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Symmetries of the transfer operator
for I'h(V) and a character deformation
of the Selberg zeta function for ,(4)

Markus Fraczek and Dieter Mayer

The transfer operator for I'g(N) and trivial character x, possesses a finite group
of symmetries generated by permutation matrices P with P? = id. Every such
symmetry leads to a factorization of the Selberg zeta function in terms of Fred-
holm determinants of a reduced transfer operator. These symmetries are related
to the group of automorphisms in GL(2, Z) of the Maass wave forms of ['g(N).
For the group I'y(4) and Selberg’s character x, there exists just one nontrivial
symmetry operator P. The eigenfunctions of the corresponding reduced transfer
operator with eigenvalue A = £1 are related to Maass forms that are even or
odd, respectively, under a corresponding automorphism. It then follows from a
result of Sarnak and Phillips that the zeros of the Selberg function determined by
the eigenvalue A = —1 of the reduced transfer operator stay on the critical line
under deformation of the character. From numerical results we expect that, on
the other hand, all the zeros corresponding to the eigenvalue A = +1 are off this
line for a nontrivial character x,.

1. Introduction

In the transfer operator approach to Selberg’s zeta function for a Fuchsian group
I" this function gets expressed in terms of the Fredholm determinant of a transfer
operator constructed from the symbolic dynamics of the geodesic flow on the cor-
responding surface of constant negative curvature. Though this approach has been
carried out, up to now, only for certain groups, like modular subgroups of finite
index [Chang and Mayer 2000; 2001a; 2001b] and Hecke triangle groups [Mayer
and Stromberg 2008; Mayer et al. 2012; Mayer and Miihlenbruch 2010], it has led
to new points of view on the Selberg zeta function [Zagier 2002] and the theory
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of period functions [Lewis and Zagier 2001]. Another application of this method
is a precise numerical calculation of the Selberg zeta function [Stromberg 2008],
which seems to be impossible by other means at the moment.

In this paper we discuss the transfer operator approach to the Selberg zeta func-
tion for Hecke congruence subgroups with a character. Of special interest is the
behavior of its zeros for ['g(4) under singular deformation by Selberg’s character
[Selberg 1990].

As found numerically in [Fraczek 2010], certain symmetries of the transfer
operator for these groups play an important role in this process. These symme-
tries lead to a factorization of the Selberg zeta function for the full modular group
SL(2, Z), as known. There it corresponds to the involution Ju(z) = u(—z*) of the
Maass forms u for this group [Efrat 1993; Lewis and Zagier 2001]. Obviously the
corresponding element j = ( (1) 7(1)) € GL(2, Z) generates the normalizer group of
SL(2, Z) in GL(2, Z). It tuns out also that the symmetries of the transfer operator
for I'g(N) correspond to automorphisms of the Maass forms from its normalizer
group in GL(2, 2).

For the group I'g(4) with a character x, introduced in [Selberg 1990] and dis-
cussed also in [Phillips and Sarnak 1994], there is only one such nontrivial symme-
try of the transfer operator. It corresponds to the generator of I'g(4)’s normalizer
group in GL(2, Z) leaving invariant the character .. The results of Phillips and
Sarnak imply that the zeros on the critical line of one factor of Selberg’s func-
tion stay on this line under the deformation of the character, and hence the cor-
responding Maass wave forms for the trivial character remain Maass wave forms.
Numerical results [Fraczek 2010], on the other hand, imply that the zeros on the
critical line of the second factor of this function should all leave this line when
the deformation is turned on. A detailed discussion of these numerical results and
their partial proofs is in preparation [Bruggeman et al. 2012].

The paper is organized as follows: in Section 2 we recall briefly the form of the

transfer operator
+
Lg.pr = ? o
’ Ls. 0

for a general finite index subgroup I" of the modular group SL(2, Z) and unitary
representation , and introduce the symmetries

(3

of this operator defined by permutation matrices P. Any such symmetry leads to a
factorization of the Selberg zeta function in terms of the Fredholm determinants of
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the reduced transfer operator P££+,n. The eigenfunctions with eigenvalues A = %1
of this reduced transfer operator then fulfill certain functional equations.

In Section 3 we discuss the generators J, _ of the group of automorphisms in
GL(2, Z) of the Maass forms u for I' = I'g(N) and = = ¢ the trivial character.
We introduce their period functions v and derive a formula for the period function
Jn,— of the Maass form J, _u. B

In Section 4 we introduce Selberg’s character x, and the nontrivial automor-
phism J> _ of the Maass forms for I'g(4). We derive again a formula for the
period function J> _ of the Maass form J; _u leading to a permutation matrix
P> _ which defines a symmetry P2 — of the transfer operator Lg , . From this we
conclude that the eigenfunctions with eigenvalues A = =1 of the operator Pz,fﬂf,‘{ -
correspond to Maass forms that are even or odd, respectively, under the involution
Jo,—. Results of Phillips and Sarnak then imply that the zeros of the Selberg func-
tion on the critical line corresponding to the eigenfunctions with eigenvalue A = —1
of this operator stay on this line under the deformation of the character.

2. The transfer operator and the Selberg zeta function
for Hecke congruence subgroups I'g(N)

The starting point of the transfer operator approach to the Selberg zeta function for
a subgroup I' of the modular group SL(2, Z) of index u = [SL(2,Z) : I'] < o0
is the geodesic flow ®, : SMr — SMr on the unit tangent bundle SMr of the
corresponding surface M = I' \ H of constant negative curvature. Here

={z=x+iy:y >0}

denotes the hyperbolic plane with hyperbolic metric ds> = (dx? 4+ dy?)/y?, on
which the group I' acts via Mobius transformations: gz = (az+b)/(cz+d) if g =
(g Z)- In the present paper we mostly work with the Hecke congruence subgroup

To(N) = {g eSL2,7): g = (CC]’V Z)},

with index uy =N ]_[plN(l +1/p), where p is a prime number. If p : I' — end(C%)
is a unitary representation of I' then the Selberg zeta function Zr , is defined as

oo
Zr,(B) =] [ ] [ det(1 — o(gy) exp(—(k + B)1L,)), (2.0.1)

Y k=0
where [, denotes the period of the prime periodic orbit y of ®; and g, € I is
hyperbolic with g, (y) = y. In the dynamical approach to this function it gets
expressed in terms of the so-called transfer operator, well-known from D. Ruelle’s
thermodynamic formalism approach to dynamical systems. For general modular
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groups I with finite index p and finite-dimensional representation r this operator
Lg » : B— B was determined in [Chang and Mayer 2000; 2001b] as

0 <t
—_ ,B,P;r
Lgn= (555,,),, 0 ) , (2.0.2)

where B = B(D, C*) @ B(D, C") is the Banach space of holomorphic functions
onthedisc D={z:|z—1]| < %}, and p, denotes the representation of SL(2, Z)
induced from the representation 7 of I'. The operator &Bl‘;c’ ,, is given for Re g > %
by

oo
1 1

@ =Y o ST (), 203

(&5, @) ; TP ST (5 (2.0.3)
where S = ((1) Bl) and T = ((1) %) In the following we restrict ourselves to one-
dimensional unitary representations 7, hence unitary characters, which we denote
as usual by y. In this case the following theorem was proved in [Chang and Mayer
2001b].

Theorem 2.0.1. The transfer operator Lg , : B — B with

L= (0 “57) wa @ ne=3 L psrenp(-L)
B.x = 55/;4 0 poxd %)= o (z+n)2 Px I\ 750
extends to a meromorphic family of nuclear operators of order zero in the entire
complex B plane with possible poles at B, = (1 —k)/2, k =0,1,2,.... The
Selberg zeta function Zr , for modular group I" and character x can be expressed

as Zr y(B) =det(1 = Lg ) =det(1 =&} &, ) =det(l =L, L5 ).

This shows that the zeros of the Selberg function are given by those B-values
for which A = 1 belongs to the spectrum o (Lg ), or equivalently to the spectrum
o (33/; x°(£/J3r, x) =0 (33;; XSEE’ x)' From Selberg’s trace formula one knows that there
are two kinds of such zeros: the trivial zeros at 8 = —k, k = 1,2, ..., and the
so-called spectral zeros. The former correspond to eigenvalues A = (1 — 8) of the
automorphic Laplacian with Re 8 = % or % < B <1, and the latter to resonances
of the Laplacian, that is, poles of the scattering determinant with Re 8 < % and
Im B > 0 [Hejhal 1983; Venkov 1990]. For arithmetic groups like the congruence
subgroups with trivial or congruent character x one knows that these resonances
lie on the line Re 8 = ‘—1‘, corresponding to the nontrivial zeros {r(28) = 0 of
the Riemann zeta function ¢y in the trivial case and to the zeros L (28, xo) =0
of other Dirichlet L-functions in the congruent case, assuming the generalized
Riemann hypothesis, as well as on the line Re 8 = 0. For general Fuchsian groups
and congruence subgroups with noncongruent character, however, these resonances
can be anywhere in the half-plane Re 8 < %
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2.1. Symmetries of the transfer operator for T'g(N). It turns out that there exists
for any N a finite number Ay of uy X @y permutation matrices P with P2 = id,,

such that the matrix
~ 0OP
=(»0)

commutes with the transfer operator Lg , and hence

ng;,ﬁx =%, P. (2.1.1)

E’X
Thereby P = (P;j)1<i,j<uy acts in the Banach space B(D, C'Y) as (P f)i(z) =
Z’I‘L Pij fi (@) if f(2) = (fi(2))1<i<uy- We call such a matrix P a symmetry of the
transfer operator. As an example consider the group I'g(4) and Selberg’s character
Xa» 0 < a < 1, which will be described later. Its transfer operator Lg ,, has the
following form:

o0
L fr1= D Foalyg ST 4 foal o STH 4 fs, STH 4 £ o] STH,
q=0

o0

q=0
+62m(3+4q)a f—1| ST3+4q + eZm(4+4q)af | T4+4q

o)
Lﬁ,Xa f+3 — Ze—Zﬂiaf_2|2ﬁ§T1+4q + €_2ﬂiaf_3|2ﬂ§T2+4q

q=0
+e_2maf_4|2ﬂST3+4q + e—Qmaf_S |2ﬂST4+4q,
Lﬂ Xaf+4 — Ze—Zma(l-qu)f \ T1+4q + —2nza(2+4q)f | ST2+4q
q=0
+€—2nza(3+4q) fe |2ﬂST3+4q + e—27na(4+4q)f76 |2ﬂST4+4q,
00
Lo fts = Z ezmaf*‘dzﬁST]Mq + ezmaﬂs‘zﬁSTz“q
q=0
+62mozf72‘255T3+4q + 6271105]23 ‘255T4+4q,
L,B Xaf+6_2f 5|2ﬂ T1+4q+f_ ‘ T2+451+f_ ‘ T3+4q+f_ ‘ T4+4q
q=0

00
L F 1= 3 Foslag ST/ 4 Fralyy ST 4 £l STH 4 fial,, ST
q=0
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00
Lpxaf-2= Z o720 £,y izﬁST]Mq 472 £, |2,35T2+4q
q=0
+€—2nza(3+4q) fi |2ﬂST3+4q + e—27na(4+4q)f+1 |2ﬂST4+4q,

o0
LﬁaXaf*:; = Ze_zniaf+4|2ﬁ§T1+4q + e—Zﬂiaf+3}2'B§T2+4q

q=0
—27rlOlf ‘ T3+4q +e—27‘[l()lf ‘ T4+4q
L,B Xaf 4= Z 2nza(l+4q)f | T1+4q +62ma(2+4q)f ‘ ST2+4q
q=0
+62ma(3+4q)f+ ‘ ST3+4q + 2n1a(4+4q)f 6’ T4+4q
00
Lo f-s = Z ezmaf+2|25ST1+4q +e7 fs |25ST2+4Q
q=0

+62niaf+4|2ﬂ§T3+4q + eZniaf+3 |2ﬂ§T4+4q’

o
Lo f-6= Z f+3|2ﬂST1+4q +f+2|2ﬂST2+4‘1 +f+5|2ﬂST3+4q +f+4|2,35T4+4q,
q=0

where f € B(D,C*) @ B(D,C*) is given by f = (f+, f-), [+ = (f)1=iz6,
and Sz = 1 /z. The induced representation p,, of the character x, on I'g(4) is
defined in terms of the coset decomposition of SL(2, Z)

6
SL(2,7) = U To(4)R; (2.1.2)
i=1
as

Py (8)ij =Sy (RigR; xa(RigRTY, 1<i, j<6. (2.1.3)

Thereby we have chosen the following representatives R; € SL(2, Z) of the cosets
Fo(HR;

=id,, R =ST7%2, 2<i<5, and R¢=ST>S. (2.1.4)

It turns out that the two permutation matrices P; and P, corresponding to the
permutations

123456
o= ———"" (2.1.5)
125436
and
123456

643251
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fulfill (2.1.1) for « = 0 and hence the corresponding matrices 15,-, i =1, 2, commute
with the transfer operator Lg ,, where xo is the trivial character. The matrix 132,
on the other hand, commutes even with the operator Lg ,, for all . The matrix
Py, (S) is given by the permutation og where

123456
215634
and an easy calculation shows that P;p,,(S) = p,,(S)P;, i = 1,2. The matrix
Py, (T), on the other hand, is given by the permutation o7 with
123456
134526
One then checks that P;p, (T) = pXO(T_l)Pi, i =1, 2. Therefore P;p,,(ST") =
Pyo(ST")P; for alln e Nand i = 1, 2. For the character x, analogous relations
hold for P;.

For the trivial character yo one can determine for the group I'g(N) the number

hy of matrices P; with the above properties and hence the defining symmetries of
the transfer operator as follows:

os (2.1.7)

or (2.1.8)

Theorem 2.1.1. For the Hecke congruence subgroup I'o(N) and trivial character
Xo = 1 there exist hy matrices P = (?, S ) commuting with the transfer operator

Lg y, where P is a iy X [N permutation matrix satisfying P? = 1.,
Poy(S) = pyo ()P and  Ppy(T) = py, (TP,

and hence
+ _ -
Pégﬂ,m - ipﬂ,xOP'
Thereby hy = max{k : k|24 and k*|N}. The permutation matrices P are determined
by the hy generators j of the normalizer group Ny of T'o(N) in GL(2, Z). The
Selberg zeta function Zr ,, can be written as

Zr .y, = det(1 — Pge;;xo) det(1 + P(SB/‘;XO).

Remark 2.1.2. For ['g(4), obviously 4y = 2. According to Theorem 2.1.1, there
exist two permutation matrices P; and P, given by the permutations oy and o>
above. Since P, P, = P, P; and P,-(EE;;XO = ‘58/;)«) P;,i=1,2, we find

PIP,P &) =PiP¥, Pi=P& PP =PE; PP,

and the operators P; P, and Plizg’ 4, commute, where the operator P; P, corre-
sponds to the permutation
123456

o=——" " - (2.1.9)
645231
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We find also P; Pgﬁﬁﬂ P 35; o P, P,. But (P, P,)* = idg, hence this operator
has only the eigenvalues A = %1 and the Banach space B(D, C%) decomposes as
B(D,C% = B(D,C%, @ B(D,C%_ with PP, f+ =+ f for f+ € B(D,C%..
Therefore the elements f6 € B(D, C%),, € = & have the form (f )i=fi,1<i<3
and (f ¢)o) = €fi, 1 <i <3. Denote by

£foox:B(D.CO+— B(D,C: and P Ej, ,:B(D,C%+— B(D,C%x,

the restrictions of the operators S.B , and Py $F 4 40> Tespectively, to the subspace
B(D, C%., which obviously is 1som0rphlc to the space B(D, C3). Then

det(1+ P&} y=detl £ P &) detl+PES ),

where the operator P&t : B(D, C?) — B(D, C?) can be written as

B, xo.€
0 €¥pr+¥p4 €Lpg1+%53
P&y =% 0 0 : (2.1.10)

0 $pi1+efps e€Lpgor+Spa

with Lg i f =302 0f|2 ST'* 1 <k <4,and L5 =3";_, L4+ The operator

SE; so.¢ In the space B (D C?), on the other hand, has the form

0 655,3,24-3,3,4 655[3’1—}-&,/),3’3
Lhooe=1%8 0 0 : (2.1.11)
0 €$51+$53 Swpﬂ 2+€$,34

To relate the Fredholm determinants of the operators (P; %% )? and (£}

we use the following simple lemma:

B, x0.€ /3)(06)

Lemma 2.1.3. Let o, 8, and y be complex numbers and ¢ = £1. Then A is an
eigenvalue of the matrix

0o B
|L1 =1V 00
0 B exa
if and only if € is an eigenvalue of the matrix
0 o B
L={y 0 O
0 €ef o
Proof. The proof follows from comparing the characteristic polynomials of the two
matrices. O

This shows that, for all n € N,

tracel] = Z (I]_”)k p =€ tracel; =€ Z (H-Z)k k-
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But then is not too difficult to see that also trace(£} 8.0, Jl=e€ " trace( P, £} 5.0, O
for all n € N and hence det(1 — (P1££/3 o, 6) ) = det(1 — (££+ ) ) for € = +.
Therefore the Selberg zeta function Zr4), ,,(B) for the group F0(4) with trivial
character x( can be written as

Zry4).5(B) = det(1 — (P1££ﬂ XO) ) = det(1 — (£} XO) )

=det(1 — )det(l-i—ili (2.1.12)

B, Xo)

Furthermore, this function factorizes in this case also as

Zry@y.0(B) = det(1 — PLEg 1) det(l—Plsg+ o)
xdet(1+ Py det(1+PiEy ). (2.1.13)

To prove Theorem 2.1.1 we relate the matrices P to the generating automor-
phisms in GL(2, Z) of the Maass wave forms for I'g(N). We can determine this
way the explicit form of these matrices P. For this we derive, in a first step, a
Lewis-type functional equation for the eigenfunctions of the operator P&B; 4 With
eigenvalues A = %1.

2.2. A Lewis-type functional equation. Consider any finite index modular sub-
group I' and any unitary character y : I' — C*, together with the induced repre-
sentation p, of SL(2, Z). Assume there exists a symmetry P = (9 &), with P a
permutation matrix with properties analogous to Theorem 2.1.1, and commuting

with the transfer operator
+
gﬁ »Px O

of I". If f is an eigenfunction of the operator Pif;yx with eigenvalues A = =£1 then
one can show:

Proposition 2.2.1. IfP$+ f({) = xf(g) with A = %1 then the function WV (¢) :=
Pp, (T~ 1S)Pf(§ —1) fulﬁlls the functional equations

— 328 -
V() =AL P,oX(S)\IJ<§) 2.2.1)
and

W@ = o (THRE D =@+ D)o (MO ( ) =0 222

where T' = ST~'S. On the other hand, every solution ¥ of (2.2.1) and (2.2.2)
holomorphic in the cut B-plane (—oo, 0] satisfying W;(z) = o(z~ ™2 Reshy g
z 4 0 and W;(z) = o(z~ ™M0-2Res=1}y ¢ 7 > 00 determines an eigenfunction f
with eigenvalues ). = £1 of the operator PSNP;;X -
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Proof. LetRe B > 5. If P§£+f(§) = Af(£), 2 = =1, then obviously
PpX(STS)Ppsgg_f(; + 1) =APpy(STS)P f (¢ + ).

Subtracting the two equations leads to

)=

AF@©) = AP (STSHP LG +1) = ¢+ 1P P, (STIf(

and hence the function y(g) =P I (¢ — 1) fulfills the equation
V) = oy STV + 1) =2 p, (sTIPY (412 ?1) 0. (@23

Replacing ¢ by % and multiplying the resulting equation by g“*zﬁpx(STS) PpX(T*IS)
gives

0, (STS) Po, (T ) (1) = 0, (ST o, (9w (“FF)
— A (STS)Y(E + 1) =0.

Since py (S)P = Ppy (S), one finds, comparing with (2.2.3),
V(&) =1 p, (STS) Ppy <T—ls>y(%).

Hence the function _@7/ = Py (T_lS)y fulfills (2.2.1). The same equation is then
fulfilled also by the function

V()= PY() = Ppy(TT'SP (& — 1), (2.2.4)
that is,
W) =1"#Pp (S)\p<l). (2.2.5)
X X hd g_

Inserting finally Y(g‘) = p,(ST)PY¥(¢) into (2.2.3) and using (2.2.1) leads to

W)= Ppy(T)PR(E +1) = (¢ + 1) Pp, (T’ W“’(;il) 9

But by assumption Pp, (T)P = p, (T~); hence Pp, (TP = p, (T’~") and thus

W)~ oy (THRE+D =G+ D) 0, (T E(Fp) =0 226
Hence for Re 8 > % the first part of the proposition holds. By analytic continuation
in B one proves the general case.

To prove the second part we follow the arguments of [Deitmar and Hilgert 2007,
Lemma 4.1]: if W(¢) is a solution of the Lewis equation (2.2.2) with 8 ¢ Z then
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W has the asymptotic expansions

2O =0 {2’3 QO(%) T Z 27;1’ V(&) ~s00 OQol(§) + Z 27/{—1—2;5’

I1=—1 I=—1

where 0o, Q : C — C* are smooth functions such that Qo (¢ +1) = p, (T") Qo(¢)
and Qoo (£ +1) = py (T) Qe (¢), and the constants C* and C’ are determined by the
Taylor coefficients C,, = (1/ m!)g(’”)( 1). The functions Q¢ and Q, are defined
as follows for general g with —2Re 8 < M e N:

M
00(¢) = ¢ (7) = 3 &, (m +28.9Cn
N m=0 1 y .
- +¢0) o T (11/ 1+ — i)
gm )7 py ( (e(i+,57) ,;)(”H)’"
M
Q@) =W () =) ¢, (m+2B,0+1)Ch
o m=0 1 ” .
. —28 —(n—=1) pr—1 . . Tm
;(n—l-é“) Py (T~0DT )(2(1 z) ’g—(nﬂ)m),
where
1 V=l it
5, (@, 0) =2 D o (T ™0 (0,515
k=0
and
N-—1

@0 = <0 3 oy gy (o, 58,
k=0

with ¢y (a, ¢) the Hurwitz zeta function. According to [Deitmar and Hilgert 2007,
Remark 4.2] any solution W of (2.2.2) with W (¢) = o(¢ ~™™1:28}) for ¢ — 0 fulfills
the equation

R i A 1
V@) =¢Y (¢ ) p (1T l)g(wnﬂ_l)

n=0

and moreover C* | = 0. But if W(¢) fulfills also (2.2.1) then one finds

s 1
M PO (97 ) =7 Z("+§_1)_2ﬂpx(T/_nT_l)E<l+ " 5_1>»

n=0
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and hence

1

Moy (W +1) = 3 +0) o (1T (14

n=1

According to (2.2.4) ¥ (¢ + 1) = Pp, (T S)PI(;“), and hence we get

). 2.2.7)

Aoy (STTIPF(&) =) (n+0) 2 p (1" DT Y Pp (TSP f (;ﬁ)

n=1

Inserting T7'~"~D = ST®=D§ one arrives at

@) =) (n+ {)_mPpX(ST”)pX(ST_])PpX(T‘T)PI((%).

n=1

Since p, (STHP = Pp, (ST) we get finally

=1
MO =Y o P ST ()

n=1

Hence any solution W of the Lewis equations (2.2.1) and (2.2.2) with the asymp-
totics at the cut ¢ = 0 determines an eigenfunction f of the transfer operator PSBE’ X
with eigenvalues A = £1. ([

3. Automorphism of the Maass forms and their period functions for I'g(V)

The Maass forms u = u(z) of a cofinite Fuchsian group I" and unitary character x
are real analytic functions u : H — C with

o Au(z) = ru(z),
e u(gz) = x(g)u(z) forall g eI', and
e u(g;z)=0(y°) as y — oo for some constant C € R and all cusps z,; = g; (i o0)

of .

The cusp forms are those forms which decay exponentially fast at the cusps. If
u € Ly(Mr) we call u a Maass wave form.

Definition 3.0.1. An element j € GL(2, Z) defines an automorphism J of the
Maass wave form u for the group I' and character x if Ju with Ju(z) :=u(jz) is
a Maass form for I and character .

Obviously j defines an automorphism J if and only if j is a normalizer of the
group I" and the character x is invariant under j, that is, x(jgj~') = x(g) for
all g € I'. Thereby jz = (az"* +b)/(cz* +d) if detg = ad —bd = —1. We
have to show that the function Ju(z) = u(jz) has at most polynomial growth
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at the cusps z; = t;(ioo) of I', where 1; € SL(2,7). If detj = —1, one has
u(ji(2)) = u(j i jo— jo—(z)) where jo_ = (§ % ). Then jz jo,— € SL(2,Z) and
hence jt;jo.— = y;i R; for some y; € I' and some representative R; of the cosets
'\ SL(2,Z). But R; = nt,(;) for some n € I' and some index o (i). Hence
u(jti(z)) = u(rs)(—2z*)) which has at most polynomial growth at the cusps. The
same argument applies if det j = 1, and it shows also that Ju is a Maass wave form
or a cusp form if u is one.

3.1. The group of automorphisms of Maass forms for I'g(N) and trivial charac-
ter xo. We restrict ourselves now to the case I' = I'g(N) and assume x = yg. De-
note by Ny the normalizer group {I'o(V)j : j normalizer of ['g(N) in GL(2, Z)}.
Using results of [Lehner and Newman 1964; Conway and Norton 1979], we find:

Proposition 3.1.1. For hy = max{r : r|24 and r*|N} and ky := N /hy the normal-
izer group Ny is given by

. . 1 0
NN={FO(N)Jn,i, Jn,i:(nkN il)’ Ofnihlv—l}-

Proof. Using the fact that the divisors k of 24 are exactly the numbers for which
a-d =1 mod k implies a = d mod k one shows that the normalizer group of I'g(N)
in SL(2, Z) is To(N) \ T'o(N /v) [Lehner and Newman 1964] with v = 2min{3.[e2/21}.
3min{lle/21} "¢y = max{l : 2/|N}, and €3 = max{l : 3'|N}. But obviously v = hy
and [[o(ky) : To(N)] = hy and hence Ny = To(N) \ (Tokn) U Tolkn) jo,—)-
Since j, + # jm.+ mod I'g(N) for n # m, this group has just the 2Ay elements
['o(N)ju.+, 0 <n < hy — 1. The normalizer group Ny is therefore generated by
the iy generators {I'o(N)j, —,0<n <hy—1}. [l

3.2. The period functions of T'g(N) and character y. For u a Maass form with
Au= (1 —pB)uand I'y(N)\SL(2,Z) ={I'o(N)R;, 1 <i < uy} its vector-valued
period function u is defined by

u= (M[(Z))lfifulv where u;(z) = u(R;z2). (3.2.1)
Then one has, as shown for instance in [Miihlenbruch 2006]:

e u(gz) = py(g)u(z) forall g € SL(2, Z) and p, the representation of SL(2, Z)
induced from the character y on I'g(N) and
o Aui(z) =B —Pui(z), l =i < pn.

Given two eigenfunctions # = u(z) and v = v(z) of the hyperbolic Laplacian with
identical eigenvalue A = (1 — B), one knows [Lewis and Zagier 2001] that the
1-form n = n(u, v), with

n(u, v)(z) = [v(z)ayu(z) — u(z)ayv(z)] dx + [u(z)axv(z) - v(z)axu(z)] dy
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is closed. If u =u(z) is a Maass wave form for I'g(N) with eigenvalue A = 8(1—B)
and R; (2) =y/((¢ — x)? + y?) denotes the Poisson kernel, the vector-valued period
function ¥ = (Vi (&))1<j<uy 1s defined as

V(&) :=/O nuj. RD@). (3.2.2)

The following result has been shown for trivial character xo in [Miihlenbruch 2006].
That proof can be extended, however, immediately to the case of a nontrivial char-
acter x.

Proposition 3.2.1. The period function ¢ = ¥ (¢) of a Maass wave form u = u(z)
for To(N) and unitary character x is holomorphic in the cut ¢ -plane C\ (—o0, 0]
and fulfills there the Lewis functional equation (2.2.2):

B -1 _ =28, 7Yy (-4 =
V) = (T HYE+1) = C+ 1) p (T )g(Hl)—Q,

where p, denotes the representation of SL(2, Z) induced from the character x of
Co(N).

On the other hand, it follows from [Deitmar and Hilgert 2007] that the solutions
of the above equation holomorphic in the cut ¢-plane with certain asymptotic be-
havior at the cut 0 and at oo are in one-to-one correspondence with the Maass wave
forms. That paper treats only the trivial character but it can be extended also to the
case of the nontrivial character x. Since the function W (¢) = Pp, (T7'SYPf(c—1)
with f an eigenfunction of the operator PEBI; , With eigenvalues A = +1 is such
a solution of (2.2.2), these eigenfunctions are in one-to-one correspondence with
the Maass wave forms. As in the case of the full modular group SL(2, Z) treated
in [Chang and Mayer 1998; Lewis and Zagier 2001] one can extend this result to
arbitrary Maass forms, that is, also to the real analytic Eisenstein series for ['g(V)
and unitary character .

3.3. Automorphisms of the period functions. We have seen that the group of au-
tomorphisms in GL(2, Z) of the Maass forms u of I'g(/N) and trivial character yg
is generated by the matrices

. 1 0
Jn,—=<nkN _1>, O<n<uy-—1.

Denote by J,, —u the Maass form J, —u(z) := u(j,,—z) and by J, ¢ its period
function. Then one shows

Theorem 3.3.1. The period function Jy, Y = (Jn,—Y;($))1<j<puy is given by

In—¥; (€)= g_zﬂw)»nioaoé(j)<%>a (3.3.1)
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where the permutations A,_, o and § are determined through the coset representa-
tives R; of T'o(N) \ SL(2, Z) as follows:

Jn+Rj =0;R;, (j)» Jo—Rjjo.—=VjRsjy» and R;S=n;Rs),
with 0;, yj,nj € Do(N) for 1 < j < uy.

Proof. For u = u(z) a Maass form for I'g(N) and trivial character yo and u = u(z)
its vector-valued Maass form consider the Maass forms J,, +u(z) = u(j, +z) and
Jn2u(2) = (Jn,2uj(2))1<j<py» With Jy +u;(z) = u(jy,+R;z). Since j, +R; =
0;R;, _(j) for some unique 0; € I'g(N) and permutation A, _ of {1,2,..., uy}
one gets for J, 1u;

In+uj(2) =u(Ry, _(jH2) = s, _(j)(2). (3.3.2)

For J, yuj(=z*) = u(jn,+R;j(—=2")) = u(jn,+R;jo,—2z), on the other hand, one
finds

Jn4uj(=2") = u(jn,— jo—Rj jo,—2) = u(jn,— Ry (j)2),

since jo,— R jo,— = yjRs(j) for some unique y; € I'o(N) and permutation o of
{1,2,..., un}. Hence

Jn+uj(=2%) = Ty —uo(jy(2). (3.3.3)

Consider next J, 1u;(Sz) = J, +u(R;Sz). Since R;S = n; Rs(;) for unique n; €
['g(N) and permutation é of {1, 2, ..., uy}, one has

Jn,+uj(S2) = Jn +u(Rs(jy2) = Jn,+us)(2)-

Hence by (3.3.2)
In,+uj(S2) = U3, os(j)(2)- (3.3.4)

On the other hand, one gets for J,, u;(S(—z%)) = J,, +u;(—Sz*) by using (3.3.3):
Jn, 41 j (S(—2%)) = Ty —tto(j)(S2) = u(jn,— Ro(j)S2),
and therefore
In+1j (=82°) = u(jn,~No(j) Rsoo (j)(2)) = Jn,~ttso0(j)(2)-
But 0 06 = § o o and therefore
41 j (S(=2)) = Ty, —ttgos(j) (2)- (3.3.9)

Define next

v, (2) i= ot j(2) £ T 1t (—=25).
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Then by (3.3.2) and (3.3.3) one has

v j(2) = up)(2) £ Jn,—uo()(2)
and hence, if Au(z) =B — B)u(z),

Avy j(z) = B(1 = Bux (2) (3.3.6)

and
vt j(—2%) = £v1 (2). (3.3.7)

Equations (3.3.4) and (3.3.5), on the other hand, show
v+ j(82) = v1 5(j)(2). (3.3.8)

Set Y/ (¢) == (;OO N+, Rf)(z). Then, since v+ j(—z*) = fv+ j(z), one finds
(see [Lewis and Zagier 2001])

L oyp [T i 339
vy (6= ﬁ/o 24 12)FH t (3.3.9)
) [ Pacu (i)
v (6) = —/0 TEEY. dr. (3.3.10)
Using next the identity (3.3.8) one easily shows
/ 28, 1
Wi,j(é-) = Zt{ zﬁwiyg(j)(z)- (3311)

But vy j(z) = up(jy(2) £ Jp,—us(j)(z) and hence

Ve €)= Vi) (©) & Jn— Vo0

Therefore
Vi () (O E Ty Ve (jy(§) =2 (wn,_oag) (%)i]n,_wm,s(j) (%)) (3.3.12)
Adding these two equations leads finally to
Vi (H () = C_Zﬂfn,—l//aoa(j)<%), (3.3.13)
and therefore to the equation
n - (8) = f_zﬂlﬁxn,,oaos(j)<%>, (3.3.14)

which was to be proven. (]
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Remark 3.3.2. As can be seen from their action on the coset representatives R;
the permutation § commutes with the permutations A, _ and o. Furthermore one
has 02 = 82 = (A,._ 0 0)? = id, where id denotes the identity permutation. This
shows also that the automorphisms J,, _ are involutions both of the Maass forms
and the period functions, a special case of these involutions for all groups ['g(N)
being Jo,—u(z) = u(—z").

Denote by O, —,0<n <hy—1, the uy x uy permutation matrix corresponding
to the permutation A, _ oo 0.

Theorem 3.3.3. The permutation matrices P, _ := p, (S)Q, -, 0<n <hy —1,

define symmetries
~ 0 P,_
P,_= N
" (P,L_ 0 )

+
Lﬂ»XO = (SNPJ? ENP%XO>
B.xo

for the transfer operator

for I'og(N) and trivial character xo =1, with P,i_ =idyys Pr,— Py (S) =0y (S) P, —,
and Py, py,(T) = py,(T 1) P,._, and therefore Pn,_if;;m = 35;)(0 P, _. The per-
mutation matrix P, _ is determined by the permutation A, _ o o and hence by the

coset representatives j, _R; jo _.

Proof. The matrix P, _p,,(S) is determined by the coset representatives j,, — R Sjo, —
whereas p,,(S) P,,— is determined by the coset representatives j, —R; jo,—S and
Jo,—S = Sjo,—. Hence P, _p,,(S) = py,(S)P,,—. On the other hand Tjy_ =
jo._T~" and therefore Py _py(T) = pXO(T_l)P —. O

Obviously Theorem 2.1.1 follows from Theorem 3.3.3. For the automorphisms
Jn.+ = Jn.—Jjo,— one gets the symmetry

= (Puy O
Pﬂ,+_( 0 Pn’+)’

with P, ; the permutation matrix corresponding to the permutation A, _ oo oAg _ o0
determined by the coset representatives j, +R;.

Remark 3.3.4. The symmetry Py _ is given by py,(SM) where M = (9 ) and
Py, denotes the representation of GL(2, Z) induced from the trivial character (o of
[o(N). The transfer operator 58%4 M of Manin and Marcolli [2002] for T'o(N) turns
out to coincide with the operator p,, () Po,_££+ Pxo(S) and appears as a special

B, %0
case of our operators Pn,_ifg o
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Corollary 3.3.5. The permutation matrices P, _, 0 <n < hy — 1, generate a
finite group consisting of the permutation matrices {P, +,0 <n < hy — 1} and
isomorphic to the normalizer group Ny of To(N) in GL(2, Z). The symmetries
{ISn,i, 0 <n < hy — 1} of the transfer operator Lg ,, for I'o(N) and trivial char-
acter xo define a finite group isomorphic to the group N y.

4. Selberg’s character x, for I'g(4)

The group I'g(4) is freely generated by the two elements 7' = ((1) ! ) and B = (_14 ?)
Hence any g € T'¢(4) can be written as g = HlN:gl T™B" If Q(g) = ZINZ”'] m; then
Selberg’s character x, [Selberg 1990] is defined as

X (g) =expmiaf2(g)), O0<a<I1. “4.1)

Denote by z;, 1 <i <3, the inequivalent cusps of I'¢(4) and by 7; the generators of
their stabilizer groups I';, with T;z; = z;. They can be taken as z1 =i00, 20 =0, z3 =
—% and Ty =T, T, = B, T3 = T~'B~!. The character x, is singular in the cusp z;
if and only if x,(7;) = 1. Otherwise the character is nonsingular in z;. It is well
known that the multiplicity « () of the continuous spectrum of the automorphic
Laplacian A with character x, is given by «(xo) = #{i : xo(T;) = 1}. Therefore
k(xq) = 3 for « = 0 whereas k(xy) = 1 for ¢ # 0 and hence the multiplicity
of the continuous spectrum of the Laplacian changes from 3 to 1 when the trivial
character is deformed to y, with a # 0. It is known [Phillips and Sarnak 1994] that
the character y, is congruent (or arithmetic) if and only if « € {k %, 0 <k <4j}. Since
the Selberg zeta function given in (2.0.1) has the property Zr4),,, = Zry@), 0
and obviously x, = x4+1 We can restrict the deformation parameter « to the range
O<ac< %

Lemma 4.1. The Selberg character x, is invariant under the map defined by
J2.—z2=2%/Q2z* = 1), and Jp _u(z) = u(jo,—z) is a Maass form for I'o(4) and
character xy if u = u(z) is such a Maass form.

Proof. We only have to show that x, is invariant under the map j _z =2z*/(2z*—1).
For g =T we find j, _Tj, - =T B and hence

Xa(j2.-Tj2,-) = Xa(T B) = Xa(T),

whereas for g = B one finds jo _Bj, _ = B~ ! and hence
Xa(j2.-Bj2,~) = xa(B™") = Xu(B).
Therefore x,(j2.—8J2.—) = xa(g) for all g € I'p(4). O

If u = u(z) is a Maass form for I'g(4) with character x, and v =j(Ei<j<6
is its period function, denote by J_u the Maass form given by J_u(z) := u(j2,_z2),
and by J_y = (J_¥j(£))1<j<e its period function. Then one shows:
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Theorem 4.2. The period function J_ of the Maass form J_u is given by

J_¥i(¢)= §_zﬁXa(naoa(j))wxz,_oaoa(j)(%), (4.2)

where the permutations Ay _, o, and 8, as well as the n; € I'o(4), are determined
through the coset representatives R; by

4R =0;Ry, _(jy, Jo—Rjjo—=VjRs(), R;jS=n;Rs)
with 6, y;,andnj € I'g(4) for 1 < j <6.

Proof. Set j1 := j» + and Jyu(z) :=u(j+z). Then J_u is a Maass form for I'y(4)
and character x, whereas J,u is a Maass form for ['g(4) and character x_,. The
vector-valued Maass form Jiu = (Jyu;)i<j<¢ is given by Jyu;(z) = u(j; R;z).
We have chosen the representatives R of the cosets in SL(2, Z) = J, <j<610 DR;
as follows:

Ri=idy, R;=ST/7?, 2<j<5  Rg=ST’S.

But j; R; = 0;R;, () for some 6; € I'g(4) and some permutation A, _ of the set
{1,2,...,6} and hence Jyu;(z) = xo(0;)u(Ry, _(jz). It turns out that 6; = B!
for1 <j<3and6; =id for4 < j <6. Hence x(8;) =1 and

Jyuij(z) =u;, (@), 1=<j=6, 4.3)
with A, _ the permutation

123456

= 4.4
645231 9

2,—

Consider next Jyuj(—z*) = Jyuj(jo,—z). Then
Jruj(jo,—z) = u(j+Rjjo,—z) = u(jtJjo,— jo,— Rj jo,—2).

If jo,—Rjjo,— = VjRo(j) then Jiu;j(jo,—z) = u(j-yjj-j-Ro(j)z). But it turns
out that j_y;j_ =idy for j = 1,2,6 and j_y;j_ = B for j = 3,4, 5, hence
Xa(j—vjJj-) =1 and therefore

Jyuj(=z%) = Jyuj(jo,~z) = J-uq(j)(2). 4.5)
Since, furthermore, J u;(Sz) =u(j+R;Sz) = u(jyn;jRs(j)z), one finds
Jyuj(S2) = x—a Mty _o0s(j)(2), (4.6)

where § is the permutation

123456

2720 4.7
215634 7
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nj =idy for j =1,2,4,6, and n3 = n;' = T~'B~'. For J u,;(—Sz*) one gets
with (4.5) J4uj(—Sz*) = J_us(j)(S2) = u(jr,— Ry (jySz) and

Jouj(—=82%) = u(j2,~ 16 (j) Rsoo ()2) = Xa (Mo (j)) I—thsoo (j) (2)-
Using the explicit form of the n; one shows x4 (74(j)) = x—«(n;) and therefore
Jruj(=S2°) = x—a (M) J-tsoo (j)(2). (4.8)
Define next vy ; = v+ ;(z) as
vi (@) = Lo (@) £ Jouj(—2). 4.9)
Then v+ ;(—z*) = £v+ ;(2), and by (4.6) and (4.8) we have
U+ j(82) = x—a(j)v+,5())(2). (4.10)
If therefore 1//;].(;) = féoo N+, j, R?)(z) one gets from relation (4.10)

Vi (0 = i§*2’3x_a(nj)w;,5(,~)(§> (4.11)

and using the identity (4.9)

Vio_ () (&) £ I -Ye(j(0)

=07 s 0) (Vo0 (%) £ T Yos()) (%)) 4.12)

Adding these two equations leads finally to

J_¥i(¢)= §_zﬂXa(ﬁaoa(j))xllxz,_oaos(j)<%>, O

Inserting the explicit form of the permutations

123456
cof=—"—H04H—/04—— (4.13)
213654
and
123456
Ay _0008=——7-—"—— (4.14)
465132

and the character values

—2ria

Xa1) = xa(12) = xa(M2) = xa(e) =1 and  xo(13) = xa(ns) ™' =27,
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one finds
Jon@ = (). Jn©) = ()
Js©) = e (L), L@ = (g). @)
Jys© =Py (1), @) = n(p).

Define the matrix Q5 _ through the equation Jz,_y(g) = ;‘2’3 QQ’_Y(I/K).

Proposition 4.3. The permutation matrix P> _ = p,, (S)Q», _ defines a symmetry

~ 0 P_
B = ’
* (Pz,— 0 )

+
LﬂsXa = (g-i(-) ig%Xa)
B X

of the transfer operator

for To(4) and character x, with Pz% _ =1dg,

Py 0y (S) =y, (S)Po— and Py _py, (T)=py, (TP, _,

and therefore Pz,_éﬁg o = L.y, P2~ The permutation matrix Py, corresponds
to the permutation Ay _ o o and hence is determined by the coset representatives
J2,—Rj jo,—.

Proof. For our choice of coset representatives R; as given in (2.1.4) one finds for
Pxo (S)

o1 O o o0 O
10 0 O O O
00 0 0 2™

=100 0o 0o o 1l (4.16)
00 ™0 0 0
00 0 1 0 O

and hence the matrix O, _ is given by

00 0 1 0 O
00 0 0 O 1
00 0 0 2™

©2-=110 0 0 0 o0 @17
00 ™0 0 0
o1 o0 o o0 O
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For p, (T) one finds

2T 0000 0
0 0100 0
0 0010 0
M=% 0001 o (4.18)
0 1000 0
0 000 0 e?7i¢

A simple calculation then confirms that P> _p,, (S) =p,, (S) P, —and P, _p, (T)=
Py (T™H Py, with

(4.19)

—_ o O O O O
S O = O OO
oMo A=
cNeNeNe N =
SO = O O OO
S O OO o

and hence defines a symmetry of the transfer operator Lg ,,. The matrix P> _
coincides with the permutation matrix P, corresponding to the permutation o> in
(2.1.6). (]

Remark 4.4. For the trivial character xo, the map jo _z = —z* defines an automor-
phism of the Maass forms for the group I'g(4). Indeed, this is an automorphism
for all Hecke congruence subgroups I'g(N). In this case the permutation Ag
is the trivial permutation and the matrix Qo _ is determined by the permutation
o o4. For I'g(4) this is given by (4.13). Using (4.16) with = 0 one obtains for
Po,— = py,(S)Qo,— the permutation oy as given in (2.1.5). The symmetry P, for
['o(4) and trivial character x( hence corresponds to the automorphism z — —z* of
the Maass forms for this group.

We have seen that for every eigenfunction f = f(¢) of the operator P2££+
with eigenvalues A = =1 the function ¥ =W (¢) = Prp, (T~ 'syp, f -1 fulﬁlls
the functional equation

V(@) =20, (P (7 ) = 1IWE) (4.20)

and hence is an eigenfunction of the involution J_ corresponding to the automor-
phism j_ = j, _ of the Maass forms for I'g(4) and character x,. Hence this shows:

Proposition 4.5. The eigenfunctions | = f(¢) of the operator Pzifl'g’ 1o With eigen-
values A = %1 correspond to Maass forms which are even or odd, respectively,
under the involution J_ = J _.
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For a conjugate character x,, Phillips and Sarnak [1994] have shown that the
Maass cusp forms that are odd under the corresponding conjugate involution J are
still cusp forms under the deformation of this character. Hence:

Corollary 4.6. The zeros of the Selberg zeta function for the group T'o(4) and char-
acter xq corresponding to eigenfunctions of the operator P2§B Bt with eigenvalue
A = —1 which for a = 0 are on the critical line Re = 2 stay, for all o, on this
line.

Remark 4.7. The operator P2££+ can be used to calculate numerlcally the Sel-
berg zeta function for small Values of Im B and arbitrary 0 < o < 5. These numerical
calculations confirm the above corollary and let us expect that all the zeros of the
Selberg function corresponding to the eigenvalue A = 1 of the operator PZSEE’ a
for o = 0 leave the critical line when « becomes positive. A detailed discussion of
the numerical treatment of the behavior of the zeros of the Selberg function under
character deformation will appear elsewhere [Bruggeman et al. 2012].
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