ASIAN J. MATH. (© 2012 International Press
Vol. 16, No. 4, pp. 745-774, December 2012 007

CALABI-YAU MANIFOLDS AND GENERIC HODGE GROUPS*

JAN CHRISTIAN ROHDEf

Abstract. We study the generic Hodge groups Hg(X) of local universal deformations X of
Calabi-Yau 3-manifolds with onedimensional complex moduli, give a complete list of all possible
choices for Hg(X)r and determine the latter real groups for known examples.
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Introduction. Let X be a Calabi-Yau 3-manifold with h*!(X) = 1. Moreover
let f : X — B denote the local universal deformation of X and @ denote the symplec-
tic form on H3(X,Q) given by the cup product. In the generic Hodge group Hg(X)
information about the arithmetic of the fibers, the variation of Hodge structures and
the monodromy groups of the families containing X as fiber is encoded. Similar
computations are made for the Lie algebras of monodromy groups of families of K3
surfaces in the appendix of [15]. Since the monodromy group Mon’(X) is a normal
subgroup of the derived Hodge group Hg?"(X), this is related to our results. Here
we classify the possible generic Hodge groups of X', which is also a natural problem
by itself.

In the case of a Calabi-Yau 3-manifold with h%1(X) = 1 we consider a Hodge
structure on H3(X,Q), which is a vector space of dimension 4. We have much in-
formation about the variation of Hodge structures (VHS) of families of Calabi-Yau
3-manifolds. For example by Bryant, Griffiths [2], we have a classical description of the
V HS of such families. By using the Hodge structure on H*(X,Q), one can construct
the associated Weil- and the Griffiths intermediate Jacobians and their correspond-
ing Hodge structures as introduced by C. Borcea [1]. These latter Hodge structures
are given by the representations hy and hg of the circle group S! on H3(X,Q). In
particular the centralizers C'(hg(i)) and C(hyw (7)) in Sp(H?(X,R), Q) will be helpful.
By using these techniques, the theory of bounded symmetric domains [6], the theory
of Shimura varieties [3], [4], [7], [9] and some intricate computations, we obtain the
result:

THEOREM 0.1. Let X denote the local universal deformation of a Calabi-Yau
3-manifold X with h®>1(X) = 1. Then one of the following cases holds true:
1.

Hg(X) = Sp(H*(X,Q), Q)

Hg(X)r = C(ha(i))

3. The representation of Hg(X)r on H3(X,R) is isomorphic to the natural rep-
resentation of SLg(2) on Sym®(R?).
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In the case (2) we will also give an explicite description of Hg(X)g, which tells
us that one has a reducible representation in this case. At present there does not
exist any example of a family of Calabi-Yau 3-manifolds known to the author, which
has a generic Hodge group satisfying (3). Nevertheless we will determine the generic
Hodge groups of known examples of Calabi-Yau 3-manifolds and see that there exists
a Calabi-Yau like variation of Hodge structures satisfying (3).

1. Facts and conventions. Here a Calabi-Yau 3-manifold X is a compact
Kahler manifold of complex dimension 3 such that

HY(X)=H*"(X)=0 and wy = Ox.

We will only study Calabi-Yau 3-manifolds X with h?!(X) =1 here. Let f: X — B
denote the local universal deformation of X =2 Xy, where 0 € B.
Moreover recall the algebraic groups

S* = Spec(R[z,y]/x* +y* —1) and S = Spec(R[t, z,y]/t(x* +y*) — 1),

where
sl(R){M< b ) GSLQ(R)}N{ZGC:Ml}

and

S(R) = {( ot ) c GLQ(R)} ~ .

The group S is the Deligne torus given by the Weil restriction Rc/r(Gy,) and S Lig
a subgroup of S. Let V be a real vector space. By the eigenspace decompositions
of V¢ with respect to the characters zPz? for p,q € Z of S, the real representations
h :S — GL(V) correspond to the Hodge structures on V (see [4], 1.1.1). If there
is some fixed k such that all characters zPz? with non-trivial associated eigenspace
satisfy p + ¢ = k, one says that the Hodge structure has weight k. There exists an
embedding w : G,, g — S given by

Gm(R) = {diag(a,a) € GLa(R)} <5 S(R).

The Hodge structure h has weight k, if and only if the weight homomorphism h o w
satisfies

r— diag(r®,...,7F) (V 7 € R* = G(R))

(see [10], Remark 1.1.4). Hodge structures of some given weight k are determined
by the restricted representation h|gi. For example the integral Hodge structure on
H?3(X,7Z) of weight 3 corresponds to the representation

hx : S' = GL(H*(X,R)), hx(z)v=2Pz% (Vv € HPI(X) with p+q=3).

We also denote hx by h for short. The Hodge group Hg(H?(X,Q),h) C
GL(H?*(X,Q)) is the smallest Q-algebraic group G C GL(H?*(X,Q)) with h(S?) C
GRr. Assume without loss of generality that B is contractible. Thus for each b € B
one has a canonical isomorphism

H*(X,,Q) = R*f.(Q)(B) = H*(X,,Q) = H*(X, Q).
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By using this isomorphism, a subgroup of GL(H?(X},Q)) can be considered as a
subgroup of GL(H?(X,Q)). This allows to define an inclusion relation for the Hodge
groups of the several fibers, which we use now. The generic Hodge group Hg(X) of X is
given by the generic Hodge group of the rational variation of Hodge structures (V H.S)
of weight 3 of X. Recall that the generic Hodge group of a V H S is the maximum of the
Hodge groups of all occurring Hodge structures. In an analogue way one can define the
Mumford-Tate group MT(H?(X,Q), h) and the generic Mumford-Tate group MT(X)
by using h(S) instead of h(S!). One has that MT(H?(X,,Q), hy) = MT(X) over the
complement of countably many proper analytic subsets of the basis (follows from [9],
1.2). Since

Hg(H*(X,,Q), h) = (MT(H?(X,,Q), h) N SL(H*(X,,Q)))°

(see [10], Lemma 1.3.17), one has also that Hg(H?3(X,,Q),hy) = Hg(X) over the
complement of countably many proper analytic subsets of the basis.

1.1. We consider only algebraic groups over fields K of characteristic zero. A
group G over K is a torus, if Gg = an - Moreover a group G is simple, if it does
not contain any proper connected normal subgroup. We say that G is semisimple, if
its maximal connected normal solvable subgroup is trivial.

A group G is reductive, if it is the almost direct product of a torus and a semisim-
ple group. In this situation the torus can be given by the connected component of
identity of the center Z(G) of G and the semisimple group can be given by the derived
subgroup G9¢ generated by the commutators (follows from [12], page 9).

Let ad denote the adjoint representation. For a reductive group G, we have the
exact sequence

1= Z(G)—G— G4 =1

and the adjoint group G*! and G9° are isogenous.

We say that a semisimple group is adjoint, if its center is trivial. It is a well-
known fact that connected semisimple adjoint R-algebraic groups are direct products
of simple subgroups.

It is a well-known fact that Hg(X)% and MT(X)$ is defined over Q. Moreover

h(S') € Hg(X)Z and h(S) C MT(X)$.
Thus
Hg(X), Hg(X)r, MT(X) and MT(X)g

are Zariski connected. Moreover Hodge groups and Mumford-Tate groups of polarized
rational Hodge structures are reductive (for example see [10], Theorem 1.3.16 and
Corollary 1.3.20). From this fact and the definition of reductive groups one concludes
that

Hg*" (X)r, Hg*(X)g, MT(X)g and MT*(X)g

are also Zariski connected.

By knowing the associated Lie groups of R-valued points, one can determine the
isomorphism classes of some algebraic groups of our interest:
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LEMMA 1.2. Assume that G and H are R-algebraic connected semisimple adjoint
groups, where H(R) is a connected Lie group. Moreover let h : G(R)™ — H(R) be an
isomorphism of Lie groups. Then G and H are isomorphic as R-algebraic groups.

Proof. From the assumptions we conclude that there is an isomorphism dh¢ :
gc — be. Note that ge and he are also semisimple as real Lie algebras and that for
an arbitrary real Lie algebra g’ one can define its adjoint Lie group Int(g’) (see [6],
II. §5). Due to the assumption that G and H are semisimple adjoint, the adjoint
representation yields isomorphisms

G(C)t 2 Int(gc) and H(C)" = Int(hc).

Moreover for a real semisimple Lie algebra g’ the connected component of identity
of the Lie group given by the automorphism group of g’ coincides with Int(g’) (see
[6], IL. Corollary 6.5). Thus one concludes that G(C)* and H(C)" are the connected
components of identity of the Lie groups given by the automorphism groups of gc
and hc. Therefore one obtains a holomorphic isomorphism h¢ : G(C)T — H(C)*.
By [12], 1. Proposition 3.5, the semisimple Lie groups G(C)* and H(C)" are the
groups of C-valued points of C-algebraic groups and the homomorphism h¢ is a C-
algebraic regular map given by some polynomials fi,..., fx over C. Since hc|g )+
coincides with h : G(R)™ — H(R), one concludes that S fi,...,Sfx vanish on the
Zariski closure of G(R)". The Zariski closure of G(R)™" is G, since we assume that G
is Zariski connected. Thus the isomorphism h is R-algebraic. O

1.3. Let G be a connected R-algebraic group and 6 be an involutive automor-
phism of G. We say that 6 is a Cartan involution, if the Lie subgroup

G’(R) = {g € G(O)lg = 0(9)}

of G(C) is compact. An R-algebraic group G has a Cartan involution, if and only
if G is reductive (see [10], Proposition 1.3.10). In the case of a compact connected
R-algebraic group K we have the Cartan involution idg (see [10], Example 1.3.11).
Thus all compact connected R-algebraic groups are reductive.

The Griffiths intermediate Jacobian Jg resp., the Weil intermediate Jacobian Jy,
is the torus corresponding to the weight 1 Hodge structure given by

FA(H?(X,C)) = F*(H*(X,C)) resp., Fiy,(H*(X,C)) = H**(X)® H"?(X).!

Let hg : ST — GL(H3(X,R)) and hy : S' — GL(H?(X,R)) denote the correspond-
ing representations. It is a well-known fact that weight 1 Hodge structures correspond
to complex structures. We will use the complex structures

hg(’t) and hw(l) = —hx(i).
Moreover hy (z) and hg(z) commute and
h(z) = hZ(2)hw(2).

INote that in [1] one has
Bl (H3(X,C)) = H*3(X) @ H>'(X) instead of Fj}, (H3(X,C)) = H>°(X) ® H"?(X).

But this is only a matter of the chosen conventions and personal preferences.
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Let @ denote the symplectic form on H3(X,Q) given by the cup product. For
the rest of this article let us fix v, 3, € HP37P(X) \ {0} with

Upa—p =V3—pp and Q(ivso,v03) = Q(—iva1,v1,2) = 1.

There exist unique vectors satisfying these properties because of the well-known form
of the polarization of H3(X,C) (see [14], 7.1.2) and the given Hodge numbers in our
case. Thus our alternating form @ on H?(X,C) is given by

U1 w1
V2 wao
CORRNCIG I
V4 W4y

) = (Ul,’l)g,vg,v4)

with respect to the basis {vs3 0, v1.2,v2,1,v0,3}-
The reader can easily check that each M € GL(H3(X,R)) is given by a matrix

vl w1 W4 Uy

vy w2 W3 U3
M = 0

V3 W3 W2 V2

V4 W4 W1 V1

Y

where vy, ..

. O O O

0 0 —2 w1
0 — 0 w2
¢t 0 0 w3
0 0 0 Wy

U4, w1, ..., wy €C

with respect to the basis {vs 0, v2,1, v1,2, v0,3} by using the R-vector space isomorphism

given by the trace map

F*(H*(X,C)) — H*(X,R), w— w+w.

In a similar way on can easily check that the matrices with complex entries, which
will occur in this paper, are in fact real.

REMARK 1.4. The conjugation by elements of hx (S!)(R) is given by

53 0 0 0 1,1
0 f 0 0 @21
0 0 & 0 as
0 0 0 & as1

a2
ag 2
az 2
a4.,2

1.3
@23
as,s
Q4.3

a1.1 52(11,2 54(11,3 5601,4

flagy Easz  asgs
asr Easy Easp

§2a2,1 a2 Eas3 §4a2,4

&az.4

a4.4

with respect to the basis {vs 0,v2,1,v1,2,00.3}-

ments of hy (S1(R)) is given by:

& 0 0 o0 a1,1 @12 a1,3  a14
( 0o & o0 o ) az1 a2z a3 azy4
0o 0 ¢ o0 a3, 1 az 2 a3,3 az,.4
o o o0 ¢ ag1  ag2  aq3  ag4

[

oo om

como

ais € 00 0
Q2.4 0 &£ 0 0
as 4 0 0 f 0
a4.4 0 0 0 €3

Moreover the conjugation by the ele-

omo o

mooo

a3 1 £%ag o a3 3 §2a3,4

2 2
7;1,1 £%ay 2 72@1,3 £%ay 4
£%ag 1 az 2 £%az 3 az 4
£2 £2
£%ayq 1 a4,2 £%ay 3 aq.4

REMARK 1.5. The centralizer C(h(S')) of h(S!) in Sp(H3(X,R),Q) is given
by matrices diag(¢, ¢, ¢, €) with respect to the basis {v3,0,v21,v1,2,v0,3} as one con-
cludes by the description of the conjugation by elements of h(S1)(R) in Remark 1.4.
Moreover by explicit computations using (1), one concludes |£] = |(| = 1. Thus
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C(h(S1)) = S x S'. The group of real symplectic automorphisms in C(h(S%)),
whose order is atmost 4, is generated by diag(1,4,—i,1) and diag(é,1,1, —¢). Thus
C(h(S')) contains only the complex structures

(2) +hy (i) = +diag(i, —i,i,—i) and =+ hg(i) = +diag(i, i, —i, —i).

Moreover C(h(S1)) is generated by hy (S1) and he(S'). The kernel of the natural
homomorphism

hw (S') x ha(S*) — C(h)

obtained from multiplication is given by {(1,1),(—1,—1)}.

Let C(hg(i)) and C(hw (7)) denote the respective centralizers of h¢ (i) and hyw (7)
in Sp(H3(X,R), Q). The centralizer C(h(i)) of h(i) in Sp(H3(X,R), Q) coincides with
C(hw (7)), since hy (i) = —h(i). Let H denote the Hermitian form

H =1iQ(-,").

Since h(i) is a Hodge isometry of the real Hodge structure on H?(X,R), one concludes
from the definition of H as in [10], Section 4.3 and [11], Lemma 3.4:

PROPOSITION 1.6. The group C(hg(i)) is given by diag(M, M), where
M € U(F*(X), H|p2(x))(R) = U(1,1)(R)
and M acts on F%(X).
In an analogue way one concludes:?
PROPOSITION 1.7. The group C(hw (7)) is given by diag(M, M), where
M € U(F*(X), H|pso(x)em2(x))(R) = U(2)(R)
and M acts on H*?(X) ® H>1(X).
Thus the unitary groups U(1, 1) and U(2) will be important:

REMARK 1.8. One can describe U(1,1) and U(2) explicitly. The special unitary
group SU(1, 1) is given by the matrices

M, = ( % g ) with |a|> —[8]* =1 and «o,B€C
(see [12], page 59) and SU(2) is given by the matrices

My = ( b o > with |a2— |82 =1 and a,8 € C
as one concludes from the fact that M = M, *. Since

At ( - )M1 ( - ) for M, € U(L, 1)(R),

2Tt should be pretty clear to the experts that the conjugacy class of hy (S1) in Sp(H3(X,Q),Q)

~

yields the upper half plane h2, which is also a way to conclude that C(hy (7)) = U(2).
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one has |det M;| = 1. Thus the reductive group U(1, 1) is the almost direct product
of the simple group SU(1, 1) and its center Z(U(1,1)) isomorphic to S!, where

SU(1,1) N Z(U(1,1)) = {£1}.
Moreover recall that
SU(1, 1) = $ps(2) = SLa(2).

In an analogue way one concludes that the reductive group U(2) is the almost direct
product of the simple group SU(2) and its center Z(U(2)) isomorphic to S*, where

SU(2) N Z(U(2)) = {+1}.

Moreover we will need an explicit description of the Lie algebra of SU(1,1):

REMARK 1.9. One has that

Mlz(%

is unipotent, if and only if

ISR~

) € SU(L, 1)(R)

2R(a) = tr(My) = 2.

Since each nontrivial unipotent M; € SU(1, 1)(R) has only one Jordan block of length
2, one computes that

log My = M, — Ey = ( i3(a) _b(a) )

This yields 2 linearly independent vectors of su(1,1) given by log(M;) = My — E» for
some unipotent M;. By appending

log(diag(a,a)) = diag(iy, —iy)

for |a] = 1 and y € R, one obtains a basis of the threedimensional algebra su(1,1).
Thus for each N € su(1,1)(R) there are suitable u,v,y € R such that

N< zy' u—i—'w>'
U — 1 -1y

REMARK 1.10. Since the centralizer C(hg(i)) = U(1,1) of hg (i) is not compact,
the conjugation by hg (i) does not yield a Cartan involution of Sp(H?(X,R), Q).

LEMMA 1.11. The conjugation by hyw (i) and the conjugation by hx (i) yield the
same Cartan involutions on Hg(X)g resp., Hg " (X)g. The conjugation by ad(hw (7))
yields a Cartan involution on Hg (X)g.

Proof. Note that the conjugation by a complex structure

J € Sp(H*(X,R), Q)(R) with Q(J-,-) >0
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yields a Cartan involution of Sp(H?3(X,R), Q) (see [7], page 67). Since Q(hw (i)-,-) >
0 as one can verify by using (1) and (2), the conjugation by hy (i) yields a Cartan
involution of Sp(H3(X,R), Q)(R). Due to the fact that hy (i) € Hg(X)g, the conjuga-
tion by hy (i) yields a Cartan involution of the subgroup Hg(X)r C Sp(H?(X,R), Q)
(follows from [12], I. Theorem 4.2). Since hw (i) = —hx (i), the conjugation by hx ()
yields the same involution.

Due to the fact that the reductive group Hg(X)g is the almost direct product of
Z(Hg(X))® and its derived group Hg®(X)g, one concludes hy (i) = Jc - Jp, where
Jo € Z(Hg(X))(C)° and Jp € Hg (X)(C). Thus

how (i Hg ™ () (R)hw (i) ' = Jo JpH " (X)(R)Jp ' I5!
= JoJg JpHg e (X)(R)J 5
= JpHg " (X)(R)J5" = Hg* (X)(R).
Therefore the conjugation by hy (i) yields a Cartan involution of Hgder()( )r. This

Cartan involution corresponds clearly to a Cartan involution on Hgad(é\f )R given by
the conjugation by ad(hw (i)). O

Let K be a maximal compact subgroup of Hg(X)g. Since all maximal compact
subgroups of a reductive group are conjugate, we assume without loss of generality
that K is the subgroup fixed by the Cartan involution obtained from conjugation by
hw (7). Let C((ad o h)(i)) denote the centralizer of (ad o 2)(7) in Hg*!(X).

LEMMA 1.12.

C((ad o h)()) = ad(K) = ad(K N Hg" (X)g).

Proof. One has clearly
C((ad o h)(i)) 2 ad(K) 2 ad(K N Hg ' (X)g).
Thus it remains to prove
C((ad 0 h)(i)) € ad(K N Hg" (X)z).

Since Hg™!(X)r and Hg" (X)g are isogenous, we have a correspondence between their
maximal compact subgroups. The maximal compact subgroups K¢ of real algebraic
reductive groups G are the subgroups of G satisfying

Ke={g9eG | 0(g9) =g}

for some Cartan involution 6 (follows from [12], I. Corollary 4.3 and Corollary 4.5).
Recall that the conjugation by h(i) yields a Cartan involution on Hg"(X)g and the
conjugation by (adoh) (i) yields a Cartan involution on Hg*® (X')g. Thus one concludes
that the centralizer of (ad o h)(i) is given by ad(K N Hg® (X)g). O

2. Computation of the adjoint Hodge group. In this section we prove the
following theorem:

THEOREM 2.1. The group Hg (X)g is isomorphic to PU(1,1) or Spai(4).
For the proof of Theorem 2.1 we need to understand K first:
LEMMA 2.2. The group K° is a torus or K = C(hw (i)).
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Proof. Since K is compact, K is reductive (see 1.3). One has without loss of
generality

K C C(hw(3)) =2 U(2).
If KV is a torus, we are done. Otherwise K° has a nontrivial semisimple subgroup
K9 C 0% (hyy (1)) 22 SU(2)

(see 1.1). Since SU(2) does not contain any simple proper subgroup, K9 =
C (hy(i)). From the facts that h(S') is not contained in C9(hy (7)), but con-
tained in Hg(X)r and commutes with hw (i) = h(—i), we conclude K = C(hw (7)) in
this case. O

LEMMA 2.3. The centralizer of C*(hy (7)) in Sp(H?(X,R), Q) is given by the
center Z(C(hw (7)) of C(hw (7).

Proof. Recall the description of C9* (hyy(i)) = SU(2) in Proposition 1.7 and the
description of SU(2) in Remark 1.8. Thus N € C9*(hyy (i))(R) is given by

a b0 0
-b a 0 O .

N = 0 0 a —b with |a|2 + |b|2 =1
0 0 b a

with respect to the basis {vs0,v12,v21,v0,3}. Now let
_(A B 3
M= (7 5 ) eSE X RLQ®)
commute with each N € C9 (hy(i))(R) for some suitable A4, B,C,D € GLy(C).

Thus M commutes with diag(i, —i,i, —i) and one computes that A, B, C, D are diag-
onal matrices. Moreover one has that M has to commute with

0 1.0 O
-1 0 0 O
N= 0 0 0 -1
0 01 0

From this fact and the assumptions that M is a real matrix and commutes with each
element of C4°*(hyy (i))(R), one concludes

z 0 gy O
. 0 z 0 -y
M= -y 0 z 0
0 v 0 =z
Moreover one computes that
z 0 —y O 00 0 —i z 0 gy 0
0 =z 0 y 0 0 — O 0 2 0 —y
t —
MEQM = y 0 z 0 0 ¢« 0 O -y 0 z O
0 -y 0 =z i 0 0 0 0 y 0 =z
0 —2iyz 0 ily|? —i|z|?
_ 2iyz 0 ily|? —i|z|? 0
- 0 —ily|? +ilz|? 0 —2iyz

—ily|? +i|z|? 0 2iyz 0
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Hence M € Sp(H?*(X,R),Q), only if y = 0 and |z| = 1. Thus M € Z(C(hw (i))). O
LEMMA 2.4. Hg(X)r cannot be compact.

Proof. Assume that Hg(X)g would be compact. Thus one concludes that
Hg(X)r = K is a torus or Hg(X)r = C(hw (7)) (see Lemma 2.2). In the first case
one concludes Hg(X)r € C(h(S')), which contains only 4 complex structures (see
Remark 1.5). In the second case the Cartan involution obtained from conjugation by
hx, (1) € C(hw (7)) fixes each element of the compact group Hg(X)(R) = C(hw (7))(R)
for each b € B. Hence each hx, (i) has to be contained in the center of C'(hw ()).
Note that Z(C(hw(7))) has only the two complex structures thy (). Thus in any
case h(i) = hu, (i) for each b € B, since the VHS is continuous and for each b € B
one obtains

H3*%(X,) C Eig(hx, (i), —i) = Big(hx (i), —i) = Span(vs,0,v1.2).
But this contradicts the fact that w(0) and V%W(O) generate F?(X), where w denotes
a generic section of the F3-bundle in the VHS (see [2]). O

Now we change for a moment to the language of semisimple adjoint Lie groups.
Connected semisimple adjoint Lie groups are direct products of their normal simple
subgroups (see [10], Lemma 1.3.8). The group Hg?!(X)(R)* is an example of a
connected semisimple adjoint Lie group.

PROPOSITION 2.5.  There does not exist any mnontrivial direct factor F of
Hg™ (X)(R)T such that

Z(K)(R)" C ker(prg o ad).

Proof. Assume that F is a direct factor of Hg*!(X)(R)* with
Z(K)(R)" C ker(prg o ad).

We show that F is trivial. Since Hg(X)r cannot be compact (see Lemma 2.4), the
maximal compact subgroup K associated to the Cartan involution obtained from
conjugation by h(i) is a proper subgroup. Thus A(i) is not contained in the center
of Hg(X)g. Since h(S')(R) is connected, h(S')(R) C Z(K)(R)*, which implies that
h(i) € Z(K)(R)*. Thus from our assumption we conclude that F is contained in
the maximal compact subgroup associated to the Cartan involution obtained from
conjugation by (ad o h)(i). Consider the projection map prp : Hg* (X)(R)t — F.
Since

(ad o h)(i) € G := ker(prp) C Hg™(X)(R)™,
one concludes that G is non-trivial semisimple adjoint. Note that
ker(prg) = F and Hg™(X)(R)* = F x G,

since connected semisimple adjoint Lie groups are direct products of thier normal
simple subgroups (see [10], Lemma 1.3.8). Let

F' = ker(prg o ad|ygae (x)®) " and G' = ker(prp o ad|ggaer (xym)) "
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Since Hg*!(X)r and Hg*"(X)g are isogenous, one concludes that F’ and G’ com-
mute. Since F’ is a semisimple group fixed by the Cartan involution obtained from
conjugation by h(i) and C9°*(h(i))(R) = SU(2)(R) contains no semisimple proper
subgroup, one concludes

F' = C (h(i))(R) or F' = {e}.

Only the torus Z(C(h(i))) commutes with C9°*(h(i)) (see Lemma 2.3). Thus from the
fact that G’ is nontrivial semisimple and commutes with F’, we conclude F’ = {e}.
Thus F' is trivial. 0

The connected semisimple adjoint Lie group Hg®(X)(R)T is a direct product
of connected simple adjoint subgroups. Let F' be one of these direct factors. The
maximal compact subgroup of Hg®!(X)(R)* is given by

ad(K(R)) N Hg™(X)(R)*

(follows from Lemma 1.12). Thus for the maximal compact subgroup Kr of F one
concludes that K. = (prr o ad)(K(R)T). Due to the fact that Z(K)(R)* is not
contained in ker(prr o ad) and not discrete as one concludes from Lemma 2.2, the
maximal compact subgroup K has a nondiscrete center. Since F' has a trivial center,
Kp # F and one concludes:

COROLLARY 2.6. The connected adjoint Lie group Hg*(X)(R)* is a direct prod-
uct of noncompact simple adjoint subgroups, whose maximal compact subgroups have
nondiscrete centers.

Note that each Hermitian symmetric domain is a direct product of irreducible
Hermitian symmetric domains (for the definition and more details about Hermitian
symmetric domains see [6]). If G is a connected simple adjoint noncompact Lie group
and K¢ is a maximal compact subgroup of G with nondiscrete center, the quotient
G /K¢ has the structure of a uniquely determined irreducible Hermitian symmetric
domain ([6], XIII. Theorem 6.1,). Hence one concludes from Corollary 2.6:

ProposITION 2.7. The quotient
D =Hg" (X)(R)* /ad(K (R)) N Hg™!(X)(R)*
has the structure of an Hermitian symmetric domain.

Since Hg(X)r C Sp(H?*(X,R),Q), the associated Hermitian symmetric domain
of Sp(H3(X,Q),Q)(R) is by and dimc hy = 3, the Hermitian symmetric domain D
has dimension 1, 2 or 3. By using these conditions, we obtain some candidates for
Hg™ (X)(R)T. Since these candidates are the Lie groups of real valued points of R-
algebraic semisimple adjoint groups, we obtain not only connected Lie groups, but
R-algebraic groups in our cases by using Lemma 1.2. Moreover we will exclude all of
these candidates except of the candidates stated in Theorem 2.1.

LEMMA 2.8. If D has dimension one, we obtain
Hg*(X)r = PU(1,1).
Proof. Assume that D has dimension one. By consulting the list of irreducible

Hermitian symmetric domains ([6], X, Table V), one concludes D = By. Thus from
the fact that there are no direct compact factors (see Corollary 2.6) one concludes

Hg*(X)g = PU(1,1). 0
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LEMMA 2.9. If D has dimension two, we obtain

Hg*(X)gr = PU(1,2), or Hg*(X)r = PU(1,1) x PU(1,1).

Proof. By consulting the list of irreducible Hermitian symmetric domains ([6], X,
Table V), the only possible Hermitian symmetric domains of dimension two are up
to isomorphisms given by B; x B; and B,. Thus we obtain the stated result. O

LEMMA 2.10. One obtains Hg(X) = Sp(H?*(X,Q),Q), if D has the dimension 3.

Proof. We show that hs contains no bounded symmetric domain of dimension 3
except of itself. In order to do this we check the list of Hermitian Symmetric Domains
(compare [6], X, Table V). The domain D cannot be the direct product of 3 copies of
B4, since in this case the centralizer of (ad o hx)(i) would be a torus of dimension 3.
But the centralizer of hx (7) is isomorphic to U(2), which contains a maximal torus of
dimension 2. Since each point p € B; x B has a centralizer S* x U(2) of dimension 5
and C(h(i)) = U(2) has dimension 4, one concludes that D cannot be isomorphic to
B; x By. In the case of B3 the stabilizer is U(3) and hence it is to large. The same
holds true in the case of SO*(6)/U(3). Moreover the associated bounded symmetric
domain of SO(2,3)™(R) is isomorphic to h2. Thus we obtain the stated result. O

By the previous lemmas, the following adjoint semisimple groups are possible
candidates for Hg™!(X)g:

PU(1,1), PU(1,1) x PU(1,1), PU(1,2), Spai(4).
Now we exclude PU(1,2) and PU(1,1) x PU(1,1).

PROPOSITION 2.11. The group Hg* (X)g cannot be isomorphic to PU(1,2).

Proof. Assume that Hg™!(X)g would be isomorphic to PU(1,2). In this case the
centralizer C((adoh)(i)) C Hg (X)g of the complex structure (adoh)(4) is isomorphic
to U(2). Hence C((adoh)(i)) has dimension 4. One has that C((adoh)(i)) is isogenous
to C(h(i)) NHg**" (X)g. Since C(h(i)) has already dimension 4 and h(S') ¢ C(h(i)),
one concludes

O(h(i)) € Hg™ (X)z and Hg® (A)z = Hg(A)s.
Note that
Cd°r(h(i)) = SU(2).
Moreover ad yields a homomorphism
g = ad|gder () C°r(h(i)) — C(ad o h(i)),
whose kernel consists of {£id}. Since
Cr(n(i))/{+id} = PU(2)

is semisimple, one has

(g(C (h(i))) " = g(CU" (h(0)))-
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Hence
g(C¥(h(i))) € C¥(ad o h(i)) = SU(2).
Recall that

«Q

a
SUC)®) = (e i) = (% 5 ) lal 4152 = 11
Each matrix M («, 8) € SU(2)(R) with « € iR has the characteristic polynomial
2 +1=(z—i)(z+1i),

which implies that M(a,3) is a complex structure. Therefore C9(h(i))(R) =
SU(2)(R) contains infinitely many complex structures. Since ker(g) = {£id}, all these
complex structures are mapped to infinitely many elements of order 2 in C4¢* (adoh(i)).
Since each 2 x 2 matrix M of order 2 has a minimal polynomial dividing the polynomial
22 — 1, the matrix M is either given by diag(—1,—1) or one has an eigenspace with
respect to 1 and one eigenspace with respect to —1. In the second case det(M) = —1.
Thus diag(—1,—1) is the only element of order 2 in SU(2)(R). On the other hand
there are infinitely many complex structures in C9*(h(4))(R), which are mapped by
g to infinitely many elements of order 2 in C((ad o h)(7))(R) = SU(2)(R). Thus we
have a contradiction. O

Let H denote the centralizer of hg(i)hw (i) in Sp(H?(X,R), Q). Note that
hG(l)hW(l) = diag(_la _15 17 1)

with respect to the basis {vs0,v0,3,v21,v1,2}. Thus H(R) is given by the matrices

with < Z)(fl i)eSU(l,l)(R)

with respect to the basis {vs,0,v0,3,v21,v1,2}. One can easily verify this fact by
explicit computations using the description of the symplectic form @ in (1). The
group H will play an important role due to the following lemma:

(3) M=

o O TR

o O Qo

Lo OO
L O O
N Q

o

LEMMA 2.12. The group Hg(X)r cannot be a subgroup of H.

Proof. Assume that Hg(X)g would be a subgroup of H. Since for each b € B the
conjugation by hy (i), yields a Cartan involution of Sp(H?(X,R), @), which can be
restricted to an involution of H in this case, the conjugation by hyw (i), yields a Cartan
involution of H (compare [12], I. Theorem 4.2). Due to the fact H = SU(1,1) x
SU(1,1), the corresponding maximal compact subgroup is a torus of dimension 2
containing hy(S'). By Remark 1.5, the centralizer C(hy(S')) is already a torus of
dimension 2. Hence

hg(i)b S C(hb(Sl)) C H.

Thus from the description of H in (3) and the fact that hg(i)p, hw (i) € H are real
complex structures, one concludes that

Eig(hg(i)p,7) = Span(vi,vs), Eig(hw (i)y,4) = Span(ve, v4)
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with
(4) v1, v € Span(vs 0, v0,3), U3,Vs € Span(va 1, v1,2).
For each b € B one has the onedimensional vector space
H>(Xy) = Eig(h(i)s,7) N Eig(hw (i)s, 7).

Hence {v1,...,v4} is not linearly independent and one concludes from the descrip-
tion of H in (4) that H*°(X}) is either contained in Span(vs,,vo3) or contained in
Span(ve,1,v1,2).2 Since the period map is continuous, one has for each b € B

H?”O(Xb) C Span(vs,g,v0,3)-

This contradicts the fact that w(0) and V%w(O) generate F%(X), where w denotes

a generic section of the F3-bundle in the VHS (see [2]). Thus Hg(X)gr cannot be a
subgroup of H. O

PROPOSITION 2.13. One cannot have

Hg™ (X)r = PU(1,1) x PU(1,1).

Proof. Assume that Hg?!(X)r = PU(1,1) x PU(1,1). Without loss of generality
the only possible Cartan involution of PU(1,1) x PU(1, 1) is given by the conjugation
by

([diag(i, —i)], [diag(i, —i)]) € PU(1,1) x PU(1,1).

Moreover in Hg*!(X)r = PU(1,1) x PU(1,1) the maximal compact subgroup of ele-
ments fixed by the Cartan involution is given by a torus of dimension 2. Thus there
is a torus 7' C Hg" (X)g of dimension two, whose elements are fixed by the Cartan
involution. Assume without loss of generality that the Cartan involution of Hgder(é\f )R
is obtained from conjugation by h(7). Thus T is a maximal torus of C(h(7)) = U(2),
since T" has dimension 2. Therefore the center of Hg(X )y is discrete and one concludes

from 1.1 that
Hg ' (X)z = Hg(X)z.

From the fact that each element of h(S') commutes with h(i), one concludes h(S') C
T. Since T is a torus of dimension 2 containing h(S*), one concludes from Remark
1.5 that T = C(h(S')). Thus hg(i) € T and hg(S') C T. Note that hg(i) cannot
be contained in the center of Hg(X)g, since hg(i) € Z(Hg(X)r) would imply that
ha(SY) € Z(Hg(X)r) as one can easily conclude from the fact that

ha(SY)(R) = {a-id +b-ha(i) | o +b* =1}.

This contradicts our conclusion that Z(Hg(X)r) is discrete. Since hg (i) has order 4
and

ha(i)? = —id € ker(ad),

3This is only an exercise in linear algebra.
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one concludes that ad(hg(i)) yields an element of order two in ad(7T). Note that
ad(T") has only the three elements

([diag(ia 71‘)]’ [diag(la 1)]); ([diag(ia 71‘)]’ [diag(ia *Z)]) and ([diag(la 1)]; [diag(ia *Z)])

of order 2. Thus we have two cases: In the first case ad(h¢(7)) is without loss of
generality given by

([diag(ia 71‘)]’ [diag(la 1)])

Let pr; (i = 1,2) denote the projection of Hg*!(X)g = PU(1,1) x PU(1,1) to the
respective copy of PU(1,1). One has that Hg(X)g contains ker(prioad)® and ker(prqo
ad)?. Since the groups Hg™!(X)g and Hg (X)r = Hg(X)g are isogenous, ker(pr o
ad)? and ker(prq o ad)? are also isogenous to PU(1,1) and commute also. Moreover
since Hg™!(X)g and Hg(X)g are isogenous, (Hg(X)r N C(ha(i)))° is also isogenous
to C((ad o hg)(4)). Since ker(pri) commutes with ad(hg(i)), one concludes that
ker(pry o ad)? is a nontrivial simple subgroup of C(hg(i)). Since the only nontrivial
simple subgroup of C(hg(i)) is C*(hg(i)), one gets

ker(pri o ad)? = C (hg ().
By analogue arguments, one concludes
ker(pry 0 ad)® C H := C(hg(i)hw (i)).

We obtain the desired contradiction by showing that ker(pry o ad)? and ker(prs o ad)?
cannot commute here. One has that C4°"(hg(i))(R) is given by matrices of the form

My = with |a)? — 8] =1

(=R Ryl
™ O Qo
o Qo™
S owo

with respect to the basis

{Us,o, V0,3, V2,1, U1,2}

as the reader can easily verify by the description of C'(h¢(4))(R) = U(1,1) in Propo-
sition 1.6 and the description of SU(1,1) in Remark 1.8. Moreover by explicit com-
putations using (3), one checks that in H(R) only the diagonal matrices of the kind
diag(¢, €, €, €) commute with each element of C9°"(hg(i))(R). This contradicts our
previous conclusion that H contains a subgroup isogenous to PU(1,1), which com-
mutes with C9(hg(i))(R). Hence the first case cannot hold true.

In the second case ad(hg (%)) is given by

([diag(ia *Z‘)]a [diag(ia *Z)]) € PU(]-v 1) X PU(]-a 1)
This implies that Hgd"(X) = Hg(X)r is contained in the subgroup of
Sp(H?(X,R), Q) on which both involutions obtained from conjugation by hyy (i) and
ha (i) coincide. One has that

hw (i) = diag(i, —i, —i,7) and hg(i) = diag(i, —i,14, —17)
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with respect to the basis

{’03,0, V0,3, V2,1, U1,2}~

Thus H is the subgroup of Sp(H?(X,R)) on which both involutions obtained from
conjugation by hw (i) and hg(i) coincide as one can easily compute by using the
description of H in (3). But by Lemma 2.12, the group H cannot contain Hg(X)g.
Thus the second case cannot occur. O

3. The case of a onedimensional period domain. In this section we will
assume that the period domain D has dimension 1 unless stated otherwise. In the
previous section we saw that Hg?!(X)g = PU(1,1), if D = 1. Since

Hg(X) = (SL(H?(X,Q)) N\ MT(x))°
(follows from [10], Lemma 1.3.17), one concludes
Hg*(x) = MT*(x).

Recall the definition of Shimura data:

DEFINITION 3.1. Let G be a reductive Q-algebraic group and h : S — Gg be a
homomorphism. Then the pair (G, h) is a Shimura datum, if:
1. The group G*? has no nontrivial direct compact factor over Q.
2. The conjugation by h(7) is a Cartan involution.
3. The representation ad o h of S on Lie(Gr) is a Hodge structure of type

(1,-1),(0,0), (=1,1).

We will show that the pair (MT(X), hx) is a Shimura datum. Moreover we will
determine the center of Hg(X)r and Hg(X)r in the case of a nondiscrete center. In
addition we describe the monodromy in the latter case and give some examples.

PROPOSITION 3.2.  The center of Hg(X)(R) is given by diagonal matrices
diag(¢,&,€,&) for |€] = 1 with respect to the basis {vs,v21,v1,2,V0,3}

Proof. Each element Z in the center of Hg(X)(R) commutes in particular
with hx(S1)(R). This holds only true, if Z is a diagonal matrix with respect to
{v3,0,v2,1,v1,2,v0,3} as the conjugation by elements of h(S!)(R) in Remark 1.4 shows.
The subgroup of the matrices in Sp(H?(X,R),Q), which are diagonal with respect
to {vs.0,v2,1,v1,2,v0,3}, is contained in C(hw (1)) = U(2) and therefore compact. By
Lemma 2.4, the group Hg(X)r cannot be compact. Thus Hg(X)g contains elements,
which are not given by diagonal matrices with respect to {vs g, v21,v1,2,v0,3}. Since
Z has to be real and to commute with the matrices in Hg(X')(R), which are not
diagonal, one concludes that

Z = idlag(ga ]-a 175); Z = idlag(lafaga 1);

Z:dlag(é,f,é_,é_) or Z:dla’g(gagagag)

with respect to the basis {11370, V2.1, V12,003 . Moreover one has |£| = 1, since Z'QZ =
Q. For Z = +diag(¢, 1,1, &) with € # £1 the centralizer C(Z) of Z in Sp(H?(X,R), Q)
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is given by the group of matrices

¢ 0 0 0
(5) M= 8 %g 8 wquz1wd(% g)eW@U
00 0 ¢

as one concludes by computations using (1). Thus one concludes that C(Z) C H from
the description of H in (3). B
Moreover for Z = +diag(1,&, £, 1) with £ # £1 the centralizer C(Z) is given by

mm|Q1am_<g §>esan,

o o R
S Oy O
Oy O O
Qo o

which is also a subgroup of H as one concludes from analogue arguments. By Lemma
2.12, the group Hg(X)gr cannot be a subgroup of H. Since the matrices of the form

+diag(é,1,1,€), +diag(1,6,,1) with € # %1

have centralizers contained in H, these matrices are not contained in the center of
Hg(X)r.
One can also not have that

Z = +diag(1,~1,~1,1) € Z(Hg(X)g),

too, since in this case the centralizer of Z in Sp(H?(X,R), Q) is H.
Hence one has

Z = diag(£,&,£,€) or Z =diag(¢,§,€,8).

The matrix diag(¢, &, €, €) commutes only with elements in C(hx (i) & U(2), if ¢ #
+1. Recall that U(2) is compact. Moreover

diag(¢,¢,&,€) = diag(¢,€,€,9)

for £ = £1. Again we use the fact that Hg(X)r cannot be compact and conclude that
Z = dlag(ga fa ga 5) a

Since

and hx(—1) = —Ej, one concludes from the previous proposition:
COROLLARY 3.3. The kernel of the representation ad o h consists of {£1}.
COROLLARY 3.4. One has Hg(X)r = C(hg(i)), if and only if Hg(X)r has a
nondiscrete center.

Proof. Due to the fact that C(hg(i)) = U(1,1) has a nondiscrete center, it is
clear that Hg(X)r has a nondiscrete center, if Hg(X)r = C(hg(i)). Conversely, if
the center Z(Hg(X)r) is nondiscrete, dim Z(Hg(X)gr) > 1 Moreover the R-valued
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points of Z(Hg(X)gr) are a subgroup of the group of diagonal matrices diag(¢, &, €, €)
for €] = 1 with respect to the basis {vs,0,v2,1,v1,2,v0,3} (see Proposition 3.2). Since
the latter group is given by the onedimensional group hg(S1)(R), one concludes that
Z(Hg(X)r) 2 ha(S'). Thus Hg(X)r € C(ha(S')). Recall that reductive groups
are almost direct products of their centers and their derived subgroups (see 1.1).
Moreover note that Hg(X)r cannot commutative. Otherwise it would be a subgroup
of the compact torus

C(h(S)) 2= §* x S

(compare Remark 1.2), which contradicts the fact that Hg(X)r cannot be compact
(see Lemma 2.4). Thus Hg(X)g has a nontrivial derived subgroup. Due to the fact
that

CU (ha(Sh)) = C4 (ha(i) 2 SU(1,1)

contains no semisimple proper subgroup and does not contain hg(S*), one concludes
Hg(X)r = C(he(i). O

PROPOSITION 3.5. The pair (MT(X), hx) is a Shimura datum, if D = B;.

Proof. By our previous results and assumptions,
MT*(X)p = Hg (X)r = PU(1,1).

Thus MT*?(X) is simple and noncompact. Moreover ad(h(i)) yields a Cartan invo-
lution (see Lemma 1.11). Due to the fact that the conjugation by a diagonal matrix
diag(a,...,a) is the identity map, the weight homomorphism of the Hodge struc-
ture adyip(), © b is given by G, g — {e}. Thus the Hodge structure adyir(xy, o h
has weight zero and all characters of the representation adyr(x), © h are given by
(2/z)F with k € Z. By Corollary 3.3, the kernel of ad o h|g1 consists of {£1}. Since
dim(MTad(é\f)R) = 3, this implies that the representation adyp(x), o h is a Hodge
structure of type (1,—1),(0,0),(—1,1). Thus we have a Shimura datum as claimed. O

The variation V of weight 3 Hodge structures of a nonisotrivial family ) — Z of
Calabi-Yau 3-manifolds has an underlying local system Vz corresponding to an up to
conjugation unique monodromy representation

p:m(2,2) = GL(H3(Y.,Z)).

Let YV, = X. The algebraic group Mono(y) denotes the connected component of
identity of the Zariski closure of p(m1(Z, z)) in GL(H?(X,Q)). The group Mon®(Y) is
a normal subgroup of MT" (), if Z is a connected complex algebraic manifold (see
[9], Theorem 1.4). Since MT"()) = Hg®" () (follows from [10], Corollary 1.3.19)
and Sp(H?(X,Q), Q) is simple, one concludes:

ProposiTiON 3.6. If Vz has an infinite monodromy group, Z is a connected
complex algebraic manifold, Y, = X and

Hg(Y) = Sp(H*(X,Q), Q),

one has also

Mon®(Y) = Sp(H*(X,Q), Q).
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Consider the Kuranishi family X — B of X and the period map
p: B — Grass(H?(X,C),b3(X)/2)
associating to each b € B the subspace
F*(H3(X,,C)) C H3(X,,C) = H3(Xp,C) = H3(X,C)

as described in [14], Chapter 10. We say that F?(H?)p is constant, if the period map
p : B — Grass(H?(X,C),b3(X)/2) is constant. Moreover recall that Y — Z is a
maximal family of Calabi-Yau 3-manifolds, if Z can be covered by open subsets U
such that each )y is isomorphic to a Kuranishi family.

THEOREM 3.7. Assume that Z is a connected complex algebraic manifold and
f Y — Zis a mazimal family of Calabi-Yau 3-manifolds with Y, = X and an
infinite monodromy group. Then the following statements are equivalent:
1. One has that F%(H3)p is constant.
2. The monodromy representation p of R f,Q satisfies

p(V)(F?(H*(X,C))) = F*(H*(X,C)) (Vy € m(Z,2)).
3. One has

Hg(V)r = C(ha(i)).

Proof. In [11], Section 2, we have seen that (1) implies (2).
In the case of (2) we assume that

p(N(F*(H*(X,C))) = F*(H*(X,C)) and p(7)(H*(X,R)) = H*(X,R) (V7 € m(Z,2)).

Hence one has also that

p(MN(F2(H?(X,C))) = F2(H3(X,C)) (Vy € m(Z,2)).

Thus one concludes that he(S') commutes with Mon”()). Hence Mon’(Y)g is a
semisimple group contained in the simple group C4°*(h¢(i)) = SU(1,1). This implies
that C9°"(hg(i)) = Mon®())g. Since Hg*!(Y) = Hg™!(X) is simple by Theorem 2.1,
we conclude

O (hg(i)) = Mon”(V)r = Hg" (¥)r

from the fact that Mon®())g is a normal subgroup of Hg%*" (X)r. Due to the fact that
h(S') is not contained in C9*(hg(i)), the reductive group Hg(X)g has a nontrivial
center. Thus from Corollary 3.4, we conclude (3).

Now assume that Hg(X)r = C(hg(é)). In this case hg(i) commutes with the
elements of hy(S*)(R) for each b € B. Hence hg(S!) is contained in C(hy(S1)).
Due to the fact that C(hy(S1)) contains only the complex structures +hy (i), and
+he(i)p (see Remark 1.5), one concludes hg (i) = hg (i), from the fact that the VHS
is continuous. In other terms F?(H3)p is constant. O

ExaMPLE 3.8. We consider an example, which ocurs in [10], 11.3.11. Let £ —
P!\ {0,1, 00} denote the family of elliptic curves

P2 5 V(y?z — z(z — 2)(z — X2)) = XA € PY\ {0, 1, 00}
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with involution tg given by y — —y over P\ {0, 1, 00}. Moreover there is a K3 surface
S with involution ¢g such that

LS|H1v1(S) =id and LS|H2f0(S)EBH0v2(S) = —id.

By blowing up the singular sections of the family £ x S/{(tg,ts)) over P\ {0,1, 00},
one obtains a family Y of Calabi-Yau 3-manifolds. The Hodge numbers are given by
At =61 and A% = 1.

It is a well-known fact that the family £ has a locally injective period map to the
upper half plane. By [10], Example 1.6.9,

F3(H?(Y\,C)) = H**(S) @ H"Y(&£\) and F?(H?*(Yy,C)) = H*°(S) @ H*(Ey,C).

Thus the F2-bundle in the VHS of ) is constant and one concludes that ) a maximal
family from the fact that the period map associated with the F3-bundle is locally
injective. By Theorem 3.7, one concludes Hg(Y)r = C(ha(4)).

REMARK 3.9. For the proof that (3) = (1) in Theorem 3.7 one does not need the
assumption that the base is algebraic. It is sufficient to consider the local universal
deformation. Thus from [11], Section 2 one concludes that X cannot occur as a fiber
of a family with maximally unipotent monodromy, if Hg(X)r = C(hg(i)).

EXAMPLE 3.10. In [11] one finds an example of a Calabi-Yau 3-manifold X with
Hodge numbers h*1(X) = 1 and k"1 (X) = 73. The manifold X has an automorphism
« of degree 3, which extends to an automorphism of X over B and acts by a primitive
cubic root of unity on F2(H?3(X,C)). Since « yields an isometry of the Hodge struc-
ture of each fiber, the generic Hodge group is contained in the centralizer C'(«) of « in
Sp(H?(X,Q),Q). By [11], Lemma 3.4, one has a description of C'(a)g coinciding with
the description of C(h¢(i)) in Proposition 1.6. Hence C(a)r = C(hg(2)). Due to the
fact that C9°"(hg (7)) does not contain any proper simple subgroup and Hg*" (X)g is
a nontrivial simple subgroup of C4*(hg(i)), one concludes Hg(X)r = C(hg(i)).

4. The third case. Recall that K denotes a maximal compact subgroup of
Hg(X)r and that

D = Hg"(X)(R)/ad(K (R))

is a Hermitian symmetric domain (see Proposition 2.7). For D = B; we have seen
that Hg(X)r = C(hg(i)), if and only if Hg(X') has a nondiscrete center (see Corollary
3.4). In Section 2 we have seen that

Hg*(X) = Sp™(H*(X,Q),Q) or Hg*!(X)g =PU(1,1).

It remains to consider the third case that Hg(X') has a discrete center and D = B;.

Thus assume that Hg(X') is simple and has dimension 3. We will study Hg(X)g by

computing its Lie algebra in this case. Let us start with the following observation:
Recall that GSp(H?(X,R), Q) is given by the matrices M € H3(X,R) with

M'QM = rQ for some r € R.

Moreover recall that each representation of S on a real vector space V is a Hodge
structure by the decomposition of V¢ into the eigenspaces with respect to the char-
acters zPz? for p,q € Z (see [4], 1.1.1). The conjugation by each diagonal matrix
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diag(a,a,a,a) € h(S)(R) fixes each element of GSp(H?3(X,R),Q). Thus the weight
homomorphism

adasp(rs(x,R),Q) © how

is given by G,,r — {e} and the Hodge structure adgsp(ms(x,r),qQ) © b is of weight
zero. Therefore the algebra Lie(GSp(H?(X,R),Q))c decomposes into eigenspaces
with respect to the characters (z/2)* for k € Z.

4.1. Now we compute the eigenspace decomposition of Lie(Sp(H?3(X,R),Q))
with respect to the representation (adSp(H3(X,R),Q) o hx) of S'. This description is
obtained from the following facts: Each of the following 3-dimensional subgroups of
Sp(H3(X,R), Q) given with respect to the basis {vs 0, v21,v1,2,v03} contains an 1-
dimensional subgroup on which h(S') acts trivially by conjugation. Moreover the
kernel of the respective restricted adjoint representation on the respective Lie algebra
can be obtained from the description of the conjugation by elements of h(S!) in
Remark 1.4. This allows us to determine the characters of the respective restricted
adjoint representation, since we have only characters of the type (z/2)* for k € Z as
we have seen above. Since

10 = dim Sp(H3(X,R), Q),

one checks easily that one can find a basis of eigenvectors by the computations below:
e The centralizer C'(h(S1)) is a twodimensional torus (see Remark 1.5), which
yields a corresponding twodimensional eigenspace with character 1.
e The group C% (hy(i)) is given by the matrices

a 0 B 0
_ 0 a 0 -p . 2 a2 _
M= 50 a 0 with |a]* —|8]° =1
0 B 0 «

(this follows from Proposition 1.7 and Remark 1.8). The complexified Lie
algebra of C9°*(hy,(i)) has an eigenspace with character (z/2z)? and an
eigenspace with character (z/z)?.

e The group C9(hg(i)) is given by the matrices

with |a|? — |8 =1

|
[=Neeyie]
oo Q™

™ RO o
O o o

(this follows from Proposition 1.6 and Remark 1.8). The complexified Lie
algebra of C9°*(hg (7)) has an eigenspace with character Z/z and an eigenspace
with character z/z.

e By explicit computations using the definition of @ (see (1)), one can easily
check that the group C'G given by the matrices

with det(M) =1

o QI O
= o O O

oo O+
oS R O
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is a subgroup of Sp(H?(X,R), Q). The complexified Lie algebra of the group
CG has an eigenspace with character zZ/z and an eigenspace with character
z/z.

e By explicit computations using the definition of @ (see (1)), one can easily
check that the group given by the matrices

with det(M) =1

RO O Q
oo~ O
or oo
Qoo™

is a subgroup of Sp(H?3(X,R), Q). The complexified Lie algebra of this group
has an eigenspace with character (z/z)3 and an eigenspace with character

(2/2)°.

From now on we make computations with respect to the basis {vs,0,v2,1,v1,2,v0,3}-
The Lie algebra of Hg(X)r contains clearly the vector space

Lie(hx (S')) = Spang(diag(3i, i, —i, —3i)).

Recall that the representation ad o hx of S on Lie(Hg(X)) is a weight zero Hodge
structure of type (1, —1), (0,0), (—1,1) (follows from Proposition 3.5) and the maximal
torus of the 3-dimensional simple group Hg(X)g has dimension 1. The direct sum of
the eigenspaces with the characters 1, z/z and Z/z coincides with

Lie(C%* (hg(i)))c ® Lie(CG)c
as one concludes from 4.1. Hence

Lie(Hg(X)) C Lie(C" (hg(i))) @ Lie(CQ).

Moreover recall that Lie(Hg(X)r) 2 su(1,1), where

i 0 0 1 0
5u(1,1)—SpanR(H,X,Y)forH—(0 i)’X_(l 0),Y—( . 0)
(compare Remark 1.9). One computes easily that

[H,X]=2Y, [Y,H|=2X, [YV,X]|=2H.

Moreover H generates the Lie subalgebra of a maximal torus of Hg(X')g with respect
to the identification above. Thus Span(H) = Lie(hx (S')). Since

[H, X —iY] =2V +2iX = 2i(X —iY) and [H,X +iY] =2V —2iX = —2i(X —iY),

the vector space Spang(X,Y) has a basis of eigenvectors with respect to ad(H).
Therefore each M € Spang(X,Y’) C Lie(Hg(X)) has the form

€ Lie(CU (hg(4))) + Lie(CG),

O O *x O
O ¥ O *
* O % O
O ¥ O O
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where CG was introduced in 4.1. The explicit descriptions of C9*(hg(i)) and CG in
4.1 and the explicit description of SU(1, 1) in Remark 1.8, yield natural isomorphisms

Cr(hg(i)) = CG = SU(1,1).

Thus from the explicit description of su(1,1) in Remark 1.9, we conclude

0 = 0 O
|z 0 y O
M= 0 4 0 =
0 0z O

for some z,y € C. One has an M € Lie(Hg(X)) with z # 0. Otherwise one would
have

0000 0 0 00
0010 0 0 i 0 .

M=l 1 00| M=|0o = oo |€HeH),
0000 0 0 00

since dim Spang (X,Y’) = 2. This implies
[N1, N = diag(0, —2i,2i,0) # 0.

But this cannot hold true, since Spang(diag(3i,4, —i, —3i)) is the subvector space of
diagonal matrices in Lie(Hg(X)r). Moreover one has

0O = 0 O 0 0 0 O 0 0 xz 0

z 0 y O 0 0 =z O _ 0 Yz — 2y 0 2T .

05 02 |'lozo0o0l|T| 22 o gi-z o |FLeHs)
0 0 z O 0 0 0 O 0 Tz 0 0

for z, z # 0. Hence we conclude:

PROPOSITION 4.2. Assume that Hg™ (X)r = PU(1,1) and Hg(X) has a discrete
center. Then for some x,y € C we have

3% 0 0 0 01 0 0 0 +« 0 O
. . 0 ¢ O 0 1 0 = O - 0 y 0
Lie(Hg(X)) =Spanz(| o o _; ¢ || 0oz 0 1 || o 5 0 ]
0 0 0 =3 0 0 1 0 0 0 —¢ O
Now we determine the possible choices of z,y € C:
0 ¢+« 0 O 01 0 O
—1 1
(6) ) (2 y 0 , 9 z 0
0 v 0 =1 0z 0 1
0 0 —2 O 0 0 1 0
2i 0 iz —y 0
. 0 —2i+2z2y —2ay 0 Yy — T
| gtz 0 20+ xy — Ty 0
0 T — 0 —2i

Hence one obtains

ir—y=0&iz=y< Y@y =Rx), Ry)=-).
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Thus the matrix on the right hand side of (6) is contained in Span(diag(3i, i, —i, —31))
and for the second entry in the second column we obtain

2 8
—2i+ Ty —xY = -1 = TY — Y = <.
1+ Yy — Y 32 Ty — Y 31
We have independent of the choice of x and y that
R(zy — 2y) = R(zy —Ty) =0
The previous equations imply:

S Sy - 29) = ~S@RE) + R@)SW) + R@)S) - SERE)

3
= 2R(x)? + 23(x)? = 2|z|*

By using iz = y, we compute

0 2 0 O 3t 0 0 0 0 2 0 O
- 0 y O 0 ¢« O 0 1 2 0 2z 0
0Oy 0 4’1 0 0 -1 0 |02z 0 2
0 0 — 0 0 0 0 =3 0 0 2 0
3% 0 O 0 01 0 O 0 2 0 0
and 0 2 O 0 1 0 2 O | =20 0 2y O
0 0 -1 0 | 0z 0 1 0 2y 0 24
00 0 -3 0 01 0 0 0 -2 0

By the same arguments as in the proof of Lemma 1.2, we conclude that a Lie
subgroup of GL,(R) isomorphic to SU(1,1)(R) is the group of R-valued points of a
group isomorphic to SU(1,1). Note that that the center of SU(1,1) consists of {£1}.
Since for each z € C with |z| = % there is a Lie algebra isomorphic to su(1,1),

which has an associated subgroup of GL(H?(X,R)) with center consisting of {1},
we conclude:

PROPOSITION 4.3. For each x € C with |z| = % there is a simple R-algebraic
subgroup
Gz C Sp(H’(X,R), Q)
isomorphic to SLg(2) such that h(S') C G,.

COROLLARY 4.4. In the third case we have
Hg(X)r = SLg(2)

and all representations of generic Hodge groups of third type on H3(X,R) are iso-
morphic.

We will see that in the third case the representation of Hg(X)r on H?(X,R) is
isomorphic to the natural representation of SLg(2) on Sym®(R?) later.

LEMMA 4.5. FEach unipotent matriz in G, has a Jordan block of length > 3.
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Proof. A unipotent matrix in G, whose Jordan blocks have the maximal length
2, would correspond to a matrix M € Lie(G), whose square is zero. One has that

2

a3i c+bi 0 0
N a2 | el at cx + by 0 B
(mi ;) = M" = 0 ck+by —ai  c+bi =0
0 0 c—bi —3ai

with a, b, c € R is satisfied, only if
mi.2 = 4ai(c+ bi) = 0.

Hence a = 0 or ¢+ bi = 0. The reader checks easily that M? cannot be zero in either
case with the exception given by M = 0. 0

EXAMPLE 4.6. In [5] there is a list of explicitly computed examples of variations
of Hodge structures of families ) — P!\ {0,1,00} of Calabi-Yau 3-manifolds with
1-dimensional complex moduli. Note that each of these variations has a monodromy
group containing a unipotent matrix, which has only Jordan blocks of length < 2.
Due to the fact that Mon®()) C Hg()), we conclude from Lemma 4.5 that there
is no z with |z| = % such that Hg(Y)r = G,. Moreover each example in [5] has
maximally unipotent monodromy. Thus we are not in the case Hg(Y)r = C(h¢ (7))
for these examples. Therefore the examples of [5] have a generic Hodge group given
by Sp(H3(Y,Q),Q), where Y denotes an arbitrary fiber of the respective family ).

It would be very nice to find an example for the third case Hg(X)r = G,. At
present there is no example of a family of Calabi-Yau manifolds with 1-dimensional
complex moduli known to the author, which satisfies the third case. Nevertheless one
finds a Calabi-Yau like variation of Hodge structures of third case, which arises in
a natural way over a curve as we will see now(for the definition see 4.10. For this
example one uses the construction of C. Borcea [1]:

CONSTRUCTION 4.7. Let Eq, Eo, E3 be elliptic curves with involutions t1,ts, L3
such that E;j/1; 2 P. The singular variety

FE1 x Ey X E3/<(L17L2)7 (L27L3)>

yields a Calabi-Yau 3-manifold C' by blowing up the singularities. The isomorphism
class of C depends on the choice of the sequence of blowing ups. Nevertheless the
Hodge structure on H3(C,Z) does not depend on the choice of this sequence and is
given by the tensor product

H?*(C,C) = H'(E,,C) ® H'(E>,C) ® H'(E3,C)

of the respective Hodge structures.
Let f1 : € — AY\ {0,1} denote the family of elliptic curves given by

P2 D V(y?z = x(z — 2)(x — \2)) = A € A1\ {0, 1}.

By using the involution of € over A\ {0,1} and three copies of € — A\ {0,1}, one
can give a relative version of the previous construction. Let f3 : C — (A \ {0,1})3
denote a family obtained by this relative version of C. Borcea’s construction.
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Recall that a Calabi-Yau 3-manifold X has complex multiplication (CM), if the
Hodge group Hg(H3(X,Q),h) is a torus. For Hg(X)r = C(hg(i)) the pair is a
Shimura datum (see Proposition 3.5). Thus we have a dense set of CM fibers.*
But in this case one cannot have maximally unipotent monodromy (see Remark 3.9).
Moreover for Hg(X') = Sp(H?(X,Q), Q) the associated Hermitian symmetric domain
has a dimension larger than the dimension of the basis. For this case one conjectures
that only finitely many C'M fibers occur. Hence for families of Calabi-Yau 3-manifolds
with onedimensional complex moduli it is feasible to concjecture that the existence
of infinitely many nonisomorphic C'M fibers and maximally unipotent monodromy
exclude each other. This does not hold true for Calabi-Yau 3-manifolds with higher
dimensional complex moduli, since the family f3 : C — (A \ {0,1})3 has maximally
unipotent monodromy and a dense set of C'M fibers:

REMARK 4.8. Let A* denote the punctured disc. One finds a neighbourhood
U of the point (0,0,0) € A3 such that C is locally defined over (A*)?> C U. Let
D1, D2, D3 denote the irreducible components of the complement of (A*)3 C U and
7; denote a closed path given by a loop around D;. The family f; : £ — A\ {0,1}
of elliptic curves has unipotent monodromy around 0 with

p(7)=((1) f)

with respect to a basis {a,b} (follows from the computations in [10], Section 3.3).
Thus one computes easily that

0 2t 2 0 2r 0 0 O
0 0 0 28 0 2r 0 O
0O 0 0 22 0 0 2r O
o 0o 0 o0 o 0 0 2r
Nr,s,t :rlogp(’yl)Jrslogp(’yg)thlogp(’yg) = 0 0 0 0 0 2%  2s 0
o 0o 0 0 0 0 0 2s
o 0 0 0 0o 0 0 2t
o 0 0 0O 0 o0 0 O

with respect to the basis

B={a1®a®a3, a1®@az; @bz, a1 @by ®az, a1 ® by ® bz,
b1 ®as ®az, by ®as b3, b1 Wby ®@az, by @by @ bs}.

By analogue computations, one gets the same result for all maximal-depth normal
crossing points of (A!\ {0,1})3. Thus the family C — (A!\ {0,1}) has maximally
unipotent monodromy around each maximal-depth normal crossing point (for the
definition of maximally unipotent monodromy see [8]). Moreover C' has CM, if and
only if Eq, Fs, E5 have CM as complex tori (see [1], Proposition 3.1). Since it is a
well-known fact that £ has a dense set of fibers £y such that £, has CM, one concludes
that C has a dense set of CM fibers.

Now we come to the Calabi-Yau like VHS of third type. Let A C (A\ {0,1})3
be the diagonal obtained from the closed embedding

AN\ {0,1} = (A'\ {0,1})? via = — (z,z,x).

4The proof uses arguments, which occur already in [11], Section 4. One has only to replace C(«)
by Hg(X) and use the same arguments, which occur after the proof of [11], Lemma 4.
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As we will see the rational V H.S of the restricted family CA — A contains a sub-V HS
of third type. Let

H' = RYf1).Q® Oa and H® = R3(f3]c,)«Q ® Oa.

4.9. One has that H3 = (H')®3 (see also [13], Remark 7.4) and F3(H?) is
contained in the symmetric product Sym®(#'). Hence

HB’O(C(A,A,A))a HO’S(C(A,A,A)) - SymB(Hl (Ex,C))

for each (A\,\,\) € A. Since F3(H?) C Sym®(H'), one obtains V,w(b) €
Sym(H(€x,Q)) for each section w € F3(HX)(U) and t € T,A. By Bryant-Griffiths
[2], one has that F?(H?) is generated by the sections of F3(H?) and their differentials.
Therefore one concludes that F2(H3)NSym?®(#1) is of rank 2 and we have a polarized
rational variation V of Hodge structures of type

(3,0), (2,1), (1,2), (0,3)

with the underlying local system Sym®(R'(f1).Q) of rank 4. This VHS satisfies
that F2(V) is generated by the sections of F3()) and their differentials along A, and
that F1(V) = F3(V)* with respect to the polarization. By [2], these two properties
characterize the VHS of a family of Calabi-Yau 3-manifolds. In this sense V is a
Calabi-Yau like sub-V HS of the rational VHS of Ca.

4.10. Let M be connected complex manifold and W — M be a Calabi-Yau like
VHS with
RO (Wp) = h* (W) = b2 (Wi) = K22 (W,,) =1

for each m € M. We say that W is of third type, if the center of its generic Hodge
group is discrete and the associated Hermitian symmetric domain is B;. Note that
all previous arguments are also valid for a Calabi-Yau like VHS in the sense of [2],
which is not necessarily the VHS of a family of Calabi-Yau 3-manifolds. Thus there
is an x € C with |z| = % such that Hg(W)r = G, for a Calabi-Yau like VHS of
third type.

Let E be an elliptic curve and M € GL(H'(E,Q)) be given by
M= (4 ) <L E.)

with respect to a basis {e1,e2} of H(E,Q). Moreover let
Kr3(M)=M® M@ M
denote the third Kronecker power of M. One can easily check that
Kr®(M)(Sym®(H'(E,Q))) = Sym®(H'(E, Q)

for each M € GL(H'(E,Q)). Moreover one can easily compute that K7(M) acts on
Sym®(H'(FE,Q)) by the matrix

ad 3a2b 3ab? b3
a’c a?d+ 2abc 2abd +b%c b3d
ac®>  acd+bc*  ad? + 2bed  bd?
3 3c2d 3ed? a3

(7) r(M) =
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with respect to the basis

{e1®e1®@e1, e1Re1®ex + e1Re®er + eaRe; ey,
e1Reas®ey + eaRe1®er + €1 Rea®es, €3 Rea®eat.

LEMMA 4.11. One has the homomorphisms
r: GL(H(B,Q)) — GL(Sym® (H'(E,Q)))
and

rlsuemi @)  SLH'(E,Q)) — SL(Sym®(H' (E,Q)))
of Q-algebraic groups.

Proof. From (7) one concludes that r is an regular map. Note that the determinant
of (M) is given by det®(M) for each M € GL(H'(E,Q)). This follows by computing
det(r(Jar)), where Jas denotes the associated Jordan form of M. Since one can easily
check that K13 respects the matrix multiplication, one concludes that the same holds
true for . Thus we obtain the homomorphisms of Q-algebraic groups as claimed. O

Let G denote the Zariski closure of r(SL(H'(E,Q))) in GL(Sym®*(H(E,Q))). Tt
is a well-known fact that G is an algebraic group.

LEMMA 4.12. The group G has at most dimension 3.

Proof. Let

M = ( : 2 ) € GL(H'(E,Q)).
For (m; ;) = r(M) one has that

(a(ad + 2bc))?
a®(a®d® + 6abed® + 12ab*c*d + 8b3c3)

3
mg 2

2 4
=mq1(mi1maa+ §m1,2m4,3 + §m1,3m4,2 + 8my ama 1)
(follows from (7)). In an analogue way one can express m%s, m§’2, m§,3 by equations
with entries m; ; such that {z,7} N {1,4} # 0. Note that for all other entries m; ; of
(M) such that {i,j} N {1,4} # 0 the power m? ; satisfies some equation in terms of

3 3 3 3
my1=a’,myg=>0",mg1=c’,mgg=d

(compare (7)). Due to these facts, one finds enough equations such that the Zariski
closure r(GL(H(E, )) of the group 7(GL(H'(E,Q))(Q) has at most dimension 4.
Since det(r(M)) = det (M), the set on the right hand site of the inequality

G° C (r(GL(H'(E, Q) N SL(Sym’H'(E,Q)))°

is a proper Zariski closed subset of r(GL(H!(E, Q))O. Thus one concludes that

dim G < 3. a
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Note that the Hodge structure of C(y ) is given by the tensor product
HY(E\,Q)®3. Thus the associated representation of S! is given by Kr® o hy,
where hy) denotes the Hodge structure of £,. Therefore the sub-Hodge structure
on Sym®(H'(€x,Q)) is given by

h =7rohy.

One concludes 1'(S') C Gg, since hy(S') C SL(H'(E,R)) and r yields a homomor-
phism SL(H'(E,R)) — Grg.

PRropPOSITION 4.13. The variation V of Hodge structures is of third type.

Proof. Since h'(S') C Gg, the conjugation by h/(i) yields a Cartan involution
of Gr. Thus G is reductive. Since dim G < 3, this group is not only reductive,
but simple. This follows from the fact that the smallest simple Lie algebras have
dimension 3 and G is clearly not commutative. Therefore the center of Gy is discrete
the associated hermitian symmetric domain is B;. Hence V is of third type. O
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