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BOUNDARIES OF CYCLE SPACES AND DEGENERATING HODGE
STRUCTURES*
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Abstract. We study a property of cycle spaces in connection with degenerating Hodge structures
of odd-weight, and we construct maps from some partial compactifications of period domains to the
Satake compatifications of Siegel spaces. These maps are a generalization of the maps from the
toroidal compactifications of Siegel spaces to the Satake compactifications. We also show continuity
of these maps for the case for the Hodge structure of Calabi-Yau threefolds with h21 = 1.
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1. Introduction. A cycle space is a space which parametrizes certain compact
manifolds in a flag domain. This is studied in the field of complex geometry (cf.
[FHW]). Our aim is to study degenerating Hodge structures by using the theory of
cycle spaces. To be more specific, we will study the partial compactifications of period
domains introduced by Kato and Usui [KU] in this paper. We will show some results
on certain partial compactifications by using a property of cycle spaces. Furthermore,
we will give an explicit calculation and a further result especially for the case for the
Hodge structures of Calabi-Yau threefolds with %! = 1.

1.1. Period domains and the partial compactifications. By Griffiths [G],
a variation of Hodge structure gives a horizontal map to the period domain called a
period map. Kato and Usui [KU] constructed partial compactifications so that period
maps can be extended. They showed these partial compactifications are moduli spaces
of degenerating Hodge structures called log Hodge structures. If we consider the Hodge
structures of curves or K3 surfaces, period domains are Hermitian symmetric domains.
For Hermitian symmetric domains, there are several ways to make compactifications.
In particular, toroidal partial compactifications [AMRT] coincide with the partial
compactifications of [KU]. These partial compactifications are given by fans, and
then the properties of fans have an effect on the properties of geometry on the partial
compactifications. Ash, Mumford, Rapoport and Tai [AMRT] gave the constructions
of fans which give compactifications.

For a general period domain, [KU] showed fundamental geometric properties of
the partial compactifications of period domains using log geometry. The partial com-
pactifications are not analytic spaces but analytic spaces with slits called log mani-
folds. In contrast with Hermitian symmetric case, the partial compactifications are
not well-studied if period domains are not Hermitian symmetric. In fact, we do not
have a general construction of fans in this situation.

In this paper, we will discuss certain partial compactifications of period domains
of odd-weight Hodge structures. We will show some properties on these partial com-
pactifications.
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1.2. Cycle spaces. We review cycle spaces briefly following [FHW]. Let D be
a period domain. Then D is an open orbit of the flag manifold D called the compact
dual. Here the real Lie group G act on D transitively. Fixing a base point Fy of
D, the isotropy subgroup L is compact, which is maximally compact if and only if
D = G/Ly is a Hermitian symmetric domain. Taking a maximally compact subgroup
K containing Ly, we have the orbit Cy = KyFp, which is a compact submanifold
contained in D. The cycle space Mp is a set of all gCy with ¢ € G¢ which is
contained in D.

In this paper, we treat a case for odd-weight Hodge structures. By shifting, we
may assume the weight is —1. In this case we have

(1.1) G=Spn,R), Lo=[[Ur;), Ko=Um), Co=Ko/Lo
j=0

where 3, n; = n and {n;}; depends on the Hodge numbers (see [CMP]). Here G/Ko
is isomorphic to the Siegel space 7 of degree n, and we have the real analytic quotient
map

Through this map, a Z-Hodge structure whose Hodge filtration is in D corresponds to
an abelian variety, which coincide with the Weil intermediate Jacobian. Now Ky = L
if h7»=P=1 = (0 for p # 0,1 (the case for Hodge structures of curves). Moreover
Mp =27 if Ky = Lg.

We are mainly interested in the case where Ly # Ky, i.e. the case where D is not
a symmetric space. In this case the cycle space can be written by Mp = € x A
where /7 is its complex conjugate by [FHW]. Since . is a familiar object, Mp is
easier to study than D itself. In [H] we showed some properties of M p in connection
with SL(2)-orbits. In this paper we will give a generalization of the results of [H] in
Proposition 2.4.

1.3. Degenerating Hodge structures. We may regard a nilpotent orbit as a
degenerating Hodge structure by Schmid [S] and Cattani, Kaplan and Schmid [CKS].
A nilpotent orbit is given by a rational nilpotent cone in the Lie algebra of G and an
orbit in D defined by this cone. Boundary points of the partial compactifications of
period domains correspond to nilpotent orbits.

Let o be a nilpotent cone, and let B(o) be the set of all o-nilpotent orbits. For
a fan ¥ of nilpotent cones, we denote by Dy, the union of B(c¢) for ¢ € 3, where the
component B({0}) for the 0-cone is D. Taking a subgroup I of the discrete group Gz
which is compatible with X, T'\ Dy, is the partial compactification related to . We
will define an even-type (resp. odd-type) nilpotent cone ¢ in Definition 2.6 and the
Satake boundary component Bg(o) of 2 corresponding to o. By using a properties
of cycle spaces (Proposition 2.4), we will construct a map

p® :B(o) = Bg(o), (resp. p°¢ : B(o) — Bg(0)).

If D is a Siegel space, p¥ coincides with the map ¢ given by [CCK] (see Example
2.9).

THEOREM 1.1. Let X be an even-type (resp. odd-type) fan (Definition 2.6), and
let T be a subgroup of Gz which is compatible with 3. Then we have the map p*¥ (resp.
p°d) from the partial compactification T'\Dyx. defined by Kato and Usui [KU] to the
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Satake compactification T\ s (resp. T\ g). If D is a Siegel space, p® coincides
with the map from the toroidal partial compactification to the Satake compactification.

Moreover, an even-type (resp. odd-type) cone o gives a nilpotent orbit for 7
(resp. ). We denote by Bio(0) the boundary component of 7. We will define
the map

7 :B(0) = Bior(0) (resp. p°4: B(0) = Bior(0)).

If D is a Siegel space, p°¥ is the identity map. Then we will obtain the following
theorem:

THEOREM 1.2. Let X be an even-type (resp. odd-type) fan, and let T be a subgroup
of Gz, which is compatible with . Then we have the map p® : I'\Dyg — T\J&; (resp.
7°4: I\Ds, — I\, ), which factors through the map of Theorem 1.1. If D is a
Siegel space, p°V is the identity map.

Finally, we have the following commutative diagrams:

—ev ~od
M\Dy,, —=T\/,, TI\Dg,, —=D\Ay

N |

A5 T\ g

where Y, is an even-type fan and Y,q is an odd-type fan.

1.4. The (1,1,1,1) case. We will study these maps in detail for the case for the
Hodge structures of Calabi-Yau threefolds with h>' = 1. This case geometrically cor-
responds to the quintic mirror family or the Borcea-Voisin mirror family (see [GGK1]),
and the nilpotent orbits are explicitly described and classified by Kato and Usui [KU].
We have the fans ¥, and ¥,q and the nilpotent orbits in this case. By using it, we
will describe the maps p®V, p°d, 5°V and p°d and show the following proposition:

PROPOSITION 1.3. In this case, p¢¥ and p°% (therefore p* and p°?) are continu-
ous.

Here the topology of I'\ Dy, is the strong topology, which makes these maps con-
tinuous. Remark that the even-types and the odd-types are not parallel. Indeed, p°4
is not surjective although p®¥ is, and ¥,q is not a part of a fan of a toroidal compact-
ification although ¥, is. In particular, the following diagram holds for the even-case
(see Remark 3.4):

M\Ds,, AN N\, — I\,

A

I\ A

where I'\J%;, . is the toroidal compactification. The even-case is further investigated
in [H2].
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1.5. Problems. How to construct e, and Yoq and the property of p¥, p°d, pev
and p°? beyond the above case is unknown. We expect that p® and p°? have a good
geometric property similar to the Siegel case. Since the toroidal compactifications and
the Satake compactifications are well known, we expect that these maps are helpful
to study the geometry of '\ Dy, and I'\Dg_,.

On the other hand, Green, Griffiths and Kerr [GGK2] recently study Mumford-
Tate domains. Kerr and Pearlstein [KP] investigate a relationship between boundary
components of Mumford-Tate domains and the Kato-Usui boundary components. We
expect that our study of Kato-Usui boundary components can be applied to the study
of boundary components of Mumford-Tate domains.

Acknowledgment. The part of this work was done during a visit of the author
to Johns Hopkins University for the activity of JAMI in February 2012. The author
is grateful for the hospitality and the support. The author is thankful to professors
Radu Laza, Gregory Pearlstein and Steven Zucker for their valuable advice and warm
encouragement.

2. Even-type and odd-type Degenerations. Let (Hz, Fp,{ , )) be a po-
larized Hodge structure of weight —1 where Hz is Z-module, Fj is a filtration of
Hc := Hz ® C and (, ) is a non-degenerate alternating bilinear form on Hz. We
have the period domain D and its compact dual D by [G]. Here D is written as a
homogeneous space on which the real Lie group G acts. As in (1.1), G = Sp(n,R)
and the isotropy subgroup L is isomorphic to Hj>0 U(n;) where n; is the Hodge
number h% =771, We denote by g the Lie algebra of G.

2.1. R-split LMHS with N? =0. Let N € g be a nilpotent with N2 =0, and
let F' € D. We have the monodromy weight filtration W(N) such that

W(N)g = Hg, W(N)_1=KerN, W(N) o=ImN

(which is shifted by —1 from the original definition of the weight filtration). We say
(W(N), F) is a limiting mixed Hodge structure (LMHS) if the following properties
hold:

o (W(N), F) is a mixed Hodge structure;

e N: GrgV(N) = GrKVQ(N) gives a (—1, —1)-morphism of Hodge structure;

e (o, NJe) gives a polarization for Grjwi(lN) (7=0,1).

Now we have the Deligne decomposition Hc = @ o 171 letting

p+q=0,-1,—
177 = FP OW(N)pigc N (FIOW(N)pigc + Z FEH AW (N)pig—j0),
Jj=2

which gives Hodge decomposition on each graded quotient part. We assume that the
LMHS is R-split, i.e. the Deligne decomposition is defined over R. By [CKS, Lemma
3.12], exp (¢N)F € D for Imz > 0.

LEMMA 2.1. Let v € IP"P. For z € C with Imz > 0, exp (2N)v is in the
(p, —p — 1)-component of the Hodge decomposition with respect to exp (z2N)F.

Proof. Now exp (zN)v € exp (zN)FP. Moreover, v € F~P and Nv € F~P~! since
the LMHS is R-split. Here
Nv = exp (2N)(Nv) € exp (zN)F P71
v — 2ND = exp (2N)o — 22Nv € exp (zN)F P71,
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Then

exp (zN)v =v+ zNv
=0—2zN0+2Re(z)Nv € exp (2N)F—p~1,

O
Let He = @p HP~P~! be the Hodge decomposition with respect to exp (zN)F
for Im z > 0. By the above lemma,
e*Np—p — Hp,—p—I, eNT—pp H—pm—l7

N[ PP = ezNp—p c FP~LP FNP—P = ceNJ-pp c gP~1P,
We write
(2.1) Hlfv—:ﬂ—l = IP-,*Pflj H;L—;D—l _ ezNI;D,*;D7 Hg,—p—l _ GENIP+1’7P71'
Then the (p, —p — 1)-component has the decomposition

(22) HP Pl — qufpfl ® H§’7P71 @ H3p77p71.

REMARK 2.2. By [S, Lemma 6.24], H¢ can be decomposed into the direct sum of
the subspaces which are invariant and irreducible with respect to the Hodge structure.
Here every irreducible subspace is isomorphic to H(p) ® S(—2p — 1) with p < —1, or
E(p,q)®S(—p—q—1) with p+¢q < —1. The relationship between this decomposition
and the decomposition (2.2) is written as follows:

Hfﬁpfl ® H;pfl-,p
is the direct sum of the (E(p, —p — 1) ® S(0)) type components;

H2p-fp*1 ® Hgfl-fp ® H;pypfl o H?:pflyp
=P PgPPgpLr-lgpp-lp-l

is the direct sum of the (E(p —1,—p — 1) ® S(1)) type components for p > 1;
HQO-,*l @D H;LO — I0,0 @171,71
is the direct sum of the (H(—1) @ S(1)) type components.

2.2. Cycle spaces and SL(2)-orbits. Let (N, F) be a pair which generates a
LMHS with N2 = 0. By [CKS, Proposition 2.20], there exists § € Ly "~ (W (o), F)
uniquely such that (W(o),e ®F) is a R-split LMHS. We write F' = e"®F. By
the SL(2)-orbit theorem ([S, Theorem 5.13], [CKS, §3]), there exists a Lie group
homomorphism p : SL(2,C) — G¢ defined over R and a holomorphic map ¢ : P! — D
satisfying the following conditions:

o p(9)0(2) = ¢(g2);

e (0) = F;

* p«(n_) =N;

e Hv=(p+q+ 1)v for v € I”? where p,(h) = H;
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e p, :5l(2,C) — g¢ is a (0,0)-morphism of Hodge structure where g (resp.
sl(2,R)) has a Hodge structure of weight 0 relative to ¢(i) (resp. %),
where {n_,h,n;} are the standard generators of sl(2,C). We fix Fy = ¢(i) =
exp (iN)F as a base point of D. We write

X ==(iN—-H+iN")

N | =

where Nt = p,(ny). Then X is in the (—1,1)-component of the Hodge decompo-
sition of gc with respect to Fy and X2 = 0. Let Hc = @ H?P~! be the Hodge
decomposition with respect to Fy. By Lemma 2.1, for v € I”"~P we have

u = exp (iN)v € HP P!

Then Xu € HP~17P. We denote by || e || the norm induced by the polarization with
respect to Fp. Scaling v, we may assume ||ul| = 1.

LEMMA 2.3. Xu= —exp(—iN)v and | Xul =1.

Proof. By the property of the sls-triple,
NtTNv=v, NTNo=8, NTo=N"5=0,
Hv=v, Hv=v, HNv=-Nv, HNv=-Nu.

Then
1
Xu=3(N = H +iN*)(v+iNo)
=—v+iNv=—exp(—iN)v.

Next, we show || Xu| = 1. Let a = (v,0), b = (Nv,0), ¢ = (v, Nv) and d =
(Nv, Nv). Then by the orthogonality and the positivity

(u, ) = a+ib—ic+d=i"*"1  (u,Xu)=—a—ib—ic+d=0,
(Xu,u) =—a+ib+ic+d=0.

Since v € F? and v € F “P, a = 0. Therefore, the simultaneous equation induces
d=0,b—c=1i"%"2and (Xu,Xu) = a —ib+ic+d = —i 2’71, Then || Xul =
PP~ Xu, Xu) =1. 0

Then X gives the isomorphism

X:HP P 5 HERTP exp (iN)w — —exp (—iN)o.

Therefore, we have
(2.3) #+ exp (=X Ju, exp (2X)u) = 1 — |22,
If o' € IP>~P is orthogonal to v for (e, N®),
(2.4) (exp (2X )u, exp (2 X)) = 0

where v’ = exp (iN)v'.
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For the Hodge numbers {hP~P~ 1} we define

f - r,—r—1 P r,—r—1
fcv_ Z h 9 od — Z h .

r>p, r>p,
7 even r: odd

The maximally compact subgroup Ky is isomorphic to the unitary group U(n) as in
(1.1), and the orbit Cy = KyFp is a compact submanifold of D by [FHW, Lemma
5.1.3]. The cycle space is defined by

Mp ={9Co | gCo C D, g € Gc}-
By [FHW, Lemma 5.1.3], Mp is an open subset of the complex manifold
Mp ={gCo | g € Gc}.

If Ko = Lg, i.e. D is a Siegel space, Cy is the base point Fy and Mp = D. We
describe Mp for the case where Ky # Lo following [FHW, §5.5B]. Here Cj can be
written as

Co={FeD| dim(FFNH")= dim (FP N HY) = f2}

ev?
where
, od _ ;
- @ e = @ e
p: even p: odd

Let V and W be complementary ( , )-isotropic n-dimensional subspaces of Hc, and
let

Cvw = {F € D| dim (FPNV) = ff dim (FP N W) = f2}.

CV’

Here Cy = Cyev goa and gCv,w = Cyv,qw for g € Gc. By using this, the cycle space
is described as

Mp={Cyw|V >0and W <0 for —i(e,e)}.

Now G/ K is isomorphic to the Siegel space 7 of degree n. Moreover . is isomorphic
to the bounded symmetric domain B of type-III. Then we have

(VCHe | dimV=n, V>0 (V,V)=0}=# =B
{W CH¢|dmW =n, W0, (W,W)= }%%
By [FHW, §5.4], we have the isomorphism
Mp S BxB; Cuwy— (V,W).

HZ

PROPOSITION 2.4. exp (X)Cy € Mp, is in the topological closure M$ of Mp in
Mp if N2 =0.
Proof. Now we have the decomposition H»~P~! = @, _, , s H)" "~ ! of (2.2) with
respect to exp (iN)E. Since X HP P~' = X HP P! = 0, then
S HPP = PP @ X HPP T @ HEPL
Here the above components are orthogonal to each other, and by (2.3) and (2.4)

eX HPP~! is non-negative (resp. non-positive) for 2~ (e, ®) if p is even (resp. odd).
Then eX H® (resp. eX H°Y) is in the closure B (resp. B). O

REMARK 2.5. If N2 # 0, eXCj need not to be in M$ (See [H, proposition 4.6]).
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2.3. Maps to the Satake boundary components. We call (o,exp (oc)F) a

nilpotent orbit if it satisfies the following conditions:

e o is a finitely generated rational polyhedral cone in g;

e Any elements of o are nilpotent and commutative with each other;

e F € D and exp(2N)F € D for Imz > 0 and for N in the relative interior

o°%;

e NFP C FP~! for N € 0.
The above conditions do not depend on the choice of F' € exp (o¢)F. By [CK] the
monodromy weight filtration W (N) does not depend on the choice of N € ¢° (we

denote it by W (o)), and (W (o), F) is a LMHS by [S].

DEFINITION 2.6. A nilpotent orbit (o, exp (o¢)F) is called even-type (resp. odd-
type) if N2 = 0 for N in the relative interior o° and I”>~P = 0 for any odd (resp. even)
integer p with respect to the LMHS (W (o), F'). A nilpotent cone o is called even-type
(resp. odd-type) if every o-nilpotent orbit is even-type (resp. odd-type). A fan X is
called even-type (resp. odd-type) if any face of ¥ is even-type (resp. odd-type).

Let (o, exp (o¢)F) be a nilpotent orbit of even-type or odd-type. For (N, F) with
N € ¢°, we have the compact submanifold Cy € Mp as in the previous subsection.
By Proposition 2.4, exp (X)Co € M$. If Ko # Lo, Mp = B x B. We then define the
two projections

pcv . MCDI N Bcl pod . M% N Bcl
If Ko = Lo, we define p® as the canonical isomorphism M$ = B and p°? as the
complex conjugation map M% 5 Bl — Bl

THEOREM 2.7. If the nilpotent orbit is of even-type (resp. odd-type),

p¥(exp (X)Co) € B (resp. p°d(exp (X)Co) € ECI) does not depend on the choice
of N € 0° and F € exp (o¢)F.

Proof. By Lemma 2.1, u = exp (iN)v € HY ?~" for v € I"»?, By Lemma 2.3
(2.5) exp (X)u = exp (iN)v — exp (—iN)v = 2iNv € eX HP P71,
and for u/ = exp (iN)v € Hy "P~*
exp (X)u' = exp (iN)v — exp (—iN)o = 2iNv € eX Hy PP~ 1,
Since HY"?~' = 0 for even (resp. odd) p by definition, then

KHY = P (HYP o HP) = @ HPPT' o Im N,
p: even p: even
(resp. eX Hd = @ HP”P~' @ Im Ne).
p: odd

Here Im N = W (o) _3 does not depend on the choice of N € ¢°. Moreover H” P71 is
in the kernel of the action of o¢ and Lngl’fl(W(a), F). Then eXH® (resp. eX H°Y)
does not depend on the choice of F' € exp (o¢)F and N € ¢°. 00

The Satake boundary components of B corresponds to the set of real isotropic
subspaces of Hg ([N, Proposition 4.4]). We denote by Bg(c) the Satake boundary
component corresponding to the real vector space W(o)_2. The boundary point
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p°¥(exp (X)Cp) (resp. p°d(exp (X)Cp)) is contained in the Satake boundary compo-
nent Bg(o) (resp. Bg(0)).

COROLLARY 2.8. Let o be an even-type (resp. odd-type) nilpotent cone, and let
B(o) be the set of all o-nilpotent orbits. Then p¥ (resp. p°3) gives a well-defined
map B(c) = Bg (o) (resp. B(o) = Bg(0)).

Let ¥ be an even-type (resp. odd-type) fan. We write Dy, = | |
have the well-defined map

p® : Dy, — s (resp. p°d: Dy — Hs)

where the map restricted on B(o) is given by Corollary 2.8. If ¢ = {0}, then B(c) = D
and p®¥|p (resp. p°d|p) is the map given by taking the even-part (resp. odd-part) of
the Hodge decomposition. Let T" be a subgroup of Gz = Aut (Hyz,(, )). Theny €T
gives a map from B(o) to B(Ad (y)o) by

(0, exp (0¢) F) = (Ad ()0, v exp (o) F).

We assume that I' is compatible with the fan ¥. Then p°¥ (resp. p°?) is compatible
with the action of I', and we can define

(2.6) p® :T\Dyg — I\ (resp. p°d : T\ Dy — T\ J#%).

sex B(o). We

EXAMPLE 2.9. Let D be a Siegel space J7, i.e. h» P~ 1 =0ifp #0,—-1. We
take a nilpotent cone o in the open real cone n;" of [CCK, §4]. By [CCK, Proposition
4.2], (W(o), F) is a LMHS if and only if F' € exp (o¢)s# C S, and

B(0) = exp (oc)H# / exp (o¢).
Here the LMHS is the following type:

(0,0)
[ ]

(0,;1) (—1,0)

(=1,-1)
°

Then any nilpotent orbit for 7 is even-type, where p®¥|p = id and p¥ : B(o) —
Bg(o) coincides with the map ¢ of [CCK, §4(3)]. By [CCK, §6] ¢ induces the maps
from the toroidal compactifications to the Satake compactification.

2.4. Maps to the toroidal boundary components. For an even-type
(resp. odd-type) nilpotent orbit (o,exp (oc)F'), we have the R-split nilpotent or-
bit (o,exp (o¢)F). Let Hec = D, -0 1o "7 be the Deligne decomposition with

respect to the LMHS (W (o), F'). We define F € JZ by

@ Ip7—p—1 @ PP

p: even

(resp. FO = @ Prh @I” )

p: odd
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Now (W (o), F) (resp. (W(—o),F)) is a R-split LMHS. In fact, (e, Ne) (resp.
(o,—Ne)) with N € o° gives a polarization on Grgv(g) since i* = 1 if p is even
and —1 if p is odd. Then (o, exp (o¢)F') is a R-split nilpotent orbit for J# (resp. J€).
Moreover we have the following proposition:

PROPOSITION 2.10. p®(e*NE) = e*NF (resp. p°(e*NF) = ¢*NF) for Tmz > 0
and N € o°.

Proof. Let Hc = @p HP~—P~1 be the Hodge decomposition with respect to

exp (2N)F. Since o is even-type (resp. odd-type), HY P~" = 0 if p is even (resp.
odd). Then by (2.1)

PN = @ e mp)

p: even
= rrlteeN@rr) =N
p: even D

(resp. p°d(e?NE)0 = ¢*N F0), [0

We denote by Byor(o) the boundary component for o of 5,. For an even-type
(resp. odd-type) nilpotent cone o, we define the map pv : B(og) — Byior(o) (resp.
7°9: B(0) = Bior(0)) by

(0.exp (0c) F) v (o, exp (o) F)

where F = ¢ F. Then for an even-type (resp. odd-type) fan 3 we can define the
map

ﬁcv : Dy — jfz} (resp. ]50d : Dy, — %E),
and for a subgroup I of Gz which is compatible with ¥ we have
P :T\Dy — T\ (resp. p°% : T\Ds — I\ Ay),

where p®¥ = id if D = 2. Now we have the map ¢ : I'\J#% — T'\J&s (resp.
¢ : I\ — I'\A ) such that

¢op™(o,exp (oc)F) = W(o)2® (P 17777

p: even

=p* (0, exp (0¢)F)

(resp. Cop®d(o, exp (o¢)F) = p°d(o,exp (oc)F)). Then we have the following theorem:

THEOREM 2.11. p°¥ (resp. p°%) factors through p°v (resp. p°9).

3. The (1,1,1,1) case. In this section, we consider the case where h?>~P~1 =1
if p=1,0,—1,—2, kPP~ = ( otherwise. In this case

G=Sp(2,R), Ly=U®1)xU(1), Ky=U(2), Co=P.

Any nilpotent cone in this case is rank 1, and its generator N is classified as follows:
(I) N2 =0, dim (Im N) = 1;
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(I1) N2 =0, dim (Im N) = 2;

(III) N2 #0,N* = 0.
Here the type I is even-type; the type II is odd-type; the type III is neither. The
boundary components are described by [KU, §12.3] or [GGK1]. For the type I (resp.
the type IT), we describe p® and p¢V (resp. p°? and $°9) explicitly and show continuity
of these maps.

3.1. Preliminary. First, we describe the period domain D. Let Hz be a rank-4
Z-module. We define a bilinear form ( , ) by

({ej» ex))jn = (? _OI)

for a basis e1,...,eq of Hz. We have an open immersion

(3.1)

Sym(2,C) x C = D; (1,\) — F(1,\) where

T12 T11 T12 T11
F*(7,)\) = spang 7(2)2 + A Til . F°(1,\) = spang 782 , Til ,
1 0 1 0

F7 Y, \) = FY(1, ).
Here F(1,\) € D if, and only if,
(3.2) det (Im7) <0, —i(w,@) >0 for0+#we F'(r,\).
Let o be a nilpotent cone, and let ' be a subgroup of Gz such that
(3.3) there exists v € I which satisfies 0 = Rx>qlog (7).

We write I'(0)8P = exp (or) NI". The topology of I'(0')5\ D, is the quotient topology
via the map FE, — I'(0)8P\D, (KU, 3.4.2]). Here E, is the subset of D x C such
that

(F.2) € B, & (0,exp (o¢)F) is a nilpotent orbit ?f z=0,

exp ({(2)N)F € D it z#£0,
where N is the generator of exp (¢) NT" and ¢(z) = log z/2mi (we may assume that
¢(z) is the one-valued function by taking a branch of log). The map E, — I'(0)8P\D,,
is given by

p (0, exp (o) F) ifz=0,
. )H{exp(ﬁ(z)N)F (mod T'(0)#?) if 2 # 0.

The topology of E, is the strong topology in D x C. For a fan ¥ and a subgroup I of
Gz which is compatible with X, the topology of I'\ Dy; is the strongest topology such
that I'(¢0)8P\D, — I'\ Dy, is continuous for all o € 3.

We review the definition of the strong topology briefly. For an analytic space Y
and a subset X, a subset U of X is open in the strong topology in Y if f~1(U) is
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open for any analytic space Z and any analytic map f : Z — Y such that f(Z) C X.
The following example is typical:

ExaMpPLE 3.1 ([KU, 3.1.3]). Let Y = C?, and let X =Y — {0} x C*. The strong
topology on X in Y does not coincide with the topology as a subspace of Y around
the origin. We put

Un(u) = { (z1,22) € AL, | [al" < lzaly 220},
U((S) = U Un(én) U {(07 O)}

where As, is the d,-open disk with é,, > 0 and 6 = {d,,},. Then U(d) C X is an open
neighborhood of the origin and U(§), where é runs over all sequences in R+, form a
fundamental system of neighborhoods of the origin.

3.2. Boundaries for the type I. Let 0 = R>¢ /N be the type I nilpotent element
with N (e3) = e; and N(e;) = O for j = 1,2,4. Here the LMHS of this type is described

as the following diagram:

(0,0)
[ ]
(1,.—2) (-2,1)

(71171)
[}
Then this nilpotent cone is even-type. We define a fan

Yev = {Ad(g9)o | g € Gz}.

Then Y., is the fan of all nilpotent cones of even-type by [KU, §12.3].
We write

fo(w) = ;& (1}, w) =

o~ &8 o
—_ o e 8

and define a filtration F(v,w) € D by
F(v,w) = spanc{&(v,w)},  F°(v,w) = spanc{& (v, w), &o(w)}.
Then
B(o) = { (0,exp (CN)F(v,w)) | Imwv <0, weC}.

Let F = F(v,w) with Imv < 0. Then the (0, 0)-component of the Deligne decompo-
sition for (W(N), F) is

FONWo(N)N(FONWo(N) + F ' nW_o(N)) = F'n (F° + NF?),
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which is generated by

—yw

Rew — vyRew Imw

e =& (w) —v& (v,w) = 17 ,  where v = o
-7

The R-split mixed Hodge structure (W (N), F') associated to (W (N), F') is given by
F = exp (yiImwN)F.
In fact, the (0,0)-component is generated by

—yRew
Rew —vyRev
1

-

é=-exp(yiImwN)e =

Then for the Hodge decomposition with respect to exp (iN)F,
up =& (v,w) € HY 72, wp:=exp (iN)ée € HO L.
Here H®" is generated by ug and @1, and by (2.5)
exp (X)ug = 2iNé = 2iey, exp(X)us = ug.
Then
(3.4) P (o,exp (o¢)F) = exp (X)H® = spanc{e1,es + eq},
which is contained in Bg(o). Moreover, the map p® : B(o) — Bgs(0) is surjective.
Now F' is given by F° = span{&; (v, w), é}. By Proposition 2.10, for Im z > 0
P (exp (ZN)F) =exp (zN)F = (z B W;Imw 15) )
Since exp (o¢)F = exp (o¢)F, we have

ev(

5" (0,exp (o) F) = (0, exp (oc) F).

PROPOSITION 3.2. Let I' be a subgroup of Gz which is compatible with T' and
satisfies the condition (3.8) for any 0 € Xey. Then p*¥ : I'\Dx,, — I'\J&,, is
continuous.

Proof. It is sufficient to show continuity around the boundary point
(0,exp (o¢)F(v,w)) in T\ Dys_,. We write

F=F(@,w), & =¢&(w), & =& ((v,w),

and we assume F = F, i.e. Imw = 0 (it is similar to show continuity for F' # F, and

we omit the proof of it). A neighborhood of (o, exp (o¢)F) in T'\J%;_, is written as

(3.5) {exp (E(H)N)F() | ' € AL, 2 # 0}
U fexp (oc) F() | 2/ € AL, 24 = 0}
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for sufficiently small ¢ > 0 where

IOVANENE 21 %
We describe neighborhoods of (o,exp (o¢)F) of I'\ Dy, , and show that there is a
small neighborhood whose image through p°" is contained in the above neighborhood
(3.5).

A neighborhood of the boundary point (o,exp (o¢)F) in '\ Dyx_, is given by E,
and the map ¢ : E, — I'\Dy_,. It is suﬁigient to show p® o ¢ is continuous. We
describe a neighborhood of (F,0) € E, C D x C. Let A be a small open disk. By
(3.1) an open neighborhood of F' in D is given by

A* < Dy (21,...,24) — F(2)
where F'!(2) = spang {& + 01(2) + 24 (€0 + 00(2))} ,
FO(z) = spanc {&1 + 01(2), & + 0o(2)}

where
21 22
Oo(2) = %2 , b1(z) = 2’03
0 0

Then we have an open neighborhood A® < DxCby (z1,...,25) — (F(21,...,24), 25).
Here

24=0 if z5 =0,
F e R ek, & 1
(Ft 20, 2) {exp (U(z5)N)F(z1,...,24) € D if 25 # 0.
For z5 # 0, we write

mo(z) = ‘N (& + 09 (2)) = eIV gy + 0y (2),
m(z) = e’ CIN (& 4+ 0,(2)) + zano(z) = & + 01(2) + zamo(2).

Then
"CINFY(2) = spanc{m (2)},  e"CINFO(2) = spanc{m(2),m0()}-
If z1,...,25 — 0 provided that |z4]log|z5| — 0, we then have the convergences
(3.6) m(z) =&, mo(z) — e N =0
(m(z),m(2)) = (€1,61),  (n(z),m(2) — €, e INe) — 0.
Here
NP~ spanc{er},  e“NVFO = spanc{r, eV g, ).
Then

ee(z"))NF(z) — BN
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if z1,...,25 — 0 provided that |z4]log|z5| — 0. Therefore, by the conditions (3.2) of
D,

Un(én) = { (2’1,...,2’5) e A®

|2a]™ < |2s],
CE
|2al, 25| < dn, 25 #0 7

if §,, is sufficiently small for n > 1. Here U,(d,) is a small neighborhood of
{e!GINF | |25] < 6, ). By Example 3.1 and the definition of strong topology,

U(s) = (U Un(5n)> U{ze A% | z4 =25 =0}

is an open neighborhood of (0, F) in the strong topology of E, taking § = {J,,} and
A sufficiently small.

Next, we show p¥(e!(*)N F(z)) approaches e!G)NE if 2, ..., z5 — 0 provided
that z € U, (0,), i.e. |24|log|zs| — 0. For the Hodge decomposition for e/(*»)V F(z)
with (z1,...,25) € Un(dp), the (1,—2) component is generated by 7:1(z) and the
(0, —1) component is generated by

a(z) = (m(2),m0(2)) m(z) = (m(z), m(2)) m(z)
since 11 (z) L a(z). Then

P (e CINE(2)) = spanc{m (=), a(=)}.

We write

6(25) = <€_17 ef(zs)N§0> 51 _ <€_17 §1> eé(zs)g07

which is in the (0, —1) component of the Hodge decomposition of ¢/(**)N F'. Then, by
Proposition 2.10,

spang (&, A(zs)} = p° (! CIN F) = o{CoON F,
By the convergence (3.6) we have
m(z) =&, a(z) = B(z) =0
if z1,...,25 — 0 provided that z € U,(d,). Moreover we have
P (LN F(2)) — LGN

in the upper half space. Then U(d) is contained in the neighborhood (3.5) if 4, is
sufficiently small. O

COROLLARY 3.3. p° is continuous.
REMARK 3.4. The Gz(Bgs(0))-admissible polyhedral decomposition ([CCK, Def-
inition 6.1]) is the fan {o,{0}}. Then for a I-admissible decomposition ¥, ([CCK,

Definition 6.2]), we have an injection Yo, < Yior. Therefore we have the following
commutative diagram:

N\Ds,, AN I\, — D\,

>~ A

I\
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3.3. Boundaries for the type II. Let 0, = R>¢N,, be the type II nilpotent
cone with N,,e3 = —e; and N,,e4 — —mes where m is a square-free positive integer.
The LMHS of this type is described as the following diagram:

(1,—1) (-1,1)
. .

N N

(0,—2) (—2,0)
. .

Then this nilpotent cone is odd-type. We define
Yod = {Ad(g)om | g € Gz, m : square-free positive integer}.

Then X,4 is the fan of all nilpotent cones of odd-type by [KU, §12.3].
Let N = N,,, and let ¢ = 0,,,. We write

-1 0

+iv/m w
gi = 0 ) git (’LU) = j:z\/r_n
0 1

Then for z € C
NEF(w) = £ivmsy, & (w) £ zivméy = exp (2N)&f (w).
We define a filtration Fy(w) € D by
Fi(w) = spanc{&(w)},  FL(w) = spang {& (w), & ).
Then
B(0) = {(o,exp (CN) Fy (w)) | w € C} U {(0, exp (CN)F_(w)) | w € C}.

Let F = Fy(w) and let 0 = R>gN. Then the (1,—1) component of the Deligne
decomposition of (W(N), F) is generated by £ (w), and the (—1,1) component is

F'n(F'4+ F'NW_o(N)) = F 'n(F'+ NFY),
which is generated by
w = (6 (0).65) & (w) — (& (). & (w)) &
= F2iv/m £ (w) + 2iTmw %

= F2i\/mexp (—Ir:lwiN> £ (w).

The R-split MHS (W (N), F') associated to (W (N), F) is given by

A I
F = exp ( ;nwiN>F.
m
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In fact, the (1, —1) component is generated by
. Imw +
§ =exp <%2N> i (w)
and the (—1,1) component is generated by

w

I I
W = exp ( mwiN)w = F2iv/mexp (— ;n
m

i ,-N) E(w).
Then the Hodge decomposition with respect to exp (i N )13' € D is given by
uy = exp (iN)é € HY 72, g = exp (iN)w € H 1,
Here H°Y is generated by u; and g, and by (2.5)
exp (X)uy = 2iNE,  exp (X)ig = 2iNG.
Then
P4 (0, exp (o) F) = exp (X)H* = spang{e1, 2},

which is contained in Bg(c). Moreover, the map p°? : B(c) — Bg(0) is surjective.
Now F € A is given by FO = spanc{&,@}. By Proposition 2.10, for Im z > 0

+Imw  Rey —mz

~ —z + Im w
p°Y(exp (:N)F) = exp (2N)F = 2ym '
2vm

Since exp (o¢)F = exp (o¢)F, we have

ﬁOd(a, exp (o¢)F) = (o, exp (UC)F).
Here 5°4 is not surjective.

ProOPOSITION 3.5. Let I' be a subgroup of Gz which is compatible with I' and
satisfies the condition (3.8) for any o € Yoq. Then p° : T\Ds,, — MN\Ay, | is
continuous.

Proof. As in the proof of Proposition 3.2, it is sufficient to show continuity around
the boundary point (o, exp (o¢)Fy (w)) in I'\Dx_,. We write

F=F.(w), &=¢&8, & =6 (w),

and we assume F = 13', i.e. Imw = 0 (it is similar to show continuity for F' # F and
we omit the proof of it). We describe neighborhoods of (o, exp (o¢)F) of I'\ Dx_,, and
show the continuity.

A neighborhood of a boundary point (o, exp (o¢)F) in T'\D,, is given by E, and
the map ¢ : E, — I'\Ds,_,. It is sufficient to show $°% o ¢ is continuous. We describe
a neighborhood of (F,0) € E, € D x C. An open neighborhood of F in D is given by

od?

A* < D; (21,...,24) = F(2)
where F''(z) = spang {&1 + 01(2) + 24 (€0 + 00(2))},
F°(2) = spang {& + 01(2), & + 0o(2)} ,
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and
0 0
0o(2) = Z) , 0(2) = Z
0 0

Then we have an open neighborhood A®> < DxC by (z1,...,25) = (F(21,...,24), 25).
Here

2’122’220 if25:0,

(Elz,.-or20),2) € Eo & {exp (6(z5)N)F(21,...,21) € D if 25 # 0.

For z5 # 0, we write

mo(z) = "IN (&g + 09 (2)) = & + e Ny (2),
m(2) = "IN (& 4+ 0,(2)) + 2am0(2).

Then
"GN (2) = spanc{m(2)}, e"INFO(2) = spanc{m(z),m0(2)}-
If z1,...,25 — 0 provided that |z1|log|z5] — 0 and |z2|log |z5| — 0, then we have
(37) m(z) = eCINE 50, mo(z) > &,
(m(2),m(2)) = (fENE,, N — 0,
<771 (2)7770(2)> — <e€(25)N§1,§0> = <§_17 §O>
Here
efCINEL = spanc{e/3 Vg, e"FINFO = spang {e*)Vey, &0}
Then
GNP (z) —efINE 0
if z1,...,25 — 0 provided that |z1|log|z5| — 0 and |23]log|z5] — 0. Therefore, by

the conditions (3.2) of D,

Un,m((smm) = { (21, ey 2’5) = A5

lz1|™ < |zs|, |22|™ < |2s],
CcCFE,
|21|7|22|7|Z5| <6n,ma 25?50 7

if 0p,m and A is sufficiently small. By Example 3.1 and the definition of strong
topology,

U(a) = (U Un,m(5n,m)> U {Z S A5 | 21 =29 = 25 = O}

is an open neighborhood of (F,0) in E, for 6 = {dp,m }-
As in the proof of the case for even-types, we can show that

pOd(ee(ZS)NF(Z)) _etEINE
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,z5 — 0 provided that 2 € Uy 1 (0n.m). Then 5°4 o ¢(U(J)) is contained in

the open neighborhood (3.5) if 4y, ., is sufficiently small. O

COROLLARY 3.6. p°d is continuous.

REMARK 3.7. A Gz(Bg(0))-admissible decomposition ¥ does not contain o in
this case. Then we do not have a diagram like the one in Remark 3.4.

[AMRT)]

[CCK]

[CK]
[CKS]

[CMP]

[FHW]
[G]

[GGK1]

[GGK2]

(H]

(H2]
[KU]
[KP]

(N]
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