
1 s

Since the diameter of the cube [0, 1]* is 2, the closed balls bounded by these spheres
cover [0, 1]*. This unit cube is a fundamental polytope of the subgroup of unipotent
elements of SL;,(0") fixing co. Thus, ¥ contains a Ford fundamental domain of
SL,(0"), which implies property (i) of a weak fundamental domain. Property (ii)
(with K the unit cube) is valid by the definition of %. Property (iii) follows from the
fact that the only point at infinity of & besides oo is the center point (1+i+ j+k)/2
of the unit cube, which is the only point of this cube which does not belong to one
of the open balls whose boundary is one of the isometric spheres used to define %.
Note that (1 +i + j +k)/2 € A is a parabolic fixed point of SL,(0").

Recall that a positive definite Hamiltonian form f € 27 (0, A) with coefficients
a=a(f), b=>b(f)=>b1+ bri +b3j+ bsk and ¢ = c(f) is reduced (for this
choice of weak fundamental domain) if (—b/a, /—A/a) € F. A straightforward
manipulation of the defining inequalities of & shows that f € 27 (0, A) is reduced
if and only if its coefficients satisfy the following set of 25 inequalities

a>0, 0<-b,<a, a(a—c—Zme>§Card(P) (35)
meP
for all £ € {1, 2, 3, 4} and for all subsets P C {1, 2, 3, 4}. Theorem 24 implies that
there are only a finite number of forms in 21 (0, A) whose coefficients satisfy the
inequalities (35).
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Similarly, an indefinite Hamiltonian form f € 92%(0, A) with a(f) =a > 0,
b(f)=b1+byi +b3j+bsk and c(f) = c is reduced, that is, €( f) meets F, if and
only if the following system of 16 linear inequalities and one quadratic inequality
in four real variables X, X», X3, X4 has a solution in the unit cube [0, 1]*:

4 4
by 2 c be ¢

Y 2x X2 < S Y 2X i+ Y 2K < 1€ P
e + X7 < pE Z > + m =< a—I—Card( ),

=1 mepP

for all subsets P C {1, 2, 3, 4}.

Appendix: The hyperbolic covolume of SL,(0), by Vincent Emery

Let A be a definite quaternion algebra over Q, with reduced discriminant D4, and
let 0 be a maximal order in A; see for instance [Vignéras 1980] and Section 2
for definitions and properties. Given a quaternion algebra A’ over a field k, let
SL,(A") = SLi(M3(A")) be the group of elements of the central simple 2 x 2
matrix algebra Jl;(A’) having reduced norm 1. For any subring 0’ of A’, let
SL,(0") = SL,(A") N M, (0") and PSL,(0") = SL,(0")/{£ id}. Fixing an identifica-
tion between A ®g R and Hamilton’s real quaternion algebra H turns SL, (0) into an
arithmetic lattice in SL,(H). Hence SL,(0) acts by isometries with finite covolume
on the real hyperbolic space H?,; see for instance Section 3 for generalities.

In this appendix, the following result is proved using Prasad’s volume formula in
[Prasad 1989]. See the main body of this paper for a proof using Eisenstein series.

Theorem A.1. The hyperbolic covolume of SL;(0) is

3
Covol(SL,(0)) = % [T —vw-,
pIDa

where p ranges over the prime integers.

Proof. Let % be the set of positive primes in Z. For every p € P, let 0, =0®z Z,,
which is a maximal order in the quaternion algebra A, = A ®q Q,, over Q,,; see
for instance [Vignéras 1980, page 84].

We refer for instance to [Tits 1966] for the classification of the semisimple
connected algebraic groups over Q. Let G be the (affine) algebraic group over Q,
having as its group of K-points, for each characteristic zero field K, the group

G(K) =SL(A®q K) = SL; (M2(A ®q K)).

The group G is absolutely (quasi)simple and simply connected. Indeed, the C-
algebra A ®q C is isomorphic to /M, (C) and thus the complex Lie group G(C) is
isomorphic to SL; (M4(C)) = SL4(C) (note that we are using the reduced norm
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and not the norm). Furthermore, G is an inner form of the split algebraic group
%9 = SL, over Q. The (absolute) rank of ¢ and the exponents of ¢ are given by

r=3 and m;=1, my=2, my=23; (A1)

see for instance [Prasad 1989, page 96]. We consider the Z-form of G such that
G(Z) =S1,(0) and G(Z,) =SL,(0),) for every p € P; see for instance [Parkkonen
and Paulin 2010, page 382] for details.

Let $G.q, be the Bruhat-Tits building of G over Q,; see for instance [Tits 1979]
for the necessary background on Bruhat-Tits theory. Recall that a subgroup of
G(Q)) is parahoric if it is the stabilizer of a simplex of $¢ q,; a coherent family of
parahoric subgroups of G is a family (Y,) ,e», where Y, is a parahoric subgroup
of G(Q)) and Y, = G(Z,) for p big enough. The principal lattice associated with
this family is the subgroup G(Q) N[ ] »Yp of G(Q) (diagonally contained in the
group G(Ay) = ]_[;, G(Q)) of finite adeles of G, where as usual [1 indicates the
restricted product).

For every p € P, recall that by the definition of the discriminant D4 of A, if p
does not divide D 4, then the algebra A , is isomorphic to M2 (Q,), and otherwise A,
is a d2-dimensional central division algebra with center Q,, with d = 2. Furthermore,
for the discrete valuation v = v, on, where v, is the discrete valuation of @, and n
the reduced norm on A, the maximal order O, is equal to the valuation ring of v;
see for instance [Vignéras 1980, page 34].

First assume that p does not divide D4. Then G is isomorphic to 4 = SL4
over Q. The vertices of the building $¢. q, are the homothety classes of Z ,-lattices
inQ ,,4. In particular SL,(0,) =SL4(Z),) is the stabilizer of the class of the standard
Z p-lattice Z p4 and hence is parahoric.

Now assume that p divides Ds. Then G(Q,) = SL,,(A,) with m = 2 and
G(Q)) has local type 4A,md—1 = >Asz in Tits’ classification [1979, Section 4.4]. The
corresponding local index is shown below:

S f——, S
2 2

Local index of type 2A3.

The building $¢ g, is a tree (see for instance [Serre 1977] for the construction
of the Bruhat-Tits tree of SL,(K) even when K is a noncommutative division
algebra endowed with a discrete valuation). Its vertices are the homothety classes of
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O p-lattices in the right A ,-vector space A pz_ In particular SL,(0),) is the stabilizer
of the class of the standard O ,-lattice O ,,2, hence is parahoric.

Therefore, by definition, the family (SL»(0))) pep is a coherent family of (maxi-
mal) parahoric subgroups of G, and SL»(0) = G(Z) = G(Q) N[] ped G(Z,) is its
associated principal lattice.

For every p € ?, let M p (respectively Mp) be the maximal reductive quotient,
defined over the residual field F, = Z,/pZ,, of the identity component of the
reduction modulo p of the smooth affine group scheme over Z,, associated with
the vertex of $g g, (respectively $¢ q,) stabilized by the parahoric subgroup
SL,(0,) (respectively SL4(Z))); see for instance [Tits 1979, Section 3.5]. Note
that M p= M p if p does not divide D4, and that for every p € % the algebraic
group p 1s isomorphic to SL4 over [,. In particular M »(Fp) = SL4(F,) and thus,
for every p € P, the orders of finite groups of Lie type being listed for example in
[Ono 1966, Table 1], we have

dimM, =15 and |M,(F,)|=p*(p* - D - D(p*—1. (A2

If p divides D4, by applying the theory in [Tits 1979, §3.5.2] on the local index
%A3, we see that the semisimple part M’ » of M p» (given as the commutator algebraic
group [M,, M ,]) is of type (A} x A;) and the radical R(M ,) of M , must be a
one-dimensional nonsplit torus over [,. In particular |R (M () =p+1and
M;S([Fp) has the same order as SL,(F ), that is, p*(p* —1). Since the radical
R(M ) is central in M, and the intersection R(M ,) N M;'f is finite (see [Springer
1998, Proposition 7.3.1]), the product map

M;f X R(Mp) — Mp, (x,y) — xy

is an isogeny (defined over [,) and using Lang’s isogeny theorem (see for example
[Platonov and Rapinchuk 1994, Proposition 6.3, page 290]), we obtain the order of
M ,(F,) as the product | M5 (F )| - |[R(M ,)(F )]

Alternatively, the order of M »(Fp) can be deduced from the concrete structure
of M p given in [Bruhat and Tits 1984]. Namely, it follows from [ibid., Proposition
3.11 and Section 5.5] that M p([F ) corresponds to the group of elements of reduced
norm 1 in the F-algebra M>(F 2) (where [ > appears as the residue field of the
division algebra A ; see [Vignéras 1980, page 35]). The reduced norm (over [ )
of an element g € ./l/tz(l]:pi) is N[Fi\[Fp (det(g)), where N[Fp2|[Fp is the norm of the
extension [ 2|F,. Thus M ,(F,) is the kernel of the surjective homomorphism
GLy(F 2) — [F; defined by g — det(g)P“.

Therefore, from any of the two arguments above, we obtain that for every p € %
dividing Dy,

dimM,=7 and |M,(F,)|=p*(p*—D(p+1). (A3)
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Let u be the Haar measure on G(R) = SL,(H) normalized as in [Prasad 1989].
That is, if w is the top degree exterior form on the real Lie algebra of G(R) whose
associated invariant differential form on G(R) defines the measure p and if G, (R)
is a compact real form of G(C), then the complexification w¢ of w on the complex
Lie algebra of G(C) = G, (C) defines a top degree exterior form w, on the real Lie
algebra of G, (R), whose associated invariant differential form on G, (R) defines a
measure [,, and we require that u, (G, (R)) = 1.

Let i’ be the Haar measure on PSL,(H) = SOy (1, 5) that disintegrates by the
fibration SOy(1,5) — SOy(1,5)/SO5) = [H]?R with measures on the fibers of
total mass one 1 and measure on the base the Riemannian measure dvolys of the
Riemannian metric of constant sectional curvature —1. Let [’ be the Haar measure
on SL,(H) such that the tangent map at the identity of the double cover of real Lie
groups SL,(H) — PSL,(R) preserves the top degree exterior forms defining the
Haar measures. In particular, since — id belongs to SL,(0),

Covol(SL,(0)) = Vol (PSL,(0)\H?,)
= 1/ (PSL2(0)\ PSLy(H)) = ' (SL2(0)\ SLo(H)). (Ad)

Similarly, with Ss the 5-sphere endowed with its standard Riemannian metric
of constant sectional curvature +1, let u, be the Haar measure on SO(6) that
disintegrates by the fibration SO(6) — SO(6)/ SO(5) = S5 with measures on the
fibers of total mass one 1 and measure on the base the Riemannian measure. In
particular, u/,(SO(6)) = Vol(Ss). Recall that

Vol(S@:% ifn=2m—1>3

It is well known (see for instance [Helgason 1978]) that the duality G/K — G, /K
between irreducible symmetric spaces of noncompact type endowed with a left
invariant Riemannian metric and the ones of compact type, where G, is a compact
form of the complexification of G, sends IH]% to Ss, and hence ' to ),

The maximal compact subgroup SU(4) of SL4(C) is a covering of degree 2 of
SO(6), which is the compact real form corresponding to SOg(1, 5). Hence we have
(as first proved in [Emery 2009, Section 13.3])

& =2Vol(Ss)u = 27> . (A5)
By Prasad’s volume formula [Prasad 1989, Theorem 3.7] (where with the notation

of this theorem, £ =k = Q (hence Dy = Dy = 1), S = Vo, = {oco} and the Tamagawa
number 7o (G) is 1), we have, since .l p= M p if p does not divide D, and by (A1)
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for the second equality,

r

#(SLa(0)\ SLa(H)) = [ |

i=1

(m;)! p(dimM,,—i-dimJT/tl,)/Z

@y L M ()

12 pdim A,

T @ | L)

1—[ sz([FpN p(dimMp—dimMp)/Z. (A6)
o My (E )]

Using Euler’s product formula ¢ (s) =[] peP 1/(1 — p~*) for Riemann’s zeta func-
tion, we have by (A2), since {(2) = 72/6 and ¢ (4) = 7*/90,

dim it 6
poe 7°¢(3)
—=2)B)t@) = .
AL, (F )| (R 540

(A7)
pEP

Using the equations (A4), (A5), (A6), (A7), (A2) and (A3), the result follows. [J
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