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TANGENTIAL DEFORMATIONS ON FIBRED
POISSON MANIFOLDS*

D. ARNAL', N. DAHMENE?, A. GAMMELLA$, AND M. MASMOUDIY

Abstract. In a recent article, Cattaneo, Felder and Tomassini explained how the notion of
formality can be used to construct flat Fedosov connections on formal vector bundles on a Poisson
manifold M and thus a star product on M through the original Fedosov method for symplectic
manifolds. In this paper, we suppose that M is a fibre bundle manifold equipped with a Poisson
tensor tangential to the fibers. We show that in this case the construction of Cattaneo-Felder-
Tomassini gives tangential (to the fibers) star products.
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1. Introduction. In order to prove the existence of a deformation quantization
(star product) for any Poisson manifold, M. Kontsevich introduced the notion of
formality F and etablished in [K] that on each manifold there exists formalities,
starting from a totally explicit formality & for R,

If F =3 Fy is a formality on a manifold M, then for any Poisson structure a of
M, the expression

hk
* = ngk(a. e

defines a star product on (M, «). In fact, the formality gives much more objects. For
instance, it is possible to consider the formal series

hk
A6, a) = Z Efkﬂ({.a. ce))

k>0

hk
F(&n.0) =) 5 Fra(6en..a)

k>0

k
R(f,a) = Z%fk+1(f.a.....a)

k>0

where &, 7 are vector fields and f is a smooth function on M, and the formality
equation gives many relations between these objects.

Thus, starting only with the ‘canonical’ formality for R¢, Cattaneo, Felder and
Tomassini obtain in [CFT] an explicit construction of a star product on an arbitrary
Poisson manifold (M, «). More precisely, they first build on M a formal vector bundle
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E with an associative fiberwise product based on the Kontsevich’s star product for-
mula for R? and with a natural connection D = d+ A, (., a,), which gives a derivation
of the algebra I'(E) of sections of E. Following the Fedosov’s deformation quantiza-
tion for symplectic manifolds [F], they can then modify D in D = D + [, .], so that
D? = 0, and construct a bijection p between C>°(M)[[h]] and the algebra H°(E, D)
of D-horizontal sections of E. They finally get a star product on M:

frarg=p""p(f)*plg)) Vf.geC®(M).

The purpose of the present paper is to consider that construction when M is a
fibred Poisson manifold and to prove that in this case the mapping p can be chosen
such that %,/ is in fact tangential to the fibers of M.

A fibred Poisson manifold is a special case of foliated Poisson manifold, namely a
Poisson manifold equipped with a foliation such that the Poisson tensor is tangential
to the leaves. Thus, our result completes the existence proof of Masmoudi in [M]
for tangential star products on regular Poisson manifolds. In the dual g* of any Lie
algebra g, there is a dense open subset which is a foliated Poisson manifold, namely
the union 2 of maximal dimensional coadjoint orbits. In some cases, our result can
be used to extend the foliation of €2 to a larger open foliated Poisson submanifold of
g*. Let us recall that tangentiality was extensively studied in the case of Lie algebras
([ACG, As, B, CGR)).

The paper is organized as follows. In Section 2, we adapt the notions of formal
geometry to the case of foliated and fibred Poisson manifolds. Section 3 is devoted
to the construction of a preserving tangentiality section, in the formal geometrical
description, on fibred Poisson manifolds. In Section 4, we describe the construction in
terms of tangential objects. In Section 5, we prove that each fibred Poisson manifold
admits a tangential star product. Finally, in Section 6, we apply our result to some
duals g* of Lie algebras.

2. Formal geometry for foliated Poisson manifolds.

DEFINITION 2.1.  (Foliated Poisson manifold) A smooth manifold is a
foliated Poisson manifold if it is a foliated manifold and a Poisson manifold with
a Poisson tensor tangential to the leaves of the foliation.

EXAMPLES 2.2. 1) If M is a regular Poisson manifold, then it is foliated with
the symplectic leaves thus M is a foliated Poisson manifold (see [L]).
2) Let M = g* be the dual of the 2n + 1-dimensional Heisenberg Lie algebra with
center RZ. The coadjoint orbits are the 2n-dimensional spaces:

O\N={feg:<&Z>=X\#£0}
and the points of F = {§ € g* :< §,Z >=0}. Thus, g* is foliated with the Oy and
F, and is a foliated Poisson manifold.

Less elementary examples will be given in Section 6.

A special case is the fibre bundle case. If p: M — N is a fibre bundle with a
fiber F, then L, = p~! (p(x)) defines a foliation £ of M.

DEFINITION 2.3. (Fibred Poisson manifold) If p : M — N is a fibre bundle
equipped with a vertical Poisson tensor o, we say that N is a fibred Poisson manifold.
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The first step of formal geometry for any manifold M is to consider the ‘manifold’
MCOOT of jets of coordinates systems on M. In the following, we will always assume
that (M, L, «) is a foliated Poisson manifold (of dimension d, with foliation £ and
Poisson tensor «) and shall only use adapted coordinates systems for M i.e. local
diffeomorphisms ¢ : U — M where U is an open neighborhood of 0 in R? and such
that ¢ defines a chart on M which is adapted to the foliation £. It means that, for
any leaf L of £, each connected component C of the intersection L N ¢(U) has the
form

C={eW):y"™ =ans1,.. .y = aaty—,..y1)ev
if n denotes the dimension of L.

DEFINITION 2.4. (The manifold Madapt) Madapt g the set of infinite jets [¢]
at 0 of local adapted charts ¢ : U C R — M.

Of course, M3daPt _ A1+ (] — (0) is a fiber bundle on M. Its fiber is
isomorphic to the group Gy of infinite jets of tangential transformations g preserving
0:

g:RY = RY g(0)=0,

g(yl,...,y",an+1,...,ad): (5., 2" by, o5 b4)

= (2 (y,a),...,2"(y,a),bpi1(a),. .. ba(a)).

The Lie algebra of G ¢ can be written as

1

d

ngizyw . 8~+}:uﬂf“w~wﬁé%wﬂweRmmuﬂ®:0W}

J
% j=n+1

The tangent space to M342Pt at a point [¢] can be identified with the Lie algebra

0 4 . 0
{Zug ayﬁj:nZHuj(y g wily) € Rl

Let us introduce the usual Maurer-Cartan form wysc defined in Q*(M adapt7 Wh)
as follows. Let ¢ be a local adapted chart and & be in T, M adapt  Thep there exists
a vector field € on M with infinite jet [£] = £ at = (0). Let f; be the flow of the

vector field € on M, thus, since € is in Ty M adapt £, 6 is a local adapted chart and
wprc is by definition:

. . d
wire([p])(€) = Taylor expansion at 0 of — dip(y) " (/i © ¥)ji—o-

Just as in [K] and [CFT], we need to substitute for A2438Pt 5 new bundle with
contractible fibers. We consider the subgroup H C GL(d,R) of linear transformations
h whose associated matrices have the form

(22,
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Then H acts naturally (on the right) on M adapt o we put

Magapt — Madapt/H_
a.

This bundle has contractible fibers, Go+/H being isomorphic to a vector space, and
thus admits global sections. Note that M/2daPt (regp. Ms&iapt) is a subbundle of
the fiber bundle MC°OF (resp. M) considered by Kontsevich in [K] and Cattaneo-
Felder-Tomassini in [CFT].

Let us now choose a section s : M — M;Lda@t of the fiber bundle M adapt' Asin

ft aff
CF'T], we consider over M adapt the vector bundle
aff

Ey = M98 o Ryt y )

and over M, its pull-back by s:

EO = SEo.
In fact, there is a natural injection j : M3daPt _, p€OOT Tt oives an injection
i M:&iapt — MM I we compose the section s with i, we get a section i o s of

the bundle M s A7 and our vector bundle FEy coincides with the vector bundle of
[CFT] which is the pull-back by i o s of a bundle over M aff,

On the trivial vector bundle M3daPt » Ryt ... yd)] — M2daPt there is a
canonical flat connection d + wy;c. For this connection, the horizontal sections are
exactly the mappings

[¢] — Taylor expansion at 0 of fo¢

for a given C*°-function f on M. By H-equivariance, we get simultaneously a connec-

tion, still denoted d + wascr, on Ey — Maafc}apt' As in [CFT], we obtain by pull-back
a globally well defined flat connection Dy on Ey — M.

3. Sections for foliated and fibred Poisson manifolds. We repeat now the
preceeding construction by adding the parameter 5. We define first the bundle

B = MMty Ry 1[I,

over M;ifcflapt7 in the same way as FEy. We denote by E its pull-back through the

section s : M — Madapt:
aff
E = sE.

Let us describe a local trivialization of the bundle E. Let ¢ : U — M be a local
adapted chart of M, with U contractible. Using ¢, we get a section

s p(U) — p(Ur)2dapt
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as follows. If z is in ¢(U), we note U, = U —¢~!(z) and define a local diffeomorphism
@r 2 Uy — M by ¢.(y) = p(¢~ " () +y) and finally the mapping sy by su(z) = [¢x].
On w(U)adapt, we have a trivial vector bundle:

p(U)2AaP s ([ y ][],

The pull-back of this bundle is a trivialization of E over ¢(U). A section of E can
thus be seen as a function z € p(U) — f, € R[[y},...,y%][[A]]. Now, since all our
constructions are H-invariant and since [p,] is related to s(z) by an element h, of H:

s(x) = sy(z) o hy = [¢z] 0 hy

by H-equivariance, we can use this trivialization in all our computations. From now
on, we thus shall present global well defined objects on E with their local expression.
Let U = > Uy be the Kontsevich explicit formality on R%. Then, on each fiber of E,
we have a Poisson structure:

ar = (5 1)«().

An associative fiberwise product for E is given by the Kontsevich’s star product
formula computed ‘in the variables y’:

Jo*x gz = ngw(a)(fz ® gz)

where

By construction, * is tangential in the sense that each Uy (cy. .. .. @) is in our coor-
dinates a bidifferential operator with derivations only with respect to the tangential
variables 4!, ..., y™. Then, we extend as in [CFT] the connection Dy to a connection
D on E by putting:

where if ¢ is in T, M, AM(¢) means
k
AV (€) = A" (0r0)a(€),02) = 3 Thirs (5" (@a10)alE)-ttan ).
E>0

Since we want to build tangential operators, A (¢) has to be tangential if ¢ itself is
tangent to the leaf containing x. This property holds surely if s*(war¢).(€) is a vector
in >0, Rl[y*, ..., y¥][[A] %. Locally, we can choose s such that this property holds:
the section sy of p(U) satisfies this relation. But this does not hold for any s. For
instance :

If M = R? with the foliation £ defined by :

L(m,u) :{({E—FZ,y), ZER}
and & = 0y|(5,). Let s(z,y) = [p(s,4)] be a section of MAadapt . We put

P(x,y) (UJ U) = (f(m,y)(u= U)u g(z,y)(v)) .
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We choose (t) = (z +t,y) then 2|,_ov(t) = £ and

(Pw) " (ye)wv) = (@', 0")
= ((pTl o f(wyy))il (f(m-i—t,y) (uv ’U), g(;{yt,y) (g(w-l-t,y)(v))))
= (F(t,u,v),G(t,v)).

We get the value of the Maurer-Cartan form in s(x,y) on $.(§) :

wye (s(z,9)) (s4(8)) =
oG 0

i OF 0 .
[Taylor exp. in (u,v) of E(O,u,v)]% + [Taylor exp. in (u,v) of E(O,v)]%.

Thus s (War¢) (z,y)(€) is in Ru, v]][[A]] 2 only if %—f(o, v) = 0. This relation holds if
our charts preserve the fibre bundle structure of R* - R ( (z,y)—y ):

@(w,y)(uv 1)) = (f(;v,y) (uv ’U), gy(v)) .

We are very grateful to our referee for pointing us this fact: in our first version, we
were not aware of it.

DEFINITION 3.1. (Preserving tangentiality sections) Let (M, L) be a foliated

manifold and s : M — Madapt (resp. s : M — M;lgtapt) a section of the bun-

dle M — Modapt (resp. M — Mggcapt). We say that s preserves tangentiality

if s*(wmc)z(§) is a vector in 37T, R[[y?, ... ,yd]][[h]]% for any x and any £ itself
tangent to the leaf containing x.

Let us consider now the case of fibre bundle manifolds.
Let p: M — N be a fibre bundle with fiber F and sV : N — Nadapt ¢F . p
Fadapt gections of the bundles Nadapt _, y | padapt _, g
For any p(z) in N, we choose a chart (V, (pé\zm)) such that sV (p(z)) = [gpﬁ
there is a local trivialization :
Uon ) P (00 (V) = ey (V) X B ws (p(). O ) (®)) -

p(x)

w)] and

From now on, we denote by © the mapping @@N( NUsL if there is no possible confusion.
p(x

Similarly, for any z in F', we choose a chart (W, pf") such that s¥'(2) = [pf]. Let
us define the local chart of M centred in x by :

M U=VxW-—M

(v, 0) — (T (V) (D) (0, 950y ()

Pp(x)

Now for any gz‘)/(w) and ¢!V in GL(d —n) (resp. in GL(n)), we have

SN(p(l’)) = [80;])\21) ° glg/(m)]
and

s"(2) = [z 0 g'].
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Ipw) O
Then we consider M o gU where gV = ( pém) W )
9

PROPOSITION 3.2. (Good sections for fibre bundles) The section s™ of the bundle
Madapt (regy Mggapt) defined by sM (z) = [pM] (resp. sM(x) = [pMogY]) satisfies:

sM(€) = (0,57 00,(€))

for any vertical vector & in T,(M). In other words, s™ preserves tangentiality.

Proof. Let & be a vertical vector in T(M). We consider a curve ¢t — v(t) such
that :

00) =2, p(r(H) =p(a),  Sleeor(t) =&

We have

—1
P (v w) = (‘I’gpm(v)) (%ﬂv@(”% Spgwa))(w)) :

Then

(@) (22 w) = (0. (cbw) (P ®))).

By derivation, we get

210 = (Gl (0)) = (0,57 00.(9).

w

If we have only sections for the bundles N and F’, then for any 9;‘)/(1) and 9oty

we get

(@M o gyt (w% ° g% (v, w)) = (v, (gév(m))_l o (w&m) B (¢S<y<t))gﬁt)(w)))-

4. Fiberwise deformation on FEj,. From now on, we restrict ourselves to the

case of a foliated Poisson manifold (M, £, ) for which the bundle M:&iapt has a sec-
tion which preserves tangentiality. Therefore, we see that all the differential operators
Up11(s*(wnic)a(£)-az - .. ay) are tangential, and so is AM (€).

Now, as in [F] and [CFT], we extend the above fiberwise product x to a product,
still denoted %, on the space Q°*(M, E) = Q*(M) ®@c~ ) I'(E) of forms on M with
values in the fiber by putting on ¢(U):

,,,,,,,,,,

.....

We extend also the connection D (and Dy) to Q*(M, E) by

D(ab) = (dya)b+ (—1)PaDb Va € QP(M),Vb € Q*(M, E),
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or, equivalently,

Dw(Xo,..., X ZDXZ (Xo,..., X))+

+Z D (X, X,], Xoy -, Xiy o X, X)),

i<j

if we Q*(M, E) and the X; are vector fields on M.
One can then prove

THEOREM 4.1.[CFT] (Properties of x and D) Let FM be the E valued-two-form
defined by

FM(&n) = (S*(WMC) (&), s" (wnmc)z(n))
= Zh —'L{k+2 (wre)z (&)™ (ware)a(n)eage .o e Q).

k>0

Then, for any f, g in I'(F), the following relations hold

i) D(fxg) = (Df)*g+ f*(Dg)
i) D*(f) = FM « f — fx FM
iii) DFM =0 (Bianchi identity).
Let us now introduce the notion of tangential Fedosov connections.

DEFINITION 4.2. A Fedosov connection D on E, with Weyl curvature F in
O%(M, E), is a connection on E such that for any w,w’ in Q*(M, E),

D(w*w') = (Dw) *w' + (—l)deg(‘”)w* (Dw'), D*w = F xw —wxF, and DF = 0.

A Fedosov connection D = d 4+ © is tangential (to the foliation L of M) if, for
any vector £ tangential to L, O(§) is a formal tangential differential operator on

Ry, ..., y9).

It follows from Theorem 4.1 and Definition 4.2 that our natural connection D on
Q*(M, E) is a tangential Fedosov connection with Weyl curvature FM.

5. Flat Fedosov connections and star products. Following the idea of Fe-
dosov, we now modify D in order to get a flat tangential Fedosov connection. First,
we have

PROPOSITION 5.1. (Cohomology of (Fy, Do)) The cohomology groups of Dy :
Q*(M, Ey) — Q*T1 (M, Ey) are

C>=(M) if  p=0
H?(Eqy, D) =
{0} if  p>0.

See a detailled proof in [F] and [CFT] (Appendix B).

PROPOSITION 5.2. There exists a flat tangential Fedosov connection on E.
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Proof. We look for a flat connection D of the form
D=D+(yx.—.xy)=D+[y, ]«
where
y=hy1+...+By... € QY (M, E).
The flatness of D is equivalent to the equation
FM £ Dy+yxy=0.

Since FM = hFM + R2FM + ... and H%(Ey, Dy) = {0}, we can, as usual, solve the
above equation recursively in ;. With that solution v, D is a flat Fedosov connection
and since D is tangential, D is tangential too. With a flat Fedosov connection D, it
is possible to define a star product on M. We recall here the construction. Let us
first consider the canonical application 7 from H°(E, D) to C* (M) assigning to each
flat section f on E the C*°-function x — f,(0). We have then to find a quantization
mapping i.e. a section p of 7 of the form:

p=rid+hpy +...: H(Ey, Dy) ~ C*(M) — H°(E, D).

By standard arguments (see [F] and [CFT]), such a mapping p always exists. In fact,
if T is a differentiel operator on Ey, we put Do(T) = Dy oT — T o Dy. Since Dy is
flat, we get a new cohomology. If we restrict ourselves to the space By of differential
operators of order > k, vanishing on constants, then

HP(Bg, Do) =0 Yk >0,%p > 0.

The vanishing of H!(By, Dy) for all k enables us to construct recursively a solution p
of the equation

Dop—poDy=0.
The star product is then given by:

frag=m(p(f)xplg)) VfgeC(M).

In [CFT], there is also a more explicit construction of the mapping p. In the
following, we shall use this second construction to get a tangential star product on
M.

DEFINITION 5.3. A star product * on the foliated Poisson manifold (M, L, «)
is tangential, if for the domain V of any local adapted chart and for all function f
constant on the plaques,

[xgyv =fgv YgeC2(M).

We want now to prove the main result of the paper.

THEOREM b5.4. (Tangentiality of xps) If M;z]gltapt has a preserving tangentiality

section s, the section p can be chosen in such a manner that xp; is a tangential star
product on M.
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Proof. As in [CFT], let us put
o(fo, 0a) = Zﬁ Uk+1 (forttae...00) € RI[y", ...,y [[H]].
k>0

For any Hamiltonian vector field 7 on M with Taylor expansion 7, there exists a
unique 3(n) in Q°(M, E) = I'(E) such that

Dﬁ(n) = _F(ﬁvs*(wMC('))vam) +A(ﬁ7am)’7

By =0) = 0
By construction, n — £(n) is linear and the mapping p defined by

is a quantization mapping ([CFT]).

It remains thus to show that the star product induced by this map p on M is
tangential. Let us choose any domain V of local adapted chart and f a local function
constant on the plaques of V. We need to prove that p(f) = f. First, we see that

U1 (frege. ... az)=0 Vk>1.

Indeed, this function is (see [K]):

U1 (fretize ... Q) = Z WrBr(fzetge ... a),

where G110 is the set of admissible graphs I' with k4 1 vertices pg, p1, ..., ps in the
Poincaré half plane

H={2€C:3(z) >0}

and 2k edges: two edges starting from each p;, ¢ > 1 and ending to any another
vertex (there is no double edge). We recall that Br(f;.c . .. a;) is a function defined,
starting from T, by partial derivatives of f, and of the components a%. Since f is
constant on the leaves and « tangential, the only graphs I' for which Br(f;.cp ... )
does not vanish are graphs where no edge ends at py. Moreover, by definition, the
wedge Wr is the integral on a configuration space C,;LH’O of a 2k-form wr. The latter
is a product of 1-forms d¢, each of these 1-forms corresponding to exactly one edge
of I'. Generally speaking, for each non connected graph I', the wedge Wt is zero. For
our special graphs I', this can be easily seen. Let us parametrize C,j 41,0 by putting

P1 =1, D0 = 20, P2 =21, Pk = Zk—1-
Then, we can identify Ck 41,0 With an open dense subset of Ck 0 % H* by means of
(1,20, 215y 26—1) — ((4,21, .-, 2k-1), 20)-

For each of our graphs I', the 2k-form wr does not depend on zy and thus belongs
to /\%(C,IO). Since C,:O is of dimension 2k — 2, we have /\%(C,IO) = {0} and
wr = 0. Finally, since f is constant on the leaves of £ by assumption and « tangential,
[, f] = 0. Moreover, by linearity of 3, 8([a, f]) = 0. Thus, as announced,

p(f)(x) =U(fz) =fo YzeV.
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Now, by tangentiality of  in the variables y, we have fiber by fiber the equality

fxp(g)(@) = fap(g)(x) Vg€ CT(M),Vz V.

Computing p(fg), we get

p(f9)(x) = Ry (fogz, ) + hB([ev, f9]) () = foRe(9, ) + hB(fla, g])(x) Va € V.

Furthermore, for any Hamiltonian vector field ' = fn, f3(n) and (') are two
solutions of the equation:

DB(n') = —F(1, 5" (wnc (), ax) + AT, o)

satisfying the normalization condition f3(n) = B(n') = 0y—¢. The reason for this is
that the right side of the equation is linear in f, by definition of the local Kontsevich
formality. By uniqueness of the solution, we obtain 3(fn) = f8(n) and for any g

p(fg) = fr(g).
Thus,

[ gy = 7(p(f) * p(9) v = 7(fp(9)v = 7(p(f9)v = fav-

This ends the proof.

6. A direct application to the dual of Lie algebra. The dual g* of a Lie
algebra is a Poisson manifold whose symplectic (generalized) foliation is given by the
coadjoint orbits. The dense open subset 2 of maximal dimensional orbits is a regular
Poisson manifold. Thus, on 2, there exists tangential (to the orbits) star products.

However, there is generally no star product on the whole dual g* whose restriction
to Q is tangential. More precisely, M. Cahen, S. Gutt and J. Rawnsley proved in [CGR]
that the existence of such a star product forces each invariant quadratic function on
g* to satisfy a very strong algebraic condition. Especially, no semi simple Lie algebra
satisfies this condition.

We want now to give concrete and nontrivial examples of nilpotent Lie algebras
for which our construction can be used.

1. Let us first consider the Lie algebra g5 , with basis (X1, Xo, X3, X4, X5). The
nonvanishing brackets are:

(X5, X4] = X3, [X5,X3]=Xo, [X4,X3]=X;.

The orbit of a point £ = Y& X" in the dual g , is either of dimension 2 (in fact,
is Q = {£,& + & + & # 0}) or of dimension 0 (if £2 + &2 + &2 = 0). The generic
orbits are those of the points £ with & # 0, they can be parametrized with obvious
notations by:

2
q
O¢ = {(&1,82, 4,610, Eap + A — 2—51) :p,q € R}.
The quadratic invariant function

&

#15'—>A§1:§5§1—§2§4+7
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corresponds to a nondegenerate quadratic form. Now, g; , being a 3-step nilpotent
Lie algebra, the condition of [CGR] is not satisfied by p and there is no star product
on the whole dual g3 , whose restriction to €2 is tangential. In fact, since the tangent
space to a generic orbit O is

TeO¢ = {ads + bdy + cOs : E3a — Eab + &1¢ = 0},

one can directly see that the generic symplectic foliation cannot be completed to any
singular coadjoint orbit.
Our result can be applied to the dense subset :

Qo = {8 +& #0}
of . Indeed € is a fibred Poisson manifold : let us write any £ in g as

2 2

T4 A)sin @, (rsinf)p — (g— + A) cosf).
r

&= (rcosf,rsinb,q, (rcosf)p+ (2
r

Then ) is fibred on C*\{0} x R by :
p:&m (r€7,N),

the fibers being the coadjoint orbits.

2. Let us now consider the semi-direct product gg ;14 = R X g5 4 of g5 4 by R with
basis (X1, ..., Xs) and commutation relations

(X6, X5] = X1, [X5,X4]=X3, [X5,X3]=Xo, [X4, X3]=X;.

Then, the set of the generic orbits O coincides with Q = {{ =>&X* : & # 0} and
for £ in €, we have with obvious notations:

2
q
O¢ = {(&1,&2,q1,&up1, &2p1 — 2—51 +q2,&1p2) 1 p1, Q15 D2, q2 € R}

In this case, it is possible to extend the symplectic foliation £ into a foliation £’ for
all g7 by setting

r— (EIL?J'EOO&) U(g{(o,&,x,y,z,t) cx,y, 2t € R}).

It means that g§ ,, is a foliated Poisson manifold. The usual coordinates of R* define
on gg 14 a global adapted chart (U, ¢) thus sy is a preserving tangentiality section of
. adapt
(96,14) :
Let us remark that gg ;4 is also a fibred Poisson manifold and by Theorem 5.4, it
admits a tangential star product. Note that in this example, the Gutt star product
[G] coincides with the Kontsevich-Duflo star product [A], and is already tangential.

3. Let us consider finally the 7-dimensional Lie algebra, say g,, defined by the
following brackets

(X7, X6] = X1, [X5,X4]=X3, [X5,X3]=Xo, [X4, X3]=X;.
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Let us put :

&1 =rcosb, & =rsind, & = qq,

G
& =rcosfpr + (2= + =) sind,
2r r
2
& = rsinfp; — (q—1 + E)cos@,
2r r

56 = {2, 57 = (’F COS 9)])2

The quadratic form F' associated to the invariant quadratic function
Lo
§p =288 — &8 — 553

is such that Ker(F)t =< X1, Xo, X3, X4, X5 > is not 2-step nilpotent. Therefore, the
condition of [CGR] is not satisfied and there is no tangential star product, differential
and well-defined on the whole dual g%. However, the mapping

defines a fibration of
Q={&E+6 #0}

on ]0;4+o00[xS? x R; the fiber being, if cosf # 0, the coadjoint orbit O¢ and, if
cos § = 0, the 4-dimensional manifold :

-1 pu
0,r7sinf,z, — (= + — t)}.
(O, rsind o, — o (M4 2,y 2 00}
It is thus a fibration with fiber F' ~ R* since
-1 u 22
71 _ . I S s
p~(r,0,u) = {rcosf,rsiné,z, sinﬁ(r + 5 ycosh),y, z,t}

when sinf # 0. Our Theorem 5.4 can be applied for ; let us remark that the fiber
in cosf = 0 is a set of 2-dimensional orbits.

REMARKS 6.1. There is examples where star products on the whole dual g* exist,
while it is impossible to enlarge the foliation L of Q. An example is given by the
filiform’ (nilpotent) Lie algebra g, ; whose nonvanishing brackets are

(X4, X3] = X,  [Xy, Xo] = X1,

In this case, we cannot extend the foliation L to points & in g} | such that & = § = 0.
Newvertheless, since this Lie algebra is special, there exists a differential star product,
globally defined on all the dual g* and tangential to the maximal dimensional orbits
(see [ACG, BJ).

This work on foliated and fibred Poisson manifolds raises the general problem, for
a Lie algebra g, to extend the canonical foliation L outside of the set  of mazimal
dimensional orbits in g*. We do not have yet any characterization of Lie algebras for
which such an extension is possible.
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