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Secant varieties of
Segre—\Veronese varieties

Claudiu Raicu

We prove that the ideal of the variety of secant lines to a Segre—Veronese variety
is generated in degree three by minors of flattenings. In the special case of a
Segre variety this was conjectured by Garcia, Stillman and Sturmfels, inspired
by work on algebraic statistics, as well as by Pachter and Sturmfels, inspired by
work on phylogenetic inference. In addition, we describe the decomposition of
the coordinate ring of the secant line variety of a Segre—Veronese variety into a
sum of irreducible representations under the natural action of a product of general
linear groups.

1. Introduction

Spaces of matrices (or 2-tensors) are stratified according to rank by the secant
varieties of Segre products of two projective spaces. The defining ideals of these
secant varieties are known to be generated by minors of generic matrices. It is
an important problem, with applications in algebraic statistics, biology, signal
processing, complexity theory etc., to understand (border) rank varieties of higher
order tensors. These are (upon taking closure) the classical secant varieties to Segre
varieties, whose equations are far from being understood. To get an idea about
the boundary of our knowledge, note that the Salmon problem [Allman 2007],
which asks for the generators of the ideal of o4(P3 x P? x P?), the variety of secant
3-planes to the Segre product of three projective 3-spaces, is still unsolved (although
its set-theoretic version has been recently resolved in [Friedland 2010; Friedland
and Gross 2012]; see also [Bates and Oeding 2011]).

Flattenings (see Section 2D) provide an easy tool for obtaining some equations
for secant varieties of Segre products, but they are not sufficient in general, as can
be seen for example in the case of the Salmon problem. Inspired by the study of
Bayesian networks, Garcia, Stillman and Sturmfels conjectured [Garcia et al. 2005,
Conjecture 21] that flattenings give all the equations of the first secant variety of
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the Segre variety. This conjecture also appeared at the same time in a biological
context, namely in work of Pachter and Sturmfels on phylogenetic inference [2004,
Conjecture 13].

Conjecture 1.1 (Garcia—Stillman—Sturmfels). The ideal of the secant line variety
of a Segre product of projective spaces is generated by 3 x 3 minors of flattenings.

The set-theoretic version of this conjecture was obtained by Landsberg and
Manivel [2004], as well as the case of a 3-factor Segre product. The 2-factor case
is classical, while the 4-factor case was resolved by Landsberg and Weyman [2007].
The 5-factor case was proved by Allman and Rhodes [2008]. We prove the GSS
conjecture in Corollary 4.2 as a consequence of our main result, Theorem 4.1, which
is the corresponding statement for Segre—Veronese varieties.

It is a general fact that for a subvariety X in projective space which is not
contained in a hyperplane, the ideal of the variety o} (X) of secant (k — 1)-planes to
X has no equations in degree less than k+1. If X = G/ P is a rational homogeneous
variety, a theorem of Kostant (see [Landsberg 2012, Chapter 16] or the remark
preceding [Landsberg and Manivel 2004, Proposition 3.3]) states that the ideal of X
is generated in the smallest possible degree (that is, in degree two), and Landsberg
and Manivel [2004] asked whether this is also true for the first secant variety of X.
It turns out that when X is the D7-spinor variety, there are in fact no cubics in the
ideal of 0, (X) (see [Landsberg and Weyman 2009; Manivel 2009]). In Theorem 4.1,
we provide a class of G/P’s, the Segre—Veronese varieties for which the answer
to the question of Landsberg and Manivel is positive. This generalizes a result of
Kanev [1999] stating that the ideal of the secant line variety of a Veronese variety
is generated in degree three. We obtain furthermore an explicit decomposition into
irreducible representations of the homogeneous coordinate ring of the secant line
variety of a Segre—Veronese variety, thus making it possible to compute the Hilbert
function for this class of varieties. This can be regarded as a generalization of the
computation of the degree of these secant varieties in [Cox and Sidman 2007].

Before stating the main theorem, we establish some notation. For a vector space
V, V* denotes its dual, and PV denotes the projective space of lines in V. If
w = (w1 > pup > ---) is a partition, S,, denotes the corresponding Schur functor (if
u2 =0 we get symmetric powers, whereas if all u; = 1, we get exterior powers).
For positive integers dy, . .., dy, SVg,,....4, denotes the Segre—Veronese embedding
of a product of n projective spaces via the complete linear system of the ample line
bundle O(dy, ..., d,). 02(X) denotes the variety of secant lines to X.

Theorem 4.1. Let X = SVy, . 4, (PV x PV} x--- x PVy) be a Segre—Veronese
variety, where each V; is a vector space of dimension at least 2 over a field K of
characteristic zero. The ideal of 07(X) is generated by 3 x 3 minors of flattenings,
and moreover, for every nonnegative integer r we have the decomposition of the
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degree r part of its homogeneous coordinate ring

KlooX)], = P SuVi®--®@SuV)™,

where m,_is obtained as follows. Set

)"é 1 n

fir= max [7], e, =Ay+---+A5.

n 1

If some partition ' has more than two parts, or if e5 < 2f., then my = 0. If
ey >r—1,thenmy = |r/2] — fo,+ 1, unless e, _is odd and r is even, in which case
my = r/2] — fo. Ifex, <r —1and ey > 2f,, thenm; = [(e; +1)/2] — fr + 1,
unless e, is odd, in which case m) = | (e +1)/2] — fi.

The ideal of the Segre—Veronese variety itself was proved to be generated by
2 x 2 minors of flattenings by Bernardi [2008], generalizing previously known
results on the Segre and Veronese varieties. The corresponding result for a Segre
variety was obtained by Grone [1977] in the set-theoretic version and proved by Ha
[2002] ideal-theoretically. The set-theoretic version of the result for the Veronese
variety goes back to Wakeford [1919], while the ideal-theoretic version was only
obtained much later by Pucci [1998]. Even though the higher secant varieties are
not always generated by minors of flattenings, Catalisano, Geramita and Gimigliano
[Catalisano et al. 2008] describe a large class of examples where this is in fact
the case. In their examples the k-th secant variety of a Segre (or Segre—Veronese)
variety is cut out by the (k + 1)-minors of a single matrix of flattenings.

Theorem 4.1 above has further consequences to deriving certain plethystic formu-
las for decomposing (in special cases) symmetric powers of triple tensor products
(Corollary 4.3a) and Schur functors applied to tensor products of two vector spaces
(Corollary 4.3b), or even symmetric plethysm (Corollary 4.4).

The main technique introduced in our work does not seek to employ the par-
ticularities of specific instances of Segre—Veronese varieties, but instead tries to
capture only the essential features that are shared between all these varieties. We
work in some sense with spaces of “generic tensors”, and rather concentrate on their
“generic equations”. The latter are representations of products of symmetric groups,
which can be defined abstractly with no relation to spaces of tensors (although
what led us to them was their realization as zero-weight spaces of particular tensor
representations). The main point is that the generic equations yield, by a process
of specialization, the equations of any specific secant variety of a Segre—Veronese
variety. One can also go back, via polarization, from the equations of a specific
secant variety to (a subset of) the generic equations. The main tools that we employ
in analyzing the generic equations of the varieties of secant lines are combinatorial:
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graph theory and tableau combinatorics. We hope that similar methods, particularly
replacing graph theory with the theory of simplicial complexes, could be used to
give an analogous picture for higher secant varieties. The main goal of our work is
to set up a general framework that would help understand arbitrary secant varieties,
and illustrate how insights from combinatorics occur naturally in this framework,
providing new results in the case of the varieties of secant lines.

The general representation theoretic approach to the study of projective varieties
with a group action has been successful in providing algorithms for computing the
equations and homogeneous coordinate rings of these varieties degree by degree.
The main caveat of these algorithms was their failure to provide a good stopping
condition that would allow one to decide when the full set of minimal generators of
the ideal of a variety has been computed. Our combinatorial methods try to fill this
gap by allowing one to identify a specific structure that characterizes the vanishing
of a (generic) polynomial on the variety. This structure has the property that is
inherited as the degree of the polynomial increases, and also that its presence in any
high degree is manifestly a consequence of the inheritance from a finite set of small
degrees. Concretely, for the ideal of the secant line variety of a Segre—Veronese
variety, we will see that (generic) polynomials of degree r are represented by graphs
(Section 4B) with r vertices. The structure that makes a polynomial the equation of
the secant variety is the presence in the associated graph of a complete subgraph
on three vertices (a triangle; see Remark 4.5). This is clearly a structure that is
inherited by adding new vertices and edges to the graph, and also it is a structure
that’s inherited from degree three — the smallest degree where a complete graph
on three vertices could exist. In [Oeding and Raicu 2011], we employ similar
ideas to give a proof of a conjecture of Landsberg and Weyman regarding the
generators of the ideal of the tangential variety of a Segre variety. The structure
that makes a polynomial the equation of the tangential variety turns out to be more
involved, represented by a finite list of subgraphs on two, three or four vertices
[ibid., Section 3.5].

Finding equations for higher secant varieties of Segre—Veronese varieties turns
out to be a delicate task, even in the case of two factors (n = 2) with not too positive
embeddings (small d{, d»). Recent progress in this direction has been obtained by
Cartwright, Erman and Oeding [Cartwright et al. 2012].

Since finding precise descriptions of the equations, and more generally syzygies,
of secant varieties to Segre—Veronese varieties constitutes such an intricate project,
much of the current effort is directed to finding more qualitative statements. Draisma
and Kuttler [2011] prove that for each k, there is an uniform bound d (k) such that
the (k — 1)-st secant variety of any Segre variety is cut out (set-theoretically)
by equations of degree at most d(k). Theorem 4.1 implies that d(2) = 3, even
ideal-theoretically.
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For higher syzygies, Snowden [2010] proves that all the syzygies of Segre
varieties are obtained from a finite amount of data via an iterative process. It would
be interesting to know if the same result holds for the secant varieties. This would
generalize the result of Draisma and Kuttler. For Veronese varieties, the asymptotic
picture of the Betti tables is described in work of Ein and Lazarsfeld [2012]. Again,
it would be desirable to have analogous results for secant varieties.

The structure of the paper is as follows. In Section 2 we give the basic definitions
for secant varieties and Segre—Veronese varieties. We introduce the basic notions
from representation theory that are used throughout the work, and describe the
process of flattening a tensor, which leads to the notion of a flattening matrix.
Section 3 builds the framework for analyzing the equations and homogeneous
coordinate rings of arbitrary secant varieties of Segre—Veronese varieties. Even
though we were only able to work out the details of this analysis in the case of the
first secant variety, we believe that the general method of approach may be used
to shed some light on the case of higher secant varieties. In particular, the new
insight of concentrating on the “generic equations” is presented in detail and in the
generality needed to deal with arbitrary secant varieties. Section 4 is inspired by
a conjecture of Garcia, Stillman and Sturmfels, describing the generators of the
ideal of the variety of secant lines to a Segre variety. We prove more generally
that this description holds for the first secant variety of a Segre—Veronese variety.
We also give a representation theoretic decomposition of the coordinate ring of
this variety, which allows us to deduce certain plethystic formulas based on known
computations of dimensions of secant varieties of Segre varieties.

2. Preliminaries

Throughout this work, K denotes a field of characteristic 0. All the varieties we
study are of finite type over K, and are reduced and irreducible. PV denotes the
N-dimensional projective space over K. We write PW for P when we think of PV
as the space of 1-dimensional subspaces (lines) in a vector space W of dimension
N +1 over K. Given a nonzero vector w € W, we denote by [w] the corresponding
line. The coordinate ring of PW is Sym(W*), the symmetric algebra on the vector
space W* of linear functionals on W.

2A. Secant varieties.

Definition 2.1. Given a subvariety X C PV, the (k — 1)-st secant variety of X,
denoted oy (X), is the closure of the union of linear subspaces spanned by k points
on X:

aX)= |J P

X1y, Xk €X
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Alternatively, if we write PY = PW for some vector space W, and let Xcw
denote the cone over X, then we can define oy (X) by specifying its cone oy (X).
This is the closure of the image of the map

s:)A(x--.x)A(—>W, defined by s(xy,...,x) =x1+ -+ x.

The main problem we are concerned with is this:
Problem. Given (the equations of) X, determine (the equations of ) oy (X).

More precisely, given the homogeneous ideal 7 (X) of the subvariety X C PW,
we would like to describe the generators of I (03 (X)). Alternatively, we would
like to understand the homogeneous coordinate ring of o3 (X), which we denote by
Ko (X)]. As we will see, this is a difficult problem even in the case when X is
simple, that is, isomorphic to a projective space (or a product of such). There is thus
little hope of giving an uniform satisfactory answer in the generality with which
we posed the problem. However, the following observation provides a general
approach to the problem, which we exploit in the future sections.

The ideal/homogeneous coordinate ring of a subvariety ¥ C PW coincides with
the ideal/affine coordinate ring of its cone Y C W, hence our problem is equivalent to
understanding / (GT(Y)) and K [m]. The morphism s of affine varieties defined
above corresponds to a ring map

s*:Sym(W*) > K[X x -+ x X] = K[X]® - Q K[X].

We have that (({(?)) and K [@] are the kernel and image respectively of s,
The main focus for us will be on the case when X is a Segre—Veronese variety
(described in the following section), and k = 2.

2B. Segre—Veronese varieties. Consider vector spaces V1, ..., V, of dimensions
mi, ..., m, > 2, respectively, with duals V/*, ..., V", and fix positive integers
di,...,d,. Welet

X=PV/x---xPVSf

and think of it as a subvariety in projective space via the embedding determined by
the line bundle Ox (dy, ..., d,). Explicitly, X is the image of the map

4, PV x - x PV* - P(Sym? Vi ®---® Sym’ V*)

.....

given by
(erl, ... [ea]) = [ @ @ e,

We call X a Segre—Veronese variety.

For such X we prove that I (02(X)) is generated in degree 3 and we describe
the decomposition of K[o,(X)] into a sum of irreducible representations of the
product of general linear groups GL(V}) x --- x GL(V,,) (Theorem 4.1).
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When n =1 we set d = d;, V = V|. The image of SV is the d-th Veronese
embedding, or d-uple embedding of the projective space PV *, which we denote by
Very(PV*). When d; = --- =d, = 1, the image of SV| ;i is the Segre variety
Seg(PV x --- x PV,*). An element of Sym® Vi®---® Sym¢“" V¥ is called a
(partially symmetric) tensor. The points in the cone over the Segre—Veronese variety
are called pure tensors.

2C. Representation theory. We refer the reader to [Fulton and Harris 1991] for
the basic representation theory of symmetric and general linear groups. Given a
positive integer r, a partition u of r is a nonincreasing sequence of nonnegative
integers ;1 > o > -+ - withr =) u;. We write u = (ug, o, .. .). Alternatively, if
w is a partition having i ; parts equal to w; for all j, then we write p = ([Lill ;L‘ZZ S )
To a partition u = (w1, 42, ...) We associate a Young diagram which consists of
left-justified rows of boxes, with u; boxes in the i-th row. For u = (5, 2, 1), the

corresponding Young diagram is

For a vector space W, a positive integer r and a partition wu of r, we denote by
S, W the corresponding irreducible representation of GL(W): S, are commonly
known as Schur functors, and we make the convention that S¢;) denotes the sym-
metric power functor, while §(,4y denotes the exterior power functor. We write S,
for the symmetric group on r letters, and [x] for the irreducible S,-representation
corresponding to u: [(d)] denotes the trivial representation and [(19)] denotes the
sign representation.

Given a positive integer n and a sequence of nonnegative integers r = (ry, ..., ),
we define an n-partition of r to be an n-tuple of partitions A = (!, ..., A"), with
A/ a partition of ri,j=1,...,n. We write A rj and A =" r. Given vector spaces
Vi, ..., V, as above, we often write GL(V) for GL(V}) x - -- x GL(V,). We write
S,V for the irreducible GL(V)-representation S;1 V| ® - - - ® Sy» V,,. Similarly, we
write [A] for the irreducible representation M®---®[1"] of the n-fold product
of symmetric groups S, = S,, x --- x §,, . We have:

Lemma 2.2 (Schur—Weyl duality).

V1®r1 R --® Vn®rn — @[)\] ® SAV.
A=y

Most of the group actions we consider are left actions, denoted by -. We use the
symbol x for right actions, to distinguish them from left actions.
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For a subgroup H C G and representations U of H and W of G, we write
Ind%(U) = K[G]®km U and Res$ (W) = Wy,

for the induced representation of U and restricted representation of W, where
K[M] denotes the group algebra of a group M, and Wy is just W, regarded as an
H-module. We write WO for the G-invariants of the representation W, that is,

W€ =Homg(1, W) C Homg (1, W) = W,
where 1 denotes the trivial representation of G.

Remark 2.3. If G is finite, let

sc=Y_ g €KI[G].

geG

We can realize W as the image of the map W — W given by w > s¢ - w. Assume
furthermore that H C G is a subgroup, and let sy denote the corresponding element
in K[H]. We have a natural inclusion of the trivial representation of H

1— K[H], 1+ sy,
which after tensoring with K[G] becomes
Ind (1) = K[G] @k 1 = K[G]®xm K[H] ~ K[G],
so that we can identify Indg(l) with K[G]-sy.
Lemma 2.4 (Frobenius reciprocity).
WH =Hompy (1, Res§ (W)) = Homg (Ind% (1), W).

Given an n-partition A = (Al, ..., A™") of r, we define an n-tableau of shape A to
be an n-tuple T = (Tl, ..., T™), which we usually write as T'®---®T", where
each 7' is a tableau of shape A’. A tableau is canonical if its entries index its boxes
consecutively from left to right, and top to bottom. We say that T is canonical
if each T' is, in which case we write T;, for T. If T = (A!, %), with A! = (3, 2),
22 = (3, 1, 1), then the canonical 2-tableau of shape A is

23]

1]2]3]
5

1
® |4
Bl

We consider the subgroups of S, given by

R;, = {g € S, : g preserves each row of T} },

C;. ={g € S, : g preserves each column of 7} }
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and define the symmetrizers

ak:zg, b;\:ngn(g)-g, Cn=a;- by,

gER; geC;,

with sgn(g) = ]_[i sgn(g;) for g = (g1, ..., &) € Sr, where sgn(g;) denotes the
signature of the permutation g;.

The GL(V)- (or S,-) representations W that we consider decompose as a direct
sum of S, V’s (or [A]’s) with A F" r. We write

W:@W,\,
A

where W, >~ (S, V)™ (or W, >~ [A]™*) for some nonnegative integer m, = m, (W),
called the multiplicity of S, V (or [A]) in W. We call W, the A-part of the represen-
tation W.

Recall that m ; denotes the dimension of V;, j =1, ..., n. We fix bases

%j:{xij:izl,...,mj}

for V; ordered by x;; > x;41,;. We choose the maximal torus T =T, x --- x T, C
GL(V), with T; the set of diagonal matrices with respect to % ;. We choose the Borel
subgroup of GL(V) to be B = By x --- x By, where B; is the subgroup of upper
triangular matrices in GL(V;) with respect to % ;. Given a GL(V )-representation
W, a weight vector w with weight a = (ay, ..., a,), a; € Ti*, 1S a nonzero vector in
W with the property that for any t = (¢1,...,8,) €T,

t-w=ai(ty) - ap(ty)w.

The vectors with this property form a vector space called the a-weight space of W,
which we denote by wt,(W).

A highest weight vector of a GL(V)-representation W is an element w € W
invariant under B. W = S, V has a unique (up to scaling) highest weight vector w
with corresponding weight A = (A!, ..., ™). In general, we define the A-highest
weight space of a GL(V)-representation W to be the set of highest weight vectors
in W with weight A, and denote it by hwt, (W). If W is an S,-representation, the
A-highest weight space of W is the vector space hwt, (W) =c,- W C W, where c;,
is the Young symmetrizer defined above. In both cases, hwt, (W) is a vector space
of dimension m, (W).

2D. Flattenings. Given decompositions d; = a; +b;, witha;, b; >0,i =1, ...,n,
we let A = (a1,...,a,), B= (by,...,b,),sothatd = (dy,...,d,) = A+ B,
and embed

Sym? Vi ® .- ®Sym? V¥ Vi@ Vi
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in the usual way, where
Vi= Symal Vi ® Syman V,, Vg = Symbl ViR ® Symb” V,.

This embedding allows us to flatten any tensor in Sym®! Vi®---® Sym¢ Vitoa
2-tensor, that is, a matrix, in V; ® V. We call such a matrix an (A, B)-flattening of
our tensor. If |[A| =a;+- - -+a, then we also say that this matrix is an | A|-flattening,
or a | B|-flattening, by symmetry.

We obtain an inclusion

0 (PVEX - x PV*) <> Seg(PVE x PV,

.....

and consequently

ok (SVy,...a, PV x - x PVY)) — oy (Seg(PV; x PVy)),

.....

where the latter secant variety coincides with (the projectivization of) the set of
matrices of rank at most k in V} ® V. This set is cut out by the (k+1) x (k+1)
minors of the generic matrix in V} ® V. This observation yields equations for the
secant varieties of Segre—Veronese varieties (see also [Landsberg 2012, Chapter 7]).

Lemma 2.5. For any decomposition d = A + B and any k > 1, the ideal of
(k + 1) x (k 4+ 1) minors of the generic matrix given by the (A, B)-flattening of
Sym® Vi@ ® Sym® V¥ is contained in the ideal of

4, PV x - xPV")).

.....

Definition 2.6. We write FﬁfBl’r(V) = FﬁfBl’r(Vl, ..., V) for the degree r part of
the ideal of (k + 1) x (kK + 1) minors of the (A, B)-flattening. We call the elements
of FﬁfBl "(V) flattening equations.

Note that the invariant way of writing the generators of the ideal of (k+1) x (k+1)
minors of the (A, B)-flattening in the preceding lemma (Fﬁ?rBl ’kH(V)) is as the
image of the composition

k+1 k+1
J\Va® /\ Vi Sym™* (V4 ® V) — Sym* ! (Sym® Vi ® - @ Sym® V),

where the first map is the usual inclusion map, while the last one is induced by the
multiplication maps Sym® V; ® Sym” V; — Sym% V;.

2E. The ideal and coordinate ring of a Segre—Veronese variety. If

a, PV x - xPVF),

.....

then the ideal 7 (X) is generated by 2 x 2 minors of flattenings [Bernardi 2008],
that is, when k = 1 the equations described in Lemma 2.5 are sufficient to generate
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the ideal of the corresponding variety. As for the homogeneous coordinate ring of a
Segre—Veronese variety, we have the decomposition

KIX1=PESym™ vi®--- @ Sym'™® V,). *)

r>0

This decomposition will turn out to be useful in the next section, in conjunction
with the map s* defined in Section 2A. In Section 4 we give a description of
K[o2(X)] analogous to (¥), and prove that the 3 x 3 minors of flattenings generate
the homogeneous ideal of 07 (X).

The statements above regarding the ideal and coordinate ring of a Segre—Veronese
variety hold more generally for rational homogeneous varieties (G/P), and have
been obtained in unpublished work by Kostant; see [Landsberg 2012, Chapter 16].

3. Equations of the secant varieties of a Segre—Veronese variety

This section introduces the main new tool for understanding the equations and
coordinate rings of the secant varieties of Segre—Veronese varieties, from a repre-
sentation theoretic/combinatorial perspective. All the subsequent work is based on
the ideas described here. The usual method for analyzing the secant varieties of
Segre—Veronese varieties is based on the representation theory of general linear
groups. We review some of its basic ideas, including the notion of inheritance,
in Section 3A. The new insight of restricting the analysis to special equations of
the secant varieties, the “generic equations”, is presented in Section 3B. More
precisely, we use Schur—Weyl duality to translate questions about representations
of general linear groups into questions about representations of symmetric groups
and tableau combinatorics. The relationship between the two situations is made
precise in Section 3C. One should think of the “generic equations™ as a set of
equations that give rise by specialization to all the equations of the secant varieties
of Segre—Veronese varieties. Similarly, we have the “generic flattening equations”
which by specialization yield the usual flattening equations.

3A. Multiprolongations and inheritance. In this section Vi, ..., V, are (as al-
ways) vector spaces over a field K of characteristic zero. We switch from the Sym?
notation to the more compact Schur functor notation S, described in Section 2C.
The homogeneous coordinate ring of P(S) V" ®---® S@,)V,)) is

S=Sym(Su)Vi®- - ®Sw,Vn),

the symmetric algebra of the vector space Sz,) Vi ® - - - ® S(4,) V. This vector space
has a natural basis B =%y, . 4, consisting of tensor products of monomials in the el-
ements of the bases By, ..., B, of Vi, ..., V,. We write this basis, suggestively, as
B =Sym? B; ® - -- ® Sym’™ B,. We can index the elements of % by n-tuples
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o = (ag,...,a,) of multisets «; of size d; with entries in {1, ..., m; = dim(V;)},
as follows. The a-th element of the basis 9B is

2o = < 1_[ xi1,1> K- ( 1_[ xin,n>,
1€ in€ay

and we think of z,, as a linear form in S.

We can therefore identify S with the polynomial ring K[z,]. One would like
to have a precise description of the ideal / C S of polynomials vanishing on
ok (SVay,...a, PV x - x PVy)), but this is a very difficult problem, as mentioned
in the introduction. We obtain such a description for the case k =2 in Theorem 4.1.
The case k = 1 was already known, as described in Section 2E.

Given a positive integer » and a partition u = (i, ..., ;) Fr, we consider the
set P, of all (unordered) partitions of {1, ..., r} of shape u, that is,

t
Pu={A={A, ..., A}: Al =p;and || A;=(1,...,r}},
i=1
as opposed to the set of ordered partitions where we take instead A = (Aq, ..., A;).

Definition 3.1. For a partition p = (u’i’ e ,uéx) of r, we consider the map

N
T Sy (Sap Vi ® -+ ® Sty Vi) —> Q) Sty Sy Vi ® -+ ® Sy Vi)
j=1
given by

212 > Z ® l_[ m(z; i € B),

Ae®, j=1 BeA
H Bl=p,

where m : (SupV1® - ® S(dn)Vn)(X)Mf — S(,L_/dl)vl R Q S(Mdn)vn denotes the
usual componentwise multiplication map.

We write 7, (V) or 7, (Vy, ..., V,) for the map m, just defined, when we want
to distinguish it from its generic version (Definition 3.11). We also write

d d d d
U-(V)=U-(Vq,...,Vy) and Up(V)=Up(Vy,..., Vp)

for the source and target of m, (V), respectively (see Definitions 3.7 and 3.10 for
the generic versions of these spaces).

A more invariant way of stating Definition 3.1 is as follows. If © = (w1, ..., ),
then the map 7, is the composition between the usual inclusion

Sy SapV1® - ® Sy Vi) = (SapV1® -+ ® S,y Vi) ®”
=SuyV1® @Sy V) ¥ ® - @ (SapV1 ® -+ - ® Sy Vi) ®H,
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and the tensor product of the natural multiplication maps
m: (S(d,-)vi)®w - S(ujdi)Vi'

Example 3.2. Letn =2, di =2, do=1,r =4, u = (2,2) = (2%), dim(V;) = 2,
dim(V;) = 3. Take

1= 2251, 22 = 2{L1L{3), 23 = Z({LIL{1Y, 24 = 2({2,2),(2D) -
We have
7,(21-22-23-24) =m(21, 22)-m(23, 24) +m(21, 23)-m(22, 24)+m(21, 24)-m(22, 23)
= Z({1,1,1,20,{1,3) * 2({1,1,2,2},{1,2) F Z{1,1,1,21,{1,1}) * Z({1,1,2,2}.{2.3})
F2(11,2,2,2),{1,2)) * 2({1,1,1,1},{1,3})-
A more “visual” way of representing the monomials in
Sym(Sym? Vi ® - -- ® Sym®™ V,,) = K[z4]

and the maps 7, is as follows. We identify each z, with an 1 x n block with entries

the multisets o;:
Za=|onon]--- ).

We represent a monomial m = z,1 - - - z,- of degree r as an r x n block M, whose
rows correspond to the variables z,: in the way described above:

1 1 1

al az PR an

o? a2 |2
m=M =

r r r

al az o .. an

The order of the rows is irrelevant, since the z,; commute. The way 7, acts on
an r x n block M is as follows: it partitions in all possible ways the set of rows
of M into subsets of sizes equal to the parts of w, collapses the elements of each
subset into a single row, and takes the sum of all blocks obtained in this way. Here
by collapsing a set of rows we mean taking the columnwise union of the entries of
the rows. More precisely, if M is the r x n block corresponding to z,1 - - - Zor and

= (1, ..., M), then

i
UieA, Op |-
i
B o \Uien, |-+
M=) ) .
AP, : C-
A={Ay,... A}
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Note that if two A; have the same cardinality, then the variables corresponding to
their rows commute, so we can harmlessly interchange them.

Example 3.3. With these conventions, we can rewrite Example 3.2 as

1,2[1
1,1]3] men [1,1,1,2]1,3] | [t 1,2]01] 0 [1,2,2,2]1,2

- + + :
1,11 1,1,2,2[1,2] © [1,1,2,2]2, 1,1,1,1]1,3
.22

Proposition 3.4 (multiprolongations [Landsberg 2012, Section 7.5]). For a positive
integer r, the polynomials of degree r vanishing on

O'k(Sle d, (PVl* X e X U:DVn*))

.....

are precisely the elements of S (Su)V1 ® -+ ® S(a,)Va) in the intersection of
the kernels of the maps 1, where [ ranges over all partitions of r with (at most)
k parts.

Proof. Let X denote the Segre—Veronese variety SVy, . 4, (PV x--- xPV}r). As
in Section 2A, there exists a map (s*, which we now denote )

72 Sym(Sap Vi ® - - - ® S,y Vi) —> K[X]1¥,

whose kernel and image coincide with the ideal and homogeneous coordinate ring
respectively, of o3 (X). Using the description of K[X] given in Section 2E, we
obtain that the degree r part of the target of 7 is

(K[X]1%9),
= P GuwanVi® ®Sua V) ® @ (Spuap V1 @+ ® S V).
Myt =r

The degree r component of v, which we call 7., is then a direct sum of maps 7,
as in Definition 3.1, where u ranges over partitions of r with at most k parts. The
conclusion of the proposition now follows. To see that it’s enough to only consider
partitions with exactly k parts, note that if u has fewer than k parts, and 7t is a parti-
tion obtained by subdividing u (splitting some of the parts of  into smaller pieces),
then 7, factors through (up to a multiplicative factor) 77, hence ker(,) D ker(my),
so the contribution of ker(sr,,) to the intersection of kernels is superfluous. U

Definition 3.5 (multiprolongations). We write 1, (V) = 1 ,ﬁl (V) for the kernel of

the map 7, (V), and I, (V) = Ifl (V) for the intersection of the kernels of the maps
m, (V) as u ranges over partitions of » with k parts. that is, I, (V) is the degree r
part of the ideal of 0% (SVy,,.._ 4, (PV]" x --- x PV))).
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Given the description of the ideal of o} (X) as the kernel of the GL(V)-equivariant
map 7w, we now proceed to analyze m irreducible representation by irreducible
representation. That is, we fix a positive integer 7 and an n-partition A= (1!, ..., A"")
of (rdy, ..., rd,), and we restrict 7w to the A-parts of its source and target. The map
7 depends functorially on the vector spaces Vi, ..., V,, and its kernel and image
stabilize from a representation theoretic point of view as the dimensions of the V;
increase. More precisely, we have the following

Proposition 3.6 (inheritance [Landsberg 2012, Section 7.4]). Fix an n-partition
AE"r-(dy,...,d,). Letl; denote the number of parts ofkj,forj =1,...,n. Then
the multiplicities of S,V in the kernel and image respectively of w are independent
of the dimensions m j of the V;, as long as m; > l;. Moreover, if some l; is larger
than k, then S,V doesn’t occur as a representation in the image of .

Proof. The last statement follows from the representation theoretic description of
the coordinate ring of a Segre—Veronese variety, and Pieri’s rule: every irreducible
representation S V occurring in K[X 1% must have the property that each AJ has
at most k parts.

As for the first part, note that 7 is completely determined by what it does on
the A-highest weight vectors, and that the A-highest weight vector of an irreducible
representation S,V only depends on the first /; elements of the basis %, for
j=1,...,n O

We just saw in the previous proposition that (the A-part of) 7 is essentially insen-
sitive to expanding or shrinking the vector spaces V;, as long as their dimensions
remain larger than /;. Also, the last part of the proposition allows us to concentrate
on n-partitions A where each A’ has at most k parts. To understand 7z, we thus
have the freedom to pick the dimensions of the V; to be positive integers at least
equal to k. It might seem natural then to pick these dimensions as small as possible
(equal to k), and understand the kernel and image of 7 in that situation. However,
we choose not to do so, and instead we fix a positive degree r and concentrate our
attention on the map 7,, the degree r part of . We assume that

dm(V;)=r-d;, i=1,...,n.

The reason for this assumption is that now the sl zero-weight spaces of the source and
target of 7, are nonempty and generate the corresponding representations. Therefore
7, is determined by its restriction to these zero-weight spaces, which suddenly
makes our problem combinatorial: the zero-weight spaces are modules over the
Weyl group, which is just the product of symmetric groups S,4, X - - - X S,4,, allowing
us to use the representation theory of the symmetric groups to analyze the map .
We call this reduction the “generic case”, because the sl zero-weight subspace of
S (SwunpV1®---® S, Va) is the subspace containing the most generic tensors.
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3B. The “generic case”.

3B.1. Generic multiprolongations. We let d, r denote the sequences of numbers
(di,...,dy)andr-d = (rdy, ..., rd,) respectively. We let S, denote the product
of symmetric groups S,4, X - - - X Syq4,, the Weyl group of the Lie algebra s[(V') of
GL(V) (recall that dim(V;) =m; =rd; for j =1,...,n).

Definition 3.7. We denote by U,d the sl(V) zero-weight space of the represen-
tation S(r>(S(d1)V1 ® - ® Suy)Vn)- U¢ has a basis consisting of monomials
m = z,1 - - - Zor, Where for each j, the elements of {a . ’} form a partition
of the set {1, ..., rd;}, with |a | =d;. Alternatively, U has a ba51s consisting of
r x n blocks M where each column of M Yyields a partition of the set {1, ..., rd;}
with r equal parts.

Example 3.8. Forn =2,d; =2, d, =1, r =4, a typical element of U,d 18

1,6
2,3
4,5
7,8

= Z({L,6L{1) T 2({2,31,{4) " 2({4,51.{2) " 2({7.8).(3) =

W A=

S, acts on U,d by letting its j-th factor Srd; acton the j-th columns of the blocks
M described above. As an abstract representation, we have

d Sy
Uy = Ind(s,,1 X e X Sy ) 1S @,

where : denotes the wreath product of (Sg, x --- X Sg,)" with S, and 1 denotes the
trivial representation (we will say more about this identification in Section 3C). For
now, recall that for a group H and positive integer r, the wreath product H" @ S, of
H" with the symmetric group S, is just the semidirect product H" < S, where S,
acts on H" by permuting the r copies of H. The dimension of the space Urd is

N = N’,Td — (rdl)'(rdz)' ce (”'dn)'
(dl'dz'dn|)rr'

Example 3.9. Continuing Example 3.8, let 0 = (07, 02) € Sg X S4, where, in cycle
notation, o1 = (1, 2)(5, 3,7), oo = (1, 4, 3). Then

2,6|4

1,7|3
o-M= 4302 Or 0 -Mm = Z({2,6},{4)) " TL7L(3D) " 2({4,3}.{2) " 2({5.8).{1})-
1

5,8

Definition 3.10. For a partition p written in multiplicative notation y = (,uff ‘e ui“)

as in Definition 3.1, we define the space U, ff to be the sl zero-weight space of the



Secant varieties of Segre—\Veronese varieties 1833

representation

S
Q) Sty (Susan Vi ® -+ ® Sy Vi)
j=1

Writing u = (u1, ..., 4y) we can realize U,ﬁl as the vector space with a basis
consisting of ¢ x n blocks M with the entry in row i and column j consisting of
wi - d; elements from the set {1, ..., rd;}, in such a way that each column of M
represents a partition of {1, ..., rd;}. Asusual, we identify two blocks if they differ
by permutations of rows of the same size, that is, corresponding to equal parts of .
Note that when p = (17) we get Uff = Ufl , recovering Definition 3.7.

We can now define the generic version of the map m, from Definition 3.1:

Definition 3.11. For a partition u F r as in Definition 3.1, we define the map
Ty Ur’j — U,‘;i ,

to be the restriction of the map from Definition 3.1 to the sl zero-weight spaces of
the source and target.

Example 3.12. The generic analogue of Example 3.3 is:

1,6[1

2,3[4| man [1,2,3,6]1,4] | [1,4,5,6][1,2]  [1,6,7,8]1,3
o + + :

4,52 4,5,7,8(2,3| " [2,3,7,8|3,4| ' [2,3,4,5[2,4

7,83

If instead of the partition (2, 2) we take u = (2,1, 1) = (122), then we have

1,6 All. 1,273,6 1,4 1,4, ),') 1’2 1,6’ 7’8 1,3
T

2,3 @11 ’ , ’

;,8 3 > ’ 3 95 2

2,3,4,5]2,4 2,3,7,8]3,4] [4,5,7,8[2,3
+ 16 [ 1]+ 1,6 [1|+] LLe |1
7,8 |3 4,5 |2 2.3 | 4

Note that if we compose 7(>,1,1) with the multiplication map that collapses together
the last two rows of a block in U ((22 ’11)1), then we obtain the map 2 - 72 2).

Definition 3.13 (generic multiprolongations). We write /,, =1 ,‘;l for the kernel of
the map 7, (introduced in Definition 3.11), and I, = 1,4 for the intersection of 1, as
W ranges over partitions of » with at most (exactly) k parts. We refer to I, as the set
of generic equations for o3, (SVy(PV®---®@PV))), or generic multiprolongations
(see Proposition 3.4).
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3B.2. Tableaux. The maps m,, for various partitions p, are S,-equivariant, so
to understand them it suffices to analyze them irreducible representation by irre-
ducible representation. Recall that irreducible S,-representations are classified by
n-partitions A " r, so we fix one such. This gives rise to a Young symmetrizer c;
as explained in Section 2C, and all the data of 7, (concerning the A-parts of its
kernel and image) is contained in its restriction to the A-highest weight spaces of
the source and target, that is, in the map

=7, (X): c,\~U,4 — cx-Uff.

We now introduce the tableau formalism that’s fundamental for the proof of our
main results, giving a combinatorial perspective on the analysis of the kernels and
images of the maps m,, which are the main objects we’re after.

The representations U ff are spanned by blocks M as in Definition 3.10, hence
the vector spaces c; - Uff are spanned by elements of the form c, - M, which we
shall represent as n-tableaux, according to the following definition.

Definition 3.14. Given a partition u = (1, ..., ;) F r, an n-partition A " r and
ablock M €U ff , we associate to the element ¢; - M € ¢; - U, 5 the n-tableau

T=T,. ... THh=T'®---®T"

of shape A, obtained as follows. Suppose that the block M has the set ai. in its i-th
row and j-th column. Then we set equal to i the entries in the boxes of T/ indexed
by elements of oz; (recall from Section 2C that the boxes of a tableau are indexed
canonically: from left to right and top to bottom). Note that each tableau 7/ has
entries 1, ..., ¢, with i appearing exactly pu; - d; times.

Note also that in order to construct the n-tableau T we have made a choice of the
ordering of the rows of M: interchanging rows i and i" when u; = u; should yield
the same element M € U, g , therefore we identify the corresponding n-tableaux that
differ by interchanging the entries equal to i and i’.

Example 3.15. Weletn =2,d=(2,1),r =4, u = (2, 2) as in Example 3.2, and
consider the 2-partition A = (', A2), with A! = (5, 3), A> = (2, 1, 1). We have the
situation depicted in Figure 1.

Let’s write down the action of the map m, on the tableaux of Figure 1:

1]3]

1[2]2]3]3

Tul\[1]4]4 ®‘2‘
:1112\2\®é2‘+1221\1\®;1‘+1222\2\®%z.
1[2]2 T 1]2]2 > 1[1]1 1
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1,6[1

o 12304 1223\3\®i3‘

» 14,52 14]4 £
7.8]3 =
2.3]4

o 183 3114\4\®§4‘

11, 6]1 31202 T
4,52 —

Figure 1. (See Example 3.15.)

We collect in the following lemma the basic relations that n-tableaux satisfy.
Lemma 3.16. Fix an n partition > " r, and let T be an n-tableau of shape M.

(1) If o is a permutation of the entries of T that preserves the set of entries in each
column of T, then o (T) = sgn(o) - T. In particular, if T has repeated entries
in a column, then T = 0.

(2) If o is a permutation of the entries of T that interchanges columns of the same
size of some tableau T/, then o (T) =T.

(3) Assume that one of the tableaux of T, say T/ has a column C of size t with
entries ay, as, . .., a;, and that b is an entry of T/ to the right of C. Let o;
denote the transposition that interchanges a; with b. We have

T=> o;(I).
i=1

We write this as

ai| b ‘ ap | a;
al' = E b [}
: i=1

|4t | |4t |

disregarding the entries of T that don’t get perturbed.

Proof. (1) follows from the fact that if 0 € C, is a column permutation, then
b}; o = —bx.
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(2) follows from the fact that if o permutes columns of the same size, then o € R),
is a permutation that preserves the rows of the canonical n-tableau of shape A (so
in particular a, - 0 = a,), and o0 commutes with b,. It follows that

o =a, (by-0)=ay (0-by)=(ar-0)-b)=ay b, =c.

(3) follows from Corollary 3.22 (note the rest of the proof uses the formalism of
Section 3B.3 below). Let us assume first that all entries ay, ..., a;, b are distinct.
If T is the n-tableau obtained by circling the entries ay, ..., a;, b, then

al (e
-2l

i=1

~q
I

By skew-symmetry on columns (part (1)), the effect of circling ¢ entries in the same

column of a tableau T is precisely multiplying 7 by ¢!. It follows that we can
rewrite the relation above as

ai| b ‘ ai | a;
: t .
T =1l ai o Z b
i=1
K3 |44 |

By Corollary 3.22, T =0, which combined with the preceding equality yields the
desired relation.

Now ifay, ..., a;, b are not distinct, then either a; = a; for some i # j, or b =aq;
for some i. If a; = a;, then T and oy (T), k # i, j, have repeated entries in the
column C, hence they are zero. Relation (3) becomes then 0 = 0;(T') +0;(T). But
this is true by part (1), because o0;(T') and o;(T) differ by a column transposition.

Assume now that b =a; for some i. Then o (T') has repeated entries in the column
C for j # i, thus relation (3) becomes T = o; (T'), which is true because a; = b. [

There is one last ingredient that we need to introduce in the generic setting,
namely generic flattenings.

3B.3. Generic flattenings.

Definition 3.17 (generic flattenings). For a decomposition d = A + B, where
A=(y,...,ay)and B=(by,...,b,) (sod; =a; +b; fori =1, ..., n), we define
a generic (A, B)-flattening to be an n x n matrix whose (i, j)-entry is z,iyg;, for
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o =(af,....a), B = (B, ..., B}, with |a}| = a;, |8;| = b, and such that for
fixed j, the sets oz;'., ,Bj. form a partition of the set {1, ..., rd;}.

We write Fﬁ:; for the subspace of U,d spanned by expressions of the form
!, B B e 2y,
where [, ..., aF g1, ..., B]=det(zginpi), &' =(af, ..., ab), B =(Bi, ..., B,

yi=@l, ...y, with |aj.| =aj, |ﬂ;|:bj and |y;.'|:dj,and such that for fixed j,

the sets ozi., j., y; form a partition of the set {1, ..., rd;}. We refer to the elements

of Fﬁ’% as generic flattening equations.
Example 3.18. Take n = 2, d = (2,1) and r = 4, as usual. Take A = (1, 1),
B =(1,0) and k = 3. A typical element of F};"}; looks like

D =[({1}, {1}, ({3}, {4D), (7}, BHIA6) {1, (2}, {D. ({8}, D] 245102

Z({L,65{1) 2(L2h{1h 2{L8}{1h
=det | 2(3,6).44) (32,14 L(B.8)L14D | Z(14.5.(2))-
Z({7,61,(3) 2({7.21.(3) <({7.8},{3)

Expanding the determinant, we obtain

1,6]1 1,2]1 1,8]1 1,6]1 1,8]1 1,2]1
3,2]4] [3.,6]4] [3,2]4] |3.8[4] , [3.6]4]  [3.8]4
D = - - - + + :
7,8|3]  |7.8[3] |7.6|3] [7.2]3] " |7.2]3] " |7.6]3
4,512]  |4,5]2] |4,5]2] |45]2] [4,5]2] [4.5]2

Notice that all the blocks in this expansion coincide, except in the entries 2, 6, 8
that get permuted in all possible ways. Let’s multiply now D with the Young
symmetrizer c, for A = LA, Al =(5,3)and A2 =(2,1,1). We get

114] 1]4]
oo = [REF e 3 - e 1
2 2
_1224\4\®§4‘_1324\4\®§4‘
3131 B 113]2 B
1]4] 1]4]
1]3[2]4]4] 1[1]2[4]4]
BRI ®% T 1371302 ®%'

Note that all the 2-tableaux in this expression coincide, except in the 2nd, 6th and
8th box of their first tableau, which get permuted in all possible ways. We represent
¢+ D by a 2-tableau with the entries in boxes 2, 6 and 8 of its first tableau circled
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(see also Definition 3.19 below):

. p [z, Y
D33 By

To reformulate this one last time, we write

1]4] 1]4]
11@2]4]4] 112]2]4]4]

® (3] = ) sen@) o ® 3] |

e 2] s H 2]
where S3 = §(1,2,3) is the symmetric group on the circled entries.

Definition 3.19. Let A, B and Fﬁ”% as in Definition 3.17, let
D=la',....a" B ... Bl zypn -2y € FYT,

andlet A\F"r = (rdy, ..., rd,). Welety! =a' UB! fori =1, ..., k, and consider
T = ¢, - m the n- tableau correspondlng to the monomial m = z,1---z,r. We
represent ¢, - D € hth(F B) as the n- tableau T with the entries in the boxes
corresponding to the elements of ! , o circled. Alternatively, we can circle
the entries in the boxes corresponding to the elements of B!, ..., ~.

It follows that a spanning set for hwt, (F j:rl;) can be obtained as follows: take
all the subsets 6 C {1, ..., r} of size k, and consider all the n-tableaux T with a;
(alternatively b;) of each of the elements of 6 circled in TJ. Of course, because of
the symmetry of the alphabet {1, ..., r}, it’s enough to only consider ¢ ={1, ..., k},
so that the only entries we ever circle are 1, 2, ..., k.

Continuing with Example 3.18, we have

4]

4] @2@4\4\@)

11@]2]4]4]
® J—
1133

D33

C);D =

(o] ]—]
Bee

Our goal is to reduce the statement of Theorem 4.1 to an equivalent statement that
holds in the generic setting, and thus transform our problem into a combinatorial
one. More precisely, we would like to say that the space of generic flattening
equations coincides with the intersection of the kernels of the (generic) maps 7,
and that this is enough to conclude the same about the nongeneric case. One issue
that arises is that we don’t know at this point (although it seems very tempting to
assert) that the zero-weight space of the space of flattening equations coincides
with the space of generic flattening equations. Section 3C will show how to take
care of this issue, and how to reduce all our questions to the generic setting.
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3B.4. 1-flattenings. In this section we focus on the space of generic 1-flattening
equations, F; = F lk ", defined as the subspace of U,d given by

We shall see that F has a very simple representation theoretic description, which
by the results of the next section will carry over to the nongeneric case.

Proposition 3.20. With the notations above, we have

Fi = WhHi.

A"
A 7#0

where (U, ,4 ). denotes the A-part of the representation Urgl , and Ay # 0 means A,{ #0
forsome j =1, ..., n,that is, some partition X has at least k parts.

Proof. We divide the proof into two parts:

a) If A " r is an n-partition with some A’/ having at least k parts, and T is an
n-tableau of shape A, then T € Fj.

b) If A F" r is an n-partition with all A/ having less than k parts, then c; - F; = 0.

Let us start by proving part a). We assume that A/ has at least k parts and consider
T an n-tableau of shape A. If T/ has repeated entries in its first column, then T = 0.

Otherwise, we may assume that the first column of T/ has entries 1,2, ..., ¢ in
this order, where ¢ is the number of parts of A, t > k. We consider the n-tableau
T obtained from T by circling the entries 1,2, ...,k in the first column of T,
We have

®

@

T:Tl(g)...@ : : R---QT",
®
k+1]---

that is,

T= Z sgn(o) -o(T),

oSy
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where Sj denotes the symmetric group on the circled entries. Since o (T) differs from
T by the column permutation o, it follows by the skew-symmetry of tableaux that
o(T) =sgn(o) - T. This shows that

T=k T T=%-TGF1,

proving a).
To prove b), let

1 ki pl k k,
D=la,...,a"|B",....B ]‘Zyk+l'-’Zyr€FA’rB,

for some A + B =d with |A| = 1. We have that b, - D is a linear combination of
terms that look like D, so in order to prove that ¢, = a;,- b, annihilates D, it suffices
to show that a; - D = 0.

We have A = (ay, ..., a,) witha; =1 for some j and a; =0 fori # j. We can
thus think of each of &', ..., &* as specifying a box in the partition A/. Since A/
has less than k parts, it means that two of these boxes, say p and ¢, lie in the same
row of A/. Let o = (p, gq) be the transposition of the two boxes. o is an element in
the group R, of permutations that preserve the rows of the canonical n-tableau of
shape A (Section 2C), which means that a, - 0 = a;. However,

o-[al,...,a”,...,aq,...,ak|,81,...,,3k]
=[a!, ..., a4, ... P, ... 5B, ..., BN

kil k
=—[a,....,al,...;a%, ..., a"|B", ..., B"],

since interchanging two rows/columns of a matrix changes the sign of its determinant.
We get
ay-D=(ay-0)-D=ay-(0-D)=a, - (—D)=—a;- D,

hence a; - D = 0, as desired. O

Remark 3.21. The nongeneric 1-flattening equations give the equations of the
so-called subspace varieties (see [Landsberg 2012, Section 7.1; Weyman 2003,
Proposition 7.1.2]), and in fact this statement is essentially equivalent to our
Proposition 3.20 via the results of the next section, namely Proposition 3.27.

Corollary 3.22. Let 6 C {1, ..., r} be a subset of size k. If ) is an n-partition with
each M/ having less than k parts, and T is an n-tableau of shape X, with one of each
entries of € in T/ circled, then T = 0. More generally, with no assumptions on A, if
the circled entries in T/ all lie in columns of size less than k, then T = 0.

Proof. The first part follows directly from Proposition 3.20, since T is a 1-flattening
equation, and the space of 1-flattening equations doesn’t have nonzero A-parts when
A is such that each of its partitions have less than k parts.
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For the more general statement, we can apply the argument for part b) of the
proof of the previous proposition. If

D=la',....e" B ... B 2z € Fy

is such that each o’ corresponds to a box of T/ situated in a column of size less than
k, then since column permutations don’t change the columns of the boxes corre-
sponding to the o', it follows that by - D is a combination of expressions D’ with the
same properties as D. To show that ¢,- D =0, it is thus enough to prove that a;- D =0.
The proof of this statement is identical to the one in the preceding proposition. [

Many of the classical results on the representation theory connected to secant
varieties of Segre—Veronese varieties can be recovered from the generic perspective.
For some of them, including the Cauchy formula or Strassen’s equations, and their
generalization by Landsberg and Manivel [2008], the reader may consult [Raicu
2011, Chapter 5].

3C. Polarization and specialization. In this section Vi, ..., V, are again vector
spaces of arbitrary dimensions, dim(V;) =m;, j=1,...,n. Letr = (r1, ..., 1)
be a sequence of positive integers, and let

W = V1®rl ®...®Vn®r".

Let S, denote the product of symmetric groups S, x --- x S, ,and let G C S, be a
subgroup. Consider the natural (right) action of S, on W obtained by letting S,, act
by permuting the factors of \/i®ri. More precisely, we write the pure tensors in W as

v:®v,~j, WithUijEVj,jZl,...,I’l,iZl,...,l’j,
i,j

and for an element o0 = (ol, ..., 0" eSSy, welet
V*O :®voj(i)j'
ij

This action commutes with the (left) action of GL(V) on W, and restricts to an
action of G on W. It follows that WY is a GL(V)-subrepresentation of W.

Proposition 3.23. Continuing with the notation above, let U = W¢, U’ = Indif D).
Let A F" r be an n-partition with A/ having at most m j parts. The multiplicity of
S,V in U is the same with that of [A] in U’.

Moreover, there exist polarization and specialization maps

P, iwty(U) — U/, 0, :U — wty (U),

with the following properties:
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(1) Q, is surjective.
(2) Py is a section of Q.
(3) P, and Q;, restrict to maps between hwty (U) and hwt, (U") which are inverse

to each other.

Proof. The first part is a consequence of Schur—Weyl duality (Lemma 2.2) and
Frobenius reciprocity (Lemma 2.4). We start with the identification

U = WE = Homg (1, Res.: (W)).
Using Schur—Weyl duality we get

W=V oV =@QmesV;
AFE

therefore the previous equality becomes

U= @ Homg (1, Resg([)»])) ® S, V.
A=y

Frobenius reciprocity now yields
Homg (L, Resg; ([11)) = Homs, (Indg; (1), [A]) = Homs, (U, [1]).

We get

U = @D Homs, (U, [\) ® SV,
A=

hence the multiplicity of S,V in U coincides with that of [A] in U’, as long as
S,V # 0, that is, as long as m is at least as large as the number of parts of the
partition A/.

It follows that the vector spaces hwt; (U) and hwt; (U’) have the same dimen-
sion, equal to the multiplicity of S,V and [A] in U and U’ respectively. We next
construct explicit maps P,, O, inducing isomorphisms of vector spaces between
the two spaces.

We identify an element o = (o!,...,0" € S, with the “tensor”

Qa’ ),
ij

and consider the (regular) representation of S, on the vector space R with basis
consisting of the tensors o for o € S,. The left action of S, on R is given by

U'®aij :®Uj(aij)a
ij ij
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while the right action is given by
®aij k0 = ®aa_,'(i)j.
iJ iJj
We consider the vector space map O, : R — W given by

®aij — ®gj(aij),
iJ iJ

where g; : {1,...,7;} = B; is the map sending a to x;; if the a-th box of A/ is
contained in the i-th row of A/ (or equivalently if )»{ +-- -+)»{71 <a< )»{ +-- -—H»lj).
The image of Q, is wt; (W). It is clear that if a = ®i’j a;j and b = ®,~’j b;j, then
0;.(a) = 0;(b) if and only if a = o - b for o € §, a permutation that preserves
the rows of the canonical n-tableau of shape A. It follows that we can define
P, :wt; (W) — R by
P, (@) = 5100,

where a; is the row symmetrizer defined in Section 2C, hence P, is a section of Q.

Notice that P, and Q; are maps of right S,-modules, that is, they respect the
x-action of S, on R and wt; (W) respectively.

Let us prove now that P, and Q) restrict to inverse isomorphisms between
hwt; (R) = ¢, - R (recall from Section 2C that ¢, denotes the Young symmetrizer
corresponding to A) and hwt; (W). The two spaces certainly have the same dimen-

sion (take G = {e} to be the trivial subgroup of S, and apply the first part of the
proposition), so it’s enough to prove that for a’ € hwt, (R)

a) 0;(a’) € hwty (W), and
b) Pi(Q:(a) =d.
To see why part b) is true, note that
1
Pi(Qu(ar-a) = 55} -a=a;-a,

that is, P, o Q, fixes ay) - R. Since hwt,(R) = ¢, - R C ay - R, it follows that
P, (Q;(a")) = a’. To prove a) we need to show that Q;(a’) is fixed by the Borel
(recall the definition of the Borel subgroup from 2C). It’s enough to do this when

a':ck-a, a:®aij.
i,j

The pure tensor a corresponds to an element o € S,, so we can write a = e x 0,

where
e=Qeij
i
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is the “identity” tensor, e;; =i for all i, j. It follows that

0,.(a") = Qx(cr-a) = Qx(ay-by-exo) =1 - Qy(by-e) x0.

Since the *-action commutes with the action of the Borel, it is then enough to prove
that Q, (b, - e) is fixed by the Borel. But this is a direct computation:

Qi(br-e) = Q) x1j A+ Axgy s

i,j

where (A/)’ denotes the conjugate partition of A4, so that in fact (A/ ); denotes the
number of entries in the i-th column of A/. In any case, it is clear from the formula
of O, (b, -e) that it is invariant under the Borel, proving the claim that P, and Q;
restrict to inverse isomorphisms between hwt, (W) and hwt; (R).

To finish the proof of the proposition, it suffices to notice that, by Remark 2.3,
we have the identities

U=W°=Wxs and U’ =Ind2(1) = Rxs, where s= Zg.
geG
Now since Py, Q, respect the x-action, it follows that they restrict to inverse
isomorphisms between
hwt, (W)ss =hwt, (Wsxs) =hwt, (U) and hwt; (R)*s=hwt; (Rxs)=hwt, (U"),
proving the last part of the proposition. O

We shall apply Proposition 3.23 with r = (rdy, ..., rd,) and
d
U=U(V)=S8»(SapV1® &S, Vn),

or more generally

S
d
U=Ui(V)=Q) S,y Suan V1 ® @ Siu,a) V),
j=1

the source and target respectively of the map 7, in Definition 3.1. W is now the
representation

W = V1®rd1 R -® Vn®rd,, )

We start with U = UZ (V). We have U = WG, where G = (Sy, % -+ x Sg.)" 1S,
is the wreath product between (Sz x --- X S4,)" and S,, and G is regarded as
a subgroup of S, as follows. First of all, we identify an element o € G with a
collection

o= ((o]]“)jzl,m,n, r), where o}‘ € de, Tes.
k=1,....r
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Then, we think of S, = S,4, X - - X S;4, as a product of symmetric groups, where
Sra; 1s the group of permutations of the set @; = {1, ..., rd;}. Furthermore, we
think of an element o € G as an element of S, by letting crj’.‘ act as a permutation of

(k) —=1)-dj+1,...,t(k)-d;j} CD;.

For example, when d; = - - - =d,, = 1, G is just the group S,, diagonally embedded
in S". With this G, we let U’ = Indy: (1).
One can now see why the representation Ufl , as defined in the previous section,

can be identified with U’. Recall that U,d was defined as a space of r x n blocks
with certain identifications. Consider the block

{1,....d:1} {1,...,ds} {1,....d.}
{di+1,...,2d,} {da+1,...,2d>} {d.+1,...,2d,}

{r=Dd1+1,....rd1}| {r—1Ddr+1,...,rda}| - |[{(r—1)dp+1,...,rdy}

G acts trivially on M (because each ajl.‘ does, and because the effect of 7 is just
permuting the rows of M), and all the other blocks are obtained from M by the
action of some element of S,. One should think of the span of M thus as the trivial
representation 1 of G that’s induced to S;.

It is probably best to forget at this point that U’ was the zero-weight space of a
certain representation, and just think of it abstractly as the induced representation
Indff (1), with its realization as a space of blocks. An important point to notice now
is that for any decomposition d = A + B and any k, r, we have

Py(W(Fy,(V) C Fy'y, and  Qi(F4'p) C Wh(Fy5(V)),

where Fﬁ:; (Definition 3.17) is the generic version of Fﬁ:;;(V) (Definition 2.6).
This means that on the corresponding A-highest weight spaces, P, and Q, restrict
to isomorphisms

hwty (Fy'5 (V) = hwt; (F47p).

Example 3.24. Here’s an example of specialization, involving blocks we’re already
familiar with. Letn =2, d; =2, b =1, r=4, A1 =(5,3), A2=(2, 1, 1). For
the specialization map Q) we have

161 1201

_[2.3]4] o (113,

M=25n — maa =M
7.3(3 2.202
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0; sends 1, 2, 3, 4, 5 from the first column of M to 1, because boxes 1, 2, 3, 4, 5 of
A1 lie in the first row of A!, and it sends 6, 7, 8 to 2 because boxes 6, 7, 8 of ! lie
in its second row. A similar description holds for the second column of M and A2.

Although we won’t write down explicitly P, (M) in this example (see the example
below for a concrete illustration of the action of P;), we will just mention that
P, (M) is the average of the blocks that specialize to M’ via the specialization map
Q. Of course, M is one such block, but there are many more others.

Example 3.25. Letn =3,d; =dr=d3=1and A' =22 =13 =2, 1). If
m = Z1).0). 222 BLap 2L e € U
then Q;(m) = z(1y,1),(0n 211,23, 1p 22, (1), 12p € U and

P;.(Qx(m))
= é(Z({l},{1},{2})2({2},{3},{1})5({3},{2}»{3}) 2321 111,2D 2 1L 31D 23} 2),13D)
T2 (LD 22K BL2DTA3121. 6D T 221 (110D 2L 312D (3L 2).13D)
T2 212DZA2LBLIDZA3LLB) T 225 2L E2DZLBLIDZBLILB)

F2((1).420.0) 23120, 63120 231 (11.3D) F 2321 2).1) 2d 1631, 2D 233111, 3) -

When U = Ug(V), with = (11! - - 1), we get U = W9, where
S
6= @ (Suin % S,015,).
j=1

It follows that U’ = Ind% m=U ,ﬁl with the realization as a space of blocks explained
in the preceding section.

We note that the maps 7, and 7, (V) commute with the polarization and spe-
cialization maps Pj, O, that is, we have a commutative diagram:

Ox

vl . wi, (UL (V)
ﬂul lmw (3-1)
Ox
ud = w(Uf (V)

Example 3.26. Letd = (2, 1), r =4, u=(2,2), A\' =(5,3), A2 =(2,1,1). We
only illustrate the specialization map Q,, with the above diagram transposed:
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1,61

2,314 Ty 1,2,3,6 1,4+1,4,5,6 1,2+1,6,7,81,3
4,52 4,5,7,8(2,3 2,3,7,8(3,4 2,3,4,5|2,4
7,83

078 0,

1,21

1,113 7 (V) 1,1,1,2 1,3+1,1,1,2 1,1+1,2,2,2 1,2
1,11 1,1,2,2(1,2 1,1,2,212, 1,1,1,1]1,3
2,212

Restricting (3-1) to the A-highest weight spaces, we obtain a commutative diagram

d Ox d
hwt, (Uy) . hwt, (Uy (V)
s
ﬂML l”u(v)
d o d
hwt; (Uy) : hwt, (U, (V))
s

where all the horizontal maps are isomorphisms. This shows that the A-highest
weight spaces of the kernels of 7, and 7, (V') get identified via the polarization and
specialization maps, and therefore the same is true for Ird and Ird (V): the generic
multiprolongations and multiprolongations correspond to each other via polarization
and specialization. We summarize the conclusions of this section:

Proposition 3.27. The polarization and specialization maps P, and Q) restrict
to maps between generic flattening equations and flattening equations, inducing
inverse isomorphisms

hwty, (F}') = hwt; (F375 (V).

They also restrict to maps between the kernels of the generic w, and the nongeneric
ones, inducing inverse isomorphisms

hwt, (ker(,)) = hwt; (ker(m,(V))).

As a consequence, P and Q) yield inverse isomorphisms between the A-highest
weight spaces of generic and nongeneric multiprolongations

hwt, (I9) ~ hwt, (IZ (V).
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It follows that in order to show that flattening equations coincide with multipro-
longations for the variety of secant lines to a Segre—Veronese variety (Theorem 4.1),
it suffices to prove their equality in the generic setting.

4. The secant line variety of a Segre—Veronese variety

This section is based on the techniques developed in the preceding one. We use
the reduction to the “generic” situation to work out the analysis of the equations
and coordinate rings of secant varieties of Segre—Veronese varieties in the first
new interesting case, that of varieties of secant lines. We show how in the case
of the secant line variety 07 (X) of a Segre—Veronese variety X, the combinatorics
of tableaux can be used to show that the “generic equations” coincide with the
3 x 3 minors of “generic flattenings”. In particular, we confirm a conjecture of
Garcia, Stillman and Sturmfels, which constitutes the special case when X is a Segre
variety. We also obtain the representation-theoretic description of the homogeneous
coordinate ring of o, (X), which in particular can be used to compute the Hilbert
function of 0>(X). In the special cases when 0, (X) coincides with the ambient
space, we obtain the decomposition into irreducible representations of certain
plethystic compositions. Section 4A describes the statements of our results, while
Section 4B contains the details of the proofs.

4A. Main result and consequences. The main result of this work is the description
of the generators of the ideal of the variety of secant lines to a Segre—Veronese
variety, together with the decomposition of its coordinate ring as a sum of irreducible
representations.

Theorem 4.1. Let X = SVy, . 4, (PV x PV} x--- xPVy) be a Segre—Veronese
variety, where each V; is a vector space of dimension at least 2 over a field K of
characteristic zero. The ideal of 07(X) is generated by 3 x 3 minors of flattenings,
and moreover, for every nonnegative integer r we have the decomposition of the
degree r part of its homogeneous coordinate ring

KlooX)l= @ SuVi®- - @SuV)™,
A=, am
Mbrd;
where m;_is obtained as follows. Set

A
fA: max [—2—‘, e)L:)»é—l-"-—i—)»g.
i=1,...,n dl'
If some partition ' has more than two parts, or if e, < 2f., then m, = 0. If
e, >r—1,thenm; = |r/2| — fo + 1, unless e, is odd and r is even, in which case
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my = |r/2] — fi. If e, <r — 1 and e; > 2f;, then my = (e, +1)/2] — fr, + 1,
unless e, is odd, in which case m) = |(ey +1)/2| — fo.

As a consequence, we derive the conjecture by Garcia, Stillman and Sturmfels
concerning the equations of the secant line variety of a Segre variety.

Corollary 4.2. The GSS conjecture (Conjecture 1.1) holds: namely, the ideal of the
variety of secant lines to a Segre product of projective spaces is generated by 3 x 3
minors of flattenings.

Proof. This is the first part of Theorem 4.1 whend) =d, =---=d,, = 1. ([

Combining Theorem 4.1 with known dimension calculations for secant varieties
of Segre and Veronese varieties, we obtain two interesting plethystic formulas. We
do not claim that these formulas are new: since all the vector spaces involved have
dimension two, the representation theory of sl; can be also used to deduce them.
However, we hope that the simple idea we present, together with a generaliza-
tion of the last part of Theorem 4.1 to higher secant varieties, would yield new
plethystic formulas for decomposing Schur functors applied to tensor products of
representations.

Corollary 4.3. a) Let V|, V,, V3 be vector spaces of dimension two over a field K
of characteristic zero, and let r be a positive integer. We have the decomposition

Sym(Vi@v,@Va) = P SuVi®SpVhe S V)",
A=01203)
AMbEr
where m;,_ is obtained as follows. Set f, = max{ké, k%, Xg}, e, = ké + A% + kg.
If some partition \' has more than two parts, or if e;, < 2 f;., then my, = 0. If
ey >r—1,thenmy =|r/2]|— fo,+1, unless e, is odd and r is even, in which case
my = |r/2] — fo. Ife, <r—1lande), >2f, thenm; = [(e,+1)/2] — fr,+1,
unless e, is odd, in which case m) = |(e), +1)/2| — f,.

b) Let Vy, Va be vector spaces of dimension two over a field K of characteristic
zero, let r be a positive integer and let |u = (111, U2) be a partition of r with at
most two parts. We have the decomposition

S,(Vi®W) = @ (S VI ® Sy2 Vo)™,
A=, 0%)
Mr

withmy =mgi ;2 y, where mg 52 ) is as defined in part a).

Proof. Part a) follows from the fact that the secant line variety of a 3-factor Segre
variety X has the expected dimension, namely 2 - dim(X) + 1. In the case we
are interested in, X = Seg(P' x P! x P!) has dimension 3 and is a subvariety of
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P222-1 = P7 50 0»(X) fills in the whole space. This means that the coordinate

ring of 0»(X) and P7 coincide, that is,
K[02(X)] =Sym(V; ® V2 ® V3),
and therefore we can use the description of Theorem 4.1 to compute
K[ (X)], =Sym" (V1 ® V2 ® V3).

As for part b), let V3 be another vector space of dimension two. Part a) tells us
how to decompose Sym” (V; ® V> ® V3) in general. On the other hand, regarding
V1 ® V, ® Vs as the tensor product between the vector spaces V, ® V, and Vi, we
can use Cauchy’s formula to obtain

Sym" (Vi@ V2 ® V3) = @ S (Vi@ V) ®S,Vs.
ukr

Now the desired formula for the multiplicity of the irreducible representations
occurring in S, (V1 ® V») follows by combining the formula from part a) with the
Cauchy formula depicted above. ([

Corollary 4.4. Let V be a vector space of dimension two over a field K of charac-
teristic zero. We have the decomposition

Sym’ (Sym*(V)) = (S, V)™,
A=3r

where m;_is obtained as follows. Set

fi= {%] e, = Ap.

If A has more than two parts, or if e, < 2f, (that is, Ay = 1), then m) = 0. If
ey >r—1,thenmy = |r/2] — fo,+ 1, unless e, is odd and r is even, in which case
my = |r/2] — fi. Ifex, <r —1ande) > 2f,, thenm) = [(e; +1)/2] — fo + 1,
unless e, is odd, in which case m; = | (e +1)/2] — fi.

Proof. This follows from the fact that o, (Verz(P)), the secant line variety of the
twisted cubic, fills in the space, hence its coordinate ring is Sym(Sym?*(V)). Using
the description in Theorem 4.1 with n =1, d; =3 and V = V| of dimension 2, we
obtain the desired formula. U

4B. Proof of the main result.

Proof of Theorem 4.1. We start by outlining the main steps of the proof. We fix
a sequence of positive integers d = (dy, . .., d,) and a positive degree r, and let
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r=(rdy,...,rd,). By Proposition 3.27, it suffices to prove the generic version of
the theorem. More precisely, we let

d
F= )" FycU
A+B=d

be the set of all generic flattening equations, and let F; denote the subspace spanned
by those generic flattening equations with |A| =i. (As the rest of the proof will
imply, we have F = F| + F, + F3; see [Raicu 2010; Raicu 2011, Chapter 6] for
more precise results in this direction in the case n = 1 of the Veronese variety.)

Recall that I = Ird denotes the space of generic multiprolongations of degree r
(Definition 3.13), that is, / is the kernel of the map

T = @ nM:U=Ur£l—> @ Ug.

u=(1,12)r pu=(u1,p2)br

We have F C I, by combining Lemma 2.5 with Proposition 3.27. We will show that
F =1 and that the image of 7 decomposes into irreducible S,-representations as

7 (U) = P,

A=y

where m, is as defined in the statement of the theorem.

We list the main steps below. The details will occupy the rest of the section.

Step 0: If A is an n-partition with some A’ having at least three parts, then
hwt, (U) =hwt, (F) (Proposition 3.20), hence hwt, (F) =hwt, (I) since F C I CU.
Moreover, this also shows that m; = 0.

Step 1: We fix an n-partition A of r with each A’ having at most two parts. We
identify each tableau T with a certain graph G. We show that graphs containing
odd cycles are contained in F.

Step 2: We show that the A-highest weight space of U/ F is spanned by bipartite
graphs that are as connected as possible, that is, that are either connected, or a union
of a tree and some isolated nodes.

Step 3: We introduce the notion of fype associated to a graph G as in Step 2,
encoding the sizes of the sets in the bipartition of the maximal component of G.
We show that if G|, G, have the same type, then G| = £G, (modulo F).

Step 4: If we let
T = @ 7, U — ED u",

ukr ukr
u=(a=b) u=(a=b)

and if G; are graphs of distinct types (not contained in F'), then the elements 7 (G;)
are linearly independent. This suffices to prove that F and the kernel of 7 are
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the same, that is, that F = I. The formulas for the multiplicities m; follow from
counting the number of G;, that is, the number of possible types.

Remark 4.5. A careful look at the details of the proof will show that, in fact, in
Steps 2 and 3, instead of working modulo F it is enough to work modulo the
subspace of U spanned by graphs containing odd cycles, and that moreover, any
graph containing an odd cycle is a linear combination of graphs containing a triangle.
This implies that in fact F', and hence /, is spanned by graphs containing a triangle.
This is the structure alluded to in the introduction that makes a graph (that is, a
generic polynomial) “vanish” on the secant line variety of a Segre—Veronese variety.

Step 1. We fix an n-partition A of r with A’ = ()J'1 > ké >0),fori=1,...,n. For
each n-tableau T of shape A we construct a graph G with r vertices labeled by the
elements of the alphabet s¢ = {1, ..., r} as follows. For each tableau T of T and

column

of T of length 2, G has an oriented edge (x, y) which we label by the index i. We
will often refer to the labels of the edges of G as colors. Note that we allow G to
have multiple edges between two vertices (some call such G a multigraph), but at
any given vertex there can be at most d; incident edges of color i. Since we think of
two n-tableaux as being the same if they differ by a permutation of s, we shall also
identify two graphs if they differ by a relabeling of their nodes. Note that a graph
G determines an element in hwt, (U), by considering a tableau 7" with columns

]

for each edge (x, y) of G. The order of the columns of T is not determined by
G, but part (2) of Lemma 3.16 states that any such 7T yields the same element
of hwt, (U). The orientation of the edges of our graphs will be mostly irrelevant:
reversing the orientation of an edge of G = T will correspond to changing G to
—G (see part (1) of Lemma 3.16). When we talk about connectedness and cycles,
we don’t take into account the orientation of the edges.

Example 4.6. The graph

12‘®é3‘
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is connected and has a cycle of length 3, while

13\®13\: 1

is disconnected and has a cycle of length 2.

From now on we work modulo F, and more precisely, inside the A-highest weight
space of (U/F). This space is generated by the graphs described above. The main
result of Step 1 is this:

Proposition 4.7. If G has an odd cycle, then G = 0 (that is, G is in F).

We first need to establish some fundamental relations, that will be used throughout
the rest of the proof.

Lemma 4.8. The following relations between tableaux/graphs hold (see the inter-
pretation below):

= Ol
a) = = —2; in particular, = 0.
un P
by [xlz) e ly] L2 lx],
LY 2] LY
o Xzl g xy] _[xly] g lxlz]
LY 1 2] 1 2] LY
dy 1 z\® X z\® X y\: X z\® X y\® X y\‘
LY LY 12 ] LY 1 2] 1 2]

Interpretation: For an expression E =), ar - T, where the T are n-tableaux of
shape A, we say that £ =0 if

ZaT-Te FcCU.
T

If all the n tableaux occurring in the expression E contain the same n-subtableau S,
then we suppress S entirely from the notation (see also the comment in part (3) of
Lemma 3.16).

Example 4.9. One interpretation of part b) of Lemma 4.8 could be that

alb x|zlt]_lalb x|ylt]  lalb z]x 1]
cd®L _cd®z +cd®L ’

for any {a, b, c,d} ={x, y,z,t} = {1, 2, 3, 4}. The 2-subtableau S is in this case

S=“2®.

C
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Proof of Lemma 4.8. a) is part (1) of Lemma 3.16.

b) follows from part (3) of the same lemma (since all columns of our tableaux have
size at most two).

¢) We have

®®%@=ngn(0)-a(z Vg lx Z>=0,

geSs

QD)

(because the left hand side is contained in F>). Using parts a) and b) repeatedly, we
can express everything in terms of

xy‘ and XZ‘
< y

’

and after simplifications, the preceding equation becomes

3. xy\®xz\_xz\®xy\ _o.
z y y z

d) Part c) states that any tensor expression in

a:xz\ and b=xy‘
Yy Z

does not depend on the order in which a and b appear, so we can think of the pure
tensors in a, b as commuting monomials in a, b. Writing

x‘:b—a,

\m\<

we can translate

O3 .. W)
® ®o ©

into

®:ZSgn(0)-a<§ glxlalgx y):o

QD)

a’b — a*b — a) + (@ — b)*b — b*a — (b — a)*a + b*(a — b) = 0,

which simplifies to 3(a’b — ab?) = 0, that is, a’b = ab?, or

xz\®xz\®xy\:xz\®xy\®xy\. O
y y Z y 2 2

Corollary 4.10. If G is a graph having a connected component H consisting of
two nodes joined by an odd number of edges, then G = 0.

Proof. Interchanging the labels of the two nodes of H preserves G, but by part a)
of Lemma 4.8, it also transforms G into (—1)°G, where e is the number of edges
in H. Since ¢ is odd, G =0. O
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Corollary 4.11. If G is a graph containing cycles of length 1 or 3, then G = 0.

Proof. If G has a cycle of length 1, this follows from part a) of Lemma 4.8. If G

has a cycle of length 3, we may assume this cycle is C =0 — @ — @ — . We

have several cases to analyze, depending on the colors of the edges in this cycle.
If the edges in C have distinct colors, we need to prove that

113] o [2]1] o [1]2] _
ST ST ® 5 =0.

We have by part b) of Lemma 4.8 applied to the middle tableau that

1 2 1[2]_|1 1 1[2] |1 1

ﬂ® M® ﬂ® ﬂ® ﬂ® ﬂ®

FAI 1 I ) R Y B Y B Y B Y B Y B
where the last equality is part d) of the same lemma.
If the edges of C have the same color, we need to prove that
11]2]_
2133 =0
We have
0= QO _[1]1]2]_[2[2[1]_[3]3[2] [1[1]3], [2][2[3]  [3]3]1
QBB [2]3]3 1]3]3 2|11 31212 3111 1122
112 112]1 2111 1112 ,12]1]1 1211 [1]1]2
_233+233+332+323+323+332_6 21313/

where the penultimate equality follows from skew-symmetry on rows, while the
last one follows from part (2) of Lemma 3.16.

Finally, suppose that the edges of C have two colors, say (1, 2) and (1, 3) have
the same color. We need to prove that

1[1]2]3] o [2]1]_
T3 ®i 0.
As in the preceding case,
o - D20 , @D
Q3 S
_ 1 1]2]3] o [2]1]  [2]2]1]3] . [1]2] [3]3]2]1] - [2]3
- 23 ®i 13 ®i 2[1 ®L
a3 ]2) o (31, [2]2]13]1] o [3]2] , [3]3]1]2] o [1]3
302 ®hL a0 O Tl %2
_ < [1]1]2]3] o [2]1]
=653 ®i ;

where the last equality follows by utilizing repeatedly parts a) and c) of Lemma 4.8.
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For example, we have for the second term that

13 3 2]3 3 2|3

k)

212 1\3\® 2] [1]2 1\3\® 2] |1 12\3\® g 1]

where the last equality follows by applying part ¢) of Lemma 4.8 in the form

vzl g e[y _[2ly] g [y]2]
X X X X

with

X IREI X 13

vlz] _[2]1] 2yl _[1]2] 0

Corollary 4.12. [f an n-tableau T contains the columns

C1: and C2:,

and T' is obtained from T by interchanging two boxes and | 7 | from the same
tableau T' of T, and not contained in any of C1, Ca, then T = T' (modulo F).

Proof. If

is a column of 7' then T contains a triangle, hence T = 0. Since interchanging y
and z transforms 7 into 7/ = —T =0, it follows that T = T’. We can assume then
that y and z don’t lie in the same column of T?. If they both belong to columns of
size one of T, then interchanging them preserves T (see part (2) of Lemma 3.16).
Otherwise we may assume that y belongs to a column of size two in T, hence we
have the relation

vig|_[yl*l z]yl_|z]y]
* Z * *

’

where the last equality follows from the fact that any tableau containing C;, C, and

|

is a graph containing a triangle, that is, it is zero (Corollary 4.11). ]

Proof of Proposition 4.7. We show that a graph G (with corresponding tableau 7')
containing an odd cycle of length at least 5 is a linear combination of graphs with
shorter odd cycles. The conclusion then follows by induction from Corollary 4.11.
Suppose that C - D->2Q— .- > ®—>Disan odd cycle in G, with k > 5. We
denote by E; the edge (i,i + 1) (Ex = (k, 1)).
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Let’s assume first that there are two consecutive edges of C of the same color:
say E; and E, have color 1. If not all edges of C have color 1, we may assume
that E3 has color 2, so that 7 contains the subtableau

1[2] ¢
2[3 '
Since E, E; have color 1, it follows that d; > 2, hence there are at least two 4’s in
T!. One of them is thus not contained in Es, and therefore in none of the edges of C.
We apply Corollary 4.12 with Cy, C; the columns corresponding to E;, E3, y =2
and z =4. We can thus interchange the 2 in E| with a4 e T not in any E;, obtaining
an n-tableau 7’ = T, with T’ containing the cycle D - @D > & — --- > © — O
of length k£ — 2.

If all the E; have color 1, T contains the subtableau

11234k
21314[5]--]1

If there is an edge (3, 4) of G with color different from 1, then we can replace E3
by that edge and apply the previous case. If d; > 2 then 7' has a 4 not contained
in any E;, so we can again use the argument from the previous paragraph. Suppose
now that d; = 2. The proof of Corollary 4.12 shows that we can interchange 3
with 4 in all T (i # 1), modulo tableaux containing S and an edge (3, 4) of color
different from 1. But these we know are zero (modulo F’) by the argument above,
so we can write T = T’ where T is obtained from T by interchanging all 3’s and
4’s in T' for i > 2. We now use the relation

11234 112]3]4
2131415 2151413 2141415

S = cT.

—
[\
W
[98]

to write
T/ — T// + T///

where T” contains the cycle D — @ — ® — .- — ®© — @ of length k — 2, and
T" differs from T by interchanging all the 3’s and 4’s in 7', and doing a column
transposition in the column of E3. This shows that 7T =T'=0—T, hence T = 0.

Finally, we assume that no two consecutive edges have the same color. Since the
cycle is odd, we can find three consecutive edges with distinct colors, say Eq, E»
and Ej3, with colors 1, 2 and 3 respectively. By Corollary 4.12, we have

_[1]4] 3] _[1]2]
=0 ®i®i‘4 ®531%E

If the edge E4 in C doesn’t have color 1, then it survives after interchanging 2 and
4 as above, hence T is equal with a graph containing the odd cycle

Do @@ > ®—>D
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of length k£ — 2.
Suppose now that E4 has color 1. If the edge E5 doesn’t have color 2, then we

may repeat the argument above replacing the edges E|, E; and E3 with E,, Ej3

and E4 respectively. Otherwise, T contains the subtableau (with x =6 if k > 5 and

x=1if k =9),

14] . [2]5 3[5] _[1]2] .. [2]5 3[5] _[1]2] .. [2]5

53]
215190 %a] ~[45%3« %4 _45®3*®i’

where the first equality follows by interchanging 2 and 4 in the first factor, while
the last one follows by interchanging 3 and 5 in the last factor (in both cases we
apply Corollary 4.12). It follows that 7" is equal to a graph containing the odd cycle
D—-@®—®—-.-— ®— @ of length k — 2, concluding the proof. O

Step 2. We first translate the relations in part b) of Lemma 4.8 into basic operations
on graphs. We start with the following:

Definition 4.13. A node (J) is said to be i-saturated if there are d; edges of color i
incident to @

Remark 4.14 (basic operations). Let G be a graph containing an edge (1, 2) of
color 1. The following relations hold:

1[3]

(1) If the vertex 3 is not 1-saturated, then = 2 ‘ 3

+ 1 ‘ becomes

1

3]

O @ @
1/ = \(1 +

@ @ 0 ©® 00

—_
98]
—_

(2) If G has an edge (3, 4) of color 1, then = + becomes

®®®—>®

1 e 5

Proposition 4.15. Let A be as before, and let

n
e, = E )\.12
i=1

If e, > r — 1, then hwt, (U/ F) is spanned by connected graphs. If e, <r — 1, then
hwt, (U/F) is spanned by graphs G that consist of a tree, together with a collection
of isolated nodes.
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Proof. We first show that if G has two connected components H;, H, with H;
containing a cycle, then we can write G = G| + G, where G| and G, are graphs
obtained from G by joining the components H;, H, together.

Consider an edge (1, 2) contained in a cycle of Hj, having say color 1. Consider
anode 3 of H, and suppose first it is not 1-saturated. Using the first basic operation
of Remark 4.14, we get that G = G| + G, where G, G, are obtained from G by
connecting H, to H; via an edge of color 1. If B is 1-saturated, then in particular
there exists at least one edge, say (3,4), of color 1 in H,. The second basic
operation of Remark 4.14 yields G = G| + G,, where G, G, are obtained from G
by connecting H; and H, via two edges of color 1.

If e, > r —1, then G will contain cycles as long as it is not connected, so iterating
the procedure above, we can write G as a linear combination of connected graphs.

If e, < r — 1, the argument above reduces the problem to the case when G is
a union of trees, some of which may be isolated nodes. We show that if G has at
least two components that are not nodes, then G = G| + G,, where G, G, are
unions of trees, and the sizes of the largest components of G, G, are strictly larger
than the size of the largest component of G. Induction on the size of the largest
component of G then concludes the proof of the proposition.

Let H; be the largest component of G, and let H, be another component which
isn’t a node. If H, has only one edge, then G = 0 by Corollary 4.10. Consider
a leaf of Hy, say (), and assume first that all edges in H; have the same color,
say 1. Since H; has more than one edge and is connected, it must have a vertex
with at least two incident edges of color 1, that is, d; > 2. This means that Q) is
not 1-saturated. Let (1, 2) be an edge of H, (of color 1). The first basic operation
of Remark 4.14 shows that G = G| + G, where G|, G, are obtained from G by
expanding its largest component.

Assume now that the edges in H, have at least two colors, and that the edge
incident to @ has color 2. Let (1, 2) be an edge of H, of color different from 2, say
1. @ is not 1-saturated, thus we can use the first basic operation of Remark 4.14 as
in the preceding case. O

Step 3. Combining Step I with Step 2 we get that, depending on the n-partition
A, hwt, (U/F) is spanned either by connected graphs without odd cycles, or by
graphs consisting of a tree and some isolated nodes. These graphs are going to be
important for the rest of the proof, so we make the following

Definition 4.16 (MCB graphs). A maximally connected bipartite (MCB) graph is
either a connected graph without odd cycles, or a graph consisting of a tree together
with a collection of isolated nodes.

For an MCB graph G, the maximal connected component admits an essentially
unique bipartition of its vertex set into subsets A, B of sizes a > b (that is, vertices
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in the same subset A or B are not connected by an edge). We say that G has type
(a, b; A) (or just (a, b) when A is understood), and that it is canonically oriented if
all the edges have source in A and target in B (when a = b, there are two canonical
orientations). We have the following:

Proposition 4.17. If G|, G, are canonically oriented MCB graphs of type (a, b),
then G| = Gj.

We first need to refine the relations of Remark 4.14:

Remark 4.18 (refined basic operations). Suppose that G is an MCB graph with
vertex bipartition A U B as in Definition 4.16.

(1) Assume that Q) is not 1-saturated, (1, 2) is an edge of color 1, and D, ®
belong to A. If D, @ are contained in the same connected component of the
graph obtained from G by removing the edge (1, 2), then

@ @®
{o
® 00
This follows from the fact that the conditions above guarantee that the term

that was left out from the first basic operation of Remark 4.14 has an odd cycle,
and hence equals 0 by Proposition 4.7.

(2) Assume that (1, 2) and (3, 4) are edges of color 1, D,B e Aand D,d € B,
and either (D and ), or @ and @ are in the same connected component of
the graph obtained from G by removing the edges (1, 2) and (3, 4). Then

O @ ®

o= X

Q@ O @

As above, the missing term from the second basic operation has an odd cycle,
and hence equals 0.

Proof of Proposition 4.17. We prove by induction on e, (the number of “edges” of
A), that it is possible to get from G to G, via a series of refined basic operations.
If e;, = 0, there is nothing to prove. Suppose now that e, > 0.

We call an edge E of an MCB graph G nondisconnecting if the graph obtained
from G by removing E is still an MCB graph. More explicitly, if e, > r, then E
must be contained in a cycle of G, and if e, < r, then one of the endpoints of E
must be a leaf of G.

The idea of proof is to reduce to the case when G, G» have nondisconnecting
edges E;, E> of the same color, such that G| = G \ E| and G, = G, \ E; are
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canonically oriented MCB graphs of the same type. Once this is done, we remove
E\, E; from G, G, and apply induction to conclude that G’2 can be obtained from
G'| via a series of refined basic operations (as in Remark 4.18). We then put back the
edges E1, E, and lift the sequence of operations to the original graphs. The main
difficulty lies in creating the nondisconnecting edges E1, E», which is especially
laborious when the graphs contain no cycles. For the convenience of the reader,
this case is illustrated by Example 4.19 below.

Inductive step. We will prove later that for any nondisconnecting edge E; of G,
of color c, there exist a sequence of refined basic operations which transforms G
into a new graph G having a nondisconnecting edge E; of color ¢, such that the
graphs G| and G/, obtained from G, and G, by removing the edges E; and E,
have the same type. Assuming this, by induction we can find a series of refined
basic operations that transform G into G,. We lift this sequence of operations to
G, as follows: the refined basic operations of type (2) are performed just as if the
edge E| was not contained in G1, as well as the operations of type (1) that don’t
transform an edge E’ of color ¢ into one that’s incident to E|; the operations of
type (1) involving an edge E’ of color ¢ that gets transformed into an edge incident
to E are replaced by operations of type (2) involving E’ and E;. It is clear that E}
remains nondisconnecting along the process, so we end up with the graphs G| and
G, that coincide after removing the nondisconnecting edges E; and E, of color c.
At most two more refined operations of type (2) (that correspond to correcting
the positions of the endpoints of E;) are then sufficient to transform G/ into G»,
concluding the proof.

Creating a nondisconnecting edge when the graphs contain cycles. We show that if
e, >r and G has an edge E; of color ¢, then we can find a refined basic operation
that makes E| nondisconnecting. Suppose that E is disconnecting, and let H;, H>
be the connected components of the graph obtained from G, by removing the
edge E;. One of H;, H, must contain a cycle, say Hj, and let O, Y be consecutive
edges of this cycle, of colors o(range) and y(ellow) (note that 0 might coincide
with y). If H, has anode N that is not o-saturated or not y-saturated, then a refined
operation of type (1) involving the node N (as 3) and one of the edges O, Y (as
the edge (1, 2)) will make E; a nondisconnecting edge. Otherwise, if every vertex
of H, is both o- and y-saturated, then there exists a cycle in H, consisting of edges
of colors 0 and y (if 0 = y, then since O, Y are incident edges of color o, it means
that d, > 2, in particular any o-saturated node has at least two incident edges of
color o; if 0 # y, then any o- and y-saturated node has at least one o-incident and
one y- incident edge; in both cases, the nodes in H, have at least two incident edges,
so we can find a cycle as stated). A refined basic operation of type (2) involving an
o-edge on this cycle and O (or an y-edge and Y) will make E; nondisconnecting.
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Creating a nondisconnecting edge when the graphs have no cycles. 1f e, < r and
G, has a nondisconnecting edge E, of color ¢, then we prove that we can find a
sequence of refined basic operations that transforms G into a graph G, containing
a nondisconnecting edge E; of color ¢, and moreover 6}1 — E{ and G, — E; have
the same type. We may assume that e, = r — 1, by removing the isolated nodes
of G| and G,. Suppose that the graphs G; have vertex bipartitions A; U B;, with
|A;| = a, |B;| = b, and that E, = (x, y), with ) € B; a leaf of G,. This means
that the graph G», and hence also G, has at most (b — 1) - d. + 1 edges of color c,
and for any color ¢’ # ¢, it has at most (b — 1) - d.» edges of color ¢’. In particular,
for any color ¢’ # ¢, there exists a node in By which is not ¢’-saturated. Consider
an edge E = (u, v) of color ¢ in Gy, with @) € A, W) € B;. Let H,, H, be the
connected components of G| — E containing # and v respectively. We prove by
descending induction on the size of H, that we can make E nondisconnecting, with
its endpoint in B being a leaf.

If H, = {V)} then E is nondisconnecting. More generally, if H, N B; = {V)},
then we may assume that all the edges in H; have color c. If E’ is an edge of H»
of color ¢’ # ¢ (see the second transformation in Example 4.19 below), then there
are at most (b — 1) - d~ — 1 edges of color ¢’ in Hj, so that we can find a vertex C’
in H that is not ¢’-saturated. A refined basic operation of type (1) involving E’
and C’ decreases the size of H, by one, so we can conclude by induction. Assume
now that the edges in H; have color c¢. Together with the edge E, we get at least
two edges of color ¢ outside H;, which means that H; has at most (b — 1) -d,. — 1
edges of color c, that is, it has a vertex that is not c-saturated. We now do a refined
basic operation of type (1) as before, involving that vertex and an edge of H,, and
conclude by induction.

We may now assume |H N B| > 1 (see the first transformation in Example 4.19
below). Therefore there exist distinct edges ¥ = (u’, v) of color y(ellow) and
O = (u/, V) of color o(range) in H, (y and o might coincide). If o = ¢ then we
replace E with (u’, v"), which decreases the size of H,, so that we can conclude by
induction. If there exists a vertex W € H; N B that is not y-saturated, then the refined
basic operation involving Y and W decreases the size of H,. Likewise, if there
exists a vertex W € H; N A that is not o-saturated, then the refined basic operation
involving O and W also decreases the size of H,. We may therefore assume that all
nodes in B; N H; are y-saturated, and those in A| N H; are o-saturated, and show
that this leads to a contradiction. If y = o, then since u has two incident edges of
color o, we must have d, > 2. All the nodes of H; being saturated implies that they
have degree at least d, > 2, so H; contains a cycle, which is a contradiction. If
y # o, then H; must contain at least | H; N A| edges of color o (since each vertex in
H| N Aj is o-saturated) and at least | H; N By | edges of color y, that is, H; contains
at least | H;| edges, hence it can’t be a tree. O
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Example 4.19. Consider the 3-tableaux

_[3]5]1]6] o [3]1]2]5]6] o [1][5]3]4]
T1—24 ®4 ®26 )
_[1]3][5]6] o [5]1]2]3]4] o [3][5]1]6]
T2—24 ®6 ®24 )

with corresponding graphs

@ @

ho Ny
4
-

G, =

where color 1 corresponds to ——, color 2to ~~~,andcolor3to — —>. G
and G, are MCB of the same type (Definition 4.16), and in fact G| = 0, since it is
the same as the graph obtained by reversing the orientation of its 5 edges (an odd
number), and this equals —G by part a) of Lemma 4.8. However, it is unclear a
priori that G is also equal to 0. We use the algorithm described in the proof of
Proposition 4.17 to get a sequence of refined basic operations that transforms G
into G,. We first make the edge of G of color 2 nondisconnecting, and then adjust
its position (the third step) and relabel the nodes (last step) to get G:

With the notation in the last paragraph of the proof of Proposition 4.17, we have
E = (3,4) a disconnecting edge, A; = {1, 3, 5}, B = {2, 4, 6} a bipartition of the
vertex set of G;. We’d like to make E nondisconnecting, with its endpoint in B
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being a leaf. We have
AN
AN
Hl = @ and H2 == J

We also have Y = (5,4) of color y= —— and O = (5,6) of coloro= — — > .
The unique vertex @ in H; N By is y-saturated, and D € H; N A, is o-saturated, but
W =@ is not o-saturated. The refined basic operation involving W and O yields
the first transformation.

We now have

We are in the case H>,N B ={®)} ={@}. The edge E’ = (5, 4) has color ¢/ = —,
different from ¢ = ~~ . W = is a vertex in H; N B; which is not ¢’-saturated,
so we can use the refined basic operation involving E’ and W as our second
transformation, making E a nondisconnecting edge as desired.

We next adjust the position of E, in order to get the graph G,. We use the
refined operation involving the vertex (D) and the edge (3, 4). The last transforma-

tion involves relabeling the nodes 3, ®, @, @ and @ by O, @, @, B and ®

respectively.

Corollary 4.20. If G is a canonically oriented MCB graph of type (a, a), having
an odd number of edges, then G = 0.

Proof. Changing the orientation of all the edges of G, we obtain a canonically
oriented MCB graph G’ of the same type as G. It follows from Proposition 4.17
that G = G’. On the other hand, we get by part a) of Lemma 4.8 that G’ = —G,
hence G =0. (]

Step 4. The preceding steps yield:

Corollary 4.21. For ey, f, as in Theorem 4.1, the space (U/F), is spanned by
MCB graphs G of type i/ = (a’ > b') (see Definition 4.16 for the type of an MCB
graph), with a’ +b" =min(e, + 1, r) and b’ > f,. Moreover, G,y =0 ifa’ = b’ and
e is odd.
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Proof. The last statement is the content of Corollary 4.20. We know that (U/F), is
spanned by MCB graphs (Proposition 4.15), and the condition 5" > f; follows from
the fact that any graph G has at least )\3 /d; vertices incident to edges of color i,
and any edge is incident to one vertex in each of the two sets of the bipartition. The
number of vertices in the maximal connected component of an MCB graph of type
w' isa’ + b =min(e; +1,7r).

It remains to show that if &' = (a’ > b’), a’ + b’ =min(ey, +1,r) and b’ > f;,
then there exists an MCB graph G of type p’. Consider A’ and B’ disjoint sets
consisting of a’ and b’ vertices in {D, ..., ®} respectively. Foreveryi =1,...,n
we draw ké edges of color i joining pairs of elements in A" and B’, in such a way
that no vertex has more than d; incident edges of color i. This is possible since
ké /d; < fr, < b’ <d’. If the bipartite graph G (with vertex set A’ U B’) obtained in
this way is connected, then we get an MCB graph G, by adding to G the isolated
nodes outside A’ U B’. If G is not connected, then it has an edge E of color ¢
contained in a cycle, and a vertex v outside the connected component of E. If v is
not c-saturated, we can move E to make it incident to v, and preserve the bipartition
of G (as in the refined basic operations of type (1), Remark 4.18), thus obtaining a
graph with fewer components. If v is c-saturated, let E” be an incident edge of color
¢. We move E and E’ as in a refined basic operation of type (2), connecting the
components of £ and v. Repeating this procedure will eventually yield a connected
graph G and an MCB graph G as above. ([

Lemma 4.22. Consider canonically oriented graphs G, as above, one for each
type W' = (a’', 1), with a’ # b’ when e;_is odd. If

T = @ 7y U —> @ Ud,

ukr ukr
pu=(a=b) u=(a=b)

then the set { (G )}, is linearly independent. In particular, F = I and the graphs
G, give a basis of (U/F);. This shows that dim((U /1)) = m;, where m;,_is as
described in Theorem 4.1, concluding the proof of our main result.

Proof. Note that the number of G, is precisely m;,, so the last statement follows
once we prove the independence of the G,. This is a consequence of the linear
independence of {7 (G )}, which in turn follows once we show that for u = (a, b),
uw = (a’, b"), we have

(1) 7,(G,) =0if b <b', and
() 7, (G) #£0ifb=1b

Recall that G, = T}, for some n-tableau 7,,,. We have

mu(Tp) =Y _ T, *)
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where each 7; is an n-tableau with entries 1, 2, obtained from a partition ALl B =
{1, ..., r} by setting equal to 1 and 2 the entries of 7, from A and B respectively.
To prove (1), note that since |B| = b < b/, for each i the endpoints of some edge
in G, have to be set to the same value, so 7; has repeated entries in some column,
that is, T; = 0. It follows that 7, (G /) =Y T; = 0.
To prove (2), let A’ LI B” be the bipartition of the maximal connected component
of G, and take

w=(a,b)=(d-"b",b".

The only n-tableau(x) 7; in (*) without repeated entries in some column is (are)

the n-tableau 7 obtained from setting the entries of A={1,...,r}— B’ to 1, and
the entries of B = B’ to 2 (and if |A’| = | B'|, the n-tableau T obtained by setting
the entries of A ={1,...,r}— A’ to 1 and the entries of B = A’ to 2). Since in the

latter case e, must be even, we get in fact that 77 = T», since T and T, differ by
an even number of transpositions within columns, and by permutations of columns
of size 1. It follows that it’s enough to prove that 77 # 0.

Up to permutations within columns, and permutations of columns of the same
size, we may assume that

T\ =cy-m=cy 24,.. A " Z(B....B)

where A={1,...,a}and B={a+1,...,a+b}, thatis, Ty =T} ®- - -® T}, with

—_

11171 1\1\\2\2\\

i__
Tl_zz...z )

Ifa>band o =t -7/, with T a row permutation and 7" a column permutation
of the canonical n-tableau Tj, of shape A, then o - m # m, unless v/ = id. This
shows that the coefficient of m in T is a positive number, hence T; # 0. If a = b,
o -m =m and t’ # id, then T’ must transpose all the pairs (1, 2) in the columns
of Ty of size 2. Since T; has e, (an even number) of such columns, the signature
of ¢/ must be +1. It follows again that the coefficient of m in T} is positive and
therefore 77 # 0. oo
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