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ON THE ESTIMATE OF FIRST POSITIVE EIGENVALUE OF A
SUBLAPLACIAN IN A PSEUDOHERMITIAN MANIFOLD*

YEN-WEN FAN' AND TING-JUNG KUO?

Abstract. In this paper, we first obtain a CR version of Yau’s gradient estimate for eigenfunc-
tions of a sublaplacian. Second, by using CR analogue of Li-Yau’s eigenvalue estimate, we are able to
obtain a lower bound of the first positive eigenvalue in a pseudohermitian manifold of nonvanishing
pseudohermitian torsion and nonpositive lower bound on pseudohermitian Ricci curvature.
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1. Introduction. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold
(see the Appendix A for basic notions in pseudohermitian geometry). More precisely,
we first recall some notions as in Appendix. Let M be a (2n + 1)-dimensional, ori-
entable, contact manifold with contact structure £, dimg £ = 2n. A CR structure J
compatible with ¢ is an endomorphism J : &€ — ¢ such that J2 = —1. We also assume
that J satisfies the integrability condition (see Appendix). A CR structure J can
extend to C®{ and decomposes CRE into the direct sum of 7% ¢ and Tp,; which are
eigenspaces of J with respect to eigenvalues ¢ and —i, respectively. A pseudohermitian
structure compatible with £ is a CR structure J compatible with & together with a
choice of contact form 6 and £ = ker #. Such a choice determines a unique real vector
field T transverse to ¢ which is called the characteristic vector field of 8, such that
6(T) =1 and L6 =0 or di(T,-) = 0.

Let {T, Zo, Z5} be a frame of TM ® C, where Z, is any local frame of T} o, Z5 =
Z, € Ty,1. The pseudohermitian Ricci curvature tensor RaB and the torsion tensor
Aqnp are defined on T4 ¢ by

Ric(X,Y) = Ry5X°Y?
and

Tor(X,Y) =i (AgaX VP — AqpX°Y?).
a,f3

Here X = X°Z, , Y = YPZ;, R.; = R,7,53 and R,7 5 is the pseudohermitian
curvature tensor.

Greenleaf ([Gr]) proved the pseudohermitian analogue of Lichnerowicz’s Theorem
for the first positive eigenvalue A; of the sublaplacian A, ( see the definition in Ap-
pendix A) in a closed pseudohermitian (2n 4 1)-manifold with n > 3. More precisely,
under a condition on the pseudohermitian Ricci curvature and the torsion tensor

(1.1) [Ric — nTHTOT](Z, 2) > k(Z,7),
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for all Z € T} ¢ and for some positive constant k. Then

for n > 3. In [LL], Li and Luk proved the same result for the cases n =1 and n = 2.
However, in the case n = 1, they need an extra condition on a covariant derivative of
the pseudohermitian torsion. Recently, it was proved by Chiu ([C]) that if (M3, J,0)
is a closed pseudohermitian 3-manifold of nonnegative CR Paneitz operator P, with

[Ric—Tor|(Z,Z) > k{Z,Z),

for all Z € T} ¢ and for some positive constant k. Then

AL >

N | I

However, for a nonpositive constant k, the estimate of Lichnerowicz becomes
trivial in this case. In the paper of S.-C. Chang and H.-L. Chiu ([CC2]), they are
able to show that if (M3,J,0) is a closed pseudohermitian 3-manifold of vanishing
torsion with

Ric(Z,Z) > —ko (Z, Z>L9
for all Z € T} ¢ and some nonnegative constant ko, then

(12) A > 1+ éc-; 2kod?) o~ (1+VIF2kod)

Here d is the CR diameter as in (A.4).

In this paper, we first obtain a CR version of Yau’s gradient estimate for eigen-
functions of a sublaplacian as in Theorem 1.1 ([Y], [CKL] and [CKT]). Then by
using Li-Yau eigenvalue estimate ([LY2]), we are able to generalize the lower bound
(1.2) of first positive eigenvalue A; to a closed pseudohermitian (2n + 1)-manifold of
nonvanishing pseudohermitian torsion as in Theorem 1.2.

THEOREM 1.1. Let (M, J, 6) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

(1.3) (Ric—(n—2)Tor)(Z, Z) > =2ko(Z, Z),,

for all Z € Th o and some nonnegative constant ko. If u (x) is an eigenfunction of Ay
on M with respect to X (i.e. Apu = —Xu). Then for any £ > 0 such that (u+£) >0,
we have

Vyul® 1 ud 1
+ = <Q+
(w+ 0> H(u+0)? @ (¢—-1)

AG,.
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Here k1 := maxp {|Aag|, |Aap,al} and

2 2 1
H (Ko, b, 6, 2) = {2 (0 4+ 1) (n +3)° + 260+ 2 [ (n +3)° + 1] —th
2(n+1) |(n+3)+1| +6
+2[(n+3)2+1}k0+ n )[( Z y }“L (£f1)A'
(1.4) o _ 20043 nt2(n+3)" +3n(n+3)° +8(n+3)" +3(n+3)
' " 3n :
2
Q (ko k1, m) = @{2(7%1) (n+3)" + 280+ 2n [ (n +3)" + 1] lelko}kl
2
+L§3) 2 (n+3)% + 3] ko.

As a consequence of Theorem 1.1, we have the following first eigenvalue estimate:

THEOREM 1.2. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

(Ric—(n—2)Tor)(Z,Z) > =2ko(Z, Z),

for all Z € Ty o where kg > 0. Then

N> {1 V1 2Qd2} o~ (1+V1208)

- d2aG,
where G, Q are as in Theorem 1.1.

We briefly describe the methods used in our proofs. In Section 2, we first derive
the CR version of Bochner-type estimate. In Section 3, It contains the crucial steps.
By using the CR version of Yau’s gradient estimate ([Y], [CKT], [CKL]), we are able to
derive the gradient estimate for the eigenfunction of a sublaplacian. As a consequence
([LY2]), we have the lower bound estimate for the first positive eigenvalue. Finally,
for the completeness, we introduce some basic material of pseudohermitian manifold
as in Appendix A.

Acknowledgments. The authors would like to express their thanks to Prof. S.-
C. Chang for constant encouragement and supports during the work. The work is not
possible without his efforts.

2. The CR Bochner-Type estimate. Now we recall the Bochner formula
from A. Greenleaf ([Gr]) and also ([CC2]) and derive some key Lemmas in a closed
pseudohermitian (2n + 1)-manifold (M, J,0).

LEMMA 2.1. For a real function ¢,

2
B Vol = 2| (7)o +2 (o, Vologp)
(2.1) +(4Ric—2(n—2)Tor) (Vep)e, (Vow)o)+4(IVye, Vigo),

where (V) = pala is the corresponding complex (1, 0)-vector of V.
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LEMMA 2.2. For a real function @ and any v > 0, we have

n

n
2 2 2 1 2
Ay |Vip|” > 4 E lasl” + E las|” | + E(AW)
a,f=1 a,B=1,a#p

+n95 + 2 (Vop, Valpgp)
. 4
+ (4Ric= 200 -2 Tor = 3} (Vi)e. . (Vigde) - 20[¥isal’,

where (Vo) = @aZa is the corresponding complex (1, 0)-vector of Vyp.

Proof. Since

(VI2ol? =2 ) (Pappap + Papras)

1

Il
NS

L L
RS

(Ipasl® + leozl%)
1

n n n
=2 > lpasl+ Y |%3|2+le<paa|2
=

a,B=1 a,B=1
a#B

and from the commutation relation (A.5)

n
Z |paml” =
a=1

(lpam + Yaal® + 80(2))

RNy
NE

Il
-

(e

1 — n
= Z Z |<Paa + @aa|2 + thg
a=1
It follows that
(V2 =2 | D lpasl® + D leagl” | +5 D e + val® + 545

a,f=1 a,f=1 a=1

a#pB
n n 1 ) n
<20 D70 leasl’ + Y [Rapl® | + 5 (Bo9)* + 50

a,f=1 a,B=1
a#p

On the other hand, for all v > 0

4(JIVp, Vipo) > —4|Vip| [Vipol
2
- |Vb<p|2 —2v |V1,gpo|2 )

Y%

Then the result follows easily from Lemma 2.1. O
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DEFINITION 2.3. ([GL]) Let (M, J,0) be a pseudohermitian (2n + 1)-manifold.
We define the purely holomorphic second-order operator @ by

n

Qr=2i Y  (AapPp)a
a,B=1

By apply the commutation relations (A.5), one obtains

LEMMA 2.4. (/GL], [CKL]) Let ¢ (x) be a smooth function defined on M. Then

Apgpo = (App)g +2 Y [(Aaﬁ%?)@ + (AaB%’ﬁ)a} :
a,B=1
That s

Proof. By direct computation and the commutation relation (A.5), we have

Appo = Poaa + Poaa
(<Pa0 + Aap gaﬁ) + conjugate

= Paoa + (Aaﬂ 903)5 + conjugate
= Pamo T Pma0 + 2 [(Aozﬁ‘ﬂﬁ) ++ (A‘S‘BW;)Q}
= (App)g +2 {(Aaﬂs"ﬁ)a t (A@BS"B)a] '

This completes the proof. O

Let u be an eigenfunction of A, with respect to A Then

Apu = —Au.

Since
0= / Apudp
M
= -\ / uds,
M
u must change sign. Hence we may normalize u to satisfy mzj\v}u =—1and mazu < <1
S xE

Let f (x,¢) = In (u + £) where we choose ¢ > 0 such that (v + ¢) > 1 and without any
misunderstanding we denote f (z,¢) by f (z). Then

A\u

. 2
Apf () = — |V f] i

We define

n
Z [ aﬁ%ﬁﬁ (AaB%’B)Q + Aappppa + A&B‘Pﬁ@a} .
a,Bf=1
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LEMMA 2.5. Let u be an eigenfunction with f =1n(u+ £). Then

_AMfo

Apfo=—=2(Vif, Vifo) — w+0)

+2V (f).

Proof. From Lemma 2.4

Apfo = (Apf)g+2 Z [(AaB‘PB)@ + (A@B(pﬂ)a} :
a,B=1

Since

A\u

Apf =~ |Vif]* - 2

it follows from the commutation relation (A.5) that
Avfo=(Dyf)y+2 Y [(Aaﬁfg)& + (Adgfﬁ)a}
a,B=1

— (= 1w - M) ”Z (st + (Aa5s).

-2 <be07 vbf> - (:if()g)
+2 Z [ Aapfs) o+ (Aspfs), + Aasfafs + Aanafﬁ} :

a,B=1

|

3. The Proof of Main Theorem. In this section, first we derive CR version
of Yau gradient estimate ([Y]) as in Theorem 1.1. Then by using the method of
Li-Yau’s eigenvalue estimate ( [LY2]), we are able to derive the lower bound of the
first positive eigenvalue as in Theorem 1.2.

In the following, we always assume ml\/i[nu () = —1 and maxu () < 1. Recall

f(x,0) = In(u+ ¢) where we choose £ > 1 such that (u+ ¢) > 0 and denote f (z,¢)
by f(z). Then for Ayu = —Au

AU
u+ 0

(3.1) Apf (z) = = |V fI” =
We define a function F (z, t, b, £): M x [0, 1] x (0, o0) x (1, c0) = R by

F=t (|vbf (, )% + bt £2 (:v,f)) .

PROPOSITION 3.1. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

(3.2) (2Ric — (n—2)Tor) (Z, Z) > —2ko |Z]?



FIRST POSITIVE EIGENVALUE ESTIMATE OF A SUBLAPLACIAN 935

for all Z € T o, where ko is a nonnegative constant. Then

AyF > =2 (Vo f, VoF) +t [42 sl + 4> [fusl” + (Anf)?
a,B=1 a,B=1,a#3

+<n ibt)\é) P (2k0+l)2t+ 20 ) Vo f|? +4btfoV (f)] -

Proof. By CR Bochner inequality in Lemma 2.2 and the assumption (3.2), we
have

ALF =t (Ab Vo f|* + bmbfg)

WY fasl+ A | fapl + (Auf) +nfd +2(Vof, Vslpf)
a,B=1 a,B=1,a#3

(3.3) >t

( 2ko — —) |be| + (2bt — 21/) |be0| + 2btf0Abf0:| .

Next, by Lemma 2.5 and (3.1),

(3.4)
2(Vuf, VeAuf) + 2bt foAs fo

=2 <be, Vi <— Vo f|* - u)\—fé)> + 2bt fo (-2 (Vof, Vifo) — (:\lfo@ +2V (f))

F MVyu 2bt\l

—4bt fo (Vo f, Vifo) — 4btfoV (f)

2 20\ 2bt\l
. (Vof, Vo) — | bf]? — wr0)’

T f§ = AbtfoV (f).

Finally, substituting (3.5) into (3.4) and choosing v = bt, we obtain

D faslP+ 4 Ll + (Apf)?

,f=1 a,B=1,a%8
2B\l 2 2N
+ (n " )fo (2k0+ ot —) IV f|” +4btfoV (f)] .

This completes the proof. O

AyF > =2 <be, VoF) +t

PROPOSITION 3.2. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

(2Ric — (n —2)Tor) (Z, Z) > —2ko|Z]?
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and for oll Z € Ty o, where kg is a nonnegative constant. Then for all a < —1

AyF > -2 <be, Vo F)

B SN STy AU |
af af at  u+l
af=1 a,B=1,a#8
2
+% <1+Q|be| + fo) ]
l 1 2b 2 2
+t{n—2btA<€_1+ = )>—WF}fo+4bt foV (f)
—2(1+a) 2 1 1 1 2
— 2ko — b__2)\< +n(€—1)+na(€—1))] VoIl

t|—— ' F
+{ na?t -1

+t

Proof. First, for any a < —1, we have

AU
A2 = (- 2
S S
I S R
= (7= LIV = oes - sl = 2 )

1 AU a+1 2
(4 SP

at ut+l
1 AU a+1 1
= <aF— m) ( Vo f|? + abtfo)
1 AU a+1 1
-2 (EF_H@)( Vo fI? +=btfg )
1 Mo \? [a+1 1
_<EF_u+£> +< Vo f|? +abtf0>
2(1+a) A(l—l—a) 26t u
7F ——F _ — 1.
Then
(3.5)

AyF > =2(Vyf, V,F)

n , n 2 1 F Au 2
D sl + D0 |fugl +g(a‘u+e>
a,f=1 a,B=1,a#p

it 2 2bt N/ 2bt\u 26
+ﬁ< Vo f|* + fo) +<n_u+é+na(u+€) na? >f0

(—2(1 ) g 2 u2—/l\-£€ N 22;1;3)”) Vo 4 Abifo (f)} ,

+t

na?t bt

Second, since
0</l—-1<(u+6)<l+1, and a< -1
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in (3.6), we have

—{ . U o _ l n 1
u+l na(ut+l) (-1 na(l-1)

and
—L n 1+a u =L n u +l U
u+£ na Ju+l u+l na(ut+l) nu+f
(o,
- (=1 n(l—-1) na(l-1))°

Then
ApF > =2(Vyf, VuIF)

n n 1 Ja A 2
DY |fa6‘2+ﬁ<&_u+ué)

+t
a,Bf=1 a,B=1,a#3
1 /14a bt ,\°
+— ( VoI + —f§> ]
n a a
¢ 1 2b
t|n—2bt — S F| f2 4 4bt?
+ {n A<€—1+na(€—1)) 3 ]fo"‘ foV (f)
—2(1+a) 2 ¢ 1 1 )
+t{ na?t F =2k bt 22 <€—1+n(€—1)+na(€—1)>}|vbf| '

This completes the proof. O
PROPOSITION 3.3. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.

Suppose that
(Ric—(n—2)Tor)(Z, Z) > =2ko (Z, Z),,

for all Z € T1 g, where kg > 0. Then

(3.6)
A > =2(Vyf, Vi F)

41 =bk) Y fasl + 4> |fasl”
a,B=1 a,B=1,a#3

F xw\?> [l4a bt o\ 2
) +( |be|2+gf3) ]

1
u (a‘uw

a

/ 1 9 9 2b 9
+t [n 2bt/\(€—1+na(€—1)> 8bkin (2b k1n+na2)F} fo

—2(1+a) 2

-l—t[
—2A <£ f 1 n(él— D) " na (fl— 1))] i

Here k1 := maxpr {|Aag|, |Aasal}-
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Proof. Firstly, we recall from Proposition 3.2 that

(3.7)
ApF > =2(Vyf, V)

+t 4Zn:|f 1>+ 4zn: \f—]2+1 F_
ab af n\at u+/

a,f=1 a,B=1,a#3
1 /1+a 5 bt o\
+= ( Vo f[* + —f@)
n a a

Y4 1 2b
+t {n—%t)\ <é_l+m(£_1)> —@F} fE+4bt foV (f)

~2(1+a) 2 ¢ 1 1 )
+t{ na?t F_Qko_bt_2)\<€—1+n(€—1)+na(€—1))]|vbf|'

In view of (3.8), we need to estimate 4bt? foV (f). Recall that

n

V(N =Y [(Aasfs) o+ (Aapfs), + Aasfafa+ Aagfata)

a,B=1
Then
(3.8)  4bt?foV (f)

n

=4t fo > {(Aaﬁfg)@ + (Aa5/8),, + Aapffa + A@Bf@fa}
a,B=1

n

=40t2fo > [(Aapfaa + Aaplsa) + (Aapafs + Aspafs)
a,B=1

+ (Aapfafa + Aasfafa)]

> —8bt%ky Y | fol [faa] = 8bt%ky Y I fol [£5] = 8bt%ky D |fol I fal|f5]-

a,B=1 a,B=1 a,B=1

In (3.9), by Young’s inequality and noting that ¢ < 1, we have following estimates:

(3.9) —8bt%k1 Y fol [faa] = D (—4bt2k1 |f5al” —4bt2k1f3)
a,f=1 a,B=1
> —dbthyn® f2 — btk > | faal’
a,B=1
and
(3.10) —8bt%ky »  fol[f5] = D (—4bt2k1f§ — 4bt*k, !fg\z)
a,f=1 a,Bf=1

= —4bt%kin? 2 — 4bt%kin | f5”
B=1
= —4bt?kyn? 2 — 2662 kin |V f]°
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and
(3.11)
—sbt2k Y ol fal £3] = D2 =4tk (1l + 1 £51°) 110l
a,B=1 a,B=1
=" —abt*kin | fal’ 1ol + Y — 40%kin | f5] | ol
B=1 a=1

—4bt%kyn |V f)7 | fol
—20%8%kyn |V f|? f2 — 2%k |V f |

>
> —20%thkinF f2 — 2tkin |V f|* .

Finally, substituting (3.10), (3.11), and (3.12) into (3.8), one obtains

Ay F > =2 <be, VbF>

i 1(F  x\° [1+4a bt o\°
(41— bk1) Y |fasl 2+5(E—u+£) +< - |be|2+ng>
a,B=1

14 1 2b
t|n— 20t — 8bk1n? — ( 2b%k ) F| f2
tn A(€—1+na(€—1)) Bbkin < 1n+na2> ]fo

[—2(1+4+a)

2
+t F—2k0—2k1n(b—|—1)——

bt

o) (€f1+ n(;_ 5+ m(z_ 1))] Vuf[2.

This completes the proof. O

na’t

PROPOSITION 3.4. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold.
Suppose that

(2Ric — (n—2)Tor) (Z, Z) > —2ko |Z]?

for all Z € Ty o, where kg > 0. Let b, £ be fized, and p (t) be the mazimal point of F.
For each t € (0,1]. Then at (p (t),t) we have

(3.12)

0>t |41 —bk1) > |fapl’

a,B=1
¢ 1 ) ) 2b )
+t [n 2b/\<€—1+na(€—1)> 8bkin (2() k1n+na2)F} fo
+ [L;_G)F—%o—%ln(b—kl) _2
na b

—2A <£ f 1 n(fl— D) " na (fl— 1))] i

Here k1 := maxpr {|Aag|, |Aasal}-
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Proof. Since F (p(t), t, b, ) = m%\:}[{F (x, t, b, £), at a critical point (p(t), t)
rE
of F(x, t, b, £), we have

(3.13) VoF (p(t), t, b, £) = 0.

On the other hand, since (p(t), t) is a maximum point of F', we can apply the
maximum principle at (p (¢), t). Then we have

(3.14) AyF(p(t), t, b, £) <0.

Substituting (3.13) and (3.14) into (3.7), and again noting that ¢ < 1, one obtains

n

0>t |4(1=bk) Y [fasl

a,f=1

14 1 9 9 20 9
—|—t[n 2b)\(£—1+na(€—1)> 8bkin (21) kln+na2>F] 7o

+ [MF—%O—%m(b—i-l)—z

na? b
! 1 1 2
_2)\(6—1+n(£—1)+na(€—1)>}|be| '

This completes the proof. O

Proof of Theorem 1.1. We claim that at ¢ = 1, there exists a small constant
H = H (ko, k1,¢,m) > 0 such that for any 0 < b < %

na’ 1 ‘ 1 1
F(p(l),l,b,é)<m k0+k1n(b+1)+g+)\<£_1 +n(€—1) +na(£_1)):| .
Here (1 + a) < 0 for some a to be chosen later (say 1+a = —2).

We prove it by contradiction. Suppose not, that is

TLCL2

—(1+a)
+A<e£1+n(€1—1)+"a(€_1>>]

Since F (p(t), t, b, £) is continuous in the variable ¢t and F (p(0), 0, b, £) =0, by
Intermediate-value theorem there exists a to € (0, 1] such that

F(p(1), 1,6, 0) = [k0+k1n(b+1)+

1
b
1

(315) F(p (fo), to, b, f)
na? 1 Y4 1 1
~ Tlta ko+k1”(b+1)+6“(5_1+n(e_1) +na(e_1))]'
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Now we apply (3.13) at the point (p (o), to), then

(3.16) 0>t [4(1 — bk1) Zn: Ifa3|2]

a,f=1

! 1
t —2b — 8bkin?
+0[n /\<€—1+na(€—1)> 8ok

2b
— <2b2k1n + ?) F (p (to) athbv é):| f02

2(1 2
+ {MF o — 2kin (b+ 1) — =

na? b

o) (€f1+ n(;_ 5+ m(z_ 1)” Vo fP2.

Next, by using (3.15) and noting that (1 +a) < 0

14 1

2b
n 2bA |:£ 1 + na (f — 1):| 8bk1n <2b k1n+ na2> F(p (to) ,to,b,é)
=n — 2bA : + ! — 8bkin?
-n £—1 na(l-1) 1

2b na®
— 2 _— —_— —
<2() k1n+na2> [_(1+a):| {k0+k1n(b+1)+

+)\[€f1+n(€1—1)+”a(€1_1)]}

1 1
=n =202 {K—I—Fna(ﬁ—l)} B

2ba (a2b/€1’n2 + 1) [ko + kin (b+ 1)]

2bA 4 1 1
*bkin® + 1) + —— (a®bkin® + 1
+1—|—a(a 1n—|—)—|—1+a(a 1n+)[€—1+n(€—1)+na(€—l)
2 20
= 1+a +r azkln +( Qbkan—i—l) [ko—i—kfﬂ (b+1)]}—8bk1n2
2 1 1 5 11
6——1[_ g T @kt ) (14 )
Now, choosing (1 +a) = —2, one obtains

0 1 ) ) 2b
n—2b)\ (Z—l—i_ na(ﬂ—l)) —81)]{3171 — <2b k1n+ W)F(p(to),to,b,ﬁ)

2()771 {(n $3)%k + [(n +3)2 bky + 1} [ko + k1n (b + 1)]} — 8bkyn?

42t /\{—1— (";1) [(n+3)2bk1+1”.

n
>
-3

6—1
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By choosing b < then we have

_1
k1+ko’

¢ 1 s (s 2%
n — 2bA (€—l+na(€—1)> — 8bkin” — (2() kin + @)F(p(to),to,b,f)

n  2bn 2 2 nky (k1 + ko + 1)
5 n_ 2 32k 241] |k 12k
> -2 {(n+) 1+[(n+)+][0+ ok + 12k

—%)\{14- L;rl) [(n+3)2 + 1”

> —gb{{Z(n+1)(n+3)2+26n+2 {(n+3)2+1}

3 e
B {(n+3)2+1}k0+<2(n+1) {(n+3) +1}+6) ¢ )/\}.

n

Define
H= H(kO; klv év )\)

:{2(n+1)(n+3)2+26n+2[(n+3)2—|—1} ey

k14 ko
2(n+1) |[(n+3)%+1|+6
(+>[(+)+}+) N

(£=1)

+2[(n+3)2+1}ko+( -

Thus for any b such that bH (ko, k1,1, A) < 1 (Note this condition also implies
b < ﬁ), we have

¢ 1 s (s 2%
n — 2bA <£_1+na(€_1)> — 8bkin” — <2() kin + ﬁ)F(p(to),to,b,f)>O.

This gives a contradiction to (3.17).
Hence, for (1+a) = -2

2 . (n+3)° 1 ‘ 3
Vo fl” +bf§ < ~— ko +2kin + 2 4 €_1+n(n+3)(8_1) .

Let b — %, and note ¢ > 1, we have

1
Vi f]? + Efg

< (n§3)2 {k0+26k1n+2(n+3)2k1+2 {(n+3)2+1} [k0+nk1 (iii£z+1)]
+(£f1) {%+2("T+1) {(n+3)2+1] +1+ﬁ}}
(n+3)°

ki (k1 + ko + 1
" {k0+26k1n+2(n+3)2k1+2[(n+3)2+1] [k0+”1(1+°+>]}

k1 + ko

+(£f1)A{(n§3)2 [g+@((n+3)2+1)+1+ﬁ]}.
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Hence

2 1 2 ¢
— < [
|V f] +HfO <Q+ (E—l))\G”

where H, @, and G,, are constants defined in (1.5).
This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. As before, we assume mj\}[nu (z) = —1 and maxu () < 1.

Let v : [0,1] — M be a minimal horizontal geodesic joinging the points between max u
and min u.
Then

(3.17) /0 % In [u (v (¢)) + €] dt = Inmax (u+ £) — Inmin (u + £)

=lnmax(u+¢)—In(£—1)

>t (-
zln{7— ).

On the other hand, by Theorem 1.1 one obtains

1
(3.18) /O %m [ (v (8)) + 4 dt

1
s/ V3 In (4 0)] [y (£)] dt
0

/ 3
< -
cofforrser])

where d = diam (M).

From Theorem 1.1, (3.17) and (3.18), we have

2
(S R
Let t = 2771' This implies that for any 0 <t < 1,
G, > {i (Int)* — Q} t.
42

Now, we define a real function

g:RT xRT x (0,1) = R
by

g(A,B,t) = (A (Int)? — B) t.
This function has maximum point at ty = exp (—1 —4/1+ 2%) and

1+\/1+2§ exp(—l—y/l—l—Z%).

g(to) =2A
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Taking A = = and B = Q (ko, k1,n), we get
2
A2 e {1 V1 2Qd2} exp (—1 ~ 1+ 2Qd2) .
This completes the proof of the Theorem 1.2. O

Appendix A. We give a brief introduction to pseudohermitian geometry (see
[L1], [L2] for more details). Let (M,{) be a (2n + 1)-dimensional, orientable, con-
tact manifold with contact structure £. A CR structure compatible with £ is an
endomorphism J : € — £ such that J2 = —1. We also assume that J satisfies the
following integrability condition: If X and Y are in &, then so are [JX,Y] + [X, JY]
and J([JX, Y]+ [X,JY]) =[JX,JY] - [X,Y].

Let {T, Zo, Z5} be a frame of TM ® C, where Z, is any local frame of T} o, Z5 =
Zo € Tpq and T is the characteristic vector field. Then {6,6% 6%}, which is the
coframe dual to {T, Z,,, Z5}, satisfies

b g% AP
(A1) df = ih,z0% A0

for some positive definite hermitian matrix of functions (h,z). Actually we can always
choose Z, such that h,3 = dap; hence, throughout this note, we assume h,5 = dags-
The Levi form (, ), is the Hermitian form on T3 defined by

(Z, W), =—i{d0,Z \TV).

We can extend (, ) to Tp,1 by defining (Z, W>L9 =(Z,W),, for all Z,W € Ty .
The Levi form induces naturally a Hermitian form on the dual bundle of T} , denoted
by (, ) Ly and hence on all the induced tensor bundles. Integrating the Hermitian

form (when acting on sections) over M with respect to the volume form dyp = 6A(d)",
we get an inner product on the space of sections of each tensor bundle. We denote
the inner product by the notation { , ). For example

(u,v) :/ uv dpu,
M
for functions v and v.

The pseudohermitian connection of (., ) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z, € T} o by

VZa=0."® 25, VZs=0"®2Z5 VT =0,
where 6,7 are the 1-forms uniquely determined by the following equations:
do® =0 N6, +0NTP,
(A.2) 0=17q N6,
0= 9aﬁ + 9[@6‘.

We can write (by Cartan lemma) 7, = An,07 with Aoy = A,n. The curvature of
Tanaka-Webster connection, expressed in terms of the coframe {0 = 6°,0%,0%}, is

Iz = Hléé‘ = dwg® — wﬁ'y /\w,ya,
o® = 11,0 = ITp” = 115° = 11,° = 0.
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Webster showed that IIz“ can be written
(A3)  TIg™ = Rg® 50" NO7 + W5 ,0° NO— W 5507 NG +i0s AT — itz A O
where the coeflicients satisfy

Rgaps = Rajop = Rapop = Rpaps, Wpay = Woap-

We will denote components of covariant derivatives with indices preceded by
comma; thus write Asg. The indices {0,a,a} indicate derivatives with respect
to {T, Zu, Zs}. For derivatives of a scalar function, we will often omit the comma,
for instance, uq = Zau, U, = ZzZou — wa(Z5)Zyu.

For a real function u, the subgradient V, is defined by Vyu € £ and (Z, Vbu>L9 =
du(Z) for all vector fields Z tangent to contact plane. Locally Vyu = Y usaZas +
uaZ5. We can use the connection to define the subhessian as the complex linear map

(VY : Ty o® Toq — Tio ® To
by
(VE2u(Z) = V4 Vu.

In particular,

IVyul|? = 2uauy, |Viul> = 2(Uaplss + UyzUas)-
Also
Apu=Tr ((VH)QU) = Ea(ua& + U@a)-
Next we recall the following definition.

DEFINITION A.1. A piecewise smooth curve 7 : [0,1] — M is said to be the
horizontal if v/ (¢) € £ whenever 7/ () exists. The length of + is then defined by

I(7) = /Oldt\/m~

The Carnot-Carathéodory distance between two points p,q € M is
d(p,q) :=inf{l(y):v€Cpq},

where C), ; denote the set of all horizontal curves joining p and g. By Chow connec-
tivity theorem [Cho], there always exists a horizontal curve joining p and ¢, so the
distance is finite. The CR diameter d is defined by

(A4) d:=sup{d(p,q) :p,q € M}.

Finally, we state the following commutation relations ([L1]). Let ¢ be a scalar
function and o = 0,0% be a (1,0) form, then we have

Pap = $Ba>
Caf —PBa = thygeo,
(A.5) oo — Pa0 = AapPp
0a08 = Oa,p0 = OazAyg—0y4ap5,

0008 ~Oajo = OanAys—0yA55 4,
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and

[C]

[cc)
[cC2)
[Chol

[CKL]

[CKT]
(L1]
(L2]

[LL]

Y.-W. FAN AND T.-J. KUO

Oa,fy — OanB = iAa,YUg — Z'Aaga'.y,
Ta,B5 ~ Oa,78 ih,5A550, — ithayAgs0p,
Oa,87 — Oa,38 thp50a,0 + Rapp50p-
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