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ANTICANONICAL DIVISORS OF A MODULI SPACE OF
PARABOLIC VECTOR BUNDLES OF HALF WEIGHT ON P! *

TAKESHI ABEf

1. Introduction. Let M, [resp. M;]| be a coarse moduli space of rank 2
semistable vector bundles of even [resp. odd] degree with fixed determinant on a
smooth projective curve X. The Picard group is infinite cyclic . Let L be the ample
generator. The dimension of a vector space HY(M;, L™) (i = 0,1) is given by the
Verlinde formula. For small m > 0, the meaning of this dimension can be explained
in the framework of algebraic geometry. For example, we have

dim H*(Mo, L) = 29,
where g is the genus of X. On the otherhand, we have
dim H°(Jac(X), 0(20)) = 29.

In fact we have a natural isomorphism between these two vector spaces (See [1]). In
[2], the meaning of the two equations

dim H*(Mo, L?) = 2971(29 + 1)
dim H(M, L) = 297(29 — 1)

are clarified. The above dimensions are the number of even or odd theta characterictics
on X. Beauville associated to an even [resp. odd] theta characterictic k a divisor
D, on Mg [resp. M;] that can be described from a moduli-theoretic viewpoint,
and proved that they form a basis of H%(My, L?) [resp. H°(My, L)]. In [13], two
vector spaces H?(My, L*) and H°(M;, L?) are considered. In [15], Pauly deals with
a parabolic case.

The purpose of this paper is to carry out a similar study for a moduli space
—Par

M (PY; 1) of rank 2 semistable parabolic vector bundles with half weights of degree
zero on P!,
To be more precise, by Verlinde formula, we have

. o Par m1. —1 . 229+1 +1
dimH*(M™ (P ’I)’Kﬂp“’(ﬁﬂ;[)) =—3
for I = {x1,..., 22942}, and
. o/ gPer m1. 1 B 229 -1
dimH*(M™ (P ’I)’KWP”(Pl;I)) =—3
for I = {x1,...,229+1}. Let us consider the case when |I| is even. Let C be the

—Par

hyperelliptic curve whose branch locus is I. By a result of Bhosle in [4], M~ (P!; 1)

is isomorphic to a moduli space ﬂ?fﬂi of rank 2 semistable vector bundles endowed

with an involution action with trivial determinat. On ﬂg%ol, we shall find as many
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—P
effective anticanonical divisors as the dimension of HO(M mq(IP)l;I),I(ﬁlpmﬂ(lpllj))
that are described moduli-theoretically, and shall prove that they form a basis of
HY (M?fﬁl,KEZﬁi) (Theorem3.4). In Section 4, we investigate a relation between
these divisors and those divisors constructed by Beauville (Theorem4.1, 4.2). It would
be desirable that the divisors constructed on M?/”ﬂfl in Section 3 are defined set-
theoretically. So we shall prove the reducedness of these divisors in Section 5.

After submitting this paper, the author has succeeded in some generalization of

some results of this paper to the case of algebraic curves of arbitrary genus.

NOTATION.

e In this paper, all schemes are of finite type over C.

o If a group G =< g|g? = e >~ 7Z/27 acts on a coherent sheaf I on a scheme
X, FT [resp. F~] stands for the g-invariant [resp. (—g)-invariant] subsheaf
of F. For a vector space V acted on by G, we define V* and V'~ similarly.
x(F)* means Y (—1)"H (X, F)*.

e If F is a locally free sheaf, End°(E) is a sheaf of traceless endomorphisms.

® px, Py, pz etc. stand for projections to the factors X, Y, Z etc..

2. Preliminaries. Let X be an smooth irreducible projective curve over C and
I a non-empty finite set of points of X. Let F be a vector bundle on X.

DEFINITION 2.1. A parabolic structure on F is giving, at each point x € I, a
filtration £, = F1(E); D - D F, (g)(E) D F,,(g)+1(E) = 0 and a sequence of real
numbers, called parabolic weights, 0 < a;(x) < -+ < @y, (p)(z) < 1. The parabolic
degree of E, denoted by pardeg(FE), is defined by

n. (E)
pardeg(E) = deg E+ 3 3 ai(a) (dim Fi(E), — dim Fi+1(E)w>

zel i=1

2.2. Let E’ be a subbundle of a parabolic vector bundle E. We can equip E’
with the canonical parabolic structure: the filtration of E’ consists of the distinct ones
of {El, N F;(E),}, and the parabolic weight aj(z) of E' is given by a’(x) = ai(z),
where ¢ is the biggest integer satisfying F;(E’), = E., N F;(E),.

DEFINITION 2.3. A parabolic vector bundle E is said to be semistable [resp.
stable] if for any subbundle E’ of E with 0 < rankE’ < rankE, we have

pardegE’ < pardegE

rankFE’ — rankF [resp.<],

where E’ is equipped with the canonical parabolic structure.

2.4. In this paper, we are concerned with only rank 2 parabolic bundles of
—Par

parabolic weights (0,1) at each € I. Let M " (X;I) [resp.MP*"(X;I)] be the
coarse moduli space of semistable [resp. stable] rank 2 parabolic vector bundles with

trivial determinant of parabolic weights (0, %) at each point x € [

2.5. Given a family of parabolic rank 2 vector bundles with trivial determinant
of weight (0, %) at each point z € I parametrized by a scheme S, i.e. a rank 2 vector
bundle £ on S x X such that det £ is a pull-back of a line bundle on S and a surjection
€ |sx{z}— Qe for each x € I, where Q, is a line bundle on S x {x} such that, for any
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s € S, & |s is parabolic vector bundle of parabolic weight (0, %) at each point x € I, we

denote the line bundle (det Rps.€)~2 @ (det Rpg.&’) ™2 @ (det £ |Sx{y})4(1_9)_|” by
Eg, where g is the genus of X and y is a point of X and & := Ker(€ — @,e1Q|sx{x})-

In [14] Pauly proved the following theorem.

—Par

THEOREM 2.6. There exists a unique line bundle = on M" " (X;I) such that for
any family of semistable rank 2 parabolic vector bundles £ with trivial determinant of

weight (0, %) at each point x € I parametrized by a scheme S, f*ZE ~ Z¢, where f is
—Par

the natural morphism f:S — M~ (X;I). Moreover E is ample.

PROPOSITION 2.7. Let Z be as above. Then Z|yqrar(x,1) = KMlpar(X;I).

Proof. Recall that MP9"(X;I) is constructed as a geometric quotient of a smooth
variety R® by a PGL-action, where R® is an open subscheme of a P! x --- x Pl-
bundle over an open subset of a quot scheme. Note that the quotient map 7 : R® —
MPar (X T ) is a principal PGL-bundle. In order to prove the proposition, we have
to prove that W*K;llpar (X1 and Z¢ are isomorphic as PG L-linearized line bundles
on R*, where £ is the universal parabolic bundle on R®* x X. By Lemma3.2 of [5],
it suffices to prove that W*Kx/llpm. (X:1) and Z¢ are isomorphic as line bundles. Since
T Thgpar(x;r) ~ R'pEnd®(E C E), where End®(E' C £) is a sheaf of traceless
endomorphism preserving & := Ker(€ — ©ucrQ|rsx{s}), We need to prove that
det R'p,.End° (£ C &) =~ (det R'p,.&')72 @ (det R'p.E) 72 @ (det E|gx gyy)* 91,
where p is the projection R®* x C — R®. A calculation using Riemann-Roch the-
orem implies that det R'p.& nd°(&' C &) and (det R'p.&') 72 @ (det R'p.E)7 2 ®
(det E|5x 1)1 ~9) =1 are isomorphic modulo torsion. Using Theorem?2.3 of [5], we

—Par

know det R'p.End° (€' C €) also descends to M~ (X;I). Therefore the proof will

—Par

be completed if we prove Pic(M™ — (X;I)) is torsion-free. This follows from the next
lemma. O

LEMMA 2.8. Pic(ﬂpar(X;I)) is torsion-free.

. -—P . . . . .
Proof. Since M “"(X;I) is a GIT quotient of a smooth variety, it has ratio-

nal singularities by [10]. On top of that, the canonical divisor of MPM(X ;1) is

Cartier, hence it has canonical singularities by Corollary5.24 of [9]. Since K%pa,,(x.l)
—Par '

is ample, we have H'(M (X;I)VOHP‘”(X;I)) = 0 for any ¢ > 0 by Theoreml-
——Par

2-5 in [8]. Given a finite étale morphism f : Y — M ~ (X;I), we also have

H!{(Y,Oy) = 0 for any i > 0. Since 1 = H(Y, Oy ) = x(Oy) = deg fX(OﬂP‘”(X»I))
——Par

deg f dim H(M (X;D’Oﬂp”(x;l)) = deg f, f is an isomorphism. This proves

—Par

the torsion-freeness of Pic(M™ ~ (X;1)). 0O

REMARK 2.9. Lemma2.8 also follows from the description of the Picard group of
a moduli stack of quasi-parabolic bundles given in [11]. See also [15].

2.10. From now on throughout this paper, we treat the case when X = P'. When
I={x1,...,20942}, put B:=1. When I = {z1,...,22941}, put B := I U {z9442},
where 29419 is a point of X —I. Let 7 : C — X = P! be the hyperelliptic curve
of genus g whose branch points are B. Let i : C — C' be the involution and put
{¢;} := 77 *(z;). These notations are used throughout this paper.
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DEFINITION 2.11. An involutional vector bundle on C' is a vector bundle F on C
endowed with an i-action ,i.e., an isomorphism « : i*F — F such that a oi*«a is the
identity. An involutional vector bundle F' is said to be involutionally semistable [resp.
involutionally stable] if for any i-invariant subbundle G with 0 < rankG < rankF the
inequality deg G /rankG < deg F'/rankF [resp. deg G /rankG < deg F'/rankF’ | holds.

REMARK 2.12. An involutional vector bundle is involutionally semistable if and
only if it is semistable as a vector bundle.

2.13. When I is even, we denote by ﬂgﬁi [resp. ./\/lgl/”ﬂ,?l] the coarse moduli
space of rank 2 involutionally semistable [resp. involutionally stable] involutional
vector bundles on C with trivial determinant such that the eigen values of the i-
action on the fiber over ¢; are 1 and —1 for 1 <j <2g+ 2.

When I is odd, we denote by M?fﬂfl [resp. Mg%’l] the coarse moduli space
of rank 2 involutionally semistable [resp. involutionally stable] involutional vector
bundles on C' with determinant O(cgg12) such that the eigen values of the i-action
on the fiber over ¢; are 1 and —1 for 1 < j < 2g 4+ 1, and 1 with multiplicity two for
7 =2g+ 2 and when g is odd, and —1 with multiplicity two for j = 2¢g + 2 and when
g is even.

Let (E,{E;, = Fi(E)., D F3(E),,}) be an element of M" " (P'; ). When |I|
is even [resp. odd], put E := Ker(r *E — @29+2F1( )a; /F2(E)z;) [resp. E =
Ker(r*E — @321 Fi(E)q, /Fa(E)s, )], where the morphism 7*E — Fy (E),, /F3(E).,
is given by 7'E — m*E®C,; ~ ERC.; — F1(E)y; /F2(E),,. We endow F with the

natural é-action. Then by Propositionl.2 of [4], we obtain an isomorphism between
Par ——invo

M (P 1) and Mg jpr, taking (E,{E,, = Fi(E)., D F2(E)s,}) to E® Oc((g +
1)czg+2) where (’)C((g + 1)029+2) is given the natural ¢-action.

—Par

3. A basis of anticanonical sections. In the rest of this paper, we assume
that g > 2 mainly because we want the codimension of the locus of non-stable bundles
in the moduli to be greater than one.

3.1. In Section 2, we saw that, for I = {x,... Igg+2} or
{1,..., 22941}, MPM( T) and ﬂg’/@;’l are isomorphic. Since codim (M M(Pl )\

MPar (L 1), (B T )) > 2, Proposition2.7 implies that the canonical divisor of

P . .
M M(]P’l; I) is a Cartier divisor and that = ~ KJPM(PI e We have isomorphisms

of vector spaces

——1invo —1 )

B (M5, KL ) = HOGM (P 1), Kt

c/pl (P1:1)

~ M (P 1), 2).

)

By Verlinde formula (cf.[3]), the dimension of these vector spaces is & if |7

is even, and 2 if [I|] is odd. Our goal in this section is to find a basis of

(MZL/”IPZ,K_W, ). We define 8¢V and S°% to be the sets given by

c/pt
Seven . {(Q’la \) € oleisnezgin} o 7 | 41| + 33X\ = 4g — 2}

and
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odd .__ {c1,...,ca941} |Qu < g — 1
s ._{(Q(,/\)e2 2| ol ag—4 |

3.2. Let F be a family of involutional vector bundles on C' parameterized by an
irreducible scheme S. If x(F|(s1xc) = 0 for any s € S and H°(C, Fl{53 <)t = 0 for
general s € S, then we can construct an effective divisor denoted by Div(R!pg.(F)T)
whose support is {s € S|H(C, Fls1xc)™ # 0}: for any s € S we can find a resolution

0 — OF™ L), O™ — R'pg.(F)* — 0 in a neighborhood U of s, then on U
Div(R'pg.(F)T) is defined by the equation det(y;;) = 0.

Recall that M?“]P?l is constructed as a geometric quotient of a smooth ir-
reducible variety Z by an action of a reductive algebraic group G of the form
GL(a1) x GL(a2)/{(t1d, tId)|t € Gy}, where Z is an open subscheme of an equiv-
ariant quot scheme with trivial determinant. Let Ozxc(—N)® V — Q — 0 be the
universal quotient, where Oz« c(—N)®V and Q have an i-action. For (2, A) in SeVe»
or §°44_ we have the divisor Div(R!'pz.(End®(Q) ® pO(A + Acagi2)) ) on Z by 3.2.
By construction, it is G-invariant, hence it is a pullback of a divisor, say DE)QL A Oon

mnvo

c/pt

LEMMA 3.3. We have an isomorphism O invo (D7, ~ K7L
P iz (Day)) Mizrg

Proof. We have to prove that the two line bundles det (Rlpz*é’nd"(Q)"’) and

Oz (Div(R'pz.(End®(Q) ® pO(A + Aczg42)) 1)) are isomorphic as G-linearized line
bundles. We can check that

Oz (Div(R'pz.(End®(Q) ® prO(A + Aezgi2)) ™))
-1
~ det (R'pz.End°(Q)") ® @, car (det End®(Q)] 5, {cj})

@ (det (En (@ 0,0y ) @ det (B0 (@l y))

—1
as G-linearized line bundles. Since  ®¢;en (detEndO(Q)GX{Cj}) ®

PN
(det (éndo(Q) Jer{%”}) ® det (€nd°(Q)|EX{CQQ+2}>) * is trivial as a G-linearized
line bundle, the lemma is proved. O

Since ﬂ?fﬁl o~ MPM(X;I) and Kﬂpw(x;]) is a Cartier divisor by
——1Nvo

Proposition2.7, Kﬂ?f{ﬁ is also a Cartier divisor. Since codim(Me/pr \
Z%’l,ﬂgl;);l) > 2, D(()m N extends uniquely to an effective divisor, denoted by
D), on ﬂgﬁi. Now we can state the main theorem of this section.

THEOREM 3.4. If |I| is even |[resp. odd |, {D )} eseven
[resp-{ D(a,x) } (2, n)es0da] 05 a basis of HO(Mg;)Ipi,K;lmUo )-
M pi
We give a proof only for the case when |I| is even. The following lemmas in this
section are valid only for this case. The proof of the case when || is odd is similar.
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We follow closely the proof given in [2]

3.5. Let F be a family of involutionally stable involutional vector bundles
with trivial determinant on C' parameterized by a scheme by S. Then we have a
natural map ¢ : S — /\/licn/”]P?l. We have x(End°(Flisyxc) @ O + Aezgro))™ =
0 for any s € S and any (2,A) € SV". Assume that S is irreducible and that
HO(End® (Flsyxc) @ O(A + Acggr2))t = 0 for general s € S. By the construction
of Dy ), we have Div(R'pg.(End®(F) @ O(A + Aczg2))t) = ¢* D,y as effective
divisors on S.

Let P be a Poincaré line bundle on Jac(C') x C. Since P @ (1 x 4)*P has a natural
i-action, it is a family of rank 2 involutional vector bundles with trivial determinant
on C parameterized by Jac(C).

LEMMA 3.6.

(i) P @i*P is involutionally semistable for any P € Jac(C)

(ii) For P € Jac(C), P @ i*P is not involutionally stable if and only if P €
Jac(C)[2], where Jac(C)[2] is the subgroup of Jac(C') consisting of 2-torsion
points.

Proof. (i) is obvious by Remark2.12. If P € Jac(C)[2], P and ¢* P are isomorphic.
We can find an isomorphism a : P — ¢*P such that the composite of a and i*« :
i*P — i*i*P ~ P is the identity. Then (1,a) : P — P @ i*P is an i-invariant line
subbundle. Since degP = 0, P & ¢*P is not involutionally stable. Conversely, if
P @ i*P is not involutionally stable, we can find an i-invariant line subbundle A of
P @& i*P with deg A = 0. Since A ~i*A, A € Jac(C)[2]. The inclusion A — P @ i*P
gives rise to an isomorphism A = P or A = i*P. Hence P € Jac(C)[2]. O

3.7. By Lemma3.6, P @ i*P gives rise to the natural morphism ¢ : Jac(C) —

LEMMA 3.8. Take (A, \) € Seven,

(i) If |2 # g + 1, then H*(C,End° (L @ i*L) @ O(A + Acggi2))T # 0 for any
L € Jac(C).

(i) If |2 = g + 1, then H*(C,End® (L & i*L) ® O(A + Aezg+2))T =0 for general
L € Jac(C) and O DA xengin) = 2jaCT(*Q(,/\)@, where © is the theta divisor
on Jac(C)9™1 and 2j.c : Jac(C) — Jac(C) is given by L — L®? and Ty ) :
Jac(C) — Jac(C)9t is given by L — L @ O(A + Acagia).

Proof. For E = L @ i*L, where L € Jac(C) and E is endowed with the
natural i-action, & nd°(E) is isomorphic to Oc @ ((L7! ® i*L) & (i*L™' ® L)),
where i acts on O¢ by (—1) multiplication and on (L™! ® i*L) @ (i*L~! ® L)
by i (L' @i L)@ ("L e L) ~ ("L~ @ L) @ (L~} @ i*[) ek the factors,
(L7'®@i*L)® (i*L~' ® L). Hence we have H(C,End° (L ®i*L) ® O(A+ Aczgi2)) T ~
HO(C,O(A + Acggea))” @ HYC,i* L™ @ L @ O(A + Aeggr2)). If A < g + 1,
then degi*L™! @ L ® O(A + Acagya) > g — 1, hence H(C,i* L' @ L ® O™ +
Acagi2)) # 0. Since dimH(C, O(A + Acagy2))” = max{=52,0}, if |A| > g+ 1
then dim HY(C, O(2A + Aczg42))~ # 0. These prove (i).

If 2] = g+1, then dim H(C, O(A+ Acag12))~ = 0 and HY(C,i* L' @ Lo O(A+
Ac2g42)) = 0 for general L € Jac(C) because degi*L™! @ L® O(A+ Acagia) = g — 1.
This implies the former statement of (ii). Since we are assuming that g > 2, in
order to prove the latter statement of (ii), it suffices to see that O D@ Neagyn) =
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2Jac (90,2 © over Jac(C) \ Jac(C)[2]. Over Jac(C) \ Jac(C)[2], P @ i*P gives a fam-
ily of 1nv01ut10nally stable involutional vector bundles, hence we have p* Dy ) =
Div(R'pjac(c)\Jac(c)2) (€ nd®(P & i*P) ® ptOA + AC2g+2)) ) by 3.5. As above
R'Dyac(cndac(c)2) (End® (P& i*P) @ peO(A+ Aczg42)) T ~ R pJac(C)\Jac(C) 9 (P71 ®
P @pEO(A + Aczggr2)). The latter statement follows from this.

We define the set 7 by

¢l .
T = {Q;{cl,...7029+2}‘ |¢|7éls¢even }

Since O(€ — |€|cog42) € Jac(C)[2] for any € € T, from this we can construct an
étale double cover m¢ : C¢ — C. Moreover, since O(€ — |€|cag42) has the natural
i-action, we get an involution i¢ : C¢ — Cg¢ such that m¢ 0 i¢g = i 0 me. By he :
C¢ — C¢ /i we mean the quotient of C¢ by this involution. There is a unique map
qe : Ce/i¢ — P! such that qg o hg = 7o 7e.

\/

OQ/ZQ
de
c : c
T ™
]P>1
The branch locus of g¢e¢ is p(€) and the genus of Cg¢/ic is % -
1. Put {cf,c ;Q} = g (cy). For N € Jac(Ce¢/ic), the line bun-
dle hg(N) ® O(— chﬂ cf) on C¢ has the natural ig-action, which induces

an d-action on we(hy(N) @ O(— ZC ¢ %)) ® (9(29+2 |€|02g+2), Note that
det (Wc*(hE(N) ®O0(= ¢, ¢e € ) ® O(M02q+2)) ~ O¢ and the eigen values
of the i-action on the fiber of me.(he(N) ® O(= 32, ¢¢ ) ® (’)(%—mc%&z) over
every c; are 1 and —1.

LEMMA 3.9. The above involutional vector bundle me,(hjy(N)Q@O(— ch¢¢ c?))@

O(MCQQ+2) is involutionally stable.

Proof. Given a line subbundle L C 7ei(ha(N) ® O(_chgccf)) ®

29+2— .
O(%MCQQH), we have a nonzero homomorphism 7gL — hy(N) ®

2g+2-|¢ e : «
(- ch¢¢ ) ® O(%H(ngu + c£g+2)). Since deghy(N) ® O(— ch¢€ §)®
O(M(cggﬁ + c;§+2)) = 0, we have deg L < 0, which implies the semistability
of me.(Re(N) © O(= 3, g ¢f)) © 05— eag.)
Suppose that the af)ove L is i-invariant and of degree zero. Then there ex-
g

ists a subset U of {ci,...,co942} with |U| even such that L is isomorphic to
(’)(ZC cu ¢ — |Ulcagy2) as involutional bundles. Then hg(N) ® O(— ch¢¢ ) ®

O(W (Sypat 02g+2)) ®0c(=2_., cu(c§ + c}e‘)) is a trivial line bundle with
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a trivial i¢-action. For ¢; ¢ (€U {cag42}, however, either c? or c}c appears with
an odd multiplicity. This means that the above line bundle cannot be trivial as an
involutional bundle. O

3.10. Let P¢ be a Poincaré line bundle on Jac(Cg/ic) X C¢/i¢. By Lemma3.9,
(1 X 7¢)s ((1 X he)*Pe ®pg¢(9(— ch¢¢ cf)) ® p60(2g+22—\€\62_q+2) is a family of
involutionally stable involutional vector bundles with trivial determinant, hence gives

——1invo

rise to a natural map g : Jac(Ce/ic) — MjH C Mcpr-

LEMMA 3.11. Take (2, \) € SeVen.
(i) If2|ANE + X —|€] 4+ 2 #0, then

+
H [ C,énd® | e [ Be(N) @ O(= Y c5) | | @ O+ Aeggya) | #0
Cj¢¢
for any N € Jac(C¢/ic).
(it) If 214N E| + A —|€] + 2 =0, then
+
H [ C,énd® | mew [ Be(N) @ O(= Y c5) | | @ O@+ Aeggya) | =0
Cj¢€

for general N €  Jac(Ce/ie), and we have ¢g(Deey) =
2] ac(Ce Jie) (T:((m’)\);@@), where © is the theta divisor on Jac(Cc/ic)%—{
2Jac(Ce fie) : Jac(Celie) — Jac(Cefic) is defined by L — L®? and
Tr@n)e) : Jac(Cefic) — Jac(C¢/i¢)§—2 by Lo L@ (A, \): €), here

(@), 9)
= O (2 cheemm h@(c‘g) + ZCJEQ[\C he:(c‘jrc)
P80 cera hele) — S geu ele) + 25 (he(cSypa) + helelssn))

Proof. On Cg, we have the exact sequence

0= e (N1 @ 0 (= Sy colef +el) = X, o el +1€1(c5, 42 + i)
— e (he(N) © O(= %, ge ) = he(N) © O(= 52, 4o ) = 0.

From this, we have the exact sequence on C,

0— O(Ql + ¢ + ()\ - |€|)ng+2)
— &nd® (me. (he(N) @ O(= 3, e c§)) ) © O@+ Aeags2)
— Tex (hE<N2) X Q) X O(QL + /\ng+2) — 0,

where

[ [ [
Q:=O0c | D (5 +ei%)+ D (el =) = [€](c5yra + chyio)
c;e€ CjéQ:
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This gives rise to the long exact sequence

0 — HO(C,0(A + €+ (A — |€])cage2)) ™

— HO (c, Ende (7r¢* (hg(N) ©O0(~ Y, e cg))) ® O+ )\ng+2>)+
— HO (O, mew (h5(N?) @ Q) O + Aczga))
— H (C,0 + €+ (A —|€])cggra)) ™ — ...

Since dim HY (C, O + € + (A — |¢|)029+2))+ = max{0, (2|ANE|+ A —|€|+2)/2},
we have

+

H [ C,énd® | mew [ Bg(N) @ O(= Y c5) | | @ O+ Aeggya) | #0
Cj¢¢

for any N € Jac(Ce/ie) f 2[ANE + A= |€|+2>0. H2ANE[+ A —|€]+2 <0,
applying the above argument to Ko ® O(2 + Acagy2) ! in place of O(2A + Acaga)
and using Serre duality, we obtain

.
! (C, End® (m (h;(N) RO(- Y cf))) ® OA + ACQW)) 40
c; ¢C

for any N € Jac(Ce/i¢). Since

+
X (end° (m (h;(N) ©0(- Y c?))) © 0@+ Aczg+2>) ~0,
c; ¢¢

this proves (1).

Suppose that 2|2ANE|+A— |€|+2 = 0. Then H(C, O(A+€+(A—|€|)c2g42)) T = 0.
Since x(O(A + € + (A — [€])cog42))T = 2IANE[+ X — €| +2)/2 =0, H(C,OA +
€+ (A —|€])cag12))™ also vanishes. We obtain isomorphisms

1O (c Ende (m (h*( )®O(~ Y, gec ?))) O+ Ac29+2))+
~ H (C,mex (hp(N?) ®@ Q) ® O(A + ACQW))*
~ O (Ce, e (N®2) @ Oce (25, cerm(es + €5 +25, cane €l
JRT ¢ re +
+ Y cona(ef + el + X geva (el — ) + (A - (5 +clsia)))
~ HO <C¢/2¢ N®2 g O (2 ZC cena he(c§) +320, seae h¢( )
+25je¢\<21 he(c j) - chgzeum he(c j) — ‘Ql (h¢(02g+2) + hC(ng+2)))) .

+
Therefore, H* (C,&nd® (me. (he(N) @ O(= 5, 4e ) ) @ O@ + Aezgia) ) #
0 if and only if H°(C¢/ie, N®2 @ 7((A,)\);€)) # 0. This proves that, set-
theoretically, 93(Die)) = Ze(cesie) (Tianye®): The proof that this holds

scheme-theoretically is similar to the counterpart in the proof of Lemma3.8. O
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Proof. [Proof of Theorem3.4] Since |V = 3 ock<zorr (*95)= % =
k=g+1(mod 3)
dim H° (M?;I;,KMIC/UI ), we have only to prove that Dg ) are linearly indepen-
P

dent. Suppose that we have

(%) > a@nDear =0
(Q{7)\)€Sevexl
for a@,y € C Pulling back this equation to Jac(C) by ¢ in
3.7, we obtain Z‘m:gﬂa(m,)\) (2§ac(C)T(*Ql,)\)®) = 0 by Lemma3.8.
{QjaC(C)T:@} are linearly independent by PropositionA.8 of
k: theta characteristics

[2]. {O&+ )\02g+2)}|91|:g+1 is a subset of the set of theta characteristics of C' by
Lemma3 of Chapter VIIT of [6]. Thus ay,y) = 0 if [2] = g + 1. Fix (2, \g) € Se¥en
with |2y] < g+ 1. We choose an element € € 7 such that 2y C € and cpg42 € € and
|€| = 2|Ag| + \o + 2. Pulling back (&) to Jac(C¢/ic) by @e of 3.10, we obtain

> a(@1,3) 2Jac(Ce fie) Lr((@0):0)© = 0
212ANE[+A+2=|¢|

by Lemma3.11. For(, ), (&',\) € 8§ such that 2] AN <&+ A+ 2 = |€] and
20 NeE+ N +2=|¢,

T((Q[,)\),Q:) ®T((Q[”)\/)7Q:)*1 ~ Oce:/ie( Z hQ(CJC) — Z h@(CjQ‘)

c;eenA c;eenA’

F(A =N 20 (€U - 22\ (€U he(cSy o))

CLAIM. If 7((o, Ao ); €) ~ 7((, \); €), then (Ag, Ag) = (A, N).

Proof. [Proof of Claim] If 7((2p, Ao); €) = 7((A, A); €), we have €NYAy = €NA or
CNAg = C\ (AU {cog42}). IFCNAy = CNA, we get A = Ag. Hence [Ay| = |A]. Since
Ao = CNYAp = €NA C A, we have Ay = A. Let us prove that €NAy = E\ (AU{cog42})
does not occur. If it did occur, we have A = —Ag — 2. Since A + A\g = 0(mod4), we
obtain a contradiction. O

Taking account of the above claim and the fact that 7((2, ), €)@ 7((A’, \'), &)~ !
is a 2-torsion point of Jac(Cg¢/i¢), we have a(y,,x,) = 0 again by PropositionA.8 of
[2]. For (™o, Ag) € SV with || > ¢g + 1, we choose an element € of 7 such that
{c1,...,c0941} \ Ao C € and cgg12 € € and |€] = 4g + 2 — Ao — 2|2|. Then a similar
argument as above implies that a(g,, x,) = 0. O

4. Relation with Beauville’s basis. By Remark2.12, we have a nat-
ural homomorphism f : ﬂ?fﬂi —  M(2,0¢c) when |I| is even, and

[ Mem — M(2,0¢(c2442)) when [I| is odd, where M(2,0¢) [resp.
M(2,0¢(c2442))] is the coarse moduli space of rank 2 semistable vector bun-

dles with the determinant O¢ [resp. Oc(cg42)]. In this section, we com-
pare the basis {D(g7/\)}(g[’)\)eseven [resp. {D(m)A)}(m7A)ESodd] of HO(MZL;);“K%M;,?)
C /P

— 1
with the basis {Dn}n:even theta characteristic of C of H° (M(27 0C)7 KM?2,OC’)) [resp.
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_ 1 ,
{Dm}modd theta characteristic of ¢ Of HO (M(2, OC(CQg+2))7 KM?Q,OC(C%+2)))}- Here D, is

the divisor constructed by Beauville in [2]. It is the unique effective divisor that satis-
fies the relation 2D,. = Div(Rp.(End°(€) ® pik)) over the stable locus of the moduli
space, where £ is the universal vector bundle and p is the projection to the moduli
space. (See [2] for details.)

Put

Vi={Vc{a,....co041} | V| =g+ 1(mod 2)}.

The map from V to the set of theta characteristics of C' that sends V to O¢(V + (g —
1 —|V])czg+2) is a bijection. We have

) g+1-—1V
dimH® (C,0c(V + (g — 1 — |V|)cg42)) = %

THEOREM 4.1. Assume that |I| is even. Let k be an even theta characteristic of
C, say Oc(V + (g — 1= |V])ezg12).

(i) If HO(C,k) =0, i.e. |[V|=g+1, then f*D, = Dy, _s).

(ii) If HY(C,k) # 0, i.e. |[V|# g+ 1, then f*D, =0

THEOREM 4.2. Assume that |I| is odd. Let k be an odd theta characteristic of
C, say Oc(V + (g — 1 —|V|)czg42).

(Z) If|V| =g9—1, then f*Dm = D(V,O)'

(i) If [V| # g — 1, then f*D, = 0.

We give a proof only for Theorem4.1.

Proof. [Proof of Theorem4.1] Suppose that H°(C,k) = 0. Then f*(2D,) =
Div (R'p, (End°®(€) @ pLk)) over MZL/”]P%, where € is the universal involutional bundle

on MZ’%& x C and p is the projection M?;’P?l x C — Mg%,?l.
CLAIM. Div (Rlp* (End(€) ® pé/ﬁ)+> — Div (Rlp* (End° (&) ® pgn)‘).

Proof. [Proof of Claim| Grothendieck duality (cf. Chapter VII Theorem3.3 in [7])
says that

R'I’&)m@

Minvo

inve (Rp* (End®(€) ® p&k) , OMic%q)
— Rp, (End®(€) @ pi(v~' @ K¢)) [1]

is a quasi-isomorphism. Taking cohomologies, we obtain an isomorphism

Eatly,.. (B'p. (End(€) ® piek) , Ongss )
c/pl

— R'p, (End° () @ P (k' ® K¢)) .

Since this isomorphism is compatible with the i-action, we get an isomorphism

(Rlp* (End® (&) @ pr) T, O ppinve )

Extl
OM c/pl

invo
c/pl

— R'p, (End°(£) @ pe(r™' ® Kc))Jr .
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k' ® Ko and k are isomorphic as line bundles on C, but their i-actions differ by
(—1)-multiplication. Hence

R'p. (End°(E) @ pia(k ® Ke))' =~ Rp, (End°(E) @ piuk)™ .

This isomorphism and the equality

Div (Rlp* (End®(€) ® pé“)Jr)
= Div (&zztl (Rlp* (End®(£) ® PER) T, Oaging ))

implies the claim. O

This claim implies that
Div (R'p. (End®(€) ® piok)) = 2Div (Rlp* (End°(E) ® p*cn)Jr) .

This proves (i).

Suppose that H°(C, k) # 0. We shall show that H°(C, End°(E) ® k) # 0 for any
B € Mizws,. Since x(End®(E)® 0o (V+(g—1— |V])ezgs2))* = (—g—1+|V[)/2 £ 0,
either HY(C, End®(E) @ Oc(V 4+ (9—1—|V|)e2g+2)) T or HY(C, End® (E) @ Oc(V + (g —
1 — |V])e2g4+2))" is nonzero. A similar argument as in the proof of the above claim
implies that dim H(C, End®(E) @ Oc(V +(g—1—|V|)c2g+2)) = dimHO(C, End®(E) ®
Oc(VA4(g—1—|V|)eagra)) T +HY(C,End°(E) @ Oc(V + (g —1—|V|)e2g+2))". Hence
HO(C,End°(E) @ Oc(V + (g — 1 — |V|)eagt2)) # 0. O

5. Reducedness of the divisors D(g ). In this section, we shall show that
the divisors D(g(, ) are reduced.

For a non-negative integer [, let Z; be the closed subset of Mg’fﬂﬁ consist-
ing of involutionally stable involutional vector bundle E € Mg%’l that satisfies

dimH(End®(E) @ (A + Acagy2))™ > 1. We give Z; a scheme structure as follows.
For some open neighborhood U of F € Z;, we can take a resolution of involutional
vector bundles 0 — G — O(—Ncogy2) @V — End®(E) @ pO(A + Acgg+2) — 0 on
U x C, where £ is the universal involutional vector bundle (strictly speaking, only
End® (&) exists on Mg%‘,’l x C), N is a sufficiently large positive integer and V is a
vector space with an ¢-action. This resolution gives rise to a short exact sequence

0— R'p.G" % R'p. (O(~Neggi2) @ V)"

— R'p. (End®(€) @ peO(A + Aeggy2)) " — 0,
where p is the projection p : U x C — U. By trivializing R'p,Gt and
R'p. (O(—=Necagy2) @ V) over an open neighborhood W of E € gl719?17 g can be
expressed by an r x r matrix {g;; } with g;; € OME%UI (W), where r = rankR'p, G+ =
rank R'p, (O(—Neagio) ® V). The ideal sheaf of Z; is generated, over W, by all the

I x [ minors of this matrix. Note that, with this scheme structure, Z; is nothing but

Diy »)-

For F € g%f,’l, let vy be the map

HO (End®(E) @ O(A + Acagi2)) " @ HO (End®(E) @ Ke © O(A + ACQM)—l)+
— H° (&nd°(E) ® K¢) ",
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taking ¢ ® ¢ to [¢, Y] ((= g0 —¢Yog).

PROPOSITION 5.1. Assume that |I| is even [resp. odd ]. There exists a closed
subset Y of Mg%?l of dimension at most L%J [resp{%ﬂ such that if E is not
in Y then dimKervg < 12— 20+ 1, where | = dimH°(C, End® (E) @ O(A + Aczg42)) T

Proof. We give a proof for the case when |I| is even. The case when |I| is odd is
very similar.

Suppose that dim Kervg > 1?2 — 2]+ 1. Then we can find a non-zero element ¢ ®1)
in Kervg.

CrLam 5.1.1. Either ¢ or ¢ is of rank one.

Proof. [Proof of Claim5.1.1] For ¢;, 1 < j < 2g+1, fix an isomorphism « : C®? =
E ®C,, such that a(*(1,0)) is, for the i-action, an eigen vector with the eigen value 1
and a(*(0,1)) is an eigen vector with eigen value —1. With this trivialization, at ¢;,
¢ and 9 are expressed, respectively, by ((C) 8) and (8 _Oa) with b,c € O+ )\629+2)gjl
and a € Kc @O+ )\029+2);j1 if ¢; € A because ¢ and 9 are traceless and compatible
with the i-action. The relation ¢ o1 = v o ¢ implies that (2, ~¢*) = (9. %). Hence
either ¢ or v is a zero map on the fiber over ¢;. If ¢; ¢ A, switching the role of
O+ Aeggy2) and Ko @ O + )\029+2)’1, we know that ¢ or 1 is zero map on the
fiber over c;. Therefore ¢ o ¢ is a zero map on the fiber over ¢; for 1 <Vj < 2g+ 1.
If ¢ 04 is injective, then deg E + 2(2g — 2) = deg F ® K¢ > deg E + 2(2g + 1), which
is a contradiction. Hence ¢ o v is not injective, which implies that either ¢ or v is of
rank one. O

Without loss of generality we may assume that ¢ is of rank one. Put L := Ker¢.
Since L is i-invariant, L is isomorphic to O(B + picag+2), for some B C {e1,. .., cag+1}
and p € Z, as involutional bundles. E/L is isomorphic to O(B' — (29 + 1 + p)cag42),
where B’ := {c1,...,co941} \ B.

CLAIM 5.1.2. We have ||+ |B|+p+3—g—1 > 0if H(C, O(A+Acag42))t =
We have |B| — U +p— 3 +9g—1>0if H(C, Kc ® O(A+ Acagya) 1) T = 0.

Proof. [Proof of Claim5.1.2] First note that either HO(C, O(2 + Acagy2))™ or
HO(C, Kc®O(A+Acag2) )T is zero because HO(C, O(A+Aczg42)) T = max{3+1,0}
and H(C, Kc @ O(A+Acagy2) 1) T = max{—3 —1,0}. IfHO(C, O(A+Acag42)) T =0,
then ¢ induces a non-zero i-equivariant morphism E/L — L® O(2A+ Acgg12) because
the composite E/L — EQO(A+Acagt2) — E/LOO(A+Acgg42) is zero. This nonzero
i-equivariant morphism corresponds to a non-zero element of H(C, L ® (E/L)™' @
O + Acggy2))T. Since HY(C, L ® (E/L)™' @ O(A + Acgi2))™ ~ HY(C,O(B +
A= B+ (20 + 1+ 2u + Nezgyo)™ = HOPLO(A + B+ p+ 5 — g — 1)), we
have || + |B] + p+ 5 —g—1 > 0. Next let us consider the case H(C, K¢ ®
O(A + Acgg+2)™')T = 0. Since potp = 1po ¢ and L = Ker¢, the restriction of
¥ to L factors through L ® Ko @ O(2 + Acag42) ', hence is a zero map because
HY(C, Ko @ O(A + Acag42) ™) = 0. This means that L = Keryp. Then a similar
argument as above implies that [B| — |A|+p— 3 +g—1>0.0

In order to complete the proof, it  suffices to prove that
dimHY(C,H om(E/L,L))* — 1 < |%=2] because H'(C,H om(E/L,L))* pa-
rameterizes extensions of E/L by L that are compatible with the i-actions.
Since HY(C,H om(E/L,L))* ~ HYC,O(B — B + (29 + 1 + 2u)cog42))T =~
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Hl(]Pla O(|%| tH—g-— 1))3 dlmHl(C’Hom(E/L7L))+ = max{g - K |%|30} By
the above claim, dim H'(C, Hom(E/L, L))* < max{|%| + 3 — 1,0} < [2&2]. O

Before stating and proving the main theorem of this section, we recall an impor-
tant property of vg.

PROPOSITION 5.2. For E € Z;\ Z;11, the codimension of the irreducible compo-
nent of Z; containing E is greater than or equal to dimImvg. If vg is injective, Z;
is smooth at E and of codimension (2.

This proposition is essentially proved in [12] and we omit the proof.
THEOREM 5.3. All the divisors Dy ) are reduced.

Proof. Note that the closed subset ) of Proposition5.1 is of codimension greater
than one. Therefore we have only to prove that D(glﬁ)\)|Mmmi \y 1s reduced. For
c/P

E € D\ Y, if dim H(C,End°(E) @ O(A+ Acag+2))™ = 1, then by Proposition5.1
vE is injective, hence D g ) is smooth at £ by Proposition5.2. Therefore if suffices
to prove that codim(Zs \ y,./\/lé’l/”ﬁ,‘?1 \Y)>2 For E € Z>,\Y, dimImvg > 20 — 1 by

Proposition5.1, where [ = dim H(C, End® (E) ® O(A+ Acag42)) . By Proposition5.2,
the codimension of Z; at F is greater than or equal to 2l —1 > 2. 00
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