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We define a Z/2-equivariant real algebraic K-theory spectrum KR(A), for every
Z /2-equivariant spectrum A equipped with a compatible multiplicative structure.
This construction extends the real algebraic K-theory of Hesselholt and Madsen
for discrete rings, and the Hermitian K-theory of Burghelea and Fiedorowicz for
simplicial rings. It supports a trace map of Z/2-spectra tr : KR(A) — THR(A)
to the real topological Hochschild homology spectrum, which extends the K-
theoretic trace of Bokstedt, Hsiang and Madsen.

We show that the trace provides a splitting of the real K-theory of the spheri-
cal group-ring. We use the splitting induced on the geometric fixed points of KR,
which we regard as an L-theory of Z/2-equivariant ring spectra, to give a purely
homotopy theoretic reformulation of the Novikov conjecture on the homotopy in-
variance of the higher signatures, in terms of the module structure of the rational
L-theory of the “Burnside group-ring”.
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Introduction

In [Hesselholt and Madsen 2015], a Z/2-equivariant spectrum KR (%) is constructed
from an exact category with duality %, whose underlying spectrum is the K-theory
spectrum K(%) of [Quillen 1973] and whose fixed-points spectrum is the con-
nective Hermitian K-theory spectrum, or Grothendieck—Witt spectrum, GW (%)
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of [Schlichting 2010]. The associated bigraded cohomology theory is an alge-
braic analogue of Atiyah’s KR-theory [1966], in the same way as algebraic K-
theory is analogous to topological K-theory. Specified to the category of free
modules over a discrete ring with anti-involution R, this construction provides a
Z /2-equivariant spectrum KR(R) whose fixed points are the connective Hermitian
K-theory GW(R) of [Karoubi 1973] (when % € R) and [Burghelea and Fiedorowicz
1985]. In the latter paper, the construction of GW(R) is extended from discrete
rings to simplicial rings, and the homotopy type of GW(R) depends both on the
homotopy types of R and of the fixed-points space R?/2.

In this paper we propose a further extension of the real K-theory functor KR to
the category of ring spectra with anti-involution. These are genuine Z/2-equivariant
spectra A with a suitably compatible multiplication (see Section 2.2). We model
the homotopy theory of genuine Z/2-equivariant spectra using orthogonal spectra
with a strict Z/2-action, with the weak equivalences defined from a complete Z/2-
universe, as developed in [Schwede 2013; Hill et al. 2016]. Thus, when referring
to a genuine Z/2-spectrum, we always mean an orthogonal spectrum with a strict
involution. The output of our theory KR(A) is also a genuine Z/2-equivariant spec-
trum, whose derived fixed-points spectrum and geometric fixed-points spectrum

GW(A) :=KR(A)?? and L&(A):= ®?/?>KR(A) := (KR(A) A §°9)%/?

behave, respectively, as a Hermitian K-theory and L-theory for ring spectra with
anti-involution, by Propositions 2.6.3 and 2.6.7 (the model of [Schwede 2013] for
the derived fixed-points is recalled in Section 2.2, and S°°° is the one-point com-
pactification of the infinite countable sum of sign representations o). They depend
on the genuine equivariant homotopy type of A, that is, on the underlying spectrum
of A and on the derived fixed-points spectrum A%/?, and therefore differ from other
constructions in the literature (e.g., from the Hermitian K-theory of [Spitzweck
2016] and from the quadratic or symmetric L-theory of [Lurie 2011], which are
invariant for the morphisms which are equivalences of underlying nonequivariant
spectra). The main application of this paper uses a trace map tr : KR — THR to
real topological Hochschild homology to reformulate the Novikov conjecture in
terms of the monoidal structure of L.

There is an algebraic case of particular interest lying between discrete rings and
ring spectra: the ring spectra with anti-involution whose underlying Z/2-spectrum
is the Eilenberg—Mac Lane spectrum HM of a Z/2-Mackey functor M. In this case
the multiplicative structure on HM specifies to a ring structure on the underlying
abelian group woHM and a multiplicative action of 7woHM on 7o (HM)?/?, suitably
compatible with the restriction and the transfer maps. We call such an object a
Hermitian Mackey functor. In the case where the restriction map is injective, these
are form rings in the sense of [Bak 1981, §1.B]. A class of examples comes from
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Tambara functors, where the underlying ring acts on the fixed-points datum via the
multiplicative transfer. We start our paper by constructing the Hermitian K-theory
of a Hermitian Mackey functor in Section 1, as the group completion of a certain
symmetric monoidal category of Hermitian forms Herm,; over M

GW (M) := QB(Bi Hermy,, ®).

The key idea for the definition of Hermy, is that the fixed-points datum of the
Mackey functor specifies a refinement of the notion of “symmetry” used in the
classical definition of Hermitian forms over a ring. In Section 2 we extend these
ideas to ring spectra and we give the full construction of the functor KR.

The main feature of this real K-theory construction is that it comes equipped
with a natural trace map to the real topological Hochschild homology spectrum
THR(A) of [Hesselholt and Madsen 2015]; see also [Dotto 2012; Hggenhaven
2016; Dotto et al. 2017]. The following is in Section 3.2.

Theorem 1. Let A be a connective ring spectrum with anti-involution. There is a
natural transformation of Z/2-spectra

tr: KR(A) — THR(A)

which agrees on nonequivariant infinite loop spaces with the Bokstedt—Hsiang—
Madsen trace map K(A) — THH(A) from [Bokstedt et al. 1993].

In the case of a discrete ring with anti-involution R the trace provides a map of
spectra GW(R) — THR(R)%/? which is a refinement of earlier constructions of
the Chern character from Hermitian K-theory to dihedral homology appearing in
[Cortifias 1993]. In Section 2.7 we define, for any topological group 7 and ring
spectrum with anti-involution A, an assembly map

KR(A) A Bt — KR(A[r]),

where A[r] := A A 74 is the group-ring with the anti-involution induced by the
inversion of 7, and B is a delooping of 7w with respect to the sign-representation.
We define a map

0 :KR(S[7]) & THR(S[7]) ~S A BYin, - SAB° 7,

where BY7 — B is the projection from the dihedral nerve of 7, and the equiv-
alence is from [Hggenhaven 2016]. The following is proved in Section 3.3.

Theorem 2. The map Q defines a natural retraction in the homotopy category of
Z]2-spectra for the restricted assembly map

SA By 29 KR(S) A B — KR(S[n)),
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where 1 :'S — KR(S) is the unit map. Thus the real K-theory of the spherical
group-ring splits off a copy of the equivariant suspension spectrum S A B° . If
7 is discrete, the Hermitian K-theory spectrum GW (S[r]) := KR(S[x1)%/? splits
off a copy of

(SABm )P ~SA(Br xRP®)U [] BZ:(s))+.
{lellg?=1)
where the disjoint union runs through the conjugacy classes of the order two ele-
ments of w, and Z(g) is the centralizer of g in 7.

Nonequivariantly this is the splitting of [Waldhausen et al. 2013], and the cofiber
of the restricted assembly map is the Whitehead spectrum. It is unclear at the mo-
ment if the equivariant homotopy type of this cofiber directly relates to a geometric
object. It was brought to our attention by Kristian Moi and Thomas Nikolaus
that the fixed-points spectrum GW (S[x]) might relate to the spectrum VLA® from
[Weiss and Williams 2014].

The geometric application that we propose uses the rationalization of KR(S[x])
to reformulate the Novikov conjecture. This conjecture, from [Novikov 1968], for
a discrete group 7 is equivalent to the injectivity of the assembly map

Aziz1 : LYZ) A By — LY(Z[r])

on rational homotopy groups, where LY denotes the quadratic L-theory spectrum
and Z[] is the integral group-ring with the anti-involution induced by the inversion
in 77; see, e.g., [Kreck and Liick 2005]. Relying on Karoubi’s periodicity theorem
[Karoubi 1980], Burghelea and Fiedorowicz [1985] show that there is a rational
decomposition

GW.(R)® Q= (LY(R) ® Q) & (K.(R) ® @)%/

for every discrete ring with anti-involution R, where K, (R) are the algebraic K-
theory groups. In Proposition 2.6.7 we reinterpret this result in terms of the splitting
of the isotropy separation sequence of the rational KR spectrum, thus identifying
rationally the connective L-theory spectrum with the geometric fixed-points spec-
trum ®%/2 KR(R); see [Schlichting 2017, Theorem 7.6] for a similar result. This
justifies our definition of

L&(A) := dY/?KR(A),

the “genuine” L-theory spectrum of the ring spectrum with anti-involution A. The
trace then induces a map on the rationalized geometric fixed-points spectra

tr: LYZ[7]) ® Q ~ L&(Z[7]) ® Q@ — ®Z/2(THR(Z[r])) ® Q,

which one could try to exploit to detect the injectivity of the L-theoretic assembly.
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The rational geometric fixed points ®%/2 THR(R) ® @ have however been com-
puted to be contractible in [Dotto et al. 2017], as long as R is a discrete ring. This
is in line with the results of [Cortifias 1993], where the Chern character to dihedral
homology factors through algebraic K-theory via the forgetful map, and therefore
vanishes on the L-theory summand.

The rational geometric fixed points ®//> THR(A) ® Q are generally nontrivial
when the input A is not the Eilenberg—Mac Lane spectrum of a discrete ring. The
starting point of our analysis is to replace the ring of integers with the Burnside
Mackey functor, much in the same way one replaces the integers with the sphere
spectrum in the proof of the K-theoretic Novikov conjecture of [Bokstedt et al.
1989]. We define a Hermitian Mackey functor

Al/z[n’] ::7_T§/Z(§ AN 7T+)[%],

the “Burnside group-ring” of a discrete group 7 (see Definition 1.1.7) with 2 in-
verted. There is a restriction map d : Ay p[] — Z; 2[7] coming from the augmen-
tation of the Burnside ring, where Z; »[r] is the Mackey functor associated to the
integral group-ring Z[m] with 2 inverted. The following is proved in Section 4.

Theorem 3. Let 7w be a discrete group. There is a lift Azin of the L-theoretic
connective assembly map of the integral group-ring

~ LE(A plr]) @ Q

Azix]
d

QB ® Ho(B; @) ——— Lo (ZIn) @ Q@ =LA(Ziplr ) @ Q

For every polynomial x € Q[B] ® H.(Bmw; Q) with nonzero constant term, we have
/_lz[ﬂ] (x) # 0. It follows that the Novikov conjecture holds for w if and only if the
image of f_lz[n] intersects the kernel of d trivially.

We prove this theorem by detecting Az, )(x) using the trace map. We define a
map
T:LEApr) @Q
% @72 THR, (A 2[n]) ® @ = H, (B 7)"/?; Q) & H,(Br; Q),

where BY7 is the dihedral nerve of 7, and p : (BY%7)?/?> — B is a certain
projection map. The image of the constant term T.Az,1(1 ® x,,) of a polynomial

X =1®ux, +,8®xn—4+"'+,8k®xn—4k € (@[ﬂ]@H*(BT[, @))n

of total degree n, with x,, % 0, is nonzero essentially by Theorem 2. A natural-
ity argument then shows that T Az, vanishes on the positive powers of 8, and
therefore that flz[n]@) is not zero. By the periodicity of LiZ[r)), if Agz(1 does
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not annihilate the polynomials with nonzero constant term, it must be injective
(see Remark 4.1). Thus the Novikov conjecture holds precisely when d does not
Kill Az (x).

We further reduce the Novikov conjecture to an algebraic property of LE(A; 2l
as an L% (A /2)-module. The rank map d above admits a natural splitting s, which
includes L]_ ,(Z[7]) ® Q as a summand of L§(A; [ ]) ® Q. In particular, the unit
of L2>O(Z) ® Q = Q[B] defines an idempotent element a in the ring L% (A1) @ Q.

Corollary 4. There is an idempotent a € Lg(A1 2) ® Q such that every element
x € Q[B] ® H(Bmr; Q) satisfies the identity

Sz Az (x) = a - Az (x) € LE(A o[7]) @ Q,

where s is injective and /_lz[n](gc) is nonzero when x has nonzero constant term.
It follows that the Novikov conjecture holds for w if and only if the multiplication

map
a-(=):LEAalr]) — LEA [7])

is injective on the image of /_lz[n].
The element a is sent to zero by the trace
tr: LE(A ) — &7/ THR, (A1 al7]),

and therefore a - Azj;(x) cannot be detected by the trace map to THR. In future
work we hope to be able to show that

tr(a - Az (x)) = tr(a) - Arcr (r(x))

is nonzero in ®Z/2 TCR, (A, 2[7]) @ Q by direct calculation, where tr : KR — TCR
is a lift of the trace map to the real topological cyclic homology spectrum, and Atcgr
is the corresponding assembly map.

A brief outline of the paper follows. In Section 1 we define Hermitian Mackey
functors, we construct some examples, and we define their Hermitian K-theory. In
Section 2 we construct the real K-theory of a ring spectrum with anti-involution.
We prove that its fixed points recover the connective Hermitian K-theory of sim-
plicial rings of [Burghelea and Fiedorowicz 1985] and the Hermitian K-theory of
Hermitian Mackey functors of Section 1, and we prove that its geometric fixed
points are rationally equivalent to the connective L-theory of discrete rings. Under
these equivalences we recover the L-theoretic and Hermitian assembly maps from
the KR assembly. In Section 3 we recollect some of the basics on real topological
Hochschild homology. We then construct the real trace map and the splitting of
the real K-theory of the spherical group-ring. Finally in Section 4 we relate the
trace map to the Novikov conjecture.
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Notation and conventions. A space always means a compactly generated weak
Hausdorff topological space. These form a category, which we denote by Top. We
let Top® be its category of G-objects, where G is a finite group, usually G = Z/2.
An equivalence of G-spaces is a continuous G-equivariant map which induces a
weak equivalence on H-fixed-points, for every subgroup H of G.

By a spectrum, we always mean an orthogonal spectrum. A G-spectrum is a
G-object in the category of orthogonal spectra, and an equivalence of G-spectra is
a stable equivalence with respect to a complete G-universe, as in [Schwede 2013].

1. Hermitian Mackey functors and their K-theory

1.1. Hermitian Mackey functors. The standard input of Hermitian K-theory is a
ring R with an anti-involution w : R°? — R, or in other words an abelian group R
with a Z/2-action and a ring structure

R®zR— R

which is equivariant with respect to the Z/2-action on the tensor product that swaps
the two factors and acts on both variables. In equivariant homotopy theory abelian
groups with Z/2-actions are replaced by the more refined notion of Z/2-Mackey
functors. In what follows, we define a suitable multiplicative structure on a Mackey
functor which extends the notion of a ring with anti-involution.

We recall that a Z/2-Mackey functor L consists of two abelian groups L(Z/2)
and L(x), a Z/2-action w on L(Z/2), and Z/2-equivariant maps

R:L(x)—> L(Z/2), T:L(Z/2) — L(x%)

(with respect to the trivial action on L(x)), respectively called the restriction and
the transfer, subject to the relation

RT(a)=a+ w(a)
for every a € L(Z/2).
Definition 1.1.1. A Hermitian Mackey functor is a Z/2-Mackey functor L, to-
gether with a multiplication on L(Z/2) that makes it into a ring, and a multiplica-

tive left action of L(Z/2) on the abelian group L (*) which satisfy the following
conditions:

(i) w(aa") =w(@)w(a) forall a,a’ € L(Z/2), and w(l) =1,
(1) R(a-b) =aRb)w(a) foralla € L(Z/2) and b € L(%),
(i) a-T(c) =T (acw(a)) for all a,c € L(Z/2),

(iv) (a+a’)-b=a-b+a’ -b+T(@Rb)w(a')) forall a,a’ € L(Z/2) and b € L(x),
and 0-b6=0.
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Example 1.1.2. Let R be a ring with anti-involution w : R°? — R. The Mackey
functor R associated to R has values R(Z/2) = R and R (%) = R%?/?, the abelian sub-
group of fixed points. The restriction map is the inclusion of fixed points R%/?> — R,
and the transfer is T (a) = a + w(a). The multiplication on R defines an action of
R on R%/? by

a-b=abw(a)

for a € R and b € R?/?. This gives R the structure of a Hermitian Mackey functor.

Example 1.1.3. Let A be the Burnside Z/2-Mackey functor. The abelian group
A(Z/2) is the group completion of the monoid of isomorphism classes of finite sets,
and it has the trivial involution. The abelian group A(x) is the group completion
of the monoid of isomorphism classes of finite Z/2-sets. The restriction forgets
the Z/2-action, and the transfer sends a set A to the free Z/2-set A x Z/2. The
underlying abelian group A(Z/2) has a multiplication induced by the cartesian
product, and it acts on A(x) by

A~B:(1_[A)><B.

Explicitly, A(Z/2) is isomorphic to Z as a ring, A(x) is isomorphic to Z @& Z with
generators the trivial Z/2-set with one element and the free Z/2-set Z/2. The
restriction is the identity on the first summand and multiplication by 2 on the second
summand, and the transfer sends the generator of Z to the generator of the second
Z-summand. The underlying ring Z then acts on Z & Z by

a-(b,c)= (ab, %ba(a —-1) +a20).

The Hermitian structure on the Burnside Mackey functor is a special case of the
following construction. If the multiplication of a ring R is commutative, then an
anti-involution on R is simply an action of Z/2 by ring maps. The Mackey version
of a commutative ring is a Tambara functor, and we show that there is indeed a
forgetful functor from Z/2-Tambara functors to Hermitian Mackey functors. We
recall that a Z/2-Tambara functor is a Mackey functor where both L(Z/2) and L (%)
are commutative rings, and with an additional equivariant multiplicative transfer

N :L(Z/2) — L(*),
called the norm, which satisfies the properties
(1) T(@)b=T(aR(®b)) foralla e L(Z/2) and b € L(%),
(i) RN(a) =aw(a) foralla € L(Z/2),
(iii) N(a+a')=N(a)+ N(@a)+ T (aw(a")) foralla,a’ € L(Z/2), and N (0) =0;
see [Tambara 1993; Strickland 2012].
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Example 1.1.4. A Tambara functor L has the structure of a Hermitian Mackey
functor by defining the L(Z/2)-action on L(x) as

a-b=N(a)b,

where the right-hand product is the multiplication in L(x), and then forgetting the
multiplication of L () and the norm.

Let us verify the axioms of a Hermitian Mackey functor. The first axiom is
satisfied because the multiplication is commutative and equivariant. The second
axiom is

R(a-b)=R(N(a)b) = R(N(a))R(b) =aw(a)R(b) =aR(b)w(a)
and the third is

a-T(c)=N@)T(c)=T(R(N(a))c) =T(aw(a)c) =T (acw(a)).
The last axiom is clear from the third condition of a Tambara functor.

We conclude the section by extending to Hermitian Mackey functors two stan-
dard constructions of rings with anti-involution: the matrix ring and the group-ring.

If R is a ring with anti-involution and # is a positive integer, the ring M, (R)
of n x n-matrices has a natural anti-involution defined by conjugate transposition
w(A);; == w(Aj;). A fixed point in M, (R) is a matrix whose diagonal entries
belong to RZ/2_ and where the entries A;- ; are determined by the entries A; - ;, by
Ai-;=w(Aj.;). Inspired by this example, we give the following definition.

Definition 1.1.5. Let L be a Hermitian Mackey functor. The Hermitian Mackey
functor M, (L) of n x n-matrices in L is defined by the abelian groups

M, (L)(Z/2) = My(L(Z/2)),
Mn<L)(>x<)=( D L(Z/Z))ea( o, L(*)).
I<i<j<n 1<i=j<n

The anti-involution on M, (L)(Z/2) is the anti-involution of L(Z/2) applied entry-
wise followed by matrix transposition. The restriction of an element B of M,,(L)(*)
has entries

Bij ifi < j,
R(B),'j = w(Bj,-) ifi > j,
R(B;;) ifi=j.

The transfer of an n x n-matrix A with coefficients in L(Z/2) has components

T(A); = {T(Aii) ifi=j.
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The multiplication on M,,(L)(Z/2) is the standard matrix multiplication. The ac-
tion of M, (L)(Z/2) on M, (L)(x) is defined by

(AR(B)w(A)),-j ifi < j,
(A-B);j = T( Z AikBklw(Ail)) + Z Aik - B ifi =],
1<k<Il<n 1<k<n

that is, by the conjugation action on the off-diagonal entries, and through the Her-
mitian structure on the diagonal entries.

Lemma 1.1.6. The object M, (L) defined above is a Hermitian Mackey functor,
and if R is a ring with anti-involution then M,,(R) = M, (R).

Proof. 1t is clearly a well-defined Mackey functor, since

T(A); = A +w(Aj) ifi < j,
RT(A);jj = w(T(A);) =w(Aj +w(A;) =w(Aj;;)+A; ifi>j,
R(T(A)ii) = R(T(A;)) = Aii +w(A;ii) ifi=j

is equal to (A + w(A));;. Let us verify that the formula above indeed defines
a monoid action. This is immediate for the components i < j. For the diagonal
components let us first verify that the identity matrix [ acts trivially. This is because

(I-B)i; = T( > IikBklw(Iil)) + Y L B =0+ Bu.
I<k<lzn I<k=n

In order to show associativity we calculate the diagonal components of (AC) - B
for matrices A, C € M,,(L(Z/2)) and B € M,,(L)(*). These are

((AC)- B>,,—T(Z(AC)I,, mw((AC)lq))+Z<AC)n By

P=<q

= T(Z > AiCipBpgw(A; lczq>> + Z(Z Amcm)  Bur.

p<q k.l
An easy induction argument on the fourth axiom of a Hermitian functor shows that
( > ah) b= (an-b)+ Y T(aRbGwa)),
1<h<n 1<h<n 1<k<I<n
and the expression above becomes

((AC) B)u - T<Z Z Atkap pqw(AthIq)> + Z Z(Azucut Btt)

P<q k1l

+ Z Z T(AikCr: R(Bir)w(A;Cpp)).

t k<l
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On the other hand the diagonal components of (A - (C - B));; are

(Z Ajr(C - B>k1w<Alz)) + Z Aju - (C- Bl

k<l

= T<Z Z AikapR(B)pqw(Ailclq))

k<l p.q

+ Z Ay < <Z CupB qw(cuq)) + Z Cur - B”)

pP=<q

- T<Z > A,-kck,,R(B)pqw(AuCzq)>

k<l p.q

(Z Z Alucupoqw(AtuCuq)) + Z Z Alu Cut Btt

u p<q

- T<Z Z AikCrp(Bpg + w(qu))w(AilClq))

k<l p<q

=+ T (Z Z Aika[R(B[[)w(AilCll)>

k<l t
(ZZAluCupB qw(AzuCuq))+ZZAzu Cut- By
u p<q

We see that the second and the fourth term of this expression cancel with the third
and second term, respectively, of the expression of (AC) - B. Finally, by using that
the transfer is equivariant we rewrite the sum of the first and third terms as

u p<q

T(ZZA,-kck,,(qu+w<qu>)w<A,-zczq>)+T(ZZAmcupoqw(Amcuq>>

k<l p<q

= T(Z Z Aikckpoqw(AilClq)> +T (Z Z A,-;CIq quw(Aikap))

k<l p<q k<l p<q

+T (Z Z Aiucupoqw(AiuCuq)>

u p<q

_ T(Z Z Aikapoqw(AilClq)> + T(Z Z AixCrg quw(A,.,c,p)>

k<l p<q k>1 p<q

+T (Z Z AiucupBqu(Ai”C”q))

u p<q

(Z > AikCrp pqw<A,zclq)>

P=<q
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Let us now verify the other axioms of a Hermitian Mackey functor. The com-
patibility between the action and the restriction holds since

R(A - B);;

(A- B)j ifi <j,
— Jw((A-B);i) = w((AR(B)w(A)) i) ifi > j,
R((A-B)ii) =l<kZ:<l<nRT(AikBklw(Ail)) +1<kZ<nR(Aik “Bip) ifi=j
(AR(B)w(A));; ifi # j,

= Y (AiBuw(Aj) + Ayw(Bi)w(Ajx))
et + Y AuRBuww(Ay) TI=1

1<k<n

which is equal to (AR(B)w(A));;. The compatibility between the action and the
transfer is

(A-T(C));j
(AR(T (C)w(A));j = (A(C +w(C))w(A)); ifi <j,
- T( > AikT(C)kzw(Aiz)>+ Y Ak - T(Owk ifi=j
1<k<l<n 1<k<n
(ACw(A) +w(ACw(A)))ij = T(ACw(A));j ifi <j,
“17( X AkCutuw@orwdn)+ ¥ Au-T(Cu) ifi =]
1<k<l<n 1<k<n
T(ACw(A));j ifi < j,

7 X ACuw(Ai) + Apw (Cow(An)
1<k<l<n
- £ Y T(AaCuw(A)

1<k<n
and this is by definition T (ACw(A));;. The distributivity of the action over the
sum in M, (L)(x) is easy to verify for the components i < j. In the diagonal
components we have that

ifi=j,

(A+ A B = T( D A+ A)uBuw(A+ A/)il)) + > (A+ Ak By

1<k<l<n 1<k<n

=T( > AikBklw(Ail)>+T< > Angkzw(Agl))

I<k<l<n 1<k<l<n
+T< Z AikBklw(A;I))‘f‘T( Z A;kBklw(Ail))
1<k<l<n 1<k<l<n

+ D A Bu+ Y Al But Y T(AxR(Br)w(AR))

I<k<n I<k<n 1<k<n
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:(A‘B)ii+(A/‘B)ii+T( Z AikBklw(A;l))

1<k<l<n
+ T( > A;kBklw(Ail)) + > T(AuR(Bu)w(A))).
1<k<I<n 1<k<n

By using that the transfer is equivariant and by reindexing the sum we rewrite the
fourth summand as

T( Z A;kBk]w(Ai]))=T( Z AélBlkw(Aik))

1<k<lI<n 1<k>I<n

=T( > Aikw(Bmw(A;l)).

1<k>Il<n

Thus the expression above is equal to

(A-B);; + (A/ -B);i + T( Z AikR(B)klw(A;[))
1<k,l<n , ,
=(A-B)ji+ (A -B); +T(AR(B)w(A"));;.
Finally, by inspection, we see that M, (R) = M,,(R). O

Let m be a discrete group with an anti-involution 7 : 7°° — & (for example
inversion). If R is a ring with anti-involution, the group-ring R[] = &P, R inherits

w(Zagg) =Y wary)g.

gem gem

an anti-involution

A choice of section s of the quotient map w — 7 /(Z/2) determines an isomorphism
(RIx)?/? = R* [z @ Rz "™/ (Z/2)],

where 77 = 7 — 7%/2 is the subset of 7 on which Z/2 acts freely. It is defined on
the RZ/?[r%/?] summand by the inclusion, and on the second summand by sending
cx to cs(x) +w(c)t(s(x)).

Definition 1.1.7 (group-Mackey functor). Let L be a Hermitian Mackey functor
and 7 a discrete group with anti-involution 7 : 7°° — 7. The associated group-
Mackey functor is the Hermitian Mackey functor L[] defined by the abelian
groups

Li71(Z/2) = L(Z/2)[x],  Lirl(») = L®)[x??*1@ L(Z/2)[x"/2/2].

The anti-involution on L(Z/2)[r] is the standard anti-involution on the group-ring.
The restriction is induced by the restriction map R : L(x) — L(Z/2) and by the
inclusion of the fixed points of 7 on the first summand, and by the map

R(cx) = cs(x) +w(c)T(s(x))
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on the second summand. The transfer is defined by

T(a)g if gen?/?,
free

and g = s[g],
and g = ts[g].

T(ag) = {algl ifgen
w(a)lg] ifgenm

free

The multiplication on L[](Z/2) is that of the group-ring L(Z/2)[x]. The action
of a generator ag € L[m](Z/2) on L[m](x) is extended linearly from

ag -bh = (a-b)(ght(g))
for bh € L(%)[7%/?], and

acw(a)[gs(x)t(g)] if gs(x)7(g) =slgs(x)T(g)],

ag-cx = { .
aw(c)w(a)[gs(x)t(g)] if gs(x)T(g) =Ts[gs(x)T(g)],

forcxe L(Z/2)[x free /(Z/2)]. Itis then extended to the whole group-ring L[ [(Z/2)
by enforcing condition (iv) of Definition 1.1.1, namely by defining

(Z agg) &= Z(agg &)+ Z T(aggR(E)w(ag)t(g))

gem gem g<g’

for some choice of total order on the finite subset of 77 on which ag # 0.
When L = A is the Burnside Mackey functor, we call A[x] the Burnside group-
ring.

Remark 1.1.8. The definition of L[x] depends on the choice of section up to
isomorphism, and it is therefore not strictly functorial in 7. However, it is indepen-
dent of such choice for the Mackey functors that have trivial action w. This is the
case, for example, for the Burnside Mackey functor A. This construction is always
functorial in L.

Lemma 1.1.9. The functor L[] is a well-defined Hermitian Mackey functor, and
if R is a ring with anti-involution R[w] = R[x].

Proof. We see that L[] is a Mackey functor, since

R(T(a)g) = (RT(a))g = (a+w(a))g if g en?/?,
RT(ag) = { R(alg]) = ag +w(a)t(g) if g € 7™ and g = s[g],
R(w(a))lgl=w(a)t(g) +ag if g e 7™ and g = 75[g]

is equal to ag + w(a)7r(g). A calculation analogous to the one of Lemma 1.1.6
shows that the action of L[7](Z/2) on L[m](x) is indeed associative (this also
follows from Remark 2.7.1 if L is a Tambara functor, since it can be realized as the
1o of a commutative Z/2-equivariant ring spectrum). The compatibility between
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the action and the restriction is
R(ag -bh) = R((a-b)(ght(g))) = R(a-b)(ght(g))
=aR((b)w(a)(ght(g)) = (ag)R(bh)w(a)T(g)

for the action on the first summand. On the second summand, this is

R(ag - cx) = R(acw(a)lgs(x)T(g)]) if gs(x)7(g) = slgs(x)T(g)],
R(aw(c)w(a)gs(x)T(g)]) if gs(x)7(g) = Ts[gs(x)T(g)]
acw(a)gs(x)t(g)

+ w(acw(a))r(gs(x)f(g)) if gs(x)‘r(g) = s[gs(x)‘r(g)],
aw(c)w(a)t(gs(x)T(8))
+w(aw(c)w(a))gs(x)t(g)

which is equal to (ag) R(cx)(w(a)t(g)). Let us verify the compatibility between
the action and the transfer. We have that

(ag) - (T (b)h)

if gs(x)T(g) = ts[gs(x)1 ()],

= T(abw(a))ght(g) ifhert”,

(ag) - (b[h)) if h e 7™ h = s[h],
=abw(a)[ght(g)] ght(g)=slght(g)],

ag) - (b[h if h e 7™ h=s[h],

ag T =1 a(w[(b]>)w<a>[ghr(g>] ghr(g>=rs[gh[r(]g)1,

(ag) - (w(b)[h]) if h e 7™ h=1s[h],
=awb)w(a)[gTt(h)T(g)] gr(h)t(g)=slgr (M)t (8],

(ag) - (w(b)[h]) if h e 7™ h = ts[h],
= aw’(b)w(@)[gr(h)T(g)] gt(h)t(g) =1s[gr(h)T(9)]

T(abw(a))ght(g)  if ght(g) e w?/?,
= { abw(a)[ght(g)] if h € 7™ and ght(g) = s[ght(g)],
aw®d)w(a)[ght(g)] if h € 7™ and ght(g) = ts[ght(g)]

=T (abw(a)ght(g)).
The last axiom is satisfied by construction. By inspection we see R[7] = R[x].
1.2. The Hermitian K-theory of a Hermitian Mackey functor. Let L be a Hermit-
ian Mackey functor. We use the Hermitian Mackey functors of matrices constructed

in Definition 1.1.5 to define a symmetric monoidal category of Hermitian forms
whose group completion is the Hermitian K-theory of L.

Definition 1.2.1. Let L be a Hermitian Mackey functor. An n-dimensional Her-
mitian form on L is an element of M, (L)(x) which restricts to an element of
GL, (L(Z/2)) under the restriction map

R M, (L)) = My(L)(Z/2) = M, (L(Z/2)).
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We write GL,, (L) (x) for the set of n-dimensional Hermitian forms. A morphism
B — B’ of Hermitian forms is a matrix A in M, (L(Z/2)) which satisfies

B=w)- B,

where the operation is the action of M,,(L)(Z/2) on M, (L)(x). The multiplication
of matrices defines a category of Hermitian forms, which we denote by Herm; .

Remark 1.2.2. Let R be a ring with anti-involution. An n-dimensional Hermitian
form on the associated Hermitian Mackey functor R is an invertible matrix with
entries in R which is fixed by the involution w(A);; = w(Aj;). This is the same
as the datum of an antisymmetric nondegenerate bilinear pairing R®" @ R®" — R,
that is, a Hermitian form on R®". Since the action of M,(R)(Z/2) on M,,(R)(x)
is by conjugation, a morphism of Hermitian forms in the sense of Definition 1.2.1
corresponds to the classical notion of isometry.

The block-sum of matrices on objects and morphisms defines the structure of
a permutative category on Herm,. The symmetry isomorphism from B & B’ to
B’ @ B, where B is n-dimensional and B’ is m-dimensional, is given by the standard
permutation matrix of GL,, 4, (L(Z/2)) with blocks

L Omn 1In
Tn,m = I ) .
m nm

Here O,,, is the null n x m-matrix, where the diagonal zeros are those of L (x)
and the off-diagonal ones are in L(Z/2). The matrix [, is the n x n-identity
matrix of L(Z/2). The classifying space Bi Herm; of the category of invertible
morphisms is therefore an E,-monoid.

Definition 1.2.3. Let L be a Hermitian Mackey functor. The Hermitian K-theory
space of L is the group completion

GW(L) := QB(Bi Hermp, ).

Segal’s I"-space construction for the symmetric monoidal category (i Hermy , @)
provides a spectrum whose infinite loop space is equivalent to GW (L), that we
also denote by GW(L).

Remark 1.2.4. If A : B — B’ is a morphism of Hermitian forms, the form B is
determined by B’ and the matrix A. Thus a string of composable morphisms

a A A
By =% B =% ... B,

is determined by the sequence of matrices Ay, ..., A, and by the form B,,. This
gives an isomorphism

Bi Herm; = ]_[ B(x, GL,(L(Z/2)), GL, (L) (%)),

n>0
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where B(*, GL,(L(Z/2)),GL, (L)(*)) is the Bar construction of the right action
of the group GL,,(L(Z/2)) on the set of n-dimensional Hermitian forms w(}) - B,
given by the Hermitian structure of the Mackey functor M,,(L). The action in-
deed restricts to an action on GL, (L) (x) because if A is in GL,(L(Z/2)) and the
restriction of B € M, (L)(*) is invertible, then

R(w@)-B)=w)R(B)A

is also invertible. For rings with anti-involution this is [Burghelea and Fiedorowicz
1985, Remark 1.3].

Remark 1.2.5. Since the notion of Hermitian forms on Hermitian Mackey functors
extends that of Hermitian forms on rings with anti-involution, it follows that our
definition of Hermitian K-theory extends the Hermitian K-theory construction of
[Burghelea and Fiedorowicz 1985] of the category of free modules over a discrete
ring with anti-involution.

We now make our Hermitian K-theory construction functorial.

Definition 1.2.6. A morphism of Hermitian Mackey functors is a map of Mackey
functors f: L — N such that f7,>: L(Z/2) — N(Z/2) is aring map, and such that
f¥ 1 L(x) = N (%) is L(Z/2)-equivariant, where N (x) is an L(Z/2)-set via fz,>.

Clearly a map of Hermitian Mackey functors f : L — N induces a symmetric
monoidal functor f; : Herm; — Hermy, by applying f7,» and f to the matrices
entrywise. Thus it induces a continuous map f, : GW(L) — GW(N), and a map of
spectra fi, : GW(L) — GW(N). We are mostly interested in the following example.

Example 1.2.7. Let Z be the ring of integers with the trivial anti-involution, and Z
the corresponding Hermitian Mackey functor. There is a morphism of Hermitian
Mackey functors
d:A—>7Z
from the Burnside Mackey functor. The map dz» is the identity of Z, and the map
di: 287 -7

is the identity on the first summand and multiplication by 2 on the second. In
terms of finite Z/2-sets, it sends a set to its cardinality. This is in fact a morphism
of Tambara functors for the standard multiplicative structures on A and Z, and
since the Hermitian structures are defined via the multiplicative norms it follows
that d is a map of Hermitian Mackey functors.

If moreover 7 is a discrete group with anti-involution, the map d induces a mor-
phism on the associated group-Mackey functors d : A[w] — Z[x]. The underlying
map dz > is again the identity on Z[r ], and the map

di Al ](%) = ZOD)[r 1 ZIn "™ /(Z/2)] — ZIn)*? = ZIrn]1® Z[x™/(Z/2)]
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is d[m] on the first summand and the identity on the second summand. This map
therefore induces a map on Hermitian K-theory spectra

d:GWA[x]) - GW{Z[x]) = GW(Z[r]).

1.3. Multiplicative structures. We saw in Example 1.1.4 that Z/2-Tambara func-
tors provide a supply of Hermitian Mackey functors. In this section we show that
the Hermitian K-theory spectrum of a Tambara functor is in fact a ring spectrum.
We generalize this construction when the input is a commutative Z/2-equivariant
ring spectrum in Section 2.5, but the construction for Tambara functors gives us
slightly more functoriality that will be useful in Section 4.

Let L be a Tambara functor. We define a pairing of categories

® : Herm; x Herm; — Hermg,

by means of an extension of the standard tensor product of matrices. On objects,
we define the tensor product of two Hermitian forms B and B’ on L of dimen-
sions n and m, respectively, to be the nm-dimensional form B ® B’ with diagonal
components

i—1 i—1

(B®B)i =B Bl,, wherek=|"= |41, u=i—n|"—|,

where the multiplication denotes the multiplication in the commutative ring L (x).
The off-diagonal term 1 <i < j <nm of B® B’ is defined by

(B@B); = R(B- R(B)y. where k=| =2 [ +1, 1= 22| +1,

. Li_l J . L j—1 J
u=i—n|— |, v=j—n ,
n n
and R : M, (L(Z/2)) — M,(L)(*) is the restriction of the Mackey functor of

matrices of Definition 1.1.5. This is the standard formula of the Kronecker product
of matrices, where the diagonal elements are lifted to the fixed-points ring L ().

Example 1.3.1. In the case m = n =2, the product above is given by the matrix

BBy, R(Bi1)B|, B2R(B{,) BnBj,

(311 Blz>®(3h Bi2> _ B11B), Bpw(Bj,) BiaR(Bj,)
B B, BpBj, R(B»)Bi,
By By,

where the products appearing on the diagonal are taken in the ring L(*), and the
products of the off-diagonal terms are in the underlying ring L(Z/2).

Since the restriction map R : L(x) — L(Z/2) is a ring map this operation lifts
the standard Kronecker product of matrices, in the sense that

R(B® B')=R(B)® R(B)
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as nm x nm-matrices with coefficients in L(Z/2). We define the pairing ® on
morphisms by the standard Kronecker product of matrices with entries in L(Z/2).

Lemma 1.3.2. The pairing ® : Herm; x Herm; — Hermy, is a well-defined functor.

Proof. A tedious but straightforward verification shows that for every pair of ma-
trices A € M,,(L(Z/2)) and A" € M,,(L(Z/2)), and forms B € M, (L)(*) and
B’ € M,,(L)(*) we have that

(A-B)®(A'-BY=(A®A) - (B® B,

where the dot is the action of the Hermitian structure of the Mackey functor M,,(L).
This uses the identities T (a)b = T (aR (b)) and RN (a) = aw(a) of the Tambara
structure.

Thusif A: B— C and A’ : B — C’ are morphisms of Hermitian forms, we have
that
wA®r)-(CRC)=wmM)Rw)) (C®C)=wh)-C)®w1)-C)=BoB/,

which shows that A® A : B® B’ — C ® C’ is a well-defined morphism. The
composition of morphisms happens in the matrix rings M, (L(Z/2)), and therefore
it is respected by ®. Similarly, ® preserves the identity morphisms. ([

It is moreover immediate to verify that the standard compatibility conditions
between ® and the direct sum are satisfied for forms:

(i) (B®&@B)®B"=(B®B")® (B'® B"),

(i) B®(B'®B")=0(BQB')®(B® B")o~!, where o is a permutation matrix,
(i) O B=0and B®0=0,
(iv) 1® B=B®1 =B, where 1 is the 1-form with entry the unit of the ring L (x).

By property (ii) the permutation o defines an isomorphism of forms
BR(B®B")=(B®B)®(B®B"),

and one can easily verify that this isomorphism satisfies the higher coherences
required to give the following.

Proposition 1.3.3. The pairing Herm; x Herm; — Hermy is a pairing of permu-
tative categories, thus inducing a morphism of spectra

® :GW(L) AGW(L) - GW(L)
which exhibits GW (L) as a ring spectrum. [l

The morphism f : Herm; — Hermy induced by a morphism of Tambara func-
tors f : L — N clearly commutes with the monoidal structure ®, thus inducing a
morphism of ring spectra f : GW (L) — GW(N).
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Remark 1.3.4. Let L and N be Tambara functors, and suppose that f: L— N is a
morphism of Hermitian Mackey functors such that f, : L(x) — N (x) is multiplica-
tive, but not necessarily unital. Then the induced functor f : Herm; — Hermy
preserves the tensor product, but not its unit, and the map f : GW(L) — GW(N)
is a morphism of nonunital ring spectra. The example we will be interested in is
the morphism % : Z[1] — A[3], defined by the identity map on underlying rings,
and by half the transfer (0, %) : Z[%] — Z[%] @ Z[%] on fixed points.

2. Real K-theory

The aim of this section is to construct the free real K-theory Z/2-spectrum of a ring
spectrum with anti-involution and its assembly map, and to relate these objects to
the classical constructions when the input ring spectrum is the Eilenberg—Mac Lane
spectrum of a discrete ring.

2.1. Real semisimplicial spaces and the real and dihedral Bar constructions. In
this section we investigate the Bar construction and the cyclic Bar construction
associated to a monoid with an anti-involution. This is essentially a recollection
of materials from [Loday 1987; Burghelea and Fiedorowicz 1985, §1; Hesselholt
and Madsen 2015], but we need a context without degeneracies, which requires
particular care.

We let A be the subcategory of A of all objects and injective morphisms. The
category A has an involution that fixes the objects and that sends a morphism
o :[n] — [k] to @(i) = k — a(n —i). This involution restricts to A. We recall
from [Hesselholt and Madsen 2015] that a real simplicial space is a simplicial space
X together with levelwise involutions w : X,, — X,, which satisfy woa™ =a*ow for
every morphism « € A. This can be conveniently reformulated as a Z/2-diagram
X : A°° — Top, in the sense of [Dotto and Moi 2016, Definition 1.1]. Similarly,
we define a real semisimplicial space to be a Z/2-diagram X : A‘f — Top.

We are mostly concerned with the following two examples. By a nonunital
topological monoid we mean a possibly nonunital monoid in the monoidal category
of spaces with respect to the cartesian product. Let M be a nonunital topological
monoid which is equipped with an anti-involution, that is, a continuous map of
monoids w : M°P — M that satisfies w? = id.

Example 2.1.1. The real nerve of M is the semisimplicial space NM, the nerve
of M, with n-simplices N,M = M*", and with the levelwise involution

(my,...,my) — (wimy,), ..., w(my)).

The resulting real semisimplicial space is denoted N° M ; compare [Burghelea and
Fiedorowicz 1985, Definition 1.12].
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Example 2.1.2. The dihedral nerve of M is the cyclic nerve N M, with n-simplices
Ny*M = M>*"*! and with the involution defined degreewise by

(mo,myq, ...,my) — (wimp), wimy,), ..., w@mny)).

The resulting real semisimplicial space is denoted N9 M. This involution combined
with the semicyclic structure define a semidihedral object.

Segal’s edgewise subdivision functor sd, from [Segal 1973] turns a real semisim-
plicial space X into a semisimplicial Z/2-space. It is defined by precomposing a
real semisimplicial space X : A(jrp — Top with the endofunctor of A that sends
[n]={0,...,n}to[2n+ 1] = [n] L [1n]°P, and a morphism « : [n] — [k] to @ Ll .
Since sd,(X°P) = sd, X, the levelwise involution on X defines a semisimplicial
involution on sd, X. Thus the thick geometric realization || sd, X || inherits a Z/2-
action.

Definition 2.1.3. The real Bar construction of a nonunital topological monoid with
anti-involution M is the Z/2-space B’ M defined as the geometric realization of

the semisimplicial space
B°M :=|sd, N°M||

with the involution induced by the semisimplicial involution of sd, N M. Simi-
larly, the dihedral Bar construction of M is the Z/2-space BYM defined as the
geometric realization of the semisimplicial space

BYM := | sd, N%M|.

We note that in contrast to the usual cyclic Bar construction | N M|, which is
defined using the thin geometric realization, B4 M does not have a circle action,
nor does the unsubdivided || N4 M.

Example 2.1.4. Let r be a discrete group with the anti-involution defined by inver-
sion w = (—)"!: 7% — ;. The Z/2-space B° is a classifying space for principal
m-bundles of Z/2-spaces. A model for such a universal bundle is constructed in
[May 1990] as the map

Map(EZ/2, Ex) — Map(EZ/2, Brm),

where Em denotes the free and contractible w-space. The base space is equivalent
to the nerve of the functor category Cat(£Z/2, w) where £7/2 is the translation
category of the left Z/2-set Z/2 (whose nerve is the classical model for EZ/2);
see [Guillou et al. 2017]. It is easy to see that the nerve of Cat(£Z/2, ) and the
edgewise subdivision of N? 7 are equivariantly isomorphic.

Remark 2.1.5. In contrast with the simplicial case, the geometric realization of
a semisimplicial space is in general not equivalent to the geometric realization of
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its subdivision. However, this is the case if the semisimplicial space X admits a
(levelwise) weak equivalence X — Y, where Y is a semisimplicial space which
is the restriction of a proper simplicial space. This is because of the commutative
diagram

Isde X[l — [l sd, Y || — | sd, Y|

| | =

X1l 1l Y]

~ ~

where | — | denotes the thin geometric realization. For the nerve and the cyclic nerve
this condition holds if the monoid M is weakly equivalent to a unital monoid. In
the examples of interest in this paper we are always in this situation. Thus the
underlying nonequivariant homotopy types of B° M and BYM are those of the
Bar construction BM and the cyclic Bar construction BY M, respectively.

If X is a real semisimplicial space, || X|| also inherits an involution, by the for-
mula

[x € Xu, (f0, ..., 1) € A"l = [w(x) € X, (ty, ..., 1) € A"].
The map y : | sd. X|| — || X that sends

1
[x, (o, ..., )] > [x, 30, ooy s By oo, 00) ]

is equivariant. If X admits a levelwise equivariant equivalence X — Y, where Y is
the restriction of a proper real simplicial space, then y is an equivariant equivalence.
This is again because of the above diagram, since in the presence of degeneracies
the map y descends to an equivariant homeomorphism | sd, Y| = |Y|. In general
these two actions do not agree, and we choose to work with the subdivided version
because it gives us control over the fixed points. We give a weaker condition that
guarantees that these actions are equivalent for nerves of monoids in Lemma 2.1.11.

We now proceed by analyzing the fixed points of B’ M and BYM. The fixed
points of B° M are modeled not by a monoid, but by a category. Let us define a
topological category Sym M (without identities) as follows. Its space of objects is
the fixed-points space M%/2, and the morphisms m — n consist of the subspace
of elements [ € M with m = w(l)nl. Composition is defined by [ ok =/ - k. The
following is analogous to [Burghelea and Fiedorowicz 1985, Proposition 1.13].

Proposition 2.1.6. Let M be a nonunital topological monoid with anti-involution.
The 7 /2-fixed points of B° M are naturally homeomorphic to the classifying space
of Sym M, whose nerve is the Bar construction

N SymM = N(M; M*/?)

of the right action of M on M?/? given by n -1 = w(l)nl.
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Proof. The geometric realization of semisimplicial sets commutes with fixed points
of finite groups. This can be easily proved by induction on the skeleton filtration,
since fixed points commute with pushouts along closed inclusions and with filtered
colimits along closed inclusions. Thus the fixed-points space (B M)%/? is home-
omorphic to the geometric realization of the semisimplicial space (sd, N° M)%/2,
There is an equivariant isomorphism sd, NM = N sd, M of semisimplicial Z/2-
spaces, where sd, M is the edgewise subdivision of the category M (also known
as the twisted arrow category). This is the topological category with Z/2-action
whose space of objects is M, and where the space of morphisms m — n is the
subspace of M x M of pairs (I, k) such that n = Imk. Composition is defined by

A kol k)= (L kK).

The involution on sd, M sends an object m to w(m), and a morphism (/, k) to
(w(k), w(l)). Since the nerve functor commute with fixed points, the fixed points
of N sd, M are isomorphic to the nerve of the fixed-points category of sd, M. Its ob-
jects are the fixed objects M%/?, and its morphisms the pairs (I, k) where k = w(l).
This is isomorphic to the category Sym M. ([

A similar argument shows that the fixed points of the subdivided dihedral nerve
of M are isomorphic to the two-sided Bar construction

(N3 M) = Ny(MP2 M M7

of the left action of M on M%/? defined by m - n := mnw(m) and the right action
n-m := w(m)nm. Thus the semisimplicial space (sd, N9M)?/? is isomorphic to
the nerve of a category Sym® M. Its objects are the pairs (ng, n1) of fixed points
of MZ2. A morphism m : (ng,n;) — (ny, n}) is an element m € M such that
ng=m-ng and n; = n’ - m. We then obtain the following.

Proposition 2.1.7. Let M be a nonunital topological monoid with anti-involution.
The 7 /2-fixed points of BYM are naturally homeomorphic to the classifying space
of Sym® M, whose nerve is the two-sided Bar construction

N Sym® M = N(M%/?; M; M%/?). O

We are now able to determine the homotopy invariance property of B® and BY.
Here and throughout the paper, we call a Z/2-equivariant map of Z/2-spaces
f : X — Y a weak equivalence if both f and its restriction on fixed points
f: X%/?2 — Y%/2 induce isomorphisms on all homotopy groups.

Lemma 2.1.8. Let f : M — M’ be a map of nonunital topological monoids with
anti-involutions, and suppose that f is a weak equivalence of 7 /2-spaces. Then

B°f:B°M — B°M’ and BYf:BYM — BYiM

are 7 /2-equivalences of spaces.
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Proof. Nonequivariantly Bf is an equivalence, since realizations of semisimplicial
spaces preserve levelwise equivalences. Since realizations commute with fixed
points it remains to show that (sd, NM V212 s (sd, NM")%/? is a levelwise equiva-
lence. By Proposition 2.1.6 this is the map

fXI’l X fZ/2 . MXI’l X MZ/Z - (M/)Xn X (M/)Z/2,
which is an equivalence by assumption. A similar argument applies to BY f. [

We further analyze the functors B® and BY. The following property is crucial
in the definition of the L-theoretic assembly map of Section 2.7.
Lemma 2.1.9. Let w be a well-pointed topological group with the anti-involution
w = (=)' given by inversion. There is an equivariant map X : Bw — B®w, where
B has the trivial involution, which is nonequivariantly homotopic to the identity.
On fixed points, the composite

Br % (B°m)2? 4 Br

with the fixed points inclusion 1 : (B° w)%/> — B is homotopic to the identity. This
exhibits B as a retract of (B®w)%/?. If moreover w is discrete, there is a further

splittin
P & o_\Z/2 ~
(B°my~ || BZxlg),
{lgl1g>=1}

where the coproduct runs through the conjugacy classes of the elements of w of
order 2, and Z(g) is the centralizer of g in w. Then A corresponds to the inclusion
of the summand g = 1.

Proof. By Remark 2.1.5 we may work with the thin realization of the nerve of x.
We define amap A : Nym — (sd, N°m), = ngHn degreewise by
ALy 8p)=1(81,..., 8p, l,gljl,...,gl_l).

This map is clearly simplicial and equivariant, and it induces an equivariant map
A:|Nm|— |sd. N°m| = |N°m| on realizations. This map sends

[(gla ’gp)’ (t()v’lp)]
— [(gl,...,gp, l,g;I,...,gl_l); %(to,...,tp,tp,...,to)].

There is a homotopy %(t, t) >~ (¢, 0) that keeps the sum of the two components
constant. This induces a homotopy between A and

(81, 8p- 1.gy oo g i (to o 15, 0, ..., 0)]
=[(g1.--- 8p)i (0. ... 1) =1d.

The same homotopy defines a homotopy between ¢ o A and the identity.
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Now let us assume that 7 is discrete. The fixed-points space (B°m)?/? is the
classifying space of the category Sym m of Proposition 2.1.6. The objects of this
category are the elements of 7w of order two. A morphism g — g’ is an element &
of 7 such that g = h~'¢’h. Each component of Sym 7 is then represented by the
conjugacy class of an element g of order two, and the automorphism group of g is
precisely Z,(g). (]

In the same way as the cyclic nerve of a group-like monoid G is a model for
the free loop-space, the dihedral nerve is a Z/2-equivariant model for the free
loop space A° B°G, where A° = Map(S?, —) is the free loop space of the sign-
representation sphere S°. Establishing this equivalence becomes delicate when G
does not have a strict unit. Classically the map B G — A BG is constructed from
the S'-action on BYG induced by the cyclic structure, but this S'-action is not
well-defined on the thick realization. Let M be a nonunital topological monoid
with anti-involution, and let M denote M with a formally adjoined unit which is
fixed by the anti-involution. Let us consider the diagram

BYEM = || sd, NSM|| — [[sd, NS(M) | = [sd, NS(M4)| — [NU(M,)]

|

APBOM = A% ||sd, N° M| — A°|N°M|| <— A°|N° (M,)]

The first map is induced by the inclusion M — M . The second map is the
canonical map to the thin geometric realization, which is an equivalence since
the inclusion of the disjoint unit is a cofibration. The third map is the canonical
homeomorphism y from Remark 2.1.5. The vertical map is adjoint to the compos-
ite S° x |[N9(M,)| — |[N%(M,)| — |[N°(M,)| of the circle action induced by
the cyclic structure and the canonical projection. The next map is the isomorphism
between N (M) and the free simplicial space E(NM) on the semisimplicial space
NM, followed by the isomorphism |E(NM)| = || NM||; see [Ebert and Randal-
Williams 2017, Lemma 1.8]. The last map is again the map y from Remark 2.1.5.

Definition 2.1.10. We say that a nonunital topological monoid with anti-involution
M is quasiunital if
(1) there is a unital well-pointed topological monoid A and a map of nonunital
monoids f : M = A which is an equivalence on underlying spaces,

(ii) there is a right A-space B and a map of M-spaces ¢ : MZ/> = B which is an
equivalence on underlying spaces, where M acts on B via f,

(iii) there is a point e € B such that e - f(m) = ¢ (w(m)m) for every m € M, and
B is well-pointed at e.

We say that M is group-like if mgM is a group.
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When M is unital, one can of course set f and ¢ to be the identity map. The
element e plays the role of the unit as an element in the fixed-points space M%/2.
The next two results play a role in the construction of the trace of Section 3.2.

Lemma 2.1.11. Let M be a nonunital topological monoid with anti-involution
which is quasiunital. Then the map

y:B°M =|sd. N°M| = ||[N° M|
is a Z/2-equivariant weak equivalence.

Proof. Nonequivariantly, y is an equivalence by Remark 2.1.5, since NM — NA
is an equivalence and NA is a proper simplicial space. In order to show that y is
an equivalence on fixed points, we factor it as

Y
lsde N M| = |E(sde N°M)| — | sde (N M )| = [N M| = N7 M|,

where the arrow is induced by the inclusion M — M_. We claim that this map is an
equivalence on fixed points. By Proposition 2.1.6 this is the geometric realization
of the map of simplicial spaces

|E(sd N° M) %/ = |N(Sym M)1| — [N Sym(M)| = | sd, (N M4)|%/?,

where (Sym M) is the category Sym M with freely adjoined identities. We ob-
serve that the category Sym(M,) also has freely added identities. Thus, denot-
ing by Sym, M the category Sym(M ) with the identities removed, we see that
Sym, M is a well-defined category and that Sym(M,) = (Sym, M), . Moreover,
Sym M is the full subcategory of Sym, M on the objects in

M*? c M** 111 = ObSym, M.
Therefore we need to show that the map
[N (Sym M)|| =[N (Sym M), — [N Sym(M)| = [[N(Sym, M)]

induced by the inclusion of nonunital topological categories ¢ : Sym M — Sym_, M
is a weak equivalence. The nerve of Sym_ M is the Bar construction of the right
action of M on the fixed-points space with a disjoint basepoint M z/ 2, where M
acts on M%/2 as usual by n -l = w(l)nl, and on the added basepoint by + -1 = w(/)l.
The nerve of the map ¢ identifies under the isomorphism of Proposition 2.1.6 with

the canonical map 7/2
N(M; M*?) - N(M; M2/?)

induced by the M-equivariant inclusion MZ/2 — M%/>_ Since M is quasiunital,
the realization of this map is weakly equivalent to the thick realization of the map
t: N(A; B) — N(A; B;) induced by the inclusion B — B, where A acts on +
by +-a = e-a. The last condition of Definition 2.1.10 guarantees that the map
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(f,®): N(M; Mz/z) — N (A; By) is compatible with the last face map. Thus it is
sufficient to show that ¢ : N(A; B) — N(A; By) is an equivalence. Since A is unital
and well-pointed these semisimplicial spaces admit degeneracies, and the thick
realization of this map is weakly equivalent to its thin realization. Therefore we
can exhibit a simplicial retraction r : N(A; By) — N(A; B) for ¢, and a simplicial
homotopy between ¢ o r and the identity. The map r is induced by the map of
A-spaces By — B which is the identity on B and that sends + to e. The homotopy
is induced by the morphism (e, e¢) : ¢ = + in the topological category Sym(B)
whose nerve is N(A; By). ([l

Lemma 2.1.12. Let M be a nonunital topological monoid with anti-involution
which is quasiunital and group-like. Then the map

BYM = | sd, N"M|| = AN M|
is a 7 /2-equivariant weak equivalence.

Proof. This map is the middle vertical map of a commutative diagram

M —— s ||sd, N M| -2 | sd, N° M|

| | /|-

QUIN M| —— AN M| —— INT M|

where evy is the evaluation map, which is a fibration, and p projects off the first
coordinate in each simplicial level. The left vertical map is an equivalence by an
equivariant version of the group-completion theorem of [Moi 2013]; see also [Dotto
2012, §6.2; Stiennon 2013, Theorem 4.0.5]. We claim that when M is group-like,
the top row is a fiber sequence of Z/2-spaces, and this will end the proof.

We start by observing that since M is quasiunital and group-like, the maps

(=)-mm-(=):M—>M and w(m)(=)m: M*?> > M*/?

are weak equivalences. Indeed if we let m~! denote an element of M whose class
in Ty M is an inverse for the class of m, we see that the composites of m - (—) with
m~'.(=): M — M are homotopic to multiplication with an element 1 € M whose
component is the unit of mgM. Since M is quasiunital, there is a square

~

1'(—)l ll-(—):id

M— A

that commutes up to homotopy. Thus 1-(—) is a weak equivalence, and so is
m-(—). A similar argument shows that (—)-m is a weak equivalence. Similarly, the
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compositions of w(m)(—)m with wm™ Y (=)ym™': M%?2 — M?%/? are homotopic
to w(1)(—)1, and this is an equivalence since it compares to the action of the unit
of A under the equivalence M%/> — B.

In order to show that M is the homotopy fiber of p : || sd, N4 M| — || sd, N° M|
we use a criterion of Segal, as stated in [Ebert and Randal-Williams 2017, Theo-
rem 2.12]. The diagrams of Z/2-spaces

d, d
M x M>2n+1 2 pp s ppx2n—1 MxM3 2L sMxM
| I | |
M><2n+1 y M><2n71 M><3 M
n 0

are homotopy cartesian. The left-hand square is a strict pull-back and the map
p is a fibration. For the right-hand square, we see that the strict pull-back P is
isomorphic to M x M3, but under this isomorphism the map from the top left

corner
MxMS3 s MxM3=p

sends (mg, m, my, m3) to (msmomy, my, my, ms). Since left and right multiplica-
tions in M are weak equivalences, this map is a nonequivariant equivalence. On
fixed points, this is isomorphic to the map

M%7 x M x M%? — M?%? x M x M*/?

that sends (mg, m, my) to (w(m)momy, my, my), and this is an equivalence since
by the argument above, w(m)(—)m; : M%/> — M?/? is an equivalence. It follows
by [Ebert and Randal-Williams 2017, Lemma 2.11, Theorem 2.12] that the square

M x M = (sd, N9 M)y — | sd, NiM ||

| G

M = (sd, N° M)y —— || sd, N° M|

is homotopy cartesian. Therefore, the homotopy fibers of the vertical maps are
equivalent. (I

The constructions N° and N4 extend to categories with duality. We use this
generalization occasionally, mostly in Section 2.4.

Remark 2.1.13. We recall that a category with strict duality is a category (possibly
without identities) ¢ equipped with a functor D : 4°P — ¢ such that D* = id. If
% has one object this is the same as a monoid with anti-involution. There is a
levelwise involution on the nerve N% which is defined by

f

D D
(co%cl—»--ﬂ)cn)l—)(Dcn‘—f">Dc,,_1—>--- !

Co).
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We define B°% := || sd, N°%||. There is a category Sym % whose objects are the
morphisms f : ¢ — Dc such that Df = f, and the morphisms f — f’ are the
maps y : ¢ — ¢’ such that f = D(y) f’y. The considerations of Proposition 2.1.6
extend to give an isomorphism

sd, N°¢ = N Sym¢¥.

Similarly, there is a construction of the dihedral nerve of a category with strict du-
ality. An n-simplex of the cyclic nerve N¥ is a string of composable morphisms

CnlO—>C0l1—>C1‘—fz—>Cz—>'--—>Cn_1‘—fn—>Cn,

and the levelwise involution of the dihedral nerve sends this string to

Dfi

Lo, Dc, — Db, Dc,_1 —— D1y Dc,_» — -+ — Dcy — Dcy.

Dcy —
We define BYi¢ := | sd, N4i%|.

2.2. Ring spectra with anti-involution and their Hermitian forms. Let A be an
orthogonal ring spectrum, that is, a (strictly associative) monoid in the symmet-
ric monoidal category of orthogonal spectra with the smash product. An anti-
involution on A is a map of ring spectra w : A°? — A such that w o w = id. Here
AP is the opposite ring spectrum, with underlying spectrum A and multiplication

ANAS ANAL A,

where 7 is the symmetry isomorphism, and p is the multiplication of A. Since the
map w is a strict involution, it gives the underlying orthogonal spectrum of A the
structure of an orthogonal Z/2-spectrum; see [Schwede 2013]. We recall that the
(genuine, or derived) fixed-points spectrum AZ/? is the spectrum defined by the

sequence of spaces
(AZ1%), := (Q" A,p) "2,

where o and p are the sign and the regular representation of Z/2, respectively, and
for every d-dimensional real Z/2-representation V the pointed Z/2-space Ay is the
space Ay where g € Z/2 acts by (g, ov(g)) €Z/2x O(d), where oy : Z/2 — O(d)
is the group homomorphism defined by the representation V. This is an invariant
for the weak equivalences on orthogonal Z/2-spectra defined by a complete Z/2-
universe, and the constructions of our paper depend on its homotopy type.

We remark that in general A%/ is no longer a ring spectrum, except in the case
when A is commutative (this is completely analogous to the case of discrete rings).
In this section we explain how such an object generalizes the Hermitian Mackey
functors of Section 1.1 (see Proposition 2.2.6), and we define a spectral version of
the category of Hermitian forms over A (Definition 2.2.4).
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Example 2.2.1. The examples of ring spectra with anti-involution we are con-
cerned with are the following.

(i) Let R be a simplicial ring with anti-involution. The usual Eilenberg—Mac Lane
spectrum HR, defined as the sequence of Dold—Thom constructions

k

(HR), = R(S") = {ani

i=1

ri € R, xiGSn}/Ox,\,r*

with the involution induced by the functoriality in R, is a ring spectrum with
anti-involution.

(ii) The equivariant sphere spectrum S, defined by the sequence of trivial Z/2-
spaces S” and its usual multiplication, is a ring spectrum with anti-involution.
More generally any commutative Z/2-equivariant ring spectrum defines a ring
spectrum with anti-involution.

(iii) If G is a topological monoid with an anti-involution ¢ : G®* — G (e.g., a
group with inversion), the suspension spectrum S[G] := S A G4 is a ring
spectrum with anti-involution. The multiplication is the usual one of the spher-
ical group-ring, induced by the monoid structure of G, and the involution is
id Ac: (SIG])®? = S[G?] — S[G].

We let I be Bokstedt’s category of finite sets and injective maps. Its objects
are the natural numbers (zero included), and a morphism i — j is an injective
map {1,...,i} — {1,..., j}. We recall that the spectrum A induces a diagram
Q°*A: I — Top (see, e.g., [Schlichtkrull 2004, §2.3]) by sending an integer i to the
i-fold loop space ' A. We denote its homotopy colimit by

QA = hOC(I)lim Q°A.

On the one hand the multiplication of A endows Q7°A with the structure of a
topological monoid; see [Schlichtkrull 2004, §2.2, 2.3]. On the other hand, the
category I has an involution which is trivial on objects and that sends a morphism
oa:i— jto

as)=j+1—a@@+1—s).

The diagram Q2°A has a Z/2-structure in the sense of [Dotto and Moi 2016, Defi-
nition 1.1], defined by the maps

. i . Qi f . —)oxi .
QA2 qia 2, Qig % qig
Here yx; € X; is the permutation that reverses the order {1, ..., i}, applied both to

the sphere S’ and through the orthogonal spectrum structure of A. This induces
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a Z/2-action on the space Q7°A. These two structures make 27°A into a topo-
logical monoid with anti-involution. In case A is nonunital, 29°A is a nonunital
topological monoid with anti-involution. We refer to [Dotto et al. 2017, §1.2] for
the details.

Remark 2.2.2. Throughout the paper, we make extensive use of the fact that, as a
Z/2-space, Q7°A is equivalent to the genuine equivariant infinite loop space of A.
There is a comparison map
L4 : hocolim Q"”+1Anp+1 — Q°A,
neN

where p is the regular representation of Z/2 and Ay = Iso(R?¢, V). No@) Aa 18
the value of A at a d-dimensional Z/2-representation V. This map is induced by
the inclusion ¢ : N — [ that sends n to 2n + 1 and the unique morphism n < m to
the equivariant injection

tin <m)(k) :=k+m—n.

The failure of ¢, to be a nonequivariant equivalence is measured by the action of
the monoid of self-injections of N, and this action is homotopically trivial since A
is an orthogonal spectrum; see [Sagave and Schlichtkrull 2013, §2.5]. A similar
comparison exists equivariantly, and the comparison map is an equivariant equiva-
lence since A is an orthogonal Z/2-spectrum. The details can be found in [Dotto
et al. 2017, §1.2].

Since Q27°A is a topological monoid with anti-involution, there is an action
QP A x (QPA)L? - (QF A2

defined by a - b := abw(a), where w denotes the anti-involution of 27°A. We use
this action to define a category of Hermitian forms over A in a way analogous to
the category of Hermitian forms over a Hermitian Mackey functor of Section 1.2.

Definition 2.2.3. We let M, (A) be the (nonunital) ring spectrum

M) (A)=\/ 4,

nxn

where the multiplication is defined by the maps M,/ (A;) A M,/ (A;) — M,/ (Aiy})
that send ((k, 1), a) A ((K',1"), a’), where (k,1), (k',1") € n x n indicate the wedge
component, to ((k, 1), a-a’) if | = k’, and to the basepoint otherwise.

The anti-involution w : A°’ — A induces an anti-involution on M,’ (A), defined
as the composite

MY (A)P = <\/ A)Opé \/ A% 25 \/ A= M) (4),

nxn nxn nxn
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where t is the automorphism of #n x n which swaps the product factors. We now
let M,/ (A) be the nonunital topological monoid with anti-involution

MY (A) :== QM) (A).

We let (/}iz (A) be the subspace of invertible components, defined as the pull-back
of nonunital topological monoids with anti-involution

GL, (A) —— MY (A)

| |

GL, (rgA) — M, (7m0 A)

Here m( A is the ring of components of A with the induced anti-involution, M, (79 A)
is its ring of (n x n)-matrices, and GL, (r9A) is the subgroup of invertible matri-
ces. The involutions on M, (rpA) and GL,,(;tgA) are by entrywise involution and
transposition. The right vertical map is the composite

QMY (A) = 970(]_[ A) — nomo(]_[ A) = M, (moA),

nxn nxn

which is both equivariant and multiplicative.

Definition 2.2.4. An n-dimensional Hermitian form on A is an element of the fixed-
points space C/}iZ(A)Z/ 2. These form a category Sym (/}iZ(A) as in Proposition 2.1.6,
and we define
Hermy = ]_[ Sym @Z(A).
n>0
Remark 2.2.5. The anti-involution of A induces a functor D : ///Zp — # 4 on the
category .#4 of right A-module spectra. It is defined by the spectrum of module

maps
D(P) =Homu(P, Ay),

where A, is the spectrum A equipped with the right A-module structure
ANALLE, ANA® T AP A AL 4,

where 7 is the symmetry isomorphism and pu is the multiplication of A. The ring
spectrum of (n x n)-matrices on A is usually defined as the endomorphism spectrum
End(\/n A) of the sum of n copies of A. Since Homy4 (A, P) is canonically isomor-
phic to P, there is an isomorphism of ring spectra End(\/n A) =11[,V,A. The
module \/, A is homotopically self-dual, as the inclusion of wedges into products

\n/Al> l:[AED(\n/A)
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is a natural equivalence. The functor D then defines a homotopy coherent involu-
tion on End(\/n A), and one could define Hermitian forms as the homotopy fixed
points of this action; this is essentially the approach of [Spitzweck 2016].

The point of our construction is to refine this homotopy coherent action to a
genuine equivariant homotopy type that incorporates the fixed-points spectrum of
A which, morally speaking, determines the notion of “symmetry” for the associated
Hermitian forms. The inclusion M, (A) — End(\/n A) is a weak equivalence, it
is coherently equivariant, and M, (A) has a strict involution which defines such a
genuine homotopy type. The price we pay is that M,’(A) is nonunital and it has
only partially defined block sums (see Section 2.3), but it gives rise to small and
manageable models for the real K-theory spectrum. A different such model for the
matrix ring has been provided in [Kro 2005].

Since Q¢°A is a monoid with anti-involution, there is an action
QFA x (QF A2 5 (QF A2

defined by a - x := axw(a). On components this induces an action of the multiplica-
tive monoid myA = mp27° A on the group of components ToAL/? = no(QCI’oA)Z/ 2
of the fixed-points spectrum. We recall that for every Z/2-spectrum A, the abelian
groups oA and 9A%/? form a Z/2-Mackey functor 7oA.

Proposition 2.2.6. Let A be a ring spectrum with anti-involution. The action
of QFA on (Q?C’A)Z/ 2 defines the structure of a Hermitian Mackey functor on
the 7 /2-Mackey functor mgA. Moreover, there is an isomorphism of Hermitian

Mackey functors

where M, (oA) is the Mackey functor of matrices of Definition 1.1.5.

Proof. The multiplication of mgA clearly anticommutes with the involution, since
it does so for Q9°A. Similarly, the relation between the restriction and the action is
satisfied, because the restriction R : mgA%/?> — myA corresponds to the fixed-points
inclusion of Q9°A. In order to verify the other conditions we describe the action
of m ()A.

Let us represent an element of 7pA by amap f : S — A,, and an element of
7oA%/? by an equivariant map x : S — Ayp. We recall that there is a canonical
isomorphism S™ = S§" A §", where the action on " A $” swaps the two smash
factors. The action is then the homotopy class of the map

AXA
f’x : S(n+m)p =STASMAS" M) An /\Amp /\An ﬁ> An+mp+n = A(l’l-H’l’l)pa

where the involution on S A §” A §" swaps the two S” smash factors and acts
on §™”, and on A, A Ap, A A, it acts componentwise and swaps the two A,, factors.
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The last map is the multiplication of A, and it is equivariant since the diagram

3 AWAN
Ag AN App AN Ay —— Ay A Ay A Ay 2225 Ap A Ay A A,

a I

An+m,o+n T> An+mp+n v— An+mp+n

n,.n

commutes by the definition of a ring spectrum with anti-involution, where 13 € X3
reverses the order and x,., € X,+2m+n 1 the permutation that swaps the first and
last blocks of size n. The bottom map is by definition the action of A ,1m),-
The transfer of the class of a map g : §2m s A,,, is defined as the class of
the map
T(g): 5" B g2y s2m £ 4 Ay D A,

where the first map collapses the fixed points $™ C S, the last map is the fold,
and the involutions act on, and permute, the wedge summands. The relations

[ T@=T(fgw(f) and (f+f)-x=f-x+f x+T(fR®wW()

for f, f', g in mpA and x in moA%/? are now an immediate consequence of the
naturality of the fold map, and of the distributivity of the smash product of pointed
spaces over the wedge sum.

Let us now consider the Mackey functor 7oM,/(A). Even though M, (A) is
not unital, the map M,’(A) — [],\/, A is an equivalence, and consequently
oM, (A) = M, (mpA) is a unital ring. Moreover, the inclusion of indexed wedges
into indexed products gives an equivalence

(QF M, (A)*/?
~, 00 Z/Zz o0 Z/zg 00 A\Z/2 00
S(ee(]]a =([]aera) =([[@ra??)x [] @Pa.
nxn nxn n 1<i<j<n

Under this equivalence the action of Q9°M,/(A) on (Q°M,’ (A))2/? corresponds

to the action of QMY (A) on (2% [1,., A)”"* given by abw(a), where the mul-
tiplications are the infinite loop spaces of the left and right actions

M,Y(A)/\(HA)—)HA, (HA)AM;(A)—>]_[A
nxn nxn nxn nxn
defined by the standard matrix multiplication rules. This agrees with the action of

Definition 1.1.5. O

2.3. The real algebraic K-theory 7 [2-space of a ring spectrum with anti-involu-
tion. The goal of this section is to define a Z/2-action on the K-theory space of
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a ring spectrum A with anti-involution w : A°® — A. We define this action by
adapting the group-completion construction of the free K-theory space

K(A)=QB][ [ BGL,(A),

where [ [, BGI,, (A) is group-completed with respect to block-sum, to the model
for the equivariant matrix ring constructed in the previous section.

We recall from Definition 2.1.3 that the classifying space of a nonunital monoid
with anti-involution M inherits a natural Z/2-action, and that we denote the corre-
sponding Z/2- space by B° M. Thus the anti- 1nvolut10n on GL (A) gives rise to a
Z/2-space B”GL (A). The space [ ], B“GL (A) does not have a strict monoid
structure, since the standard block-sum of matrices does not restrict to the matrix
rings M, (A). We can however define a Bar construction using a technique similar
to Segal’s group completion of partial monoids. The block-sum operation on the
ring spectra M, (A) is a collection of maps

@ : MY (A)V M) (A) = MY, (A)

induced by the inclusions n — n +k and k — n + k. We observe that this map com-
mutes with the anti-involutions. There is a simplicial Z/2-space with p-simplices

11 B°QYE (M) (A)V -~V M)} (A)).

The face maps are induced by the block-sum maps, and the degeneracies are the
summand inclusions. This results in a well-defined simplicial object since B” Q¢°
is functorial with respect to maps of ring spectra with anti-involution. This simpli-
cial structure restricts to the Z/2-spaces

.....

where @1\1/1,---»”1) (A) is defined as the pull-back of nonunital monoids with anti-

involution
Vv

GL,, ., (A) ——————— QM) (A) V-V M) (A))

NYyeees

| |

(GLy, (0 A) X - - x GL, (0 A)) —— (Mp, (w0 A) X - -+ X My (70 A))

Definition 2.3.1. The free real K-theory space of a ring spectrum with anti-involu-
tion A is the Z/2-space defined as the loop space of the thick geometric realization

KR(A) := Q

[] B°GL,,...(4) H
Nl,...,Ne
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We observe that all of our constructions are homotopy invariant, and therefore
the functor KR sends maps of ring spectra with anti-involution which are stable
equivalences of underlying Z/2-spectra to equivalences of Z/2-spaces. We con-
clude this section by verifying that the underlying space of KR(A) has the right
homotopy type.

Proposition 2.3.2. Let A be a ring spectrum with anti-involution, and let us denote
by Al the underlying ring spectrum of A and by KR(A)|| the underlying space
of KR(A). There is a weak equivalence

KR(A)|1 = K(A]1).

Proof. For convenience, we drop the restriction notation. The inclusion of wedges
into products defines an equivalence of ring spectra

M,/ (A) — M,(A) =[]/ A.

and therefore an equivalence of monoids an (A) — Mn (A) on infinite loop spaces.
This induces an equivalence of spaces

[ [ BMy (A —] | BMa(A)

after taking the thick realization. The block-sum maps of M,’(A) and M, (A) are
compatible, in the sense that the diagram

MY (A)V MY (A) —2— MY, (A)

Nl lw

My (A) X Mi(A) —— Mui1(A)
commutes. It follows that the levelwise equivalences on the Bar constructions
[] BRPM, (A)v---v M, (A))
ni,...,n ~
e = [ BPM (A) x -+ x (BQP M, (A))

commute with the face maps. After restricting to invertible components and taking
thick geometric realizations this gives the equivalence KR(A)|; ~ K (A|}). U

In the construction of the trace map we need to compare the dihedral nerve

.....

Lemma 2.1.12 we need the following.

Proposition 2.3.3. Suppose that A is levelwise well-pointed, and that the unit map

.....

is quasiunital and group-like (see Definition 2.1.10).
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.....

My, (A):=QF M) (A)V .-V M) (A)),

and it is therefore group-like. We show that M,Y (A) is quasiunital, which implies
that Gi:(A) is quasiunital by restricting to the invertible components. The proof
for general p is similar. The inclusion of wedges into products induces an equiva-
lence of nonunital ring spectra

fiM)(A) > M4 =]V 4,

where the multiplication on M, A is defined by representing an element in a given
spectral degree by a matrix with at most one nonzero entry in each column, and ap-
plying the standard matrix multiplication. This induces an equivalence of nonunital
topological monoids

M) (A) = QMY (A) S QP M, (A),

where Q9°M,,(A) is unital and well-pointed.

The spectrum [[,,.,, A has a Z/2-action, defined by applying the anti-involution
entrywise and by composing with the involution of n x n that switches the factors.
The inclusion of indexed wedges into indexed products induces an equivalence of
equivariant spectra

¢:M,IV(A)=\/A1>1_[A,
nxn nxn

and therefore an equivalence on fixed points (Q° M,/ (A)%/? = (Q5° [1,xn A)Z/ 2

The monoid [ ], \/, A acts on the right on the spectrum [, ., A by right matrix
multiplication. Precisely, the action is determined by the maps

(1_[ A[) AN (1_[ \/Ak> — l_[ Al+k
nxn n n nxn

that send an element {b;; € AyJA(1 <hy,...,h, <n,ay, ..., a, € Ay) to the matrix
with (i, j)-entry w(bin;, a;) € Ak, where u is the multiplication of A. There is
a second right-action which is defined by left matrix multiplication via the conju-
gate transposed, namely by sending {b;;} A (1 <iy,...,i, <n,ai,...,a,) to the
matrix with (i, j)-entry u(w(a;), by,;). These induce two commuting right actions
of Q7°M,(A) on Q?O(ann A), which we denote respectively by xm := x - m
and w(m)x := x -, m. A straightforward argument shows that these actions satisfy
w(xm) = w(m)w(x), where w denotes the involution on £27° (]_[ A). We regard
Q‘;O(ann A) as a right Q7°M,, (A)-space via the action

nxn

x-m:=w(m)xm.
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. . . . z/2
We observe that this action restricts to the fixed points space (Q?O [Lixn A) / , and
that the equivalence

z/2
(Q5° My (4> — (9?" [1 A)
nxn
is a map of Q{°M,’ (A)-modules.
Finally, the unit of Q7°M,,(A) is mapped to a fixed point under the nonequivari-
ant map Q9 M, (A) - Q5°[],,,, A that includes wedges into products. We denote
its image by e. Since f and ¢ are inclusions of wedges into products, the relation

e- f(m) :=w(f(m))ef(m)=¢(w(m)m)

is satisfied for every m € M. (]

2.4. Connective equivariant deloopings of real algebraic K-theory. We show that
the real K-theory space of a ring spectrum with anti-involution defined in Section 2.3
is the equivariant infinite loop space of a (special) Z/2-equivariant I"-space. Our
construction of these deloopings is an adaptation of Segal’s construction [Segal
1974; Shimada and Shimakawa 1979] for spectrally enriched symmetric monoidal
categories, to a set-up where the symmetric monoidal structure is partially defined.

We start with an explicit definition of the Z/2-I"-space in question, and we relate
it to Segal’s construction in the proof of Proposition 2.4.2. Recall from [Shimakawa
1991] that a G-I"-space, where G is a finite group, is a functor X : 'P — Topf
from the category I"°P which is a skeleton for the category of pointed finite sets
and pointed maps, to the category of pointed G-spaces. This induces a symmetric
G-spectrum whose n-th space is the value at the n-sphere of the left Kan-extension
of X to the category of finite pointed simplicial sets.

For every natural number n and sequence of nonnegative integers a = (ay, . . ., a)
we consider the collections of permutations o« = {aS,T € Sziesm a }, where the
indices S, T run through the pairs of disjoint subsets ST C {1, ..., n}, and S
denotes the symmetric group. We require that these permutations satisfy the stan-
dard conditions of Segal’s construction; see, e.g., [Dundas et al. 2013, Definition
2.3.1.1]. We denote by (a) the set of such collections « for the n-tuple a.

Given a ring spectrum with anti-involution A we let KR(A) : ['? — Topf/ * be
the functor that sends the pointed set ny = {+, 1,...,n} to
KR(A),:= [] B°({@)xGL,(A)),
a=(ay,..., a,)

where C/}iz (A) := C/}iavl a,(A) is defined in Section 2.3, and ((_1~) is the category

.....

with objects set (), and with a unique morphism between any pair of objects. The

~

category (a) has a duality that is the identity on objects, and that sends the unique
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morphism o — $ to the unique morphism 8 — «. Thus @ X C’}.izl a,(A) 15 @

.....

nonunital topological category with duality, and B is the functor of Remark 2.1.13.

Remark 2.4.1. Since every object in ( ) is both initial and final, the projection
map ., .,
(@) x GL, (A) — GL, (A)

is an equwalence of topological categorles Moreover, by the uniqueness of the
morphisms of (_) we see that Sym (_) ( ). Thus the projection map

Sym((a) x GL, (A)) = Sym (a) x SymGL, (4) — SymGL, (A)
is also an equivalence of categories, and B"(( ) X GL (A)) and BJGL (A) are
equivariantly equivalent.

The extra @—coordinate is used for the definition of KR(A) on morphisms.
Given a pointed map f :n, — ky and « € (a) we let f,a € N** and f.a € (fya)
respectively denote

(fe@)ii= > aj and (fud)sr:=0pig p-i7,
jef~t®
forevery 1 <i <kand SUT C{l,...,k}. We define f,: KR,(A) — KR (A) by
mapping the a-summand to the f,a-summand by a map which is B? of the functor

{@) x GL, (A) — (fua) x GL} ,(A)

defined as follows. The first component is just the composite of the projection map
with the map that takes « to fio:

(a) x GL, (A) > {a) &> (fua)

The second component is defined as follows. A pair of permutations «, 8 € (a)
gives rise to a morphism of monoids with anti-involution

(o, B : GL, (A) = GLy 4 (A).

It is induced by the map of ring spectra with anti-involution obtained by wedging
overi €{l,...,k} the maps

(@ B): \/ My (A) = Mg (A)
jef~1@
defined by sending x € Mavj (A)to (e, B)j(x) := B(f-15\,; (O @x)oc , where

IO\
06 x is the value at x of the block-sum map

D1 Mf,0y ) (A)V My (A) = M ), (A)
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and o and B are considered as permutation matrices. Explicitly, an element of
Mg? (A) in spectrum level [ consists of a pair (¢, d) € a; x a; and a point x € A;.
This is sent to

(a, B)j(c,d, x) = (Bip-1iy),; (0), ap-17y 5, td), x),

where ¢ : a; — (fya); is the inclusion. The second component of the map KR( f)
is then induced by the functor

(@) x GL, (A) — GL ,(4)

that sends a morphism («, 8, x) in (g~) X (/}iZ(A) to («, B)«x. Given a Z/2-T-
space X, we let X1 be the first space of the associated Z/2-spectrum, defined as
the geometric realization X1 = |n — Xg1], where Sl is the set of n-simplices of
the simplicial circle S! = Al/3.

Proposition 2.4.2. Let A be a ring spectrum with anti-involution. The functor
KR(A) is a special Z/2-T"-space in the sense of [Shimakawa 1989]. The Z/2-
space KR(A) g1 is equivalent to the real K-theory Z/2-space of Definition 2.3.1.
The underlying I'-space of KR(A) is equivalent the K-theory I'-space of A.

Proof. Let F4 be the spectrally enriched category whose objects are the non-
negative integers and where the endomorphisms of k consist of the matrix ring
[, Vi A. We recall that the Segal construction on F, is the I'-category enriched
in symmetric spectra defined by sending n to the category F4[n]. Its objects are
the pairs (a, o) where a = (ay, ..., a,) is a collection of nonnegative integers and
a is a collection of isomorphisms o = {as.7: Y cg s+ Y jer @ = Y iesur G}
in the underlying category of F4 satisfying the conditions of [Dundas et al. 2013,
Definition 2.3.1.1]. The spectrum of morphisms (a, &) — (b, ) is nontrivial only
if a = b, and it is defined by the collection of elements { fs € My _ 4 (A)} scn

which satisfy Bs.7(fs ® fr) = fsuras.r.
There is an equivalence of spectral categories F ;" — F4[n] that sends the tuple

=N

a=(aj,...,ay)to (a, a), where ag r is the permutation matrix of the permutation
of SLIT that sends the order on SLI T induced by the disjoint union of the orders of
S and T to the order of S LI T as a subset of n (the point is that F4[n] is functorial
in n with respect to all maps of pointed sets, whereas " is only functorial for
order-preserving maps).

Now let 7 be the equivalent subcategory (without identities) of F, with all the
objects, but where the endomorphisms of a are the ring spectra M, (A) =\/,,,., A.

The space KR(A), is roughly the invertible components of the classifying space of
the image of (F))"” inside F4[n]. More precisely, there is a commutative square
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of spectrally enriched categories

(FO" —— Fjlnl
|- |
Fi" —— Falnl
where ]—"X [n] is defined as the subcategory of F4[n] on the objects (a, o), where
a7 is a permutation representation, and where the morphisms { fs}sc, are such
that there is a j € n such that fg =0 if j ¢ S. The top horizontal arrow is simply
the restriction of the bottom horizontal one.

The spectral category F [n] has a strict duality, which is the identity on objects
and the anti-involution on the matrix ring M (A) on morphisms. We observe that
a morphism { fs}sc, in ]-"X [n] is determined by the value f;, since for every S Cn
containing j we have that

fs = fisupuj = Bs\j.j O0s\; © feag; -

Moreover, this equation determines the relation Ss 7 (fs @ fr) = fsuros,r, and it
follows that the value at n of the corresponding Z/2-I"-space is

[ [B°((@) x @My (A) v -+ v M, (A))).

Its invertible components are then by definition KR, (A) and the functoriality in ["°P
induced by the ambient category F4[n] is the one described above. In particular
KR, (A) is functorial in n. The fact that fgs := Bg\; j(Os\; ® fj)ots_\ljyj determines
a well-defined morphism (a, @) — (a, ) follows from the following calculation:
Bs.r(fs ®Or)ag y

= Bs,1((Bs\j,j(0s\; ® fj)asi\lj’j) @ OT)OlE,IT

= Bs.r(Bs\j.; Uidr)(Os; ® f; ®0r)(ey; ; Lidr)arg

= Bj,sur\;j(1d; UBs\j 7)(ts\;,j Lidr)(Og\; & f; @ OT)(aE\lj’j | idT)Ol_ElT

= Bj.sur\;j(d; UBs\jr)(Ts\j,; Lidr)(Os\; & f; & O0r)

o (tj.5\; Widr)(id; Uerg; e gpip

= Bj.sur\; (id; UBsj.7)(f; & Osur ) (d; U, p)er i

= Bj.sur\;(f; ® OSHT\j)a;_lg'HT\j

= Bsur\j,jTj.sur\;(f; & OSHT\j)Tj,SHT\jOl;]_l[T\j’j

= Bsurj.j Osur\j & fegir . ;

:fSLIT,
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where Ts.7:) cg s+ ier Qi —> Y e Qi+ D _gcg s is the symmetry isomorphism
of the symmetric monoidal structure. From this description of the morphisms of
F)[n] one can easily see that the top horizontal map of the square above, and
hence all of its maps, are equivalences of categories. Thus the I"-space underlying
KR(A) is equivalent to the K-theory of A.

We show that KR is a special Z/2-I"-space. For every group homomorphism
o0 :7/2— %, we need to show that the map

Filnl — (FLD™",

whose j-component is induced by the map ny — 1, that sends j to 1 and the rest
to the basepoint, is a Z/2-equivariant equivalence. Here the involution is induced
by o : Z/2 — %, through the functoriality in n. The square above provides an
equivalence of spectrally enriched categories 7 — F[1]. This functor is in fact
an isomorphism on mapping spectra, and it is therefore an equivariant equivalence.
We show that the top horizontal arrow of

(FOV" ——— FyIn]

- |

(F)" —— (F{n*

defined as the restriction of ]::" — Faln] is an equivariant equivalence, which
finishes the proof. It has an equivariant inverse fX [n] — (]:X)V” that sends an
object {(a, o) to a and a morphism { fs} to f;}. ([

2.5. Pairings in real algebraic K-theory. Let A and B be ring spectra with anti-
involution. Their smash product A A B is a ring spectrum with anti-involution,
where the multiplication is defined componentwise and the anti-involution is diag-
onal. The aim of this section is to define a pairing in the homotopy category of
Z]2-spectra
KR(A) AKR(B) — KR(A A B),

which extends Loday’s pairing of K-theory spectra of discrete rings [Loday 1976,
Chapitre II]. The point-set construction of this pairing does not quite lift to the
category of Z/2-spectra because of the failure of thick realizations to commute
with products strictly, but this is the only obstruction.

The standard formula for the Kronecker product of matrices restricts to an iso-

morphism

®: M) (X)AM(Y)= \/ (XAY)— \/ (XAY)=M(XAY),
nxnxkxk nkxnk
where X and Y are either pointed spaces or spectra, which is determined by the
isomorphism n xn x k xk =nk xnk sending (i, j, m, ) to (i —)n+m, (j—1)n+I).
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This isomorphism is moreover Z/2-equivariant with respect to the transposition of
matrices.
Givena = (ay, ..., a,), we define

M) (A) := QM) (A)V -V M) (A)),

which is a topological monoid with anti-involution. Given a = (ay, ..., a,) and
b= (by,...,by), weleta-b be the nk-sequence of nonnegative integers
a b = (albl, albg, ey albk, azbl, ey azbk, ey anbl, ey anbk).

Using the Kronecker pairing above we define Z/2-equivariant maps

B((a)x M,/ (4)) x B*((b) x My (B)) +——— B°((a) x (b) x M} (A)x M/ (B))

|

B°({a) x (b) xhocolim QI (M) (AN AM}(B))))

|

B”((m_a)xhocolim sz"+f< \/ M) (A )/\M,;(Bj))»

Ix1
(h,l)enxk

ok

B”((g/)_;(_(/b)xhocollmﬂ’“( \/ (M), (A;rB; ))))

Ix1
(h,l)enxk

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I l@xt
|
4
AN B))(—B”((a b)xhocoth”'/( \/ ( (lhbl((A/\B),Jr,))))

Ix1
(h,l)enxk

where ® X ¢ is induced by the product of the map ® : (a) x (b) — (a - b) defined by
taking the Kronecker product of permutations (i.e., the Kronecker product of the
associated permutation matrices), and of the canonical map ¢ : A; AB; — (AAB);4 ;.
By restricting to the invertible components of M ./ (A) and M  (A) this gives 7/2-
equivariant maps B B

KR(A), AKR(B); <~ Z,x — KR(A A B) s,

where Z, = ]—[g,b B"((g~) X (E) X (/}igv(A) X (’}i;(B)). This zig-zag is natural
in both variables n, k € I'°P, and it therefore induces a pairing in the homotopy
category of Z/2-spectra

® : KR(A) AKR(B) — KR(A A B).
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By taking fixed points and geometric fixed points, we respectively obtain pairings
® : KR(A)??> AKR(B)?/?> = (KR(A) AKR(B))?/?> - KR(A A B)?/?,
® : D72 KR(A) A Y2 KR(B) — ®%/>KR(A A B)

in the homotopy category of spectra. Let A be a ring spectrum with anti-involution
and 7 a well-pointed topological group. The corresponding group-algebra is the
ring spectrum

Alr]l:=AAmy
with the anti-involution defined diagonally from the anti-involution of A and the
inversion map of w. This is an A-algebra via the map

ANAIT = AN A AT 2% AT, = Al

where p denotes the multiplication of A. If moreover A is a commutative ring spec-
trum with anti-involution, that is, a commutative Z/2-equivariant orthogonal ring
spectrum, then the map u A id is a morphism of ring spectra with anti-involution.
Thus one can compose the pairings above for B = A[x] with the induced map
KR(A A A[rr]) — KR(A[r]). The associativity of the Kronecker product of matri-
ces then gives the following.

Proposition 2.5.1. Let A be a commutative Z /2-equivariant orthogonal ring spec-
trum and 7 a topological group. The graded abelian groups m,(KR(A)?/?) and
7, ®Z/2 KR (A) are graded rings. The graded abelian group T, (KR(A[7)?%/?) is a
graded 7, (KR(A)2/?)-module, and 7, ®%/> KR(A[r)) is a graded 7, ®%?/> KR(A)-
module. ([

2.6. The Hermitian K-theory and genuine L-theory of a ring spectrum with anti-
involution. In this section we relate the fixed-points and geometric fixed-points
spectra of KR of Eilenberg—Mac Lane spectra with the classical constructions of
Hermitian K-theory and L-theory.

Definition 2.6.1. The free Hermitian K-theory space of a ring spectrum with anti-
involution A is the fixed-points space

GW(A) := KR(A)Z?2 = QB (]_[(B“Gi,j(A))Z/ 2).
n
The free Hermitian K-theory spectrum of A is the spectrum GW(A) associated to
the fixed-points I"-space

GW(A), :=KR(A)” =[] (B7({a) x GL, (&))"

Remark 2.6.2. The spectrum associated to the I"-space GW(A) is the naive fixed-
points spectrum of the Z/2-spectrum associated to the Z/2-I"-space KR(A). Since
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KR(A) is special as an equivariant I"-space (see Proposition 2.4.2), the canonical
map of spectra GW(A) — KR(A)?%/? is a stable equivalence, where KR(A)%/? is
the genuine fixed-points spectrum of KR(A).

We recall the terminology from [Schwede 2013] (although our notation devi-
ates slightly). If X is an orthogonal G-spectrum for a finite group G, the naive
fixed points of X is a spectrum with underlying sequence of spaces XS. The
genuine fixed points are obtained by deriving the naive fixed points with respect to
the model structure on orthogonal G-spectra associated to a complete G-universe.
Concretely, these can be defined as a spectrum whose n-th space is (Q"? X np)G,
where p is the regular representation of G with reduced regular representation p,
and for every d-dimensional real G-representation V the pointed G-space Xy is
the space X, where g € G acts by (g, 0v(g)) € G x O(d) for oy : G — O(d) the
group homomorphism defined by the representation V.

We now analyze the I'-space GW(A) and interpret it as the Segal construc-
tion of a symmetric monoidal category of Hermitian forms on A. We recall from
Proposition 2.1.6 that the fixed- pomts space of B"GL (A) is the classifying space
of a topological category Sym GL (A). Tts space of objects is the space of invert-
ible components of the fixed-points space

MY (AP = (P MY (A) v ---v MY (A))*2,
which is equivalent to the infinite loop space of the fixed-points spectrum
M (A2 x - x MY (AP

(see Remark 2 2.2). A morphism/:m — n of Sym (/}iv (A) is a homotopy invertible
element of M ./ (A) which satisfies m = w(l)nl, where w denotes the involution
on M J(A). Thus we think of GW(A) as the Segal construction of a symmetric
monoidal category
Vv
Hermy = ]_[ SymGL,, (A)

n

of spectral Hermitian forms on A.

Proposition 2.6.3. Suppose R is a simplicial ring with anti-involution w : R°° — R.
There is a weak equivalence between GW(HR) and the connective cover of the
Hermitian K-theory spectrum GW(R) := L(R) of [Burghelea and Fiedorowicz
1985]. In particular if R is discrete this is equivalent to the connective Hermitian
K-theory of free R-modules of [Karoubi 1973 ], when 2 € R is invertible.

If R is commutative, this equivalence induces a ring isomorphism on homotopy
groups, where GW (HR) is equipped with the multiplication of Proposition 2.5.1.
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Proof. The inclusion of wedges into products defines a map of ring spectra with
anti-involution

M, (HR)=\/ HR — [ | HR = HM,(R),
nxn nxn
where M,(R) = @,,,, R is the ring of n x n-matrices with entries in R. On
the underlying Z/2-spectra, this is an inclusion of indexed wedges into indexed

products and it is therefore a stable equivalence. On the level of I'-categories this
shows that the composite

Fhrlnl = Fyplnl — HFgln]

is an equivalence, where Fr[n] is Segal’s construction of the symmetric monoidal
category of free R-modules (Fg, @), with the duality induced by conjugate trans-
position of matrices (we observe that the middle term Fggr[n] does not have a
duality). At the level of I"-spaces this induces an equivalence

(B° Q¥ HFyip[n)?* = (B Q™ HFg[n])*/* < (B Fxrln)*/* = B Sym(Fg[n)),
which restricted to invertible components gives an equivalence
GW,(R) ~ B Sym(i Fg[n]).

Moreover, there is a functor of I'-categories (SymiFg)[n] — Sym(i Fg[n]), and
since both categories are equivalent to SymiFz" it is an equivalence. Finally,
Sym i Fg is the category of Hermitian forms over the simplicial ring R of [Burghe-
lea and Fiedorowicz 1985].

When R is commutative, both ring structures on GW(R) and GW(HR) are de-
fined from the Kronecker product of matrices, and by inspection the equivalence
above is multiplicative. U

The previous proposition extends to the Hermitian K-theory of Mackey functors
defined in Section 1.2, as we now show. We say that a ring spectrum with anti-
involution A is Eilenberg-Mac Lane if 7,4 = 0 = 7,,(A%/?) for all n # 0. In this
case we write A = HL, where L denotes the Hermitian Mackey functor L = 7oA
of Proposition 2.2.6.

Proposition 2.6.4. Let HL be an Eilenberg—Mac Lane ring spectrum with anti-
involution. There is a stable equivalence of T'-spaces

GW(HL) = GW(L)

induced by the projection maps Q°HL — L(Z/2) and (SZ(,’OHL)Z/2 — L(%)
onto my. If moreover HL is commutative, this equivalence is multiplicative with
respect to the ring structures of Proposition 1.3.3 and Proposition 2.5.1.
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Proof. We recall that since 27°HL is a topological monoid with anti-involution,
there is an action

Q¥ HL x (Q¥ HL)?/? — (Q%° HL)?/?

defined by sending (m, n) to mnw(m), where w is the involution on Q°HL. The
Hermitian structure on o HL is defined by taking g of this map. We also recall
from Proposition 2.2.6 that M,’ (HL) is a model for the Eilenberg—Mac Lane spec-
trum of the Hermitian Mackey functor of matrices M,, (L) of Definition 1.1.5. Thus
the projections onto 7y define an equivalence of topological categories

]_[ Sym C/}I,:(HL) = iHermy,
n
onto the category of Hermitian forms on M and isomorphisms. At the level of
["-spaces this gives an equivalence

GW(HL), = | [ B((a) x SymGL, (HL)) = i Hermy[n]

onto the Segal I"-category associated to (i Hermy, ), by the same argument of
Proposition 2.6.3. ([

Remark 2.6.5. We do not know if every Hermitian Mackey functor can be real-
ized as the Mackey functor of components of a nonunital ring spectrum with anti-
involution (the nonunitality condition comes from the fact that an equivariant unit
map S — A induces a map A = 10(S%/?) — 1mo(A%/?), and therefore a preferred
element 1 € mo(A%/?)). If there was an Eilenberg—Mac Lane spectrum functor H
from Hermitian Mackey functors to nonunital ring spectra with anti-involution,
Proposition 2.6.4 would in fact show that GW (L) ~ KR(HL)%/? for every Hermit-
ian Mackey functor L, allowing us to refine GW (L) to the fixed points of a genuine
equivariant spectrum KR(HL).

For discrete rings with anti-involution R the Eilenberg—Mac Lane spectrum HR
of Example 2.2.1 serves this purpose, and the Hermitian Mackey functor of com-
ponents o HR is the Hermitian Mackey functor defined by R as in Example 1.1.2.
Thus Propositions 2.6.3 and 2.6.4 tell us that GW(HR) ~ GW(R), where GW(R)
is by definition the group-completion of the category of Hermitian forms of free
R-modules, which is denoted by 1Z(R) in [Burghelea and Fiedorowicz 1985].

Definition 2.6.6. The free genuine L-theory spectrum of a ring spectrum with anti-
involution A is the geometric fixed-points spectrum

LE(A) := Y2 KR(A).

When R is a discrete ring with anti-involution, we define L&(R) := L&8(HR).
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Here the term “genuine” and the superscript of L& refer to the fact that L&(A)
depends on the genuine equivariant homotopy type of the input ring spectrum A.

Proposition 2.6.7. Let R be a discrete ring with anti-involution. There is a natural
isomorphism
LA = LB 4]

after inverting 2, where LEZO are the quadratic L-groups. This isomorphism agrees
with the restriction to the appropriate summands of the splittings

7/2

(Ke(R[3]) O LER[5] = GW.(B[5] = (KuB[3]) @ LLo(R3]

of the isotropy separation sequence away from 2 and of the splitting of [Burghelea
and Fiedorowicz 1985, Proposition 6.2], respectively.

Proof. The isotropy separation sequence for the Z/2-spectrum KR(R) (see, e.g.,
[Hesselholt and Madsen 1997, Proposition 2.1]) is a fiber sequence of spectra

KR(R);z/2 &% KR(R)??> & LE(R),
where the left map induces the transfer map
7« KR(R) — 7. KR(R);z/2 — 7 KR(R)?/?

of the Mackey structure of ., KR(R) on homotopy groups. Let us first identify
the homotopy groups of the cofiber LE(R) of the transfer with the cokernel of the
hyperbolic map, after inverting 2.

The composite N : KR(R)nz/2 % KR(R)?/?> — KR(R)"%/? of the transfer
and the canonical map to the homotopy fixed points is the norm map, which is an
equivalence if 2 is inverted in KR(R); this follows from the Tate spectral sequence
of [Greenlees and May 1995, Theorem 10.5]. Thus the composite

(KRR)[1])7* > (KR(BY[3])" ~ (KR(R)[4]),.2,»

of the canonical map and the inverse of the norm defines a natural splitting of the
transfer on homotopy groups, giving naturally split short-exact sequences

0 — 7, (KR(R)nz2)[ 5] = mu (KR(R)/H)[ ] 2, Li(R)[3]— 0

for every n > 0. After inverting 2, the E,-page of the Bousfield—Kan spectral
sequence for the homotopy orbits spectrum (KR(R)[%]) 22 is concentrated on
the O-th horizontal line, and the homotopy groups

n*((KR(R)[%])hZ/Z)
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are then isomorphic to the coinvariants of the involution on K*(R)[%]. We then
obtain short exact sequences

0— ((Ky(RD[L]);,, =5 7 (KR(RYZD)[1] & LER)[4] = 0,

where the transfer is induced on coinvariants by the transfer K, (R) — 7, (KR(R )V2/2)
of the Mackey functor 7, KR(R). The double coset formula tells us that

res tran = id +w,

where res : 77, (KR(R)%/?) — K, (R) is the restriction induced by the canonical map
from the fixed points to the underline spectrum, and w is the involution induced
by the Z/2-action of KR(R). Therefore the left-hand transfer of the short exact
sequence above is a section for the map

g : T (KR(R)*)[1] =5 (K (RD[3] = (Ku(RD[3]),5.

In particular, the cokernel LE (R) [%] of the transfer is naturally isomorphic to the
kernel of g. Under the identification KR(R)%/? ~ GW(R) of Proposition 2.6.3
the restriction map res : 1, (KR(R)%/?) — K,,(R) corresponds to the map induced
by the functor F that sends a Hermitian form to its underlying free R-module
(this is immediate from the definitions, and the fact that under the isomorphism of
Proposition 2.1.6 the inclusion (B° M)?/> < BM corresponds to the realization of
the map N(M; M Z/2y s N(M; %) that collapses M Z/2) The hyperbolic functor
induces a map
H :K,(R) — 7, GW(R),

which also satisfies FH = id +w, and it follows that H also defines a section of ¢,
and thus that the cokernel of H is also isomorphic to the kernel of g. Combining
these isomorphisms we obtain a natural isomorphism

LE(R)[ 5] = coker(tran) = ker(¢) = coker(H) =: W, (R)[3],

where the cokernel of H is by definition the Witt-group W, (R)[%]. This agrees
with the L-group L} (R) after inverting 2; see, e.g., [Loday 1976, Théoréme 3.2.6],
or combine [Ranicki 2001, §9] and [Schlichting 2010, Lemma 4.10], at least when
n > 0. For n = 0 one needs to make sure that the 0-th Witt group defined using
finitely generated projective modules agrees with the 0-th Witt group defined using
finitely generated free modules, away from 2. By performing algebraic surgery
with the respective decorations, these are respectively isomorphic to the O-th qua-
dratic L-groups of bounded chain complexes of finitely generated projective and
free modules; see [Ranicki 1980, §9, p. 180]. These agree after inverting 2 since
the relative term provided by the Rothenberg sequence is 2-torsion.
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Burghelea and Fiedorowicz [1985, Proposition 6.2] show that there is a natural
isomorphism

GW.(R)[3]= (GW.(R)[3]) ® (GW.(R[3])" = (K(R[5]) " @ Wezo (R)[5].

where the superscripts s and a on GW,, denote, respectively, the 1- and (—1)-
eigenspaces of the Z/2-action o on GW defined by taking the opposite sign of the
entries of the matrix of a Hermitian form. Here (K* (R)[%])Z/ % is the fixed points
of the involution on homotopy groups induced by the involution on KR. This is
stated only for % > 1, but the case * = 0 follows again by the argument above. The
first splitting is the canonical decomposition into symmetric and antisymmetric
part that sends x to ((x +ox) @ (x —ox))/2. The second splitting is the direct
sum of two isomorphisms, the first of which is induced by the forgetful functor
F: (GW* (R)[%])S — (K* (R)[%])Z/ 2. Its inverse is the restriction on invariants of
half the hyperbolic map

H/2: (KR[3]) 7 = (GW(RI[3])"
In other words, this is induced by the split short exact sequence
0— (K, (R)[L])* 25 7, GW(R)[L] & W, (R)[1] - o.

Under the isomorphism N : ((K,,(R))[%])Z/2 — ((K,,(R))[%])Z/2 that sends the
orbit of x to x +w(x), half the hyperbolic corresponds to the hyperbolic map H, that
is, the splitting of [Burghelea and Fiedorowicz 1985, Proposition 6.2] is induced
by the split short exact sequence

0= ((Ku(RD[3])1), = 7 GW(R)[F] 5> Wu(R)[3] — 0.

Now the fact that H and tran have a common retraction g provides the desired
comparison. (]

2.7. The assembly map of real algebraic K-theory. We define an assembly map
for the real K-theory functor in the same spirit as Loday’s definition [1976], using
the multiplicative pairing of Section 2.5. We then relate this to the classical as-
semblies of Hermitian K-theory and L-theory in the case of Eilenberg—Mac Lane
spectra.

Let A be a ring spectrum with anti-involution and 7 a well-pointed topological
group. The corresponding group-algebra is the ring spectrum

Alr]l:=AAmy

with the anti-involution defined diagonally from the anti-involution of A and the
inversion map of .
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Remark 2.7.1. Suppose that R is a discrete ring with anti-involution w and that
7 is discrete. Then the inclusion of indexed wedges into indexed products defines
an equivalence of ring spectra with anti-involution

(HR)[7]=HR A7y = \/ HR = @) HR = H(R[x)).

where the anti-involution on the group-ring R[] sends r - g to w(r) - g~ !, for all
r € R and g € w. More generally, the fixed-points spectrum of A[w] decomposes

as 7
(A[r])%* = (@ A) ~ (@ AZ/Z) x < @ A),
T /2 nfree/z/z

and an argument analogous to Proposition 2.2.6 shows that the Mackey functor
of components 7 o(A[m]) is isomorphic to the group-Mackey functor (roA)[rr] of
Definition 1.1.7.

There is a morphism of Z/2-I"-spaces y : S A By — KR(S[x]), which is
adjoint to the map of Z/2-spaces

B°mw < B°GL, (S[r]) = | [ B°GL, (Sl ]) = KR(S[7 D)1,

where the first map is induced by the canonical map 7 — hocolim; Q/(S' A7)
which includes at the object i = 0.

Definition 2.7.2. Let A be a ring spectrum with anti-involution, and 7 a topological
group. The assembly map of the real K-theory of A[x] is the map in the homotopy
category of Z/2-spectra

KR(A) A B, 2% KR(A) AKR(S[7]) 2 KR(A A S[r]) = KR(A[7]),

where ® is the pairing of Section 2.5. If A is commutative, this is a map of KR(A)-
modules for the module structures of Proposition 2.5.1.

We now explain how to extract from this map an assembly map for Hermitian K-
theory and L-theory by taking fixed-points spectra. We recall that there are natural
transformations

XPANKY? > (X AK)Y? and (9772 X) AKP? S P2(X AK)

for any Z/2-spectrum X and pointed Z/2-space K, where the first map is generally
not an equivalence. Thus by applying fixed points and geometric fixed points to
the KR-assembly we obtain maps

GW(A) A (B 1)%* = (KR(A) A B®,)?* > GW(A[r)),
LE(A) A (B 7)5? 5 O72(KR(A) A B 7r1) — LE(A[)).
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We recall from Lemma 2.1.9 that there is an equivariant map B — B, which
induces a summand inclusion Br — (B°)%/? on fixed points. By precomposing
with this map we obtain the following.

Definition 2.7.3. The assembly map in Hermitian K-theory and genuine L-theory
of A[m] are the maps

GW(A) A By — GW(A) A (B°m)Y* — GW(A[r)),
LE(A) A By — LE(A) A (B°m)Y* — LE(A[)),

respectively. If A is commutative, these are maps of GW(A)-modules and L.&(A)-
modules, respectively.

Proposition 2.7.4. Let R be a discrete ring with anti-involution. Then the as-
sembly map for the Hermitian K-theory of (HR)[r] described above agrees with
the connective assembly for the Hermitian K-theory of R[m] of [Burghelea and
Fiedorowicz 1985, §7], under the equivalence of Proposition 2.6.3 and the equiv-
alence (HR)[r] — H(R[x]) of Remark 2.7.1. It follows that the rationalized
assembly map of LE(R[r]) agrees with the rationalized assembly of LY(R[r]) of
[Ranicki 1992, Appendix B].

Proof. By inspection, one sees that the pairing of Section 2.5 agrees with the pairing
of [Burghelea and Fiedorowicz 1985, §6] under the equivalences of Proposition 2.6.3
and Remark 2.7.1, as do the maps SABnw.— GW(S[r]) and SABr—GW(Z[r]).
More precisely, the diagram

1§

GW(HR) A Bty Y GW(HR) A GW(S[r]) -2 GW(HR A S[r]) — GW((HR)[x])

| | | |

GW(R) A Bty %5 GW(R) A GW(ZIr]) —% GW(R @ ZIr]) ——s GW(R[7])

commutes in the homotopy category of spectra, where y7 and ®z are the maps
whose composite is the assembly of [Burghelea and Fiedorowicz 1985, §7]. The
top row is precisely the restriction of the assembly of Definition 2.7.2 to the I'-space
of fixed points, which compares to the assembly of Definition 2.7.3 by the diagram

GW(HR) AN Bny =———= GW(HR) A Bng — GW(HR|[x])

-] l I~

KR(HR)?/* A Bm, ——— (KR(HR) A B )%/ —— KR(HR[n])%/?

! |

KR(HR)Z/2 A (B°1)%/* —— (KR(HR) A B 7, )%/

The map from the first to the second row is the transformation from naive to genuine
fixed-points spectra, and therefore the upper rectangle commutes. The bottom left
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square commutes by naturality of the transformation X%/ A K%/ — (X A K)?/2.
This shows that the assemblies in Hermitian K-theory agree.

By the naturality of the isotropy separation sequence, the assembly map of
®Z/2KR(A) is the cofiber of the assembly maps for K(A),z,2 and GW(A) un-
der the transfer map. The assembly map for the Witt groups is by definition the
cokernel of the assembly maps of K and GW by the hyperbolic map, or equiv-
alently the kernel of these assemblies by the forgetful functor. It follows from
Proposition 2.6.7 that these assemblies agree after inverting 2. It is widely believed
by the experts that the assembly maps in Witt theory and quadratic L-theory agree
away from 2, but we were unfortunately unable to track down a reference; see, e.g.,
[Burghelea and Fiedorowicz 1985, 8.2, diagram (5) and footnote 8]. We prove that
the assemblies agree rationally, at least for the ring of integers. Our argument is
far from optimal, but is sufficient for our applications.

By periodicity, the Witt groups and the quadratic L-groups are rationally mod-
ules over the Laurent polynomial algebra @[S, 8~!], where B is of degree 4; see
[Karoubi 1973, 4.10] and [Ranicki 1992, Appendix B], respectively. Let us choose
isomorphisms of Q[B]-modules ¢ : L3>O(Z) ®@Q=Q[B] = W,>0(Z) ® Q. Then
any choice of isomorphisms -

7 :LIZI7) @ Q= W;(Z[x) ®Q fori=0,1,2,3,
determines an isomorphism of Q[S]-modules
¢" LI (ZI7]) ®Q = Wino(Zln]) ® Q,

which is given in degree i =4k +/, fork >0and /=0, 1, 2,3, by ¢ = ﬁkd)l”,b’*k.
Since this is an isomorphism of Q[S]-modules the right square of the diagram

Ll ,(Z) ® H.(Bm; Q) e, QIBI®L] ((Z[r]) —— L (Zr]) ® Q

lqb@id lid ®¢” l%

Woa0(Z) ® He(Br; @) —2" Q[B] ® Wyno(Zln]) — Wino(ZIn]) ® Q

defining the assemblies commutes. It is therefore sufficient to show ¢™ yr = yw.
The map yy is the composite S A By — GW(Z[r]) - W(Z[r]), and the map
yrL : SA Bry — L(Z[x]) is the “preassembly” of [Ranicki 1992, Appendix B].
Since 7 is discrete, these maps are determined by the corresponding group homo-
morphisms 8y : 1 — Li(Z[r]) and éy : 1 — Wi (Z[r]). By the comparison
of [Ranicki 2001, 9.11], one can see that the isomorphism ¢7 can be chosen so
that ¢7 6, = 8w . Since the homotopy category of rational spectra is equivalent to
graded Q-vector spaces, the isomorphism ¢, can be realized as a zig-zag of maps
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of rational spectra. Since ¢7 67 = dw, the diagram

Br, — > Q®(LI(Z[7]) @ Q)
J/S‘ZDO¢7T
QEW(Z[x]) @ Q)

commutes in the homotopy category of spaces. It follows that (¢ @ Q)yr = yw
commutes in the homotopy category of spectra, which concludes the proof. U

The unit of the ring spectrum with anti-involution A induces a map of Z/2-

spectra
n:S— KR(A).

It is adjoint to the map of Z/2-spaces S — =0 B“@Z(A) that sends the
basepoint of S° to the unique point in the compoﬁent k = 0, and the nonbase-
point of S° to the point in the component k = 1 determined by the O-simplex of
(sd, N°GL; (A))o = GL, (A) defined by the unit map S® — A of A.

Definition 2.7.5. The restricted assembly map of the real K-theory of A[x] is the
map of Z/2-spectra

S A B, % KR(A) A B, — KR(A[r)).
The geometric fixed points of the map n : S — KR(A) provide a map
S = d7/?S — ®?/? KR(A) = LE(A),

which immediately leads to the corresponding restricted assembly in genuine L-
theory. In Hermitian K-theory, however, the tom Dieck splitting provides a map

gVS—)S\/th/z;SZ/Z—)GW(A)

from two summands of the sphere spectrum, where the first map is the wedge of
the identity and the canonical map to the homotopy orbits.

Definition 2.7.6. The restricted assembly maps of the Hermitian K-theory and
genuine L-theory of A[r] are respectively the maps of spectra

(SvS)ABry — GW(A)A By — GW(A[x]),
SABmy — LE8(A) A B, — LE(A[x]).

The restricted assembly map of the Hermitian K-theory of Z is usually defined
on homotopy groups by the composite

Ay - GWo(Z) @ (S A By) = GW(Z) ® 7,(S A Brry)
— 7. (GW(2) A Bry) 2275 GW,(Z[n)),
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where the first map includes GWy(Z) into GW,(Z) as the degree zero summand.
Both 779 (SVvS) and GW((Z) are isomorphic to ZéZ, and the unit map 1:S—KR(Z)
provides such an isomorphism. The following compares the resulting assemblies.

Proposition 2.7.7. The map SV S — GW(Z) sends the two generators in mwy to
the hyperbolic form ((1) (1)) and to the unit form (1), respectively. It follows that the

restricted assembly
(SVS)A By — GW({Z[r))

agrees on homotopy groups with the restricted assembly .A%[n] upon identifying
m1o(S V' S) and GWy(Z) by the isomorphism
(61)
70(SV'S) b GWo(Z) 15 GW(2).

Proof. The isotropy separation sequences for the Z/2-spectra S and KR(Z) give a
commutative diagram

2 aZpen~
0—>7t0§hz/2 —)7‘[05 —)TKOCD S:JTQS—>0

o I

oo — 70 KR(Z)pz/2 — 10 GW(Z) — mo®Z/2 KR(Z) = Woy(Z) — 0

with exact rows. The outer vertical maps are the units of the ring structures on
K(Z) and W (Z), respectively. The splitting of the upper sequence is the tom Dieck
splitting. It follows that the bottom sequence splits as well, and that the middle
map is an isomorphism. The diagram

7'[()5 ;> nOShZ/Z e JTQSZ/Z

LR

TT0 K(Z) T) TT0 KR(Z)hz/z — 770 GW(Z)

commutes, and the composite of the two lower maps takes the isomorphism class
of a free Z-module to its hyperbolic form. Moreover, the composite

TS — 710§Z/2 — 19 GW(2)
is the unit of the ring structure of 7o GW(Z), and it takes the generator to (1). The

identification of the restricted assemblies now follows from Proposition 2.7.4. [

3. The real trace map

3.1. Real topological Hochschild homology. We recollect some results on real
topological Hochschild homology from [Hesselholt and Madsen 2015; Dotto 2012;
Hggenhaven 2016; Dotto et al. 2017]. The real topological Hochschild homology
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of a ring spectrum with anti-involution A is a genuine Z/2-spectrum THR(A). It is
determined by a strict Z/2-action on the Bokstedt model for topological Hochschild
homology THH(A) of the underlying ring spectrum. We start by recalling its con-
struction from [Hesselholt and Madsen 2015].

Let A be a ring spectrum with anti-involution, possibly nonunital, and / the
category of finite sets and injective maps. For any nonnegative integer k there
is a functor Q*A : I***! — Sp to the category of orthogonal spectra that sends
i = (ig, i1, ..., ix) to the spectrum

QT (S A Ajy A A A AAL).

Its homotopy colimit constitutes the k-simplices of a semisimplicial orthogonal
spectrum
THH; (A) := hocolim QIFITT (S A Aj AA A AAL):
iel*k+

see, e.g., [Dundas et al. 2013, Definition 4.2.2.1]. The involution on I described in
Section 2.2 induces an involution on I **+1, sending (ig, i1, ..., k) to (ig, ik, ..., 101)
(it is the k-simplices of the dihedral Bar construction on / with respect to the
disjoint union). The diagram 2°A admits a Z/2-structure in the sense of [Dotto
and Moi 2016, Definition 1.1], defined by conjugating a loop with the maps

gioittetip Xio MK AT AKE - Gkt idig Axk itk -+

and

Xig AXiy N+ A Xk idiy Axk
Aio/\Ai1 AN -/\Aik—>Ai0/\Ail/\- . -/\Al‘k—> A,‘O/\Aik/\- . '/\Ail

where x; € ¥; is the permutation that reverses the order of {1, ..., j}. Thus the
homotopy colimit THH (A) inherits a Z/2-action which induces a semisimplicial
map THH,(A)°°® — THH,(A). This therefore forms a real semisimplicial spectrum
THH,(A).

Definition 3.1.1 [Hesselholt and Madsen 2015]. The real topological Hochschild
homology of A is the Z/2-spectrum THR(A) defined as the thick geometric re-
alization of the semisimplicial Z/2-spectrum sd, THH,(A), where sd, is Segal’s
edgewise subdivision.

Remark 3.1.2. When A is unital the real semisimplicial spectrum THH,(A) is in
fact simplicial. The map THR(A) — | THH,(A)| to the thin geometric realization
is a stable equivalence of Z/2-spectra provided that A is levelwise well-pointed
and that the unit S° — Ay is an h-cofibration; see [Dotto et al. 2017, §2.3]. In
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order to consider the circle action induced by the cyclic structure, one should work
under these extra assumptions with the thin realization.

We recall that the Z/2-equivariant orthogonal spectrum A can be evaluated at
any d-dimensional Z/2-representation V by setting Ay := Iso(R¢, V) No) Ad.

Lemma 3.1.3. Suppose that for every n > 0 the space A,, is (n—1)-connected, and
the fixed-points space A,sz is (n — 1)-connected, where p is the regular represen-
tation of Z/2. Then the Z/2-spectrum THR(A) is an equivariant Q-spectrum. In
particular, the map
[ sd. hocolim QT (A A Ay A A A || = Q42 THR(A)
ielxk+

is an equivalence, where Q%% denotes the genuine equivariant infinite loop space
functor.

Example 3.1.4. (i) Any suspension spectrum satisfies the hypotheses of the above
lemma. Indeed, (SAX), =S5" A X is (n+4conn X)-connected nonequivariantly,
and conn X > —1. Similarly, the fixed points (S A X)f,éz = S§" A X2/? are

(n + conn X%/?)-connected.
(i) Eilenberg—Mac Lane spectra of abelian groups with Z/2-action satisfy this
condition as well; see, e.g., [Dotto 2016, Proposition A.1.1].

Proof of Lemma 3.1.3. We need to show that for every Z/2-representation V, the
adjoint structure map

[hocolim Q1(S¥ A Aig A Ay A+ A Aiy) |

ie*x2k+2

% ° |hocolim Q(S* A SY A Aiy A Aiy A A An) |
i61x2k+2

is an equivalence. It is shown in [Dotto et al. 2017, §2.3] using a semistability
argument that there is an equivalence

hocolim Q"+ (5P A SV A A, A A,?pzkﬂ)

neN .
= hocolim (S ASY A Ajg AA; A A Aiy, ),
£'€I><2k+2

where the involution on 2k + 1 reverses the order. The source of this map is

equivariantly connected for every k, by our connectivity assumption. Indeed, it

is nonequivariantly

2+dim V) + (2k +2)(conn A,p) + 2k + 1 — dim(np ® (kp +2))
=Q2+dimV)+ 2k+2)2n—1)+2k+1-2n12k+2)
=1+dimV)+ 2k+2)2n) —2n2k+2) =(1+dim V)
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connected, and its connectivity on fixed points is the minimum between 1 4 dim V

and

dim(p + V)% + conn(A}/* A A} A ALI%) — dim(2np + nkp ® p)*/?
=1+dimV?+ - D+kQn—1)+m—1)+k+1— 2n+2nk)
= dim V#/2 > 0.

By [Hesselholt and Madsen 1997, Lemma 2.4] we can therefore commute real-

ization and loops, and the map o above is equivalent to the realization of the

semisimplicial map

hocolim QL (SY A Ajg A Aij A A Apy, )

i61X2k+2 . .
25 QP hocolim QL (SP ASY A Ajg AA; A+ A A

i)
el x2k+2 2kl

We show that oy, is an equivariant equivalence for all £ > 0. Again by [Dotto et al.
2017, §2.3] this map is equivalent to the map
hocolim QwE* T2 (§V A A,, A Agj"“)

neN
— hocolim QUEREIQP(SP ASY A Anp A AN,
ne

the homotopy colimit of Q"*®*,+2) applied to the unit 1, : X, — Q°(S” A X,,) of
the loop-suspension adjunction, where X,, :=SY A A, A Aﬁfk“. By the equivariant
Freudenthal suspension theorem, 1, is nonequivariantly roughly

2conn X, =2(dimV + 2k+2)2n — 1)+ 2k + 1)(dim V +4nk+ 1) — 1)
connected, and its connectivity on fixed points is roughly the minimum of
conn X, =dimV +4n(k+1) —1,
2conn X2/2 =2(dim V2 4 2(n — 1) +k@2n — 1) +k + 1).
Thus on fixed points, 1, is roughly (dim V + 4n(k 4 1))-connected. It follows that
Qw@ke+2)p  is nonequivariantly approximately
Cp:=2(dimV +4nk + 1)) — dim(np ® (kp +2))
=2dimV +8nk+1)—2n2k+2)=2dimV +4nk +1)

connected. Its connectivity on fixed points is the minimum of 2dim V +4n(k + 1)
and

(dim V + 4n(k+1)) —dim(np @ (kp+2))?/? = (dim V + 4n(k+1)) — 2n+2nk)
=dim V+2n(k+1),
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which is d,, :=dim V 4 2n(k 4 1). Since both ¢, and d,, diverge with n for every
k < 0, the maps Q"*®*+2)y induce an equivalence on homotopy colimits. ~ [J

Remark 3.1.5. Under the connectivity assumptions of Lemma 3.1.3, the Z/2-
spectrum THR(A) arises as the Z/2-spectrum of a Z/2-I"-space whose value at
the pointed set n, = {+, 1, ..., n} is the Z/2-space

THR(A), := |sd, hocolim Q0T+ +k(A; A A; A+ A A Any)|.

iel xk+1

Indeed, the value of the associated spectrum at a sphere S” is the geometric real-
ization

THR(A)s» := |[p] = THR(A)s;

= |sd, h_oc;oglln QO (A A A A A A ASH)
1el”

’

and under our connectivity assumptions the canonical map
iot+iy+--+i ny; ™~ iptiy+-+i n
|Gl C(AigNAG A ANA NS — Q0T C(Aig NAG A NA NS

is an equivariant equivalence with respect to the action of the stabilizer group of
(o, ..., ix) € [***1: see [Hesselholt and Madsen 1997, Lemma 2.4]. It follows
from [Dotto and Moi 2016, Corollary 2.22] that the map on homotopy colimits is
an equivariant equivalence.

Lemma 3.1.6. The real topological Hochschild homology functor THR commutes
with rationalizations on ring spectra with anti-involution which are levelwise well-
pointed and whose unit S° — A is an h-cofibration.

Proof. Under these assumptions the spectrum THR(A) is naturally equivalent to
the dihedral Bar construction of a flat replacement A° of A with respect to the
smash product. This result is a generalization of [Shipley 2000, Theorem 4.2.8;
Patchkoria and Sagave 2016], and a proof can be found in [Dotto et al. 2017, §2.4].

Let Sg be a flat model for the rational Z/2-equivariant sphere spectrum. We
notice that if K is any finite pointed Z/2-set, the map

S@Eg@/\/\g;/\g@
K K.

given by the K-fold smash product of the unit maps of Sg smashed with Sq is
an equivalence. Nonequivariantly this is clear since Sg >~ HQ is idempotent. On
geometric fixed points this is the map

q;z/zg@/\ /\ INZRNTS

HRIEm zef25q A\ S— 0P28qn N\ @@Psq,
[kleK /(Z/2) K/(Z/2)
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which is the smash of the identity with the K /(Z/2)-fold smash of the unit maps
of ®/2xSq, where (Z/2)y is the stabilizer group of k € K.

Since the geometric fixed points ®%/2Sq are also equivalent to HQ they are
idempotent, and the map is an equivalence. Thus we have constructed natural
equivalences

THR(A) A Sg = [(A")"**! A Sq|
= ‘(Ab)/\O—H A Sa.-H ‘
= |((A") AS@)"**!| =~ THR(A A Sg),
completing the proof. O

The real topological Hochschild homology spectrum also supports an assembly
map. Given a ring spectrum with anti-involution A and a well-pointed topological
group 7, it is a map

THR(A) A B4, — THR(A[r]),

which is defined as the geometric realization of the map

(hocolim @ (A;y A+ A Ay, Ang)) AmFH

iexk+] )
— hocolim Q* (Aj, AT A+ ANAj, AT Any)
ielxk+
that commutes the smash product with the homotopy colimit and the loops. It is
shown in [Dotto et al. 2017, §5.2] that this map is in fact an equivalence. When
A =S is the sphere, there is a unit map S — THR(S) which is defined by the map
into the homotopy colimit from the object i = 0.

Proposition 3.1.7 [Hggenhaven 2016]. The composite
S A BYn, — THR(S) A BYn, — THR(S[r])
is an equivalence.

3.2. The definition of the real trace map. We adapt the construction of the trace
of [Bokstedt et al. 1993] to define a natural map of Z/2-I"-spaces

tr: KR(A) — THR(A)

for every ring spectrum with anti-involution A which is levelwise well-pointed,
whose unit S° — Ay is an h-cofibration, and which satisfies the connectivity hy-
pothesis of Lemma 3.1.3. Under these assumptions the Z/2-I"-space THR(A) of
Remark 3.1.5 models the real topological Hochschild spectrum of A, and we can
use Proposition 2.3.3. At an object ny € ' the trace is defined as the following
composite:
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KR(A), = ]_[ B°({a) )><GL (A))—>]_[A" |N°({a) xGL L (A)|

a=(ay,...,an) a T

]_[ BY({a) x QM) (A)V - -V M) (A))) +—— ]_[ B%({a) x GL, (A))

]_[(Bdi@) « THR(Mavl (A)V -V M;; (A)) ————— THR(A),

a

All the maps except for the last one leave the (a)-coordinate untouched. The first
map c is the composition of the equivalence

B ({a) x GL, (4)) — | N?({a) x GL, (4))||

of Lemma 2.1.11 and the inclusion of constant loops. Recall that A° = Map(S°, —)
is the free loop space with respect to the sign representation. The second map is the
map of Lemma 2.1.12, and it is an equivalence because @Z(A) is quasiunital and
group-like, by Proposition 2.3.3. The third map includes the invertible components
and projects the products onto the smash products, where Bﬂi denotes the dihedral
Bar construction with respect to the smash product of spaces. The fourth map
commutes the smash products and the loops. The fifth map projects off the @—
component, and on the THR factor it is induced by the maps of spaces

(MY (Ai) V-V MY (A A ANMY AV -V MY (A)) = Ajg A- Ay Any

defined as follows. An element of M (A;)V---V M,/ (A;) is an integer | < j <n,
apair (c,d) € aj x aj, and an element x € A;. The map above is then defined by
the formula

(Jo, co, do, x0) A+ - A (Ji» Ck» i, Xk)

xO/\.../\xk/\jO lf]()::]k’
dy=ci,di=c,...,dr_1 =cx,
H
and dk = Cp,
* otherwise.

This map remembers the entries of a string of matrices when they are composable,
and it sends the remaining ones to the basepoint. The underlying map is analo-
gous to the trace map of [Dundas and McCarthy 1996, §1.6.17], and it is a weak
homotopy inverse for the map induced by the inclusion A — M,/ (A) into the 1 x 1-
component. Although we won’t use this here, it is also an equivariant equivalence;
see [Dotto et al. 2017, §4.3].
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Let us denote by tr®Y the composite

o :KRY(A), =[] BY({@) x GL, (A)) > THR(A),.

a=(ai,....an)

All the spaces above extend to Z/2-I"-spaces by a construction similar to the def-
inition of the I'-structure on KR. It is immediate to verify that the map ¢ and
the upper-pointing equivalence are maps of Z/2-I"-spaces. We verify that tr? is
compatible with the I'-structure.

Proposition 3.2.1. The map tr : KR (A) — THR(A) is a well-defined map of
Z]2-T-spaces.

Proof. Let f : ny — ky be a pointed map. We need to verify that for every
collection of nonnegative integers a = (ay, ..., a,), the square

BY((@) xGL, (A)) ~ | sd, hocolim QU1+ Fir (A A Ay A---AA;, ARy |

jGIXp+l
lf* lf*

BY({oa) x GL ) ,(4)) > || sd, hocolim Q01+ r (A A Ay A- A A AL |

iEIXp+I

commutes. We prove that this diagram commutes in simplicial degree p = 1; the
argument for higher p is similar. A 1-simplex of the upper left corner consists of
two pairs of families of permutations (8, «) and («, 8), where «, B € (a), and a
pair of elements x, y € Q°(M, (A) V ---V M, (A)) belonging to an invertible
component. For a fixed pair (o, 8), we need to show that the square

(M (Aig) V-V M (Ai) A (M (Ai) V-V M (Ai) — Aig AAi Ang

(VA B (VAL, <«x»ﬁ>,-)l lid AidAS
(MY (Ai) V-V MY (Ai)) A (MY (Ai) V-V MY (Ai)) — Aig A Aiy Ny

commutes, where (c, 8); are the maps defined in Section 2.4 and the horizon-
tal maps are defined at the beginning of the section. The upper composite takes
(Jo (co, do), x0) A(j1, (c1,d1), x1), where 1 < jy <n, (¢;,d;) €aj, xaj and x € A,
for/ =0, 1, to

XoNXT A f(]o) ifj() = j] and d() =c,d = o,
and to the basepoint otherwise. The lower composite takes it to

xoAxiA (o) if f (o) = f (1) and Br—1 £ jo,jo (Lod0) = Bt r(ipnju, s (Li€1),

o =1 p i (dD) = =1 (o o, jo (t0€0),
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where o aj, — []; ef-17(o) % is the inclusion, and similarly for ¢;. We need to
show that these conditions are equivalent. Clearly the first condition implies the
second one.

Suppose that the second condition holds, and set i := f(jo) = f(j1). By con-
struction, the family of permutations « satisfies the condition

a-tip i © @jo r=tingoniny Liday ) = =10y jo. jo © (day Lhatcp=1iy\gjo. jiy, o)

By evaluating this expression at tgco we obtain that

o1 i @ o -1 go iy H iday, ) (Loco) = e p-1yy o, jy (toc0) = p-15) jy jy (1)

Since oy is invertible we must have that

LD\ 1.1
(@jo, (r=1into.jry T1da; ) (toco) = uidi,

but since the left-hand map is the identity on aj, and ¢; includes in a; we must
have that jo = j; and cp = d;. A similar argument shows that dy = c;. |

Let us finally verify that on underlying nonequivariant infinite loop spaces our
trace agrees with the trace of [Bokstedt et al. 1993]. Since the I'-spaces underlying
KR and THR and the K-theory and THH spectra of [Bokstedt et al. 1993] are
special, it is sufficient to compare the maps in spectrum level 1. Under the canonical
equivalence KR(A)g1 =~ B(]_[n Béin (A)) our trace is induced by the composite

BGL,,(A) — ABGL,(A) +—— BY°GL,(A) — BY°M,(A)

|

THH(A) «—— THH(M) (A)) —— THH(M,, (A))

of the inclusion of constant loops, the canonical equivalence between the free loop
space and the cyclic nerve, the inclusion of (/}in(A) in M,, (A), the canonical map
that commutes the loops and the Bar construction, and the last two maps which
exhibit Morita invariance. This uses the naturality of the construction with respect
to the inclusion M, (A) — M, (A). This composite is the same as the corresponding
map of [Bokstedt et al. 1993].

3.3. The trace splits the restricted assembly map. Let A be a ring spectrum with
anti-involution and 7 a well-pointed topological group. We recall that the restricted
assembly map of KR is a map of Z/2-spectra

A% S A B, Y KR(A) A B, — KR(A[7])

(see Definition 2.7.5). We let p : BYim — B°m denote the projection.
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Theorem 3.3.1. The restricted assembly map for the sphere spectrum
A% SAB°7, — KR(S[7])

is a split monomorphism in the homotopy category of 7 /2-spectra. A natural re-
traction is provided my the map

KR(S[r]) & THR(S[x]) < SABYn, 5 SAB7,.

Proof. We complete the following commutative diagram of Z/2-I"-spaces by defin-
ing the dashed arrows

ny A BTy, — 5 KR,(S[x]) —— [], A” |N?({@) x GL, (S[x D) |

cl ’/’,,””% 1T~

ne AN INOTl)s 11, BY({a) x GL, (S 1)
- -7 =
n ABlig, 77— _ THR, (S[7])

Here the bottom map is the equivalence of Proposition 3.1.7, the map [ is the
equivalence of Lemma 2.1.12, and the vertical map c is induced by the composite

B°mr — A°B°m = A%|N%x||

of the inclusion of constant loops and the canonical equivalence of Lemma 2.1.11.
This shows that in the homotopy category the map

KR(S[7]) % THR(S[7]) ~ S A B,

equals the composition of ¢ and the inverse of /. Since p = ev o/, where the
evaluation map ev : A?||N°x|| — ||[N?m|| splits ¢, we have that p splits I=loc,
and this will conclude the proof.

The lower dashed map is defined as the adjoint of the map of Z/2-spaces

BYr, — | [ BYGL, (SI7])
k=0
that sends + to zero, and that includes B in the k = 1 summand by the dihedral

nerve of the map of monoids with anti-involution & — (’}i]v (S[m]). The upper
dashed map is adjoint to the map of Z/2-spaces

(AN )y — | [ AZINGL, (SIx DI,
k>0

induced by the same map = — C/}ilv (S[r]). The bottom right triangle commutes
since the trace map leaves the k = 1 summand essentially untouched. The middle
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rectangle commutes by naturality of the map [. The upper left triangle of the
diagram commutes by construction, since both A° and the upper dashed map are
induced by = — GL! (S[r]). 0

Corollary 3.3.2. Let w be a topological group which is cofibrant as a Z /2-space.
The fixed-points spectrum GW (S[r]) splits off a copy of

(SAB°m)? /2 ~S A ((Brr x RP®) LI (B°7)%/?),.
If w is discrete, the second term decomposes further as
(B°m)"?= ] BZxlg)

{lg] | g*=1}
by Lemma 2.1.9.

Proof. The splitting follows immediately from Theorem 3.3.1. By the Segal-tom
Dieck splitting there is a natural decomposition

(SAB )" ? = S A (B m)nz)n U (B )" /%),

We recall by Lemma 2.1.9 that there is an equivariant map Bwr — Bx which is
a nonequivariant equivalence, where B has the trivial involution. This gives an

equivalence
(B°m)nz2 < (Bm)nzj2 = Bt x RP™, O

Corollary 3.3.3. The restricted assembly maps of the Hermitian K-theory and gen-
uine L-theory of the spherical group-ring of Definition 2.7.6,

SA(Br UBr)y — GW(S[n]),
S A Br, — LE(S[7)),
are naturally split monomorphisms in the homotopy category of spectra.

Proof. We start by proving the claim for L-theory. By Theorem 3.3.1 the second
map in the composite
/—\

SABry 25 SA (B m)* =5 922(S A BOm,) — LE(S[])

splits. Thus it is sufficient to show that the first map splits, and a retraction is
provided by the inclusion of fixed points ¢ : (B°7%/?) — B, by Lemma 2.1.9.
Similarly, the restricted assembly of the Hermitian K-theory is the composite

~ /—\
SA(BrUBm)+— SA(B ) ?(B° 70 )pz2)+— (SAB )22 — GW(S[ 7)),

and it is sufficient to show that the first map is a split monomorphism. The first
summand is again split by the inclusion of fixed points. The second summand is
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split by the projection map
(BUT[)/,Z/Z pad (Bﬂ)hz/ngT[ x RP*° — Bm. U

We remark that the same argument of the proof of Corollary 3.3.3 shows that
the restricted assembly map of any ring spectrum with anti-involution which is
rationally equivalent to the sphere spectrum splits rationally. We will be particularly
interested in the case where A = HA[ ] is the Eilenberg-Mac Lane spectrum of
the Burnside Mackey functor A[%] with 2 inverted. In particular, for L-theory we
obtain the following.

Corollary 3.3.4. Let A be a ring spectrum with anti-involution which satisfies the
hypotheses of Lemma 3.1.6. Suppose that the unit map S — A is a rational equiv-
alence of underlying 7 /2-spectra. Then the rationalized restricted assembly map
in L-theory

A’ HOAB, ~(SAB7)QQ — LEA[r]) @ Q

is naturally split by the map

T :L¥(A[r]) & &2 THR(A[7]) <% S A (BY7)7/?

L SABm)* 2L SABr,. O

4. Application to the Novikov conjecture

Let 7 be a discrete group and L9(Z[r]) the quadratic L-theory spectrum of the
corresponding integral group-ring. The assembly map of quadratic L-theory is a

map of spectra
Az : LYZ) A By — LI(Z[7]).

The Novikov conjecture for the discrete group m is equivalent to the injectivity
on rational homotopy groups of the map .Az[). Rationally, L9(Z) is a Laurent
polynomial algebra on one generator 8 of degree 4. Thus, on rational homotopy
groups the assembly map above takes the form

Az : QIB, B7'1® Hy(Bm; Q) — LI(Z[r]) ® Q.

Remark 4.1. Since the assembly map is a map of Q[B, 8~ !]-modules, it is suffi-
cient to show that A7) does not annihilate the polynomials with nonzero constant
term

X = 1 ®xn+ﬂ®xn—4+"'+lgk®xn—4k € (@[ﬂ]®H*(B7T’ Q))m

where k > 0 and x,, # O for every n > 0. Indeed, any degree j element y of
Q[B, B~'1® Hy(Bm; Q) can be written as y= B~'x, where x is of the form above
and/ is the lowest power with nonzero coefficient of y. Then Az (y) = ,B_IAZ[ﬂ (x)
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is nonzero if and only if Az[71(x) is nonzero. In particular, we can restrict our
attention to the connective cover of the assembly map.

We let A/, be the Burnside Tambara functor with 2 inverted, and HA,; a
cofibrant strictly commutative orthogonal Z/2-equivariant ring spectrum model
for its Eilenberg—Mac Lane spectrum (for the existence, see, e.g., [Ullman 2013,
Theorem 5.1]). We let d : Ay2[] — Z;2[n] be the rank map, as defined in
Example 1.2.7.

Theorem 4.2. For any discrete group 7, there is a lift Az(x of the assembly map
for the integral group-ring
LEA ) © Q

Azin)
d

QUBI® Ho(Br; @) —————— L (Zr) @ Q=Li(Ziplr ) © @

which does not annihilate the polynomials with nonzero constant term. Thus the
Novikov conjecture holds for m if and only if the image of Az intersects the
kernel of d trivially.

The way the lift Az, is constructed allows us to further reduce the Novikov
conjecture to a statement about the algebraic structure of L&, (A »[7]) ® Q that
does not involve the map d. After inverting 2 the morphism of Hermitian Mackey
functors d : A2 — Z; > splits (although not as a Tambara functor). This induces

a map
Sr - Lg(Z]/Q[ﬂ]) X @ — Lg(Al/Z[n]) X @a

which is a section for d (see Lemma 4.4). For the trivial group = =1 this provides
an additive inclusion s = 51 : Q[8] — LE(A, ,2lr]) ® Q. In particular, s(1) defines
an element in the ring L(g)(Al ,2) which acts on LE(A,; ,2[m]) by Proposition 2.5.1.

Corollary 4.3. Every element x € Q[B] ® H.(Bm; Q) satisfies the identity
Sr Az (x) = s(1) - Az (x) € LE(A []) @ Q,

where sy is injective and /_lz[ﬂ](gc) is nonzero when x has nonzero constant term. It
follows that the Novikov conjecture holds for m if and only if multiplication by s(1)

s(D) : LEA1 7)) ® @ — Li(A pln]) © @
is injective on the image of Azx).
Proof of Theorem 4.2. We first note that the isomorphism

LE(Ziplr) @ Q=LY @I ]) ® Q
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is a consequence of Proposition 2.6.7 and the fact that the map Z[w ]| — Z;2[n] in-
duces an isomorphism L{ (Z[n])[%] =Lz, /2[71])[%] on the quadratic L-groups.
The latter is an immediate consequence of [Ranicki 1981, Proposition 3.6.4(ii)]
(see also [Loday 1976, Théoreme 3.2.6]). It follows from Proposition 2.7.4 that
the assemblies agree under this isomorphism.

The additive section s : @[] — LE(A; /2) ® Q of Lemma 4.4 prescribes a lift
s(B) of the polynomial generator 8. Since LE(A, ,2) is aring, s(B) defines a mul-
tiplicative section u : Q[8] — LE(A, ,2) @ Q. We define /_lz[n] to be the composite

Azie): QIAI® Ho (B @) Y29 12(A ) @ H,(Br; Q) 225 LEA, »[7]) ® Q,

where Aar] is the assembly of Definition 2.7.3. Since dAa[z] = Az)(d ® id) and
u is a section for d, it follows that dAz(;) = Az[x)-

Now let us show that ﬁz[ﬂ] does not annihilate the polynomials with nonzero
constant term, that is, that for every

x=1®X,+B®xy 4+ + B ®x,_4t € (QIBI® Hu(B7; Q)),
with k£ > 0 and x,, # 0, we have that flzm@) is nonzero. We let
T: Li(&]/z[n]) X @ — H*(BT[; @)

be the map of Corollary 3.3.4, which defines a retraction for the restricted assembly
map A%[ﬂ]. In order to show that flz[ﬂ](;c) 1s nonzero it is sufficient to show that
Tf_lz[n](;c) is nonzero in H,(Bm; Q). We write

TAz)(x) = TAzpm) (1 @ x) + TAz ) (B ® Xp—a + -+ B @ xp_ap).

We remark that since the section u is multiplicative, the restriction of Az(,] to the
summand (Q - 1) ® H,(Bm; Q) agrees with the restricted assembly map AOA[H].
Since T splits A%[ﬂ] by Corollary 3.3.4, it follows that

TAzi)(1 ® xp) = TAR ) (Xn) = X # 0.

It is therefore sufficient to show that Tf_tz[ﬂ](ﬁ Qxp—a+---+ ,Bk & Xp_4k) 18 zero.
We prove this by invoking the naturality of 7 and Az, with respect to group
homomorphisms. By the Kan-Thurston theorem there is a group m(,—1y and a map
Bu—1y — (Bw)~Y to the (n — 1)-skeleton of B which is a homology isomor-
phism. Taking the first homotopy group of the composite Brr,—1,— (Br)" ™V < B
gives a group homomorphism A : 7,1y — 7. In order to emphasize the naturality
of our transformations in the group m we add a superscript to our notations. By
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naturality, there is a commutative diagram

Azix n—1)] Tin—
(QIBI® Hy (Bt jp-1y: @)y —— s LEZ [y DOQ — s Hy(Brtp_1y; @) =0
id®AJ{ B )\l )\l
A7z b4
(QIBI® H, (B; Q) — 5 1E(Z[7])®Q —— H,(Br: Q)

Since A: Hj((Bn)(”_l); Q=H;(Bmy,—-1y; Q)— H;(Bm; Q) is surjective for j <n,
we can write

BRxp—a+-+ B ®@xyak =BOAYn—a)+ -+ B @A (V—ar)

for some coefficients y; € H;(Bm(,—1y; Q). By the commutativity of the diagram
above we see that
T" Azz)(B ® Xp—a + -+ -+ B ® xu_ar)
= AT A, 1B ® s+ + B ® yu—ar)
0

must vanish.

Now suppose that the kernel of d intersects the image of Az trivially, and let
x € Q[B]® H.(Bm; Q) be a polynomial with nonzero constant term. By the previ-
ous argument Az, (x) is nonzero, and therefore it cannot belong to the kernel of d.
So, we have that dAz(;)(x) = Azr)(x) is nonzero. By Remark 4.1 the Novikov
conjecture holds for 7. Conversely, if .Az[] is injective d must be injective on the
image of Az O

Lemma 4.4. The rank map

d:LEA p[n D[] = LEZ 2ln D[ 5]

admits a section sy in the homotopy category, which is natural in w with re-
spect to group homomorphisms. When w = 1 is the trivial group, this section
s Lg(Zl/z)[%] — Lg(Alﬁ)[%] is multiplicative, but not unital, on rational homo-
topy groups.

Proof. The map of Hermitian Mackey functors d : A, — Z1, splits. A section
% : Z1/2 — Ay is defined by the identity on the underlying ring, and by the map

0.3):Z1p—> Z1p® 2

on fixed points. We remark that % is not a map of Tambara functors, since (O, %) is
not unital with respect to the ring structure of the Burnside ring Z > ® Z; . How-
ever, it is a morphism of Hermitian Mackey functors, and it extends to a morphism
of Hermitian Mackey functors Z;2[7] — Ajz[m]. This induces a section for d in
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Sp : GW(Zi 2l ]) = GW(A [ ]).

Since % is not a map of Tambara functors it is not clear if it can be realized as a
map of Z/2-equivariant commutative ring spectra HZ;,» — HA >, and thus 5,
does not a priori come from a map of real K-theory spectra. It is therefore not
immediately clear if 5, induces a map on geometric fixed-points spectra.

The isotropy separation sequences for KR(A2[7]) and KR(Z; »[7]) are com-
pared by a commutative diagram

K(Zy o[ Dnz)2 o, GW(Zy2[r]) -, LE&(Zypa[m])

.

KA1 2[7Dnz)2 SELLLEN GW(A;2[7]) _, L&A 2[])

where the rows are cofiber sequences. After inverting 2 the transfer map of a Z/2-
spectrum X is naturally split by the map

(X[%])Z/z - (X[%])M/z = (X[%])hZ/Z’

and therefore the cofiber of the transfer is equivalent to the homotopy fiber of the
restriction map r. For the spectra X = KR the map r is induced by the forgetful
functor that sends a Hermitian form to its underlying module. Since the functor
induced by % on Hermitian forms commutes with the forgetful functor, it induces
a map s, on the homotopy fibers of the maps r.

When r is trivial, the maps ¢ are maps of rings, and § is multiplicative by
Remark 1.3.4. On rational homotopy groups (or in fact away from 2) the isotropy
separation sequence gives short exact sequences

tran

&n
70 K(Z1)2)nz)2 @ Q ——— GW,,(Z12) ® Q ——» Ly(Z12) @ Q

\ Fo

tran

&n
700 K(A12)hz/2 @ Q ——— GW, (A1 2) @ @ —» Li(A2) ® @

for every n > 0. Then s, is given by s, (x) = ¢,,5,(y) for some y € GW,,(Z1,2) ® Q
such that ¢, (y) = x, and it does not depend on such choice. Since ¢ is multiplica-
tive, if ¢, (y) = x and ¢,,(y") = x” we have that ¢,,1,, (yy') = xx’. Thus

Sn+m ()CX,) = ¢n+m§n+m (yy/) = (¢n§n (y))((mem (y/)) =S8n ()C)Sm (x/)a

proving that s is multiplicative on rational homotopy groups. (]
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Proof of Corollary 4.3. Let s, denote the natural section of Lemma 4.4. This fits
into a diagram

g . Aair) g
L:(A12) ® Hy(Brr; Q) Li(Ajplr) @ Q

u®id] Ts@id Tsn

QUBI® Ho(Br; @) ——— L ((ZI7) @ QA =LiZ1plr) @ Q

where the right rectangle commutes. We observe that s does not commute with
the unit maps of KR, (A,2) and KR,(Z;,2), and therefore that s, does not com-
mute with the restricted assembly maps. The map s, however, is multiplicative by
Lemma 4.4, and since u sends by definition 8 to s(8) we have that s = s(1) - u,
and that s(1) is idempotent. Since Aa[r] is a map of LE(A,; ,2)-modules, we have
that for every nonzero x € Q[8]® H.(Bm; Q),

Sz A7121(X) = Aafz) (s @1d) (x) = Aaz)((s(1) - u) ® id) (x)
=s(1) - (Aap (@ ®@id) (x)) = s(1) - Azpz) (x)-

If the Novikov conjecture holds, the left-hand term must be nonzero since s, is
injective. Thus s(1) must act injectively on the image of Az[,). Conversely, if
s(1) acts injectively on the image of Az[], the right-hand term must be nonzero
when x is a polynomial with nonzero constant term, since Az(,(x) is nonzero by
Theorem 4.2. It follows that Az[;1(x) is nonzero, and this implies the Novikov
conjecture by Remark 4.1. O

Acknowledgments

We sincerely thank Ib Madsen and Lars Hesselholt for sharing so much of their
current work on real K-theory with the first author, and for the guidance offered
over several years. We thank Irakli Patchkoria for pointing out a missing condition
in Definition 1.1.1. We also thank Markus Land, Wolfgang Liick, Kristian Moi,
Thomas Nikolaus, Irakli Patchkoria, Oscar Randal-Williams, Marco Schlichting,
Stefan Schwede and Christian Wimmer for many valuable conversations.

References

[Atiyah 1966] M. F. Atiyah, “K-theory and reality”, Quart. J. Math. Oxford Ser. (2) 17 (1966), 367—
386. MR Zbl

[Bak 1981] A. Bak, K-theory of forms, Annals of Mathematics Studies 98, Princeton University
Press, 1981. MR Zbl

[Bokstedt et al. 1989] M. Bokstedt, W. C. Hsiang, and 1. Madsen, “The cyclotomic trace and the K-
theoretic analogue of Novikov’s conjecture”, Proc. Nat. Acad. Sci. U.S.A. 86:22 (1989), 8607-8609.
MR Zbl


http://dx.doi.org/10.1093/qmath/17.1.367
http://msp.org/idx/mr/0206940
http://msp.org/idx/zbl/0146.19101
http://msp.org/idx/mr/632404
http://msp.org/idx/zbl/0465.10013
http://dx.doi.org/10.1073/pnas.86.22.8607
http://dx.doi.org/10.1073/pnas.86.22.8607
http://msp.org/idx/mr/1023810
http://msp.org/idx/zbl/0684.55013

314 EMANUELE DOTTO AND CRICHTON OGLE

[Bokstedt et al. 1993] M. Bokstedt, W. C. Hsiang, and I. Madsen, “The cyclotomic trace and alge-
braic K-theory of spaces”, Invent. Math. 111:3 (1993), 465-539. MR Zbl

[Burghelea and Fiedorowicz 1985] D. Burghelea and Z. Fiedorowicz, “Hermitian algebraic K-theory
of simplicial rings and topological spaces”, J. Math. Pures Appl. (9) 64:2 (1985), 175-235. MR
Zbl

[Cortifias 1993] G. Cortifias, “L-theory and dihedral homology, II”, Topology Appl. 51:1 (1993),
53-69. MR Zbl

[Dotto 2012] E. Dotto, Stable real K-theory and real topological Hochschild homology, Ph.D. thesis,
University of Copenhagen, 2012. arXiv

[Dotto 2016] E. Dotto, “Equivariant calculus of functors and Z/2-analyticity of real algebraic K-
theory”, J. Inst. Math. Jussieu 15:4 (2016), 829-883. MR Zbl

[Dotto and Moi 2016] E. Dotto and K. Moi, “Homotopy theory of G-diagrams and equivariant
excision”, Algebr. Geom. Topol. 16:1 (2016), 325-395. MR Zbl

[Dotto et al. 2017] E. Dotto, K. Moi, 1. Patchkoria, and S. P. Reeh, “Real topological Hochschild
homology”, preprint, 2017. arXiv

[Dundas and McCarthy 1996] B. I. Dundas and R. McCarthy, “Topological Hochschild homology
of ring functors and exact categories”, J. Pure Appl. Algebra 109:3 (1996), 231-294. MR Zbl

[Dundas et al. 2013] B. I. Dundas, T. G. Goodwillie, and R. McCarthy, The local structure of alge-
braic K-theory, Algebra and Applications 18, Springer, 2013. MR Zbl

[Ebert and Randal-Williams 2017] J. Ebert and O. Randal-Williams, “Semi-simplicial spaces”, pre-
print, 2017. arXiv

[Greenlees and May 1995] J. P. C. Greenlees and J. P. May, Generalized Tate cohomology, Mem.
Amer. Math. Soc. 543, Amer. Math. Soc., Providence, RI, 1995. MR Zbl

[Guillou et al. 2017] B.J. Guillou, J. P. May, and M. Merling, “Categorical models for equivariant
classifying spaces”, Algebr. Geom. Topol. 17:5 (2017), 2565-2602. MR Zbl

[Hesselholt and Madsen 1997] L. Hesselholt and I. Madsen, “On the K-theory of finite algebras over
Witt vectors of perfect fields”, Topology 36:1 (1997), 29-101. MR Zbl

[Hesselholt and Madsen 2015] L. Hesselholt and I. Madsen, “Real algebraic K-theory”, book in
progress, 2015, available at http:/www.math.ku.dk/~larsh/papers/s05/.

[Hill et al. 2016] M. A. Hill, M. J. Hopkins, and D. C. Ravenel, “On the nonexistence of elements
of Kervaire invariant one”, Ann. of Math. (2) 184:1 (2016), 1-262. MR Zbl

[Hggenhaven 2016] A. Hggenhaven, “Real topological cyclic homology of spherical group rings”,
preprint, 2016. arXiv

[Karoubi 1973] M. Karoubi, “Périodicité de la K-théorie hermitienne”, pp. 301—411 in Algebraic
K-theory, Ill: Hermitian K-theory and geometric applications (Seattle, WA, 1972), Lecture Notes
in Math. 343, Springer, 1973. MR Zbl

[Karoubi 1980] M. Karoubi, “Théorie de Quillen et homologie du groupe orthogonal”, Ann. of Math.
(2) 112:2 (1980), 207-257. MR Zbl

[Kreck and Liick 2005] M. Kreck and W. Liick, The Novikov conjecture: Geometry and algebra,
Oberwolfach Seminars 33, Birkhiuser, Basel, 2005. MR Zbl

[Kro 2005] T. A. Kro, Involutions on S[S2M ], Ph.D. thesis, University of Oslo, 2005. arXiv

[Loday 1976] J.-L. Loday, “K-théorie algébrique et représentations de groupes”, Ann. Sci. Ecole
Norm. Sup. (4) 9:3 (1976), 309-377. MR Zbl

[Loday 1987] J.-L. Loday, “Homologies diédrale et quaternionique”, Adv. in Math. 66:2 (1987),
119-148. MR Zbl


http://dx.doi.org/10.1007/BF01231296
http://dx.doi.org/10.1007/BF01231296
http://msp.org/idx/mr/1202133
http://msp.org/idx/zbl/0804.55004
http://msp.org/idx/mr/820117
http://msp.org/idx/zbl/0597.18006
http://dx.doi.org/10.1016/0166-8641(93)90014-5
http://msp.org/idx/mr/1229500
http://msp.org/idx/zbl/0815.57025
http://msp.org/idx/arx/1212.4310
http://dx.doi.org/10.1017/S1474748015000067
http://dx.doi.org/10.1017/S1474748015000067
http://msp.org/idx/mr/3569078
http://msp.org/idx/zbl/1365.19005
http://dx.doi.org/10.2140/agt.2016.16.325
http://dx.doi.org/10.2140/agt.2016.16.325
http://msp.org/idx/mr/3470703
http://msp.org/idx/zbl/1341.55001
http://msp.org/idx/arx/1711.10226
http://dx.doi.org/10.1016/0022-4049(95)00089-5
http://dx.doi.org/10.1016/0022-4049(95)00089-5
http://msp.org/idx/mr/1388700
http://msp.org/idx/zbl/0856.19004
http://msp.org/idx/mr/3013261
http://msp.org/idx/zbl/1272.55002
http://msp.org/idx/arx/1705.03774
http://dx.doi.org/10.1090/memo/0543
http://msp.org/idx/mr/1230773
http://msp.org/idx/zbl/0876.55003
http://dx.doi.org/10.2140/agt.2017.17.2565
http://dx.doi.org/10.2140/agt.2017.17.2565
http://msp.org/idx/mr/3704236
http://msp.org/idx/zbl/1383.55013
http://dx.doi.org/10.1016/0040-9383(96)00003-1
http://dx.doi.org/10.1016/0040-9383(96)00003-1
http://msp.org/idx/mr/1410465
http://msp.org/idx/zbl/0866.55002
http://www.math.ku.dk/~larsh/papers/s05/
http://dx.doi.org/10.4007/annals.2016.184.1.1
http://dx.doi.org/10.4007/annals.2016.184.1.1
http://msp.org/idx/mr/3505179
http://msp.org/idx/zbl/1366.55007
http://msp.org/idx/arx/1611.01204
http://msp.org/idx/mr/0382400
http://msp.org/idx/zbl/0274.18016
http://dx.doi.org/10.2307/1971326
http://msp.org/idx/mr/592291
http://msp.org/idx/zbl/0478.18008
http://dx.doi.org/10.1007/b137100
http://msp.org/idx/mr/2117411
http://msp.org/idx/zbl/1058.19001
http://msp.org/idx/arx/math/0510221
http://dx.doi.org/10.24033/asens.1312
http://msp.org/idx/mr/0447373
http://msp.org/idx/zbl/0362.18014
http://dx.doi.org/10.1016/0001-8708(87)90032-6
http://msp.org/idx/mr/917736
http://msp.org/idx/zbl/0627.18006

K-THEORY OF HERMITIAN MACKEY FUNCTORS, REAL TRACES, AND ASSEMBLY 315

[Lurie 2011] J. Lurie, “Algebraic L-theory and surgery”, lecture notes, Harvard University, 2011,
available at http:/www.math.harvard.edu/~lurie/287x.html.

[May 1990] J. P. May, “Some remarks on equivariant bundles and classifying spaces”, pp. 239-253
in Théorie de I’homotopie (Marseille-Luminy, 1988), edited by H.-R. Miller et al., Astérisque 191,
Soc. Math. Fr., Paris, 1990. MR Zbl

[Moi 2013] K. J. Moi, “Equivariant loops on classifying spaces”, preprint, 2013. arXiv

[Novikov 1968] S. P. Novikov, “Pontrjagin classes, the fundamental group and some problems of
stable algebra”, pp. 172-179 in 31 Invited Addresses (8 in Abstract) at the International Congress
of Mathematicians (Moscow, 1966), Amer. Math. Soc. Translations Ser. 2 70, Amer. Math. Soc.,
Providence, RI, 1968. MR Zbl

[Patchkoria and Sagave 2016] I. Patchkoria and S. Sagave, “Topological Hochschild homology and
the cyclic bar construction in symmetric spectra”, Proc. Amer. Math. Soc. 144:9 (2016), 4099-4106.
MR Zbl

[Quillen 1973] D. Quillen, “Higher algebraic K-theory, I”’, pp. 85-147 in Algebraic K-theory, I:
Higher K-theories (Seattle, WA, 1972), edited by H. Bass, Lecture Notes in Math. 341, Springer,
1973. MR Zbl

[Ranicki 1980] A. Ranicki, “The algebraic theory of surgery, II: Applications to topology”, Proc.
London Math. Soc. (3) 40:2 (1980), 193-283. MR Zbl

[Ranicki 1981] A. Ranicki, Exact sequences in the algebraic theory of surgery, Mathematical Notes
26, Princeton University Press, 1981. MR Zbl

[Ranicki 1992] A. A. Ranicki, Algebraic L-theory and topological manifolds, Cambridge Tracts in
Mathematics 102, Cambridge University Press, 1992. MR Zbl

[Ranicki 2001] A. Ranicki, “An introduction to algebraic surgery”, pp. 81-163 in Surveys on surgery
theory, vol. 2, edited by S. Cappell et al., Ann. of Math. Stud. 149, Princeton University Press, 2001.
MR Zbl

[Sagave and Schlichtkrull 2013] S. Sagave and C. Schlichtkrull, “Group completion and units in
7 -spaces”, Algebr. Geom. Topol. 13:2 (2013), 625-686. MR Zbl

[Schlichting 2010] M. Schlichting, “Hermitian K-theory of exact categories”, J. K-Theory 5:1 (2010),
105-165. MR Zbl

[Schlichting 2017] M. Schlichting, “Hermitian K-theory, derived equivalences and Karoubi’s funda-
mental theorem”, J. Pure Appl. Algebra 221:7 (2017), 1729-1844. MR Zbl

[Schlichtkrull 2004] C. Schlichtkrull, “Units of ring spectra and their traces in algebraic K-theory”,
Geom. Topol. 8 (2004), 645-673. MR Zbl

[Schwede 2013] S. Schwede, “Lectures on equivariant stable homotopy theory”, preprint, 2013,
available at http:/www.math.uni-bonn.de/people/schwede/equivariant.pdf.

[Segal 1973] G. Segal, “Configuration-spaces and iterated loop-spaces”, Invent. Math. 21 (1973),
213-221. MR Zbl

[Segal 1974] G. Segal, “Categories and cohomology theories”, Topology 13 (1974), 293-312. MR
Zbl

[Shimada and Shimakawa 1979] N. Shimada and K. Shimakawa, “Delooping symmetric monoidal
categories”, Hiroshima Math. J. 9:3 (1979), 627-645. MR Zbl

[Shimakawa 1989] K. Shimakawa, “Infinite loop G-spaces associated to monoidal G-graded cate-
gories”, Publ. Res. Inst. Math. Sci. 25:2 (1989), 239-262. MR Zbl

[Shimakawa 1991] K. Shimakawa, “A note on I"G-spaces”, Osaka J. Math. 28:2 (1991), 223-228.
MR Zbl


http://www.math.harvard.edu/~lurie/287x.html
http://www.numdam.org/book-part/AST_1990__191__239_0/
http://msp.org/idx/mr/1098973
http://msp.org/idx/zbl/0728.55011
http://msp.org/idx/arx/1303.4528
http://msp.org/idx/mr/0231401
http://msp.org/idx/zbl/0193.51802
http://dx.doi.org/10.1090/proc/13037
http://dx.doi.org/10.1090/proc/13037
http://msp.org/idx/mr/3513565
http://msp.org/idx/zbl/1346.55010
http://msp.org/idx/mr/0338129
http://msp.org/idx/zbl/0292.18004
http://dx.doi.org/10.1112/plms/s3-40.2.193
http://msp.org/idx/mr/566491
http://msp.org/idx/zbl/0471.57011
http://msp.org/idx/mr/620795
http://msp.org/idx/zbl/0471.57012
http://msp.org/idx/mr/1211640
http://msp.org/idx/zbl/0767.57002
http://msp.org/idx/mr/1818773
http://msp.org/idx/zbl/0974.57001
http://dx.doi.org/10.2140/agt.2013.13.625
http://dx.doi.org/10.2140/agt.2013.13.625
http://msp.org/idx/mr/3044590
http://msp.org/idx/zbl/1277.55004
http://dx.doi.org/10.1017/is009010017jkt075
http://msp.org/idx/mr/2600285
http://msp.org/idx/zbl/1328.19009
http://dx.doi.org/10.1016/j.jpaa.2016.12.026
http://dx.doi.org/10.1016/j.jpaa.2016.12.026
http://msp.org/idx/mr/3614976
http://msp.org/idx/zbl/1360.19008
http://dx.doi.org/10.2140/gt.2004.8.645
http://msp.org/idx/mr/2057776
http://msp.org/idx/zbl/1052.19001
http://www.math.uni-bonn.de/people/schwede/equivariant.pdf
http://dx.doi.org/10.1007/BF01390197
http://msp.org/idx/mr/0331377
http://msp.org/idx/zbl/0267.55020
http://dx.doi.org/10.1016/0040-9383(74)90022-6
http://msp.org/idx/mr/0353298
http://msp.org/idx/zbl/0284.55016
http://dx.doi.org/10.32917/hmj/1206134749
http://dx.doi.org/10.32917/hmj/1206134749
http://msp.org/idx/mr/549667
http://msp.org/idx/zbl/0424.55007
http://dx.doi.org/10.2977/prims/1195173610
http://dx.doi.org/10.2977/prims/1195173610
http://msp.org/idx/mr/1003787
http://msp.org/idx/zbl/0677.55013
http://projecteuclid.org/euclid.ojm/1200783054
http://msp.org/idx/mr/1132161
http://msp.org/idx/zbl/0759.55009

316 EMANUELE DOTTO AND CRICHTON OGLE

[Shipley 2000] B. Shipley, “Symmetric spectra and topological Hochschild homology”, K-Theory
19:2 (2000), 155-183. MR Zbl

[Spitzweck 2016] M. Spitzweck, “A Grothendieck—Witt space for stable infinity categories with
duality”, preprint, 2016. arXiv

[Stiennon 2013] N. Stiennon, The moduli space of real curves and a Z /2-equivariant Madsen—Weiss
theorem, Ph.D. thesis, Stanford University, 2013, available at https://searchworks.stanford.edu/
view/10163829.

[Strickland 2012] N. Strickland, “Tambara functors”, preprint, 2012. arXiv

[Tambara 1993] D. Tambara, “On multiplicative transfer”, Comm. Algebra 21:4 (1993), 1393-1420.
MR Zbl

[Ullman 2013] J. Ullman, “Tambara functors and commutative ring spectra”, preprint, 2013. arXiv

[Waldhausen et al. 2013] F. Waldhausen, B. Jahren, and J. Rognes, Spaces of PL manifolds and
categories of simple maps, Annals of Mathematics Studies 186, Princeton University Press, 2013.
MR Zbl

[Weiss and Williams 2014] M. S. Weiss and B. E. Williams, Automorphisms of manifolds and alge-
braic K-theory, I1I, Mem. Amer. Math. Soc. 1084, Amer. Math. Soc., Providence, RI, 2014. MR
Zbl

Received 21 Jun 2018. Revised 3 Jan 2019. Accepted 18 Jan 2019.

EMANUELE DOTTO: dotto@math.uni-bonn.de
Mathematical Institute, University of Bonn, Bonn, Germany

CRICHTON OGLE: ogle.1@osu.edu
Department of Mathematics, The Ohio State University, Columbus, OH, United States

:'msp


http://dx.doi.org/10.1023/A:1007892801533
http://msp.org/idx/mr/1740756
http://msp.org/idx/zbl/0938.55017
http://msp.org/idx/arx/1610.10044
https://searchworks.stanford.edu/view/10163829
https://searchworks.stanford.edu/view/10163829
http://msp.org/idx/arx/1205.2516
http://dx.doi.org/10.1080/00927879308824627
http://msp.org/idx/mr/1209937
http://msp.org/idx/zbl/0797.19001
http://msp.org/idx/arx/1304.4912
http://dx.doi.org/10.1515/9781400846528
http://dx.doi.org/10.1515/9781400846528
http://msp.org/idx/mr/3202834
http://msp.org/idx/zbl/1309.57001
http://dx.doi.org/10.1090/memo/1084
http://dx.doi.org/10.1090/memo/1084
http://msp.org/idx/mr/3235548
http://msp.org/idx/zbl/1401.57044
mailto:dotto@math.uni-bonn.de
mailto:ogle.1@osu.edu
http://msp.org

ANNALS OF K-THEORY

msp.org/akt
EDITORIAL BOARD
Joseph Ayoub  ETH Ziirich, Switzerland
joseph.ayoub@math.uzh.ch
Paul Balmer  University of California, Los Angeles, USA
balmer @math.ucla.edu
Guillermo Cortifias ~ Universidad de Buenos Aires and CONICET, Argentina
gcorti@dm.uba.ar
Hélene Esnault  Freie Universitit Berlin, Germany
liveesnault@math.fu-berlin.de
Eric Friedlander  University of Southern California, USA
ericmf@usc.edu
Max Karoubi Institut de Mathématiques de Jussieu — Paris Rive Gauche, France
max.karoubi @imj-prg.fr
Moritz Kerz ~ Universitidt Regensburg, Germany
moritz.kerz@mathematik.uni-regensburg.de
Huaxin Lin  University of Oregon, USA
livehlin@uoregon.edu
Alexander Merkurjev ~ University of California, Los Angeles, USA
merkurev @math.ucla.edu
Amnon Neeman  Australian National University
amnon.neeman @anu.edu.au
Birgit Richter  Universitdt Hamburg, Germany
birgit.richter @uni-hamburg.de
Jonathan Rosenberg  (Managing Editor)
University of Maryland, USA
jmr@math.umd.edu
Marco Schlichting  University of Warwick, UK
schlichting@warwick.ac.uk
Charles Weibel  (Managing Editor)
Rutgers University, USA
weibel @math.rutgers.edu
Guoliang Yu  Texas A&M University, USA
guoliangyu @math.tamu.edu
PRODUCTION

Silvio Levy  (Scientific Editor)
production@msp.org

Annals of K-Theory is a journal of the K-Theory Foundation (ktheoryfoundation.org). The K-Theory Foundation
acknowledges the precious support of Foundation Compositio Mathematica, whose help has been instrumental in
the launch of the Annals of K-Theory.

See inside back cover or msp.org/akt for submission instructions.

The subscription price for 2019 is US $490/year for the electronic version, and $550/year (4+$25, if shipping
outside the US) for print and electronic. Subscriptions, requests for back issues and changes of subscriber address
should be sent to MSP.

Annals of K-Theory (ISSN 2379-1681 electronic, 2379-1683 printed) at Mathematical Sciences Publishers, 798
Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Peri-
odical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

AKT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/akt/
mailto:joseph.ayoub@math.uzh.ch
mailto:balmer@math.ucla.edu
mailto:gcorti@dm.uba.ar
mailto:ericmf@usc.edu
mailto:max.karoubi@imj-prg.fr
mailto:moritz.kerz@mathematik.uni-regensburg.de
mailto:merkurev@math.ucla.edu
mailto:amnon.neeman@anu.edu.au
mailto:birgit.richter@uni-hamburg.de
mailto:jmr@math.umd.edu
mailto:schlichting@warwick.ac.uk
mailto:weibel@math.rutgers.edu
mailto:guoliangyu@math.tamu.edu
mailto:production@msp.org
http://www.ktheoryfoundation.org
http://www.ktheoryfoundation.org
http://www.compositio.nl/
http://dx.doi.org/10.2140/akt
http://msp.org/
http://msp.org/

ANNALS OF K-THEORY

2019 vol. 4 no. 2

G-theory of root stacks and equivariant K-theory 151
AJNEET DHILLON and IVAN KOBYZEV

Orbital integrals and K-theory classes 185
PETER HOCHS and HANG WANG

On derived categories of arithmetic toric varieties 211
MATTHEW BALLARD, ALEXANDER DUNCAN and PATRICK
MCFADDIN

K-theory of Hermitian Mackey functors, real traces, and assembly 243
EMANUELE DOTTO and CRICHTON OGLE

On the K-theory coniveau epimorphism for products of 317

Severi—Brauer varieties
NIKITA KARPENKO and EOIN MACKALL


http://dx.doi.org/10.2140/akt.2019.4.151
http://dx.doi.org/10.2140/akt.2019.4.185
http://dx.doi.org/10.2140/akt.2019.4.211
http://dx.doi.org/10.2140/akt.2019.4.243
http://dx.doi.org/10.2140/akt.2019.4.317
http://dx.doi.org/10.2140/akt.2019.4.317

	Introduction
	1. Hermitian Mackey functors and their K-theory
	1.1. Hermitian Mackey functors
	1.2. The Hermitian K-theory of a Hermitian Mackey functor
	1.3. Multiplicative structures

	2. Real K-theory
	2.1. Real semisimplicial spaces and the real and dihedral Bar constructions
	2.2. Ring spectra with anti-involution and their Hermitian forms
	2.3. The real algebraic K-theory Z/2-space of a ring spectrum with anti-involution
	2.4. Connective equivariant deloopings of real algebraic K-theory
	2.5. Pairings in real algebraic K-theory
	2.6. The Hermitian K-theory and genuine L-theory of a ring spectrum with anti-involution
	2.7. The assembly map of real algebraic K-theory

	3. The real trace map
	3.1. Real topological Hochschild homology
	3.2. The definition of the real trace map
	3.3. The trace splits the restricted assembly map

	4. Application to the Novikov conjecture
	Acknowledgments
	References
	
	

