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A SECOND MAIN THEOREM ON PARABOLIC MANIFOLDS*

MIN RUTAND JULIE-TZU-YUEH WANGH

Abstract. In [St], [WS], Stoll and Wong-Stoll established the Second Main Theorem of mero-
morphic maps f : M — IP’N((C) intersecting hyperplanes, under the assumption that f is linear
non-degenerate, where M is a m-dimensional affine algebraic manifold(the proof actually works for
more general category of Stein parabolic manifolds). This paper deals with the degenerate case. Us-
ing P. Vojta’s method, we show that there exists a finite union of proper linear subspaces of PY (C),
depending only on the given hyperplanes, such that for every (possibly degenerate) meromorphic map
f: M — PN(C), if its image is not contained in that union, the inequality of Wong-Stoll’s theorem
still holds (without the ramification term). We also carefully examine the error terms appearing in
the inequality.
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In [WS], W. Stoll and Pit-Mann Wong established the Second Main Theorem of
meromorphic maps f : M — PV (C) intersecting hyperplanes, under the assumption
that f is linear non-degenerate, where M is a m-dimensional affine algebraic mani-
fold(the proof actually works for more general category of Stein parabolic manifolds).
This paper deals with the degenerate case. Motivated by the works of Vojta (see
[Vo2], [Vo3]), we show that, for a finite set of hyperplanes in PV (C), there exists a
finite union of proper linear subspaces, depending only on the given hyperplanes, such
that for every meromorphic map f : M — P¥(C), if its image is not contained in
that union, then the inequality of Wong-Stoll’s theorem still holds, except that the
ramification term is lost. Here the exceptional subspaces(i.e. the subspaces which the
image f(M) is not contained in) depend only on the given hyperplanes and can be
determined explicitly. We note that the Second Main Theorem for linearly degener-
ated maps was also studied by W.X. Chen(see [Chen]). The estimate in the Theorem
of Chen holds without exceptions. However, his estimate is weaker than the estimate
of the current paper(which allows a finite number exceptions).

Throughout this paper, we shall use the standard notation in the value distri-
bution theory of meromorphic maps on parabolic manifolds (see [WS] or [St]). An
affine algebraic manifold M can be represented as a finite branch cover over C™,
m: M — C™. Let k be the sheet number of the projection 7 and d, be the degree of
the branching divisor of 7.

Our main theorem is stated as follows:

MAIN THEOREM. Let M be an affine algebraic manifold of complex dimension
m. Letm: M — C™ be a finite branched covering. Let H = {Hi,...,Hy} be a
finite collection of hyperplanes in PN (C) in general position. Then there exists a

* Received December 10, 2004; accepted for publication May 27, 2005.

T Department of Mathematics, University of Houston, Houston, TX 77204, USA (minru@math.
uh.edu). The first author is supported in part by NSA grant H98230-05-1-0042. The United State
Government is authorized to reproduce and distribute reprints notwithstanding any copyright nota-
tion hereon.

! Institute of Mathematics, Academia Sinica, Nankang, Taipei 11529, Taiwan, R.O.C. (jwang@
math.sinica.edu.tw).

349



350 M. RU AND J. T.-Y. WANG

finite union R of proper linear subspaces of PN(C) depending only on H such that if
f: M — PN (C) is a meromorphic map whose image does not lie in R, then, for every
€>0,

N(N +1)
2

M=

my(Hj, 7). < (N +1)T¢(r,s0) + drlogr

1

<.
Il

N(N +1
+ Ii% [log™ T¢(r, s0) + (2 + €) log™* log™ Ty (r, s0) + O(log™ )],
where Kk is the sheet number of 7w, d. is the degree of the branching divisor of w, and
. <. means that the inequality holds for all r € [sg,+00) outside a union of intervals

of finite total length.

The proof of the main theorem also works for more general category of Stein
parabolic manifolds. See the “Second Main Theorem for parabolic manifolds” in
section 6.

We organize our paper as follows: In section 1, we recall the Cartan-Ahlfors
theory for meromorphic maps on parabolic manifolds(see [St] or [WS]). In section 2,
we give a slight generalization of the theorem of Wong-Stoll [WS] to the case where the
hyperplanes Hi, ..., H, in P"(C) are not necessarily in general position. In section
3, we recall the concept of the associate cycle Cy to the given set of hyperplanes
H ={H.,...,H,}. We then study the relationship between the distance function of
f(2) to C and to H;,1 < j < g. In this section, we also recall the concept of Mobius
inversion of cycles and express the associate cycle Cy in terms of the Mobius inversion
of cycles. In section 4, we extend the Second Main Theorem which we established in
section 2 to the case where linear subspaces E of P"(C) are involved. In section 5, we
recall an algebraic lemma, due to P. Vojta, which plays an essential role. In section
6, we adapt Vojta’s method in [Vo2] to prove our main theorem.

1. Preliminaries. In this section, we recall some basic results in the theory of
meromorphic maps on parabolic manifolds. For reference, see [St] and [WS].

1.1. Parabolic manifolds and affine algebraic manifolds. Let M be a con-
nected complex manifold of dimension m. Let 7 > 0 be a non-negative, unbounded
function of class C*° on M. For 0 <r € R and A C M define

Afrj={z e A | 1(x) <r?}, A(r) ={z € A | 7(x) < r?},
Ary={zec Al 1(x) =r*}, A, ={z € A| 7(x) > 0},
v = dd°r, w = dd°logr, o = d°logr Aw™ .

If M|[r] is compact for each r > 0, the function 7 is then said to be an ezhaustion of
M. The function 7 is said to be parabolic if

w>0, w"=0, v #0

on M,. Note that this also implies that v > 0 on M. If 7 is a parabolic exhaustion,
(M, ) is said to be a parabolic manifold. Define

R, = {r e RY | dr(z) # 0 for all z € M(r)}.
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Then RT\R, has measure zero. If r € R, the boundary dM (r) = M (r) is a compact,
real, (2m — 1)-dimensional submanifold of class C* of M, oriented to the exterior of
M(r). By Stoll ([St], p. 133), forallr € R, IMW o is a positive constant, independent
of r.

Throughout this paper, we shall assume that M is an (connected) affine algebraic
manifold of dimension m > 1 with 7 : M — C™ a finite branched covering map (i.e., 7
is a surjective holomorphic map such that the number of points of a fiber is finite and
that there exists a subvariety S of lower dimension such that the restriction of 7 to
M — S onto C™ —7(S) is a covering map). Here, by “affine algebraic”, we mean there
exists k > m such that M is a closed complex submanifold of C* and the closure M
of M in P*(C) is an analytic subset of P*(C). Furthermore there exists a projection
7 : M — P™(C) such that 7|y = 7. Here P™(C) is the closure of C™ in P*(C).
Since M is connected, the closure M is irreducible. The set § = {z € M| the rank of
the differential O (z) is not maximal} is an affine algebraic variety (of strictly lower
dimension) of M and the image § = 7(f) is an affine algebraic variety (of strictly lower
dimension) of C™. We shall refer to 6 as the branching divisor. The map 7 : M — C™
is a finite map and the number of points in 77! (p) is independent of p € C™ — 6. This
common number, denoted by &k, is called the sheet number. A point p € C™ — 6 is
called a generic point.

For an (connected) affine algebraic manifold 7 : M — C™, we define the exhaus-
tion 7 of M as 7 = ||||%. Then 7 is parabolic (cf. [GK], [St]). With this exhaustion
function, we can also prove that the sheet number is

(1.1.1) = / .
M(r)

and the degree of the branching divisor of 7 is

Ric,(r,
(1.1.2) 4. = lim Dcr(riso)
r—-+00 10gT

1.2. Meromorphic maps; reduced representation. Let M be a complex
manifold with dim M = m. Let A # () be an open subset of M such that S = M — A
is analytic. Then A is dense in M. Let f : A — P"(C) be a holomorphic map on
A. The closure T" of the graph {(z, f(x))|x € A} in M x P*(C) is called the closed
graph of f. The map f is said to be meromorphic on M if (i) T'(f) is analytic in
M x P™(C) and (ii) T'(f) N (K x P*(C)) is compact for each compact subset K C M,
i.e. the projection p : T'(f) — M is proper. If f is meromorphic, then the set of
indeterminacy Iy = {x € M|#p~'(x) > 1} is analytic with dim Iy < m — 2 and is
contained in S. The holomorphic map f : A — P"(C) continues to a holomorphic map
f: M — 1y — P*(C) such that we can assume, a posteriori, that S =Iy. If m =1, I
is necessarily empty and f : M — P"(C) is holomorphic.

Given M, A, S and a holomorphic map f : A — P"(C) as above. A holomorphic
map f(# 0) : U — C"! on an open and connected subset U of M is said to be a
representation of f if f(x) = P(f(x)) for all z € ANU with f(z) # 0. A representation
f is said to be reduced if dim f~1(0) < m —2. The map f is meromorphic if and only if
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for every point p € M, there is a representation f : U — C"*! of f with p € U. If so,
a representation f is reduced if and only if U NIy = £71(0). There is also a reduced
representation at every point p € M.

1.3. The associated map. To define the associated maps, we need to assume
that there exists a holomorphic form B of bidegree (m — 1,0) on M. Let f be a
holomorphic vector-valued function on an open subset U of M. If z = (z1,..., 2zm) is
a chart with U, NU # (), then the B-derivative f; , = £ on UNU, for z is defined by
df ANB = f'dz; \-- - ANdz,,. The operation can be iterated so that the k-th B-derivative
£(0) is defined: £f*) = (f*=1))" Put £f(©) = f. Abbreviate

fo=fAf A AfR) U - ARFICHL

Let f : M — P"(C) be a meromorphic map. If fy # 0 for one choice of a reduced
representation f : U — C"*! on a chart U,, then f;, # 0 for all possible choices
and f is said to be general of order k for B. In this case, the k-th associated map
fi : M — P(A"TT C"t1) is well-defined as a meromorphic map by fi|U = P(f;) for
all possible choices of f and chart z. We say that f is general for B if f is general of
order k for B for all k, 1 < k <n.

The basic existence theorem for a holomorphic (m — 1)-form B on M is due to
W. Stoll. He (see [St]) proved the following statement: Let M be a connected Stein
manifold and let f : M — P"(C) be a linearly nondegenerate meromorphic map. Then
there exists a holomorphic (m — 1)-form B on M such that f is general for B. If
dim M =1, we may take B = 1. If M is affine algebraic with the exhaustion T defined
as above and dim M > 2, then the form B can be chosen so that

Miy_ 1BAB < (1+7)" Y (ddr)™ "
V&S

where iy, = 5 (m — 1)!(=1)m—Dm=2)/2,
T

Note that a general parabolic manifold M of complex dimension m > 2 may not
be Stein. This is the reason that the theory is developed only for parabolic Stein
manifold. For a general parabolic Stein manifold (M, 7), even though the existence
of B is assured we do not, in general, have a polynomial type estimate as for affine
algebraic manifolds. To overcome this difficulty, Stoll [St] postulates the existence of
a majorant function such that

Mipm_1BAB<Y(r)om !

on M|r]. The theory can be carried out as in the algebraic case, except that the
majorant function Y (r) introduces an extra term in the Second Main Theorem. For
simplicity, we only prove the theorem for the affine algebraic manifold M in this paper,
and state the general theorem at the end.

1.4. Projective distance. Denote by C*"*! the dual space of C**1. For
0<k<mn,let |: (/\]ﬁL1 C"+1) x C*"*1 — AP Cmt be the interior product defined

in the usual way. Let z € P(A"T" C"1) with representative & € A" C"*t! — {0}
and let a € P(C*"*!) with representative a € C*"** — {0}, the projective distance
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between x and a is defined by

(1.4.1) 0 < |l all = |||£§||L||Ci||| <1,

where the norm on on /\k C"*1 is induced by the standard norm on C**!. Note that
the above definition is independent of choice of the representatives o and £. Note that
a hyperplane H in P*(C) can also be regarded as a point in P™(C*). Hence, for every
meromorphic map f : M — P"(C), ||fx(2); H|| is defined for z € M. This gives a
distance function (from fi(z) to H) on M.

1.5. The first main theorem. Let M be an (connected) affine algebraic man-
ifold. Let f: M — P*(C) be a meromorphic map which is linearly non-degenerate.
Then, as we discussed above, a holomorphic (m — 1)-form B exists on M such that f
is general for B and

My 1B A B < (14 7)""Y(dd°r)™ L.

Let fr be the k-th associated map of f. Let Q be the Fubini-Study form on
P (A"t C+1). Define the k-th characteristic function for 0 < sy < r

Todt . .
Ty, (r,80) = / 2m—1 / fe(Qr) Ao L
S0 M[t]
It is known that T, (r, so) = 0. Denote Ty ,(r,s) = 0.

Let v be a divisor on M with S = supp v. The counting function of v is defined

to be
" dt
N,(r,s9) = / n,,(t)?

S0

where
n,(t) = t2_2m/ v = / vw™ 4+, (0), if m > 1
S[t] 5,11

n,(t) = Z v(z), it m=1.

z€S|t]

For a hyperplane H in P"(C), define an H-divisor v = Mﬁ as in Stoll [St]. Let
Ny, (r,H) = N,(r,s0) and let

1
m'(r,H):/ log ————o0.
T mey Ik H|
Then we have

THEOREM 1.5 [FIRST MAIN THEOREM]| ([ST, (8.21)]). Let f : M — P"(C) be
a meromorphic map which is general for B. Then, for every hyperplane H in P"(C)
and for every 0 < k <mn,sg,r € R;,0< sy <,

Tfk(TVSO) > ka(T‘,H) +mfk(r7H) _mfk(S(J?H)'
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1.6. Calculus lemma. Let 7' be a nonnegative function defined on an interval
[s0,7] with sg > 0. Define the error functions E(T,r) and E(T,r) by

(1.6.1)  E(T,r) = T(r)log" (1 + T(r)) log" **[1 + >~ 1T (r) log" " (1 + T(r))]
and

(1.6.2) E(T,r) =log™ E(T,r).

CALCULUS LEMMA. Let h be a nonnegative measurable function on M such that
hv™ is locally integrable. Let T be a function defined by

Tt .
S0 M[t]

Then ho is integrable over M(r) for almost all v > 0 and

2m/ ho = 7“7(2"“‘71)i <T2m1d—T> < E(T,r)
M(r) dr dr

holds for all r € [sg,+00) outside a union of intervals of finite total length.

Proof. By Corollary 2.4 in [WS] using g(t) = log" (1 + ).

1.7. The Pliicker formula. Let di be the zero divisor of fr. When k = n, we
obtain the Wronskian divisor d,,. The divisor I, = dx—1 — 2dj, + di+1 > 0 is called the
k-th stationary index, where we assume that d_; = 0. Let I} be the indeterminacy of
fr. On M — I, we define

m—1
hy, = m! (—V_l> (—=1)(m=Nm=2)/2 () A B A B.

(1.7.1) =

It is known that hj, > 0 (cf. [St]). Define
(1.7.2) hi = hi /o™,

For all r € RT, define

1
(173) Sk(’l”) = —/ log hk ag.
2 Jaery

PLUCKER FORMULA [ST, THEOREM 7.6]. For almost all so,r € R.,0<sy<r,

le (T‘, 80) + Tfk—l (T‘, 80) - 2Tfk (T‘, 80) + Tfk+1 (T‘, 80) = Sk(r) - Sk(so) + RicT(T7 80)'

The Pliicker formula implies the following result(see [St, (10.23)]):

THEOREM 1.7.2. For0 <k <n-—1,
1
Ty, (r,8) < 3ka(r, s)+ 5(3’C — 1) (k(n—1)log(1 + r2) + Ric,(r,s) + exlogr)

holds for all r € [sg,0) outside a union of intervals of finite total length.
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1.8. The Ahlfors’ estimate.

THE AHLFORS’ ESTIMATE [ST, P.160, THEOREM 10.3]. Let H be a hyperplane
in P™(C). Then for any 0 < X <1, 0 < sg <r, we have

Todt Ifrr HI? o, o [(A+ 4N 2K
/S r2m—1 /M[t]thU < (1477 3 Tfk(r,s)—i—ﬁlog2

where hy, is defined in (1.7.2), and k = me o>0 (cf. (1.1.1)) is a constant.

THEOREM 1.8.2. Let H be a hyperplane in P*(C). Let ¢ > 0 and A(r) =
ming{1/(1+ Ty, (r, s0))}. Then, for every 0 <k <mn—1,

+ | frt 15 H | + NI
log /M(r} tho. < 2log™ Ty(r,s0) +2(2 + €) log™ log™ Ty(r, s0)
+4(n — 1)log* r + 3log™ Ric,(r, s0) + 5log™ logt r + C’

where . < . means that the inequality holds for all r € [sg,+00) outside a union of
intervals of finite total length, and the constant C' is independent of r.

Proof. Let 0 < A(r) < 1 be a decreasing function of r > 0. Define functions

ot Ve B2 .
Ki(r, 50) :/s m-T /Mm [ s HE2A

where A* = A o 71/2. By the calculus lemma, we have

||flc+1§H||2 >
/M(r} —Hf;g;H||2—2A(T) hipo. < .E(Kg,r).

On the other hand, noticing that A is a decreasing function, we have ||f; H|* <
| f; H||*). Hence by Ahlfor’s estimate with A = A(r), we have

"ot s H|I?
Kk(T,So)Z/ / | fiirs H] hyo™

2 Jargey 1fws HIP72A

< (1 + T2)n71 (%Tﬁc (T, So) + 22(17:)%2>

Since A(r) = ming{1/(1 + T}, (r,5))},
Ki(r,s0) < (1+72)" "N (b1 T7 (r, s0) + b),

where b; and by are constants depending only on k. By choosing a larger constant b3,
we have

E(Ky,7) < E(bs(1+1%)""T? (r,s0),7).

Hence we get

|| fet1s H|? = n—
(181) /M< : Mmhka. < E(bg(l +T2) 1Tj2k (T, 50)77").
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By the definition, we have (see (2.8) in [WS], page 1046)

E(bs(1 + TQ)"flek (r,s0),7)

<logt(bs(1+ )" T2(r, s0)) + 2(1 + €) log T log™ (b3(1 + r*)" 1T (r, 50))
+ (14 €)log™ log™ log™ (b3 (1 + r?)" " T2(r, 50)) + (1 + €)log™ log™ r + C’
< 2log™ Ty (r, 50) + 2(1 + €)log™ log™ Ty (r, s0)

+ (14 €)log™ log™ log™ Ty (r, s0) + 2log™ (1 4+ 7)1 + 2log™ log™ r + C".

By Theorem 1.7.2,
1
Ty, (1, s0) < 3ka(T, s0) + 5(3k —1)(k(n — 1)log(1 + r?) 4+ Ric,(r, so) + e logr).

Hence
E(b3(1+ 7“2)"71Tf2,c (rys0),7) <2 log™ Ty(r,s0) +2(2+¢€) log™ log™ Ty(r, s0)
+4(n —1)logt r 4 3log" Ric,(r,s0) + 5log™ log™ r + C".

This, together with (1.8.1), concludes the proof.

2. A slight generalization of Wong-Stoll’s theorem. In this section, we
extend the Second Main Theorem of Wong-Stoll (c.f. [WS]) to the case where the
given hyperplanes Hy, ..., H, in P*(C) are not necessarily in general position.

THEOREM 2.1. Let M be an affine algebraic manifold of complex dimension m.
Let m: M — C™ be a finite branched covering. Let T = ||x||?. Let f : M — P"(C) be
a meromorphic map which is linearly non-degenerate. Let € > 0 and let Hy, ..., H, be
arbitrary hyperplanes in P*(C). Then

/ max Z log

jeK

n(n—i— 1)
2

+ 2log™ Ric,(r,s) +2(n — 1)log™ r + 3log™ log™ r + O(1)].

n(n+1)
2

0. < .(n+1)Ty(r,s0) + Ric,(r, s0)

+ K [logJr Tr(r,s0) + (2+¢€) log™ log™ Ty (r, s0)

where “ < .” means that the inequality holds for all r € [sg, +00) outside a union of
intervals of finite total length, and the maz is taken over all subsets K of {1,...,q}
such that the linear forms Hj,j € K, are linearly independent.

Proof. Denote by K C {1, ...,q} such that linear forms {Hy, k € K}, are linearly
independent. Without loss of generality, we may assume ¢ > n + 1 and that #K =
n+1. Let T be the set of all the injective maps p : {0,1,...,n} — {1,..., ¢} such that
H,0); - - -, Hpyn) are linearly independent. Denote by I' = maxlgqu{zz;é my, (so, Hj)}
and A(r) = ming{1/(1 + T}, (r,s0))}. For any p € T, z ¢ I, the Product to Sum Es-
timate (see [WS] Lemma 1.12), with A = A(r), reads

n—k
n

H ||fk+1 H2 r zn: ||flc+1 j)H2
||fk ])H2 2A T) B ka M(J)||2 2A(r) 7
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where ¢, > 0 is a constant. Since || f,; H, ;)| is a constant for any 0 < j < n, we have

n—1 n n—1 n
ka+1 u(])”
H Hf ”2 H H ||fk ‘2 2A(r H H ka |2A(r)

k=0 j=0 k=0 j=0 u(])|
n—Fk
<C"1:[1 z": ||fk+1 s Hu)l? ﬁﬁ
Bl Gl /1€ u(;>||2 2A(r) w0 j=o Ik ,u(J)”2A(T)
where ¢ > 1 is a constant. Therefore, for r > s, we have
(2.1)
/ maleog;2 o :/ max log ﬁ o
vy R 2 BT 7 g v | L MH
n—Fk
< Z e i Usosc: P
&) < fi ||2 2A(r)
Hyj)

n—1 n 1
+ / max log o+ 0(1)

2 2 [y BB T O

n_l(n k)/ log ma znj ”f’““ LLTE)] 2§(n k)Si (r)
= - k - - k

prt M(r “ || (= uu)ll2 2A(r) P

n—1 n
+ / max log a—l—O(l)

kzz(); ey h€T || fu(2)s Hpugyy 2207

where, in above, hy, is defined by (1.7.2), Si(r) is defined by (1.7.3). We now estimate
each term appearing the above inequality. First,

| frra(2); Hug |12
log max : D
/M(r) pet J:ZO | fr(2); Hu ) l|2~2A0)

" frra(2); Hygpl? o
= /1/ log max E > o ke | =
—2A(r)
(2.2) mery e \ S fw(2); Hug)l K
- ka+1 s Hy? o
< filog/ max E hi | —
My v€T \ =5 (1 (z u(;>||2 AT R

< k max log

hpo + C’.
1<5<q

/ ka+1(2);Hj||2
ey | fe(z); Hyl|2P=2A0)
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By Theorem 1.8.2,

- HI?
max log / el i
1<5<q My 1fi(2); Hyl S

.<.2 [logJr Ty (r,s0) + (2 + €)log™ log™ Ty (r, s0)
+2log™ Ric,(r,s0) +2(n — 1)log™ r + 3log™ log™ r + O(1)] .
Hence,

(2.3)
n—=k

- ka+1 )12
Z /M logmax Z e |“2(J)2A(T) by 0. < .n(n+ 1)k [log" Ty (r)

M(J)|

+(2 4 ¢€) log™ log™ Tf(r) +2log™ Ric,(r,s) +2(n —1)log* r 4+ 3log* log™ r + O(1)] .
Next, using the Plicker formula, we have
N, (r,50) + Ty, (r,50) — 2T, (1, 50) + Ty, (1, 50) = Sk(r) — Sk(s0) + Ric-(r, s0).
Noticing that T, (r, sg) = 0,

n—1

(2.4) (n - k)Sk(T) = Ng, (T; 50) - (n + l)Tf(T? SO) - w
0

Ricy(r,s0) + O(1).

>
Il

Finally, by the First Main Theorem,

k=0 j=0"M
n—1 n
< #;,C_OJZ;/W A s e g 7O
(2.5) n-1 n
=D 2D 2M0)my(r Hygy) +O(1)
pET k=0 j=0
<D 0> 2¢!A(r) (T, (7, 50) + mp, (s0, Hyg) + O(1)
k=0 j=0
< O(1).
Combining (2.1), (2.2), (2.3), (2.4) and (2.5), we have

1 n(n+1) .
max » log————0.<.(n+1)T¢(r) + ———=Ric,(r,s0) — Na, (1, S0
/Mm i D L8 o <t VT 0+ 7 (r-50) = Na, (r. 50)
+ “@ﬂof Ty(r) + (2 + €)log™ log™ Ty(r)

+ 2log™ Ric,(r,s) +2(n — 1)logt r
+3logt log® r + O(1)].
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3. Distance function, associated cycles, and Mobius inversion of cy-
cles.
3.1. Distance function and associated cycles. Let
H=A{[xo: - :2n] | aozo + -+ anx, = 0},

be a hyperplane in P"*(C), with |ag|?> + - + |an|? = 1. We define the Weil function
for H as, for x = [xg : - -+ : z,,] € P"(C)\H,

At () 1= log 2ax(zol,- - |znl)

|CLO$0 + - +anxn|

Let f : M — P"(C) be a meromorphic map and assume that its image is not contained
in H. Choose a reduced representation f : U — C"*! on a chart U, for z € M. We
define

)\f)H(Z) = )\H(f(z))
This definition is independent of the choice of the reduced representations.

DEFINITION 3.1.1. Let C be a proper linear subspace of P"*(C), let Hy,..., H,

be hyperplanes such that C = NH;. Then a distance function for C is a continuous
function A¢ : P"(C)\C' — R such that

Ac = min Ay, +O(1).
1<i<r

Note that the definition does not depend on the choice of the H;.

DEFINITION 3.1.2. If C' =Y n;C; is a cycle in P"(C) such that all C; are proper
linear subspaces and A¢, are the distance functions for C; for all ¢, then we say that a
function A¢ : P*(C)\SuppC — R is a distance function for C if it is continuous and if

Ao =Y mire, +O(1).

Here SuppC' denotes the support of C, which is U,,£0C; (if all C; are distinct). Let
f: M — P"(C) be a meromorphic map, not lying in the support of C, and choose a
reduced representation f : U — C"*! on a chart U, for z € M, then we also define

/\f,C(Z) = Ac(f(z))
We define
mf(r, C) = /M<T> )\f,c(z)o.

This is well-defined up to O(1).

Given hyperplanes H = {H1,..., Hy} in P"(C) (not necessarily in general posi-
tion), there is one cycle of particular interest. This cycle is called the associated cycle
of ‘H which is defined as follows.

DEFINITION 3.1.3. The associated cycle of H is the cycle Cyy = > n;C; such that
(i) the set of components C; is the set of nonempty linear subspaces of P"(C)
which can be written as an intersection of one or more of the hyperplanes H;, and
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(ii) the multiplicity n; satisfies the equation
Z n; = codim C}
{41C; 2C:}
for every i. (In particular, n; = 1 if C; is a hyperplane and n; < 0 otherwise.)
If Hy,...,H, are in general position, then this cycle equals > H;.

DEFINITION 3.1.4. The set of cycles as in Definition 3.1.2 forms an abelian group
under addition. We define a partial order on this group by saying that C' > 0 if, writing

C = > n;C;, we have
{i|C;2L}

for all (nonempty) linear subspaces L of P™(C). We also say that a cycle C is effective
if n; > 0 for all ¢; note that this is strictly stronger than saying C' > 0 (unless n < 2).

The associated cycle of Hq,. .., H, then has the property (see (3.5) in [Vo 3]) that

(3.1.1) C:m?xZHj,
jeJ
where the maximum is taken over all subsets J of {1, ..., ¢} such that the linear forms,

corresponding to Hj,j € J, are linearly independent over C.
We also need the following Lemma from [Vo3]:

LEMMA 3.1.5. Let C be a cycle as in Definition 3.1.2 and let Ac be a distance
function for C. Then C > 0 if and only if Ao is bounded from below.

Proof. See [Vo3] Proposition 3.6.
Combining (3.1.1) and Lemma 3.1.5, we have the following result.

LEMMA 3.1.6. Let H = {H,...,Hy} be a set of hyperplanes in P*(C) and let
Cyy be its associated cycle. Let f: M — P"(C) be a meromorphic map, not lying in
the hyperplanes in H. Then

(3.1.1) A.on(2) =max ¥ A, (2) + O(1),
J 4
jed
where the maximum is taken over all subsets J of {1,...,q} such that the linear forms
Hj;, j € J, are linearly independent over C.

3.2. Mébius inversion of cycles. We recall more definitions and results from
[Vo2] and [Vo3].

DEFINITION 3.2.1. Let D be a finite collection of proper linear subspaces of P"*(C)
having the property that if Dy and D5 are in D, then so is Dy N Ds.

(a) Let up be the function from D to the group of cycles supported on D, defined
by the Md&bius condition

(3:2.1) S° (D) = Dy

DeD
DCDo
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for all Dy € D.
(b) Let

mjD(Dv T‘) = mf(MD(D)vT)'

Write

pp(Do) = Y np pD.
DeD

Then (3.2.1) is equivalent to the condition
B { 1 if Dy = Dy,

D
Z nD7D1 -

DeD
DCDo

0 otherwise.

This condition, in turn, is equivalent to

1 if Dy = Dy,
3.2.2 P p=
( ) Z "'Do.D {O otherwise.
DeD
DOD,

Indeed, the former condition says that the matrix given by the ngm p is the right
inverse of the matrix (mp, p) given by mp,p = 1 if Dy O D and mp,p = 0
otherwise; the latter condition (3.2.2) says that it is also the left inverse of that
matrix.

LEMMA 3.2.2. Let H be a set of hyperplanes in P™(C). Let D be the set of linear
subspaces that can be written as the intersection of one or more of the hyperplanes in
H. Let Cy be the associated cycle of H. Then

Cn = (codim D)up(D).
DeD

Proof. For Dy € D, the coefficient of D7 in the right hand side of the equality is
np, = Y peplcodim D)np p,. For Dy € D, it follows that

E np, = E (codim D) E np,p, = codim Dy
D1€D DeD D1 €D
DlgDo DIQDO

by (3.2.2). Comparing with (ii) in Definition 3.1.3 then gives the lemma.

4. Projective version of the second main theorem. By Lemma 3.1.6,
Theorem 2.1 can be rewritten as

my(r,Cr). < .(n+1)T¢(r,s0) + @
n(n+1)
"

+ 2log™ Ric,(r,s0) + O(log™ 7)].

Ric,(r, so)

[logJr Ty (r,s0) + (2+¢) 1ogJr 1ogJr Ty(r, s0)
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Using Lemma 3.2.2, this also can be written as

(4.1)
Z (COdim D)m?(Da T)- < (n + 1)Tf('r, 50) + @RiCT(h 50)
DeD

1
+ n@ llog™ T (r, 50) + (2 + ¢) log™ log* Ty (r, o)

+ 2log™ Ric,(r,s0) + O(log™ )],

where D is the set of linear subspaces of P"(C) that can be written as the intersection
of one or more of the hyperplanes in H.

In this section, we will extend this result to a more general case, which involves
the projection of P™*(C) to E, for every linear subspace E. Let D, E be two subspaces
of P*(C), we use < D, E > to denote the smallest subspace which contains D and FE.

PROPOSITION 4.1. Let H = {Hx,..., Hy} be a set of hyperplanes in P*(C), and
let D be the collection of monempty proper linear subspaces that can be written as
H; or a finite intersection of hyperplanes in H. Let f : M — P"(C) be a linearly
non-degenerate meromorphic map. Then, for every subspace E of P*(C) and every
€>0,

dim F
Z codim < D, E > m?(D,T). < (codim E)Ty(r) + %Riq(r, 50)
DeD
dim E
+ kT flog ™ Ty (1 s0) + (24 €)log ™ log " Ty (1, s0)

+ 2log™ Ric,(r,s0) + O(log™ r) 4+ O(1)]

where “ < .” means that the inequality holds for all r € [sg, +00) outside a union of
intervals of finite total length,

Proof. We first observe, by (4.1), that Proposition 4.1 holds if E = P"(C). It also
trivially holds if E is a point. Hence, we let E be a proper linear subspace of P"(C).
Without loss of generality, we assume that £ = P*(C) with ¢ > 0. We consider the
projection ¢ : P"(C) — P"~*~1(C) defined by ¢[zg : -+ : z,] = [T441 : -+ : ,), and
consider the map ¢o f : M — P~ !=1(C). Then ¢o f is still linearly non-degenerate.
Let D’ be the set of subspaces ¢(D), D € D, together with all intersections thereof.
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Then by Theorem 2.1, Lemma 3.1.6 and Lemma 3.2.2,

(4.2)
Z (codim D')mgc;f(D', T)
D/eD’
dim £ — 1) codim E
. < (codim E) - Tyos(r, so) + (codim 5 ) codim Ric.(r, s0)
dimE — 1) codim F
K(co im . ) codim [long Tyos(r, 50) + (2 4+ ¢) logt log* Tpos (7, 50)
+2log" Ric,(r, s0) + O(log™ r)]
dim E
. < (codim E) - Typo (7, s0) + %Ri&(r, s0)
ncodim E
— [logJr Tpor(r,s0) + (2+€) log™ log™ Tpos(r, 80)

+2log™ Ric,(r, s0) + O(log™ )] .

We now compare the characteristic function and the proximity function of f and
&(f). Let {Ux, X € A} be an open covering of M, and let f) : Uy — C"*! be a reduced
representation of f on Uy, then there is a holomorphic function g, : UxNU, — C*
such that

f\, = g)\ufH on Uy N UM'

It is easy to check that {gx,} is a basic cocycle(cf. [St]). Therefore there are exists a
holomorphic line bundle L; on M with a holomorphic frame atlas {Ux, sx}xea such
that

Sy = gausx on UxNU,.
Also define fy € T(Uy, M x C"1) by fy(2) = (2,fr(2)) for z € Uy. Hence f\ ® sy =
Dpfy @ sx =1£, @ gapsn =1, ® s, on Uy NU,. Therefore there exists a holomorphic
section Fy of (M x C"™') @ Ly such that Frly, = fy ® sx. Let £ be the standard

hermitian metric along the fibers of the trivial bundle M x C**! and p be a hermitian
metric along the fibers of L. Then

dd®log || Fy|l, = dd® log||fA||* + dd°log [[sx|l; = f*Qrs — c1(Ly, p),

where Qpg is the Fubini-Study metric on P*(C). Hence, by Green’s formula(cf. [St]),
we have

Todt .
Tyros0) = | g [ a@ep) nom [ toglFyliege
S0 M[t] M<'r‘>

= [ toglFylesye
M<so>

Noticing that Ly = Ly since they share the same transition function {gx .}, we also

(4.3)
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" .
Ty(1)(r, 50) :/ t2m——1/ ci(Ly,p) Av 1+/ log || Fy(1)lle@po
S0 M[t] M<'r‘>

—/ log || Fo 1) ll e p0-
M<sg>

We also note that, on Uy,
1 lewp = [IEx1] - [[sxllo,

and
[ Espyllewp = IAEN - 1sallps

where ||f\|| = maxo<j<n |fa,;] and [|#(f))]] = maxir1<j<n |fr,;|- Hence, by (4.3) and
(4.4), we have

(4.5)

Ty (r, 50) — Ty (1 s0) = /M< log | |0 — /M< ol Fu i + 001

r)

= log max ilo— log max o
/M(r) gogjgn |f>\7.7| /M(r) g " |f>\7.7|

t+1<5<
max i i
:/ log O§J§"|f>\>J| o.
My maxe1<j<n |l

maxo<j<n | f,j
max1<j<n [fa]
depend on A, hence it is, in fact, a global function on M. On the other hand, by the
definition, if we regard E = {[xo : - -+ : @p] | 441 = -+ = z,, = 0}, then the proximity
function m¢(E,r) can be written as

Note that the term

appearing in the last expression above does not

(4.6) my(E,r) = /M< >log maxo<;<n | o +O0(1).

max;1<;j<n | fx]
Comparing (4.5) and (4.6), we obtain that
(4.7) T¢(f)(r, so) = Ty(r,s0) — my(E, 7).

By the same method in obtaining (4.7), for any linear subspace D € D containing F,
we have

(4.8) my(r)(P(D),r) =mg(D,r) —mys(E,r) 4+ O(1).
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Combining (4.2) and (4.7), we have

(4.9)

> (codim D"ymZ, (D', )
D'eD’
, . ncodimE .
. < .(codim E) - Ty(r, s9) — (codim E) - ms(E,r) + fchT(r, 50)
ncodim £
2

+2log™ Ric,(r,s0) + O(log™* )] .

[logJr Ty(r,s0) + (2+¢€) log™ log™ Ty (r, s0)

Hence, Proposition 4.1 will be proved if the following inequality holds:

> codim < D, E > m7 (D, r) — (codim E)m (E, )

(4.10) DeD
< > (codim D')ymb (D', 1) + O(1).
D'eD’

Thus the remaining part of the proof is to show (4.10). We first claim the following:

CramMm 4.2. Let C be a finite collection of linear spaces of P*(C). Fiz Cy € C
and let C be the collection of subspaces of P obtained by adding to C the subspace
< Co,E > as well as all < Co, E > NC, C € C. Thus C is closed under taking
intersection. Then

(4.11) Z(codim < C,E >)uc(C) < Z(codim < C,E >)us(0).
cec ceC

Claim 4.2 was proved in [Vo2](see Claim 4.6 in [Vo2]). We will include a proof of
Claim 4.2 later for the sake of completeness. Before proving Claim 4.2, we first show
that Claim 4.2 implies (4.10). Since the inequalities of cycles implies the corresponding
inequalities of proximity functions, the claim implies that the left-hand of (4.10) is not
decreasing when we enlarge D so as to include all < D, E >, D € D. So we assume
that D contains all < D, E >, D € D. To continue, we recall the definition of the
map ¢. Under the assumption of E = P(C) with ¢t > 0, i.e. E is given by the points
[z : -+ : @] With 2441 = -++ = 2, = 0, ¢ is the projection ¢ : P*(C) — P"~=1(C)
defined by ¢[zg : -+ : @p] = [w441 1 -+ : @y]. Hence, for any subspace D with D  E,
codim < D, E >= codim ¢(D). Therefore the first term of the left hand side of (4.10)
can be expressed as

> codim < D, E > m7 (D,r)

DeD

= Z codim < D, E > my(up(D),r) + Z (codim E)my(up(D),r)
DeD DeD
DZE DCE

- Z Z (codim D"Ym ¢ (up (D), r) 4+ (codim E)m¢(E, r).
D'eD’" pep
o(D)=D’
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Hence

Z codim < D, E > m?(D,T) — (codim E)m(E,r)
DeD

= Z Z (codim D"Ym¢(up(D),r)

D'eD’ pep
#(D)=D'

= Z (codim D) Z my(up(D),r).

D’eD’ DeD
¢(D)=D’

Hence (4.10) is true if we can show that for any D’ € D’

(4.12) mg(f)(D’,T): Z mys(up(D),r).
DeD
#(D)=D'

To show (4.12), we first consider for Dy € D and Dy D E. From the definition of the
Mobius-type condition, we have

mys(Do,r) = mys(up(D),r)

DeD
DCDy
= > myun(D),r)+ > my(pn(D),r)
€D DED
E$DCDq DCE
= > > myup(D).r)+my(E,r)
D'ep’  DeD
D'C¢(Dy) ¢(D)=D’
Combining this with (4.8), we have
(4.13) me(@(Do),r) = > Y me(pp(D),r).

D'eD’ DeD
D' Cé(Dg) ¢(D)=D’

We note that for each D’ # @) in D, there exists Dy € D such that Dy D E and
@(Dy) = D’ since we have assumed that D contains all cycles of the form < D, E >,
D € D. We will now prove (4.12) by induction on the dimension of D’. We first
consider when dim D’ = 0. In this case,

mg (D', 1) = my(p) (pp (D), 1) = mg(p) (D', 7) = my() (¢(Do), 1),

and by (4.13)

mep (Do), 1) = Y > mp(up(D),r)= > mys(up(D),r)
D'eD’ DeD DeD
D' C¢(Dg) ¢(D)=D’ #(D)=D'

since the dimension of D’ is zero. Hence (4.12) holds when dim D’ = 0. Assume (4.12)
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holds for D' € D' with dim D’ < d. Let dim D’ = d. Then from (4.13), we have

(4.14)
mg () (D' 1) = f(¢(D) )

Z )7T) Z Z mf(,uD(D)vT)

C/ / De
¢(D) D’ CCD’ &(D)=C"
= > mp(upD),r)+ > myp(up(C),r),
DeD Cc’'eD’
#(D)=D’ c'co’

where the last equality follows from the induction hypothesis. On the other hand,
from the definition of Mobius function, we have

(4.15) me(p)(D',1) = my(p) (o (D'),r) + Y mgp) (up (C1), 7).
c'eD’
c'CD’

We also have, by definition

(4.16) mg(f)(D', ) = mg(s) (1D (D", 7).

Combining (4.14), (4.15) and (4.16) proves (4.12).

We now prove Claim 4.2. It will be convenient to assume that P™ € C. This does
not affect pc, nor does it affect the inequality being proved. Now, for each CecC
there is a minimal C' € C containing C; let it be denoted by 3(C). We claim

(4.17) ne@= >, ul0)

This can be done by induction on the dimension of C'. Suppose that C is a point.
Then pe(C) = C, and the only point in C' € C such that 3(C) = C is when C = C.
Therefore the assertion is clear. Assume the assertion holds for cycles in C with
dimension less than d. Let now C be a cycle of dimension d. Then we have

C= u@= > p(@)+ Y nel0)

cec cec cec
écc B(&)=C B(C)cC
= 2 O+ 3 X kel
s(Crc PEC 4G5
= Y nel@)+ Y pe(D)
Since
+ Z pe(D) =

DeC
DCC
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(4.17) follows easily. From (4.17), we see that

Z(codim <C,E >)uc(C) = Z(codim < B(0), E >)us(C)
cec cec
< Z(codim < C,E >)us(C),
cec
where the last step is true because codim < 6(6’),E >< codim < C,E > . This
proves Claim 4.2. Hence Lemma 4.1 is proved. 0

5. An algebraic lemma. In this section, we reformulate the following theorem
due to Vojta which plays an essential role in our proof. We call it an algebraic lemma,
since it involves purely (linear) algebra.

THEOREM 5.1(AN ALGEBRAIC LEMMA). Let H = {Hx, ..., Hy} be a set of hy-
perplanes in PN (C) and let D = {D1, ..., Dy} be the collection of cycles which can be
written as H; or a finite intersection of hyperplanes in H. Then there exists a finite
union of R of proper linear subspaces of PN (C) depending only on D1, ..., Dy, such
that the following holds: Let P™(C) be a linear subspace of PV (C), and P*(C) ¢ R.
Then there exists a finite set £ of linear subspaces of P*(C) and constants cg > 0 such
that

(5.1) Y epcodimpn < D; NP, E >> codimpx D;
Ec&

for all i and

(5.2) > cpcodimpn E =N +1.
Ec€

To prove Theorem 5.1, we first recall the following theorem from [Vo3].

THEOREM 5.2 [VO3: THEOREM 4.6]. Let H = {Hx,..., H,} be a set of hyper-
planes in PN(C) and D = {D1, ..., Das} be the collection of cycles which can be written
as H; or a finite intersection of hyperplanes in H. Then there exists a finite union
R of proper linear subspaces of PN (C), depending only on D1, ..., Dy, such that the
following is true: Let P"(C) be a linear subspace of PN (C), with P* ¢ R and let
(1, poar) be a M-tuple of real numbers satisfying the conditions

(i) p; >0 for all i, and

(ii) Zf\il i codimpn < D; NP E >< codimpr E for all linear subspaces E C
P™(C).

Then (p11, ..., iar) must also satisfy

M
(5.3) Z”i codimpny D; < N + 1.

i=1

We also recall the following result from linear algebra.

LEMMA 5.3. Let L and L, ..., L, be linear forms in M + 1 variables with real
coefficients. Suppose L(u) > 0 for all p = (uo, ..., uar) satisfying the conditions
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L;(p) > 0 for all i. Then there exist non-negative real numbers cy,...,cpr such that
L=ciLi+---+cypmLy.

We now prove Theorem 5.1

Proof of Theorem 5.1. Let R be as in Theorem 5.2, and let P*(C) ¢ R. Define
the linear form

M
(54) L(,“Ov,ulv ,/LM) = (N + 1):“0 - Z,U“L COdiHl[p:N D’La
1=1
and the linear forms
M
(55) LE(/L(), M1y eeey ,LLM) = Ko COdiIn[pn E — Z,Uq COdiHl[pn < Dz N Pn, E >

i=1

for every linear subspace E C P"(C). Note that, since the coeflicients of such linear
forms over uyg, ..., uas are integers between 0 and n, there are actually only finitely many
linear equations in (5.5). In addition, we define linear forms L;(po, 1, ..., fiar) := i,
for i = 0,1,...,M. By Theorem 5.2, for any M-tuple (u1, ..., uar) satisfying condi-
tion (i) and (ii) must satisfies (5.3). This implies that L(uo, pi1, ..., ar) > 0 for all
(140, ---, ttar) satisfying the conditions L;(po, pi1, .., piar) > 0 for ¢ = 0,1,..., M and
Lg(uo, 1, ..., par) = 0 for every linear subspace E C P™. Hence Lemma 5.3 implies
that there exist constants ¢; > 0 fori=1,..., M, and cg > 0 for E € £ such that

M
L=> cLi+» celp.
=1

Eec&

Compare the coefficients of each u; for i =0, ..., M, we have

Z cp codimpr < D; NP", E >> codimpn D;
Ee€&

for all < and

Z cp codimpn E = N + 1.
FEe&

Thus Theorem 5.1 is proved. O

6. Proof of the main theorem. Let H = {Hj, ..., H;} be the given hyperplanes
in PV, and let D = {Dy, ..., Dps} be the collection of cycles which can be written as
H; or a finite intersection of hyperplanes in H. Let R be as in the algebraic lemma.
Let f : M — P be a holomorphic curve. If f is linearly non-degenerate, then we
are done by Theorem 2.1. So we only need to consider the case when f is linearly
degenerate. We then assume that f : M — P" and f is linearly non-degenerate. By
the assumption of the main theorem, we have P*(C) ¢ R. Hence, by the algebraic
lemma, there exist a finite set £ of linear subspaces of P"(C) and constants cg > 0
such that

(6.1) > cgcodimpn < D; NP, E >> codimpn D;
Ec€
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for all ¢ and

(6.2) Z cg codimpn £ = N + 1.
Ecé&

By (6.1), we have

(6.3)

> (codimpy D)ymF(D,r) < > )" cpcodimen < DNP", E >m7 (D,r)
DeD DeD Ecé

= Z CE Z codimpr < DNP" E > m?(D,r).
E€f  DeD

On the other hand, by Proposition 4.1, we have, for every subspace E of P*(C),
Z codimpr < DNP" E > m?(Di,r)

DeD
dim £
(6.4) . < (codim E) - T¢(r, s0) + % icr (7, S0)
dim £
+ H% [log™® Ty (r, 50) + (2 + €) log™ log™ Ty (r, s0)
+2log™ Ric,(r,s0) + O(log™ ).
Combining (6.2), (6.3) and (6.4), we have
(6.5)
N(N +1
Z (codimpn D)m?(D, r). < (N +1)T¢(r,s0) + %Ricr(ﬁ 50)
DeD
N(N +1
+ 5(7—’_) [lOng Ty(r,s0) + (2+¢€) log™ log™ Ty (r, s0)

2
+2log™ Ric,(r,s0) + O(log™ )] .

On the other hand, by Lemma 3.2.2

(6.6) mp(Cy,r) = Y _ (codimen D)m7 (D, 7),
DeD

and by Lemma 3.1.6

1
(6.7) my(Cp,r) = / maXZlog o+ O(1),
M) K IIf5 Hjll
where the maximum is taken over all subset K of {1,...,q} such that the linear forms

Hj,j € K, are linearly independent. By the assumption that H, ..., H, are in general
position, we have

q
1
(6.8) my(Hj,r) < / max log ———0 + O(1),
; A My K ];{ Il.f5 Hyll
where the maximum is taken over all subset K of {1,..., ¢} such that the linear forms

Hj;,j € K, are linearly independent. Therefore, the theorem follows by combining
(6.5), (6.6), (6.7), (6.8) and (1.1.2). O
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The proof of the main theorem also gives the following more general theorem.

SECOND MAIN THEOREM FOR PARABOLIC MANIFOLDS. Let M be a Stein par-
abolic manifold of complex dimension m. Let H = {H, ..., Hy} be a finite collection
of hyperplanes in PN (C) in general position. Then there exists a finite union R of
proper linear subspaces of P (C) depending only on H such that if f : M — PN (C) is
a meromorphic map whose image does not lie in R, then, for every e > 0,

N(N +1)

5 Ricr(r, s0)

me(Hj,T)- < (N + 1)Ty(r, s0) +

N(N +1
+ ng[long Ty(r,50) + (2 + €)log™ log™ Ty(r, 50)
+logt Y (r) + 2log" Ric,(r,s0) + 5log™ log™ )],

where kK = me d®log TA(ddlog 7)™t > 0 is a constant independent of r, Ric,(r, so)
is the Ricci function of M (cf. [St]), and . <. means that the inequality holds for all
r € [s0, +00) outside a union of intervals of finite total length.
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